Accounting for Model Uncertainty in
Prediction of Chlorophyll a in Lake Okeechobee

E. Conrad LLAMON III and Merlise A. CLYDE !

Long term eutrophication data along with water quality measurements (total phospho-
rous and total nitrogen) and other physical environmental factors such as lake level
(stage), water temperature, wind speed and direction were used to develop a model to
predict chlorophyll a concentrations in Lake Okeechobee. The semi-parametric model
included each of the potential explanatory variables as either linear predictors, regres-
sion spline predictors or product spline interactions allowing for nonlinear relationships.
A Gibbs sampler was used to traverse the model space. Predictions that incorporate
uncertainty about inclusion of variables and their functional forms were obtained using
Bayesian model averaging (BMA) over the sampled models. Semi-parametric regression
with Bayesian model averaging and spline interactions provides a flexible framework for
addressing the problems of nonlinearity and counterintuitive total phosphorus function
estimates identified in previous statistical models. The use of regression splines allows
nonlinear effects to be manifest, while their extension allows inclusion of interactions
for which the mathematical form cannot be specified a priori. Prediction intervals un-
der BMA provided better coverage for new observations than confidence intervals for
ordinary least squares models obtained using backwards selection. Also, BMA was more
efficient than OLS in terms of predictive mean squared error for overall lake predictions.

Key Words: Algal Blooms; Bayesian Model Averaging; Gibbs Sampler; Semi-parametric
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1 INTRODUCTION

Accurate models for the prediction of algal biomass (as measured by chlorophyll a concentrations)
in Lake Okeechobee are critical for management planning to improve water quality. Specification of
a model for the prediction of chlorophyll a requires the analyst to consider many possible environ-
mental factors, their relationships and interactions. Uncertainty regarding the most important set
of predictor variables from previous studies and the structural form of their relationship to chloro-
phyll a concentrations has highlighted the need to consider model uncertainty when developing a
model to predict chlorophyll a concentrations in Lake Okeechobee.

Internal loading of phosphorus (such as wind resuspension of bottom sediments) has been shown
to be important in other lakes (Carper and Bachmann 1984), and several researchers (McCauley
et al. 1989, Prairie et al. 1989, Watson et al. 1992) have proposed a sigmoid relationship between
log,, total phosphorus and log;, chlorophyll a. Phlips et al. (1993) identified five environmentally
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distinct zones within Lake Okeechobee using multivariate procedures. Lamon (1995) found evidence
of such a sigmoid relationship for some of the zones of Lake Okeechobee identified by Phlips et
al. (1993), and Lamon et al. (1996) present generalized additive models showing this nonlinear
relationship. Seasonal and localized nutrient limitation by both phosphorus and nitrogen occurs in
Lake Okeechobee (Schelske 1989, Aldridge et al. 1995). In-lake total phosphorus is not correlated
with loading rate when normalized by either depth or residence time (as is done with many nu-
trient loading models), but is correlated with lake level (Canfield and Hoyer 1988). No significant
correlation exists between annual average in-lake phosphorus concentrations and their respective
phosphorus loading rates (Canfield and Hoyer 1988). Prediction of annual average total phosphorus
was better by wind speed than by stage in Lake Okeechobee (Maceina and Soballe 1990), though
lake stage is a slightly better predictor of chlorophyll ¢ than wind when no annual averaging is done
(Lamon 1995). The many environmental factors interacting to stimulate algal growth and bloom
condition formation in Lake Okeechobee make variable selection and specification of an empirical

model a complicated task.

Development of a model that takes into account the nonlinear relationships between environ-
mental factors and chlorophyll a concentration while seeking out important interactions among
these factors is the main goal of this paper. Specifically, interactions between wind velocity and
lake stage are examined, since their interaction can be important in sediment resuspension and
therefore light limitation (Carper and Bachmann 1984). Such a model not only improves predic-
tion of chlorophyll g in Lake Okeechobee, but provides insight into mechanisms that control algal
biomass as measured by chlorophyll a. We use regression splines and product spline bases to allow
for flexible nonlinear functions and interactions in these variables. Because of the large number of
possible models, we use Stochastic Search Variable Selection (SSVS) (George and McCulloch 1993,
1997, Smith and Kohn 1996) to identify important models, and use Bayesian Model Averaging
(BMA) (Raftery, Madigan, and Hoeting 1997, Clyde 1999) to incorporate uncertainty about which
predictor variables should be incorporated into the model. Rather than selecting a single model to
make predictions, as is common practice, predictions under BMA are based on a weighted average
of several models, where weights are based on the degree to which the data support each model as
measured by the posterior probability of the model. Hoeting et al. (1999) provide a review of BMA

and present several case studies where BMA leads to improved predictive performance.

