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Abstract. High frequency longitudinal velocity (u) measurements were per-
formed in the atmospheric boundary layer to investigate the inertial subrange
structure of turbulence. Global and local scaling exponent distributions and
other statistical properties were derived using continuous (CWT) and criti-
cally sampled orthonormal (OWT) wavelet transformations. These statistical
measures were contrasted to similar statistical measures derived by applying
CWT and OWT to a fractional Brownian motion (fBm) time series with a
Hurst exponent of 1/3. This study demonstrated that both CWT and OWT
were able to resolve intermittency-based departures from global power-laws ob-
served in higher-order structure functions. Particularly, the global power laws
inferred from OWT were in excellent agreement with the She-Lévéque vortex
filament model. However, these wavelet computed intermittency departures
were smaller than those computed by the extended self similarity structure
function approach. The effects of vortex stretching on the dimensionless struc-
ture skewness were well captured by CWT and OWT coefficients. However,
the CWT was not able to discern any fundamental differences in the u and fBm
local scaling exponent distributions.



1 Introduction

Arguments that turbulence is not exactly self similar, exhibits multifractal behavior,
and possesses a distribution of local scaling exponents, were based on global statisti-
cal properties such as higher-order structure functions’?. Because of its fundamental
basis® ©, much research effort was dedicated to using continuous wavelet transforma-
tions (CWT) to estimate these local scaling exponents?.

In particular, Bacry et al.” were the first to report distributions of local scaling
exponents calculated via CWT. Their results suggest that CWWT can be used to
estimate local scaling exponents characterizing the multifractal behavior of velocity
fluctuations without resorting to measures of turbulent kinetic energy dissipation.
Additionally, their wind-tunnel measurements demonstrated that the most proba-
ble local scaling exponent is that derived from the Kolmogorov® scaling [hereafter
referred to as K41] with a distribution which supports the multifractal model of
Parisi-Frisch®. The main conclusions in Bacry et al.” and others'%!! demonstrate the
potential usefulness of CYWT in understanding the local structure of turbulence.

The important role of local scaling exponents in developing a coherent theoretical
framework for inertial subrange turbulence'? '* motivated us to further explore their
estimation via CWT. Particularly, our objective is to rigorously evaluate whether
CWT can delineate significant differences in local scaling exponents in turbulence
measurements when contrasted with fractional Brownian motion (fBm) time series
exhibiting identical K41 global scaling laws, but being devoid of the vortex stretch-
ing signature and multi-fractality. In fact, other researchers who utilized critically
sampled orthogonal wavelet transformations (OWT) argued that the redundancy in
CWT may well distort wavelet coefficients to the extent that dynamic properties of
inertial subrange turbulence are masked rather than revealed!® 8. To date, detailed
comparisons between power-laws inferred from OWT and CWT coefficients derived
from the same data set has not been performed. Such a comparison is presented here.

2 Theory

In this section K41 theory, properties of fBm, and the selection of the analyzing
wavelet are reviewed. The appendix provides an overview of CWT and OWT.

2.1 K41 Scaling

A property of the turbulent velocity differences (u(z + r) — u(x)) between two points
separated by a distance r within the inertial subrange, for order n > 1, is given by

([u(z +71) = u(@)]") = Cule) 315, (1)



where (), are similarity constants (except for C3) and ( . ) denotes averaging. The
turbulent kinetic energy dissipation rate € is given by
e =v (sij 5ij),

where v is the fluid kinematic viscosity, s;; = (SZ? 8—?) is the strain rate tensor,
J i

uy (or u) is the turbulent longitudinal velocity component, us (or v) is the turbulent
lateral velocity component, and uz (or w) is the turbulent vertical velocity component,
with (u;) = 0, z; (x; = x,29 = y,x3 = z) are the longitudinal, lateral, and vertical
directions, respectively.

The above K41 scaling laws hold for n < r < L,, where n = (v3/(e))"/* is the
Kolmogorov dissipation length scale and L, is the integral length scale defined as
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2.2 Overview of Fractional Brownian Motion Statistical Prop-
erties

Energy cascades generated from solutions of the Navier-Stokes equations are often
contrasted with cascades generated by strictly self similar processes, such as fractional
Brownian motion (fBm) to highlight multifractal properties of turbulence''.

The fBm is a Gaussian, zero mean, continuous, non-stationary process, indexed
by the parameter H (Hurst exponent, 0 < H < 1) such that

By (0) =0, and
Bu(t+7) = Bu(t) ~ N(0,0|r*"),
where

H
o2 = (1_2H)cos7r

)
™

and , (z) = [7°t* te 'dt is the Gamma function'® %2,

From its definition, the sample paths of fBm satisfy the scaling equation By (at)
a By (t), and
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and where < is equal 1n distribution.

The Fourier transformation of (2) is proportional to m with an average

power spectrum proportional to W;H“ For H = 1 all K41 global power laws are

3
theoretically satisfied for any n.

2.3 Selection of Wavelets

In wavelet transformations, the choice of the analyzing wavelet remains subjective.
Due to its wide usage in turbulence research?®, and its suitability to this problem, we
selected the “Haar” wavelet whose definition and properties are given in the appendix.
The Haar wavelet satisfies the admissibility condition?* described in the appendix for
CWT. The Haar wavelet is antisymmetric so that statistical measures sensitive to
vortex stretching can be well captured via its wavelet coefficients.

3 Experiment

Time series measurements were collected over the Duke Forest near Durham, North
Carolina. In this data set, 21 H z velocity, and virtual potential temperature were col-
lected on June, 18 1996, 8:00 am EST, at 40 m above the ground surface, in a 33 m
tall forest, using a GILL triaxial sonic anemometer. The measurements were subse-
quently divided into 26 minute intervals to produce N = 32,768 time measurement
per run. Here we focus on one such run, typical of the ensemble of runs collected
in this experiment?>?®. For this run, the turbulent intensity was less than 0.1, and
atmospheric stability was nearly neutral. In order to perform comparisons with a
simulated fBm time series, the sample velocity run was normalized to zero-mean and
unit variance.

4 Results

In this section, we first identify the delimiters of the inertial subrange via higher order
(n > 2) structure functions. Next, we determine whether both CWT and OWT can
reproduce the global scaling exponents for u and fBm. A critical assessment of the
ability of CWT to distinguish between the u and fBm local scaling exponents is then
presented.

4.1 Identification of Inertial subrange from Measured Struc-
ture Functions

To identify the inertial subrange, the second (n = 2) and third (n = 3) order structure
functions are first computed. The time increments were then converted to spatial



increments using Taylor’s hypothesis?”. The separation distance (i.e. eddy size)

range for which simultaneous 72/ and 7' power laws exist was noted and used in the

CWT analysis.
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Figure 1: Identification of inertial subrange using Ds(r) and Ds(r). The separation
distance r is normalized by the integral scale L,. In panel (a), the solid line is for u
and the dashed is for fBm. The solid-thick lines represent K41 power-laws. For fBm,
the D3(r) ~ 0 and is not shown.

Figure 1 (a) shows the computed Dy(r) for the u and fBm. For a more stringent
criteria for onset of the inertial subrange, Ds(r) is also used® L. In both panels, the
inertial subrange delimiters are shown. Here, the apparent dissipation at the finest
scales is due to averaging fluctuations across the sonic path length (= 15 ¢m). About
two decades of inertial subrange exist for this run. The Dj(r) scaling will form the
basis of our assessment of CWWT and OWT. Our choice of Ds(r) stems from the
fact that Ds(r) is the only structure function whose scaling form can be predicted
analytically from the Navier-Stokes equations? for locally homogeneous and isotropic
turbulence. It is given by

while for an fBm process,
([u(@ +7) —u(@)]’) =0

Hence, in this context, fBm processes are in stark contrast to high Reynolds number
turbulent flows for which Ds(r) must be non-vanishing to permit vortex stretching



(irrespective of the validity of K41 or other local isotropy approximations). Addi-
tionally attractive is that Ds(r) is linearly related to (€} and does not suffer from
intermittency corrections.

4.2 Determination of Global Exponents

The global scaling exponents can be readily determined from the coefficients of CWT
or OWT using

(ICWT ula,)|") = Cga”,

where (3 is the global exponent (which must be identical to —5n/6 to recover K41
power-laws in the frequency domain), Cs are constants related to the K41 similarity
constants (C,,) and (e), and ( . ) is averaging across location for each scale a. Unless
otherwise stated, we report K41 scaling in the frequency domain for CW7T and OWT,
and in the time domain for higher-order structure functions.