The outline of the paper is as follows. In Section 2, we describe the data collection and variables
that are used in the model. In Section 3, we describe the semi-parametric model, the SSVS algorithm
used to search for high probability models, and the estimators used in model averaging. Section
4 describes the results for Lake Okeechobee, and presents graphical methods for viewing model
uncertainty. We also compare the predictive performance of BMA to backward model selection, a

standard approach used in practice, on an independent validation subset of the data.
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2 MONITORING DATA

The South Florida Water Management District (SFWMD) has monitored physical and chemical
conditions in Lake Okeechobee since 1973, on at least a monthly frequency. The spatial extent
of sampling was restricted to eight pelagic stations until 1986, when 29 near-littoral stations were
added and subsequently sampled on at least a monthly frequency. A multi-agency study initiated in
1988, hereafter the Lake Okeechobee Ecosystem Study (LOES), included monthly or semi-monthly
sampling at over 100 locations in the pelagic and littoral regions. Data from both sources are
considered here (Figure 1), and no averaging over space or time is done prior to model development.
Samples collected by the SFWMD were near surface, and in situ measurements of temperature
(TEMP) were made using a Hydrolab Surveyor water analyzer. Analytical methods used for the
samples collected by the SFWMD are described in James et al. (1995) and follow the SFWMD
QA/QC plan (SFWMD 1993). Methods used to analyze the LOES samples were described in
Phlips et al. (1993a). Total phosphorus (TP) and total nitrogen (TN) were determined by methods
similar to those used by the SFWMD. Chlorophyll a was determined using the protocol described in
Standard Methods (SM 1002 G) (A.P.H.A. 1985). Due to changes in the method used by SEFWMD
for chlorophyll a determination, only data collected since 1980 were used in this study.
(Figure 1 about here)

Sediment types of sand, peat, rock, mud, and littoral in Lake Okeechobee were determined by
Reddy et al. (1991). A sampling grid was established on the lake which determined 171 sampling
locations 3.2 km apart. Principal sediment zones were determined based on physical descriptions of
surface deposits. Due to the paucity of data and sampling stations located in the rock sediment type,
these data were combined with that of the peat sediment type. Use of sediment based zones is done
because of uncertainty associated with the ecological zones of Phlips et al. (1993) which have been
used in previous modeling studies of Lake Okeechobee (Lamon 1995, Lamon et al. 1996). Sediment
type is an “on the ground” classifier of ecological region derived from in lake measurements and is
not subject to the uncertainty associated with model choice as in the discriminant functions used
by Phlips et al. (1993). Other variables used in the analysis include lake stage, wind speed and wind
direction. Lake level (STAGE) is obtained from three stations by the US Army Corps of Engineers
and is a daily average over the three stations for the sampling day. Hourly wind measurements
(km/hr day) were taken at Moorehaven, Florida. The variable WIND is the summation of the
hourly wind data for every 24 hour period beginning at 12:01 am and is a measure of wind energy

for the sampling day. Wind direction (DIR) is a daily average in degrees.

Log transformations of variables are commonly used in water quality studies to linearize re-
lationships and stabilize variance. Water quality measurements are bounded at zero on the left
and usually contain large tails on the right. Previous inference regarding the relationship between
chlorophyll ¢ and TP have by and large been done on a log-log scale, and have tried to characterize

the log-log relationship as linear. Others have characterized the relationship as being sigmoidal.



4 LAMON AND CLYDE

By using semi-parametric models we should be able to capture either situation, and will use log
transformations to allow us to test if the linear log-log relationship holds. Log transformations were

applied to all variables except wind direction.

3 MODEL DEVELOPMENT

We adopt the following model for the chlorophyll a concentrations:
Y = f(@1,... ,3p) + € (1)

where Y is the nx 1 vector of logy, chlorophyll a concentrations and x4, ... , z, represent the possible
predictor variables: logTP, logTN, logTEMP, logSTAGE, logWIND, and DIR. The function f is
assumed to be a smooth function of these predictor variables, and € is a n X 1 vector of independent
normal errors with mean 0 and variance o2. In general, the curse of dimensionality prevents us from
fitting non-parametric models with high order interactions. The model developed in this paper is
an extension of the work of Smith and Kohn (1996) inspired by the MARS (multivariate adaptive
regression splines) models of Friedman (1991) and allows flexible two-way interactions among the
variables. Smith and Kohn presented a framework for semi-parametric multiple regression using
additive splines in a Bayesian hierarchical model for variable selection (George and McCulloch
1993, 1997). Friedman developed product spline basis functions for use in multiple regression with
interactions among predictors.