Figure 2 demonstrates that well defined global power-laws exist in CWT and
OWT coefficients of u within the inertial subrange. Interestingly, the inertial sub-
range identified from Dj(r) is co-located with the inertial subrange identified from
CWT and OWT even for n = 6. For comparison with u, the fBm global scaling
exponents determined by CWT and OWT are also shown for n = 2,3, and 6 along
with K41 power-laws. It is evident that both CWT and OWT global scaling expo-
nents match the theoretical power laws for the fBm process. For the u time series,
some departure from K41 power-laws is noted, particularly for n = 6. Whether
such departure is an artifact of the wavelet transformation or is produced because of
intermittency effects is considered next. Particularly, we consider two indirect tests
to assess how well CWT and OWT reproduce global power-laws for u: the inter-
mittency corrections to K41 power-laws and the effect of vortex stretching on the
dimensionless structure skewness. We also perform the same two tests on the fBm
time series but using the u inertial subrange delimiters to assess distortions to K41
power-laws due to limited sample size, exponent determination method, and other
factors leading to artificial intermittency buildup with increasing n.

To assess how well CWT and OWT reproduce intermittency corrections, consider
again the general nth order structure function given by

(Ju + 1) = u(@)") oc 1, (3)

where, ¢, = % for K41, ¢, = ¥ + (3 — D)(1 — %) for the mono-fractal # model with
fractal dimension D, ¢, = § + {5(3n — n?), where y is the Kolmogorov intermittency
parameter for the lognormal model®?; ¢,, = inf,[nh + 3 — D(h)] for the Parisi-Frisch
multifractal model of generalized dimensions D(h), to list a few?. Figure 3 computes

(» using the structure function approach and using the global scaling exponents de-
termined from the coefficients of CWT and OWT for both u and fBm. Estimating
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Figure 2: Determination of the global scaling exponents from CWT (left) and OWT
(right) for n = 2, n = 3, and n = 6, with the solid and dashed lines representing the
v and fBm time series. The K41 power-laws (-5/3, -5/2, -5) are also shown. The
scale a is normalized by the integral scale L, for consistency with D, (r).
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Figure 3: (a) Determination of (, for n = 1,2,...,10 using the structure function
approach (dashed-dot line), CWT (solid line), and OWT (o) for the u time series.
The K41 ¢, = % is shown (solid-thick line). The measurements from other studies
are as follows: x are boundary layer measurements from Meneveau et al.?®, + are
boundary layer measurements from Van Atta and Chen®*, x are from direct numerical
simulations of isotropic turbulence from Sreenivasan and Dhruva'?, and ¢ are from
atmospheric surface layer experiments from Sreenivasan and Dhruva'?®. Measurements
from Anselmet et al.?® (not shown) closely follow Meneveau et al.3®. (b) Same as (a)
but for the fBm. (c) Comparison between (,, determined from OWT (o) coefficients
and modeled by the She-Lévéque®® approach (dot-dashed line). For reference, the
K41 ¢, is also shown (solid-thick line)



(n from the nth order structure function reveals the common multi-fractal behavior
in v but not in the fBm.

We recognize that for large n, stability of the averaging operation may be ques-
tionable for such limited sample size?. However, what is important in Figure 3 is the
contrast between (, for fBm and u as determined by the structure function. Even for
such a limited sample size (32, 768 points), the structure function approach estimated
well the theoretical ¢, for fBm up to n = 10. The structure function-estimated ¢,
is in excellent agreement with a wide range of measurements (see symbols in Figure
3, panel (a)) except for one data set3*. The latter measurements greatly suffer from
limited sample size for n > 4. For the fBm time series, good agreement between
the structure function and CWT and OWT global power-laws is noted. However,
for the u time series, the structure function approach suggests greater intermittency
corrections to K41 power-laws when compared to CWT and OWT calculations, par-
ticularly if the direct numerical simulations and laboratory measurements are used as
benchmarks in such a comparison. It must be emphasized that the literature reported
(n in Figure 3 were estimated by the so-called extended self similarity or ESS struc-
ture function method, which may underestimate ¢, as discussed in Frisch?. In fact,
C, estimated by OWT is in good agreement with the She-Lévéque®> vortex filament
intermittency model

n 2\ 3
n=—+2-2(=
G=g+2-2(3)

as evidenced by Figure 3 (panel c¢). We reiterate here that unlike previous inter-
mittency correction models, the She-Lévéque model has no adjustable parameters.
The CWT computed intermittency correction to K41 power-laws were consistently
smaller when compared to the structure function, OWT7T, and the She-Lévéque3® vor-
tex filament intermittency models.

In short, CWT and OWT both capture comparable intermittency corrections to
K41 power-laws, but underestimate such K41 corrections when compared to the ESS
or generic structure function approaches.

To assess whether CWT and OWT capture vortex stretching effects on third-
order statistics, we computed the dimensionless wavelet structure skewness (IWSS) at
each scale a using

_{(eWT (a1
(CWT(a, )1

The measure WSS is analogous to the third order structure function presented in
Figure 2 (but without an absolute value). Using CWT and OWT, we computed the
WSS for both v and fBm. Both CWT and OWT resulted in a zero WSS for fBm and
a non-zero WSS for u. In fact, the OWT reproduced well the near-constant structure
skewness (= 0.25) derived from the Kolmogorov constant [C5/C3/* = (4/5)/2.2%/2).
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Figure 4: Wavelet structure skewness variation WSS with scale a for fBm (dashed)
and u (solid) using CWT. For comparison, the WSS estimated from OWT are
shown with + for fBm and o for u. The inertial subrange scales are repeated for
clarity (dashed vertical lines). The dashed horizontal line is WSS5=0, and the solid
line is W§5=0.25 determined from the Kolmogorov constant.

The constant structure skewness value from this experiment is in good agreement with
other atmospheric boundary layer experiments®®. It must be emphasized here that
an antisymmetric wavelet, such as Haar, is necessary to reproduce a non-zero WSS in
the u time series. If a symmetric wavelet is used (e.g. Marr wavelet or Mexican Hat),
the computed WSS will be zero as it would lack the directional differencing attribute
of an antisymmetric basis function.

4.3 Determination of Local Exponents

One of the main motivations for using CWT is attributed to its ability to estimate
local scaling exponents’. The local scaling exponents can be estimated from CWT
using local regularity results®. At locations where u has a Lipschitz regularity® o, the
localized energy (CWT ,(a,b))? behaves as a***!, for a within the inertial subrange.
Hence o at position b can be estimated from the local energy spectrum?®. To illustrate
the estimation of «, consider 50 seconds of the u time series measurements (Figure
5 a) in concert with their (CWT,(a,b))?. We estimated a at b = 10s (small u time
gradient) and at b = 32.4s (large u time gradient) using two methods (Figure 5):
(i) Regressing log, ([CWT ,(a,b)]?) on log, a, and (ii) computing the slope estimator
via a Bartlett robust regression3” for the range of scales in the inertial subrange. We
found that the two methods provide comparable estimates of a. We applied these
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Figure 5: Panel (a) Sample v variation with time for 50 seconds duration (top) and its
CWT energy distribution in the time/frequency domain. Vertical dashed lines are for
t =10.0 s and ¢t = 32.4 s. The horizontal dashed lines delimit the inertial subrange.
Panel (b) local wavelet spectra for ¢ = 10.0 s and ¢t = 32.4 s. The estimated local
scaling exponent « for t = 10.0 s and ¢ = 32.4 s by the regression method are —0.82
and —1.68, respectively, and by the Bartlett method —0.79, and —1.75, respectively.
For comparison, the K41 —5/3 power-law is also shown (solid-line). For clarity, the
ordinate axes are at different scales in panel (b).



two methods to estimate « for the entire u and fBm records (sample sizes of 32, 768)
to produce local scaling frequency distributions shown in Figure 6 (a). Notice that
the local scaling exponent distributions by the two methods are remarkably similar
suggesting some robustness to the method of a estimation. This insensitivity is not
surprising given the locality and non-spreading of the “cone of influence” evidenced
in Figure 5 (a, bottom panel). Also, the u and fBm local scaling distributions are,
for all practical purposes, identical and approximately Gaussian. We also note that
in Bacry et al.” the local scaling exponent distributions (digitized by us from their
Figure 9) is also Gaussian [see Figure 6 (b)]. We also repeated the same calculations
in Figure 6 (a) but using the Marr wavelet” and found no difference in the u and
fBm local scaling exponent distributions. Hence, such similarity in v and fBm local
scaling exponent distributions cannot be an artifact of the wavelet basis.
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Figure 6: Panel (a): Frequency distribution of the local scaling exponents for fBm
and u determined from regression and Bartlett’s method. The symbols are as follows:
+ and x are for a’s determined by regression and Bartlett’ method for u, diamonds
and squares are a’s determined by regression and Bartlett’s method for fBm. For
comparison, a Gaussian distribution (dotted line) is also shown. The histograms
are plotted on a logarithmic axis for clearer illustration of the histogram tails. The
vertical dashed line is the —5/3 K41 power-law. Panel (b): The histogram reported
by Bacry et al.” for the wind-tunnel experiment along with a Gaussian distribution
(dotted line).

To further investigate whether such similarity in local scaling exponents for v and
fBm is due to the method of o determination, we considered an alternative method,



known as the method of ridges®3®. In this method, the local wavelet energy spectrum
for u and fBm are computed and as are derived by following local minima/maxima
of the CWT energy (hereafter referred to as ridges). Along these ridges local slopes
can be determined from the energy spectra E, displayed in Figure 7 (a-b). The local
scaling exponents determined from the ridges were not significantly different (not
shown) for the fBm and u further supporting the analysis in Figure 6.

12

Figure 7: (a) Local energy spectra along ridges (E,) as a function of frequency a for
the u time series. (b) Same as (a) but for fBm time series.

In short, CWT was unable to discern fundamental differences in the univariate
probability density functions of local scaling exponents derived from u and fBm time
series.

5 Conclusion

This study demonstrated that both CW7T and OWT do capture well intermittency
effects and vortex stretching on global power-laws. In fact, the intermittency correc-
tions to K41 power-laws determined from OWT coefficients are in good agreement
with the She-Lévéque vortex filament intermittency model. The latter model has no
adjustable parameters.

Both wavelet transformation methods reproduced well the theoretical global power-
laws for fBm. Hence, we see no advantage to utilizing CWT over the simpler OWT



for such applications. Furthermore, CYWWT was unable to discern any differences in
local scaling exponent distributions derived from u and fBm time series.
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Appendix: An Overview of Continuous and Dis-
crete Wavelet Transformations

In this appendix, definitions and important properties of continuous wavelet trans-
formations CWT and their critically sampled counterparts are presented.

Let ,4(7), a € R",b € IR be a family of functions defined as translations and
re-scales of a single, square-integrable function v (z),

Yuplr) = —— ( - b) | (W

lal “

The function 1 (called the wavelet function) is required to satisfy the admissibility
condition,

< |W(w)[*
C, = / P g < oo, 5
=, (5)
where U(w) is the Fourier transformation of ¢ (z).
Wavelet functions are usually normalized to have unit energy, i.e., ||q5(z)|| = 1.
For any square-integrable (i.e. finite energy) function f(x), the continuous wavelet
transformation is defined as a function of two variables

CWT f(a,b) = {f, Yap) = [ F@)lasl)d.

Here the dilation and translation parameters, a and b, respectively, vary continuously
over RT x IR.



When the admissibility condition is satisfied, i.e., Cy < oo, it is possible to find
the inverse continuous transformation via the relation known as resolution of identity
or Calderon’s reproducing identity,

1 oo yoo 1
flz) = c /_ ) /0 CWT 4(a, b)Yy (2)—da db.
The continuous wavelet transformation is “energy conserving”,

o] 9 _i o) o) 2i
/_Oo|f(x)| dz = Cw/o /_oo CWT j(a,b)*—db da.

The continuous wavelet transformation of a univariate function is a function of
two variables. Clearly, such a transformation is redundant. To “minimize” the re-
dundancy in the transformation, one can select discrete values of a and b to produce
an invertible transformation. However, sampling that preserves all information about
the decomposed function cannot be coarser than the critical sampling.

The critical sampling defined by

a=27b=k27, j ke, (6)

will produce a minimal basis. Any coarser sampling will not give a unique inverse
transformation, that is, the original function will not be uniquely recoverable. For
appropriate conditions applied to the wavelet function 1, such sampling produces an
orthonormal basis {t;(z) = 29/2¢(2x — k), j k € Z}. The coefficients of a func-
tion in the orthonormal wavelet basis represent orthonormal wavelet transformation,
OWT.

One such basis function, used in this study, is generated by shifts and scales of a
function

() =1(0<z<1/2)—1(1/2 <z <1).

This function is known as the Haar wavelet and is used frequently in turbulence
research?®. Wavelet packets have also been proposed as an alternative source of basis
functions in turbulence research®’. When compared with Haar’s wavelet in the context
of energy packing; only minor improvements were reported?. Hence, for the purposes
of this study only Haar’s OWT is considered.