In the following model for f, we consider three ways in which a variable can be used for prediction
of the response. First, a variable x; can be used as a linear predictor. This corresponds to the usual
log-log models. Second, a variable z; may enter nonlinearly if the log-log relationship does not
hold. This nonlinear function can be approximated by a piece-wise polynomial using an additive
regression spline predictor, sj(x;), as in generalized additive models (Hastie and Tibshirani 1990,

Smith and Kohn 1996). In this case, s;() is approximated by a piece-wise linear regression spline,

Zﬁk — Tjk) 4

where (z); = max(0, z), which is a one sided power spline basis function. The Z;; represent K

knots placed along the domain of the variable x; such that
min(z;) < &1 < ... < Tjk; < max(z;).

The number and placement of the knots determines the amount of smoothing, with many, closely
placed knots yielding functions with high local variance. In order to avoid over-fitting the data, it
is usually necessary to remove some knots. Third, smooth interactions between variables x; and x;
are represented by the use of products of spline basis elements (Friedman 1991),

K; K;

(@5, 20) =YY Brm (x5 — Ej) . (T — &im) 4

k=1m=1
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where the knots are defined as before. The sum is over all K; x K knots for the pairs of variables
(2, 1), where K; is the number of knots placed along the domain of the first variable z; and K;
is the number of knots for the second variable z;.

Using these terms, the function f is expressed as a semi-parametric model

p P
fan,.oomp) = Bo+ > (Bizg) + > | siw) + > sjulws, 1)
j=1 j=1 1<j
and, while this is not linear in terms of the original measurements x;, it is linear in terms of the
unknown regression parameters and the basis functions, x;, (x; — &;x)+ and (z; — Zjk)+ (21 — Tim )+
for a fixed set of knot locations. We can construct a n x r design matrix X which consists of all
linear terms for each of the regressors and all basis elements for the smooth and interaction terms,

and rewrite the model in (1) as a linear model,
Y=XB+c¢ (2)

where 8 = (f1,.-.,0;) is a r x 1 vector of all regression coefficients in the linear predictor compo-

nents, plus the coefficients in the smoothing spline components s;() and s;;().

3.1 HIERARCHICAL MODEL FOR VARIABLE SELECTION

Using a large number of variables and knots can lead to over-fitting, and thus some method of
variable selection is typically used to eliminate variables that are not important. This corresponds
to the a priori belief that some of the regression coefficients 3; are 0, which is equivalent to dropping
the corresponding columns from the design matrix X. We can represent this belief by building a
hierarchical model that allows for uncertainty about which of the 3; coefficients are 0. The vector
v is a r x 1 vector of indicator variables, which represent different models where 3; = 0 if 7; = 0
and 8; # 0 if v; = 1. Given ~, let 3, consist of all the nonzero elements of 3 and let X, be the
columns of X corresponding to those elements of v that are equal to one.

In building the hierarchical model we make the following prior assumptions:

1. Given v and o2,
/B’Yh/a o~ N(07 CO’Z(X'IYX"/)_1>

where c is a positive scale factor. Choosing a large value of ¢ means our prior contains very little
information about 3, compared to the likelihood; we use ¢ = 1000, the choice recommended
by Smith and Kohn (1996). This choice for ¢ is on the order of the average sample size over
all ecological zones (7 = 917), and is comparable to the recommended default value for the
unit-information prior (Kass and Raftery 1995) which gives an approximation to the Bayes
Information Criterion (BIC). BIC-like priors penalize adding variables more than AIC (which

often leads to over-fitting), and often lead to better predictive performance for large sample
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sizes than with AIC (Hoeting et al. 1999). Other choices for ¢ can be based on calibrating ¢

with other classical model selection methods (George and Foster 1997).

2. The prior of o2 given 7 is p(c?|y) o 1/0%. Under this default improper prior distribution,
log(c?) has a uniform distribution and as long as there are at least r observations, leads to a

proper joint posterior distribution for 3,7, and o2.
3. The indicator variables 7y; are assumed to be a prior: independent with
plyj=1)=m 0<m<1
for j =1,...,r. We take 7; = 0.5, which places a uniform prior distribution over models.

3.2 POSTERIOR DISTRIBUTIONS

Because of the conjugate structure in the prior distributions, the posterior distributions for § and
o? conditional on a model  are known in closed form (including normalizing constants).

The posterior distribution for 3, given v and ¢? is normal

~ C _1
5’7‘0277vYNN(B’)'71—_+_002 (XIX) ) (3>
with mean
~ C _
By = l—_l_c(Xinv) "Xy

which corresponds to shrinking the usual ordinary least squares estimates under model v towards
0 with shrinkage factor ¢/(1 + ¢).
The posterior distribution for o2 given v is an inverse Gamma distribution, or in other words

1/0? has a Gamma distribution,

0%y, Y ~ Gamma (E, w) (4)
2° 2
where
c _
S(v) =YY — 1—+CY’X7(X;X7) 'Xy. (5)

denotes the residual sum of squares for the Bayesian linear model.

The posterior distribution of v is known up to the normalizing constant,
p(vly) o< p(ylv)p()

x (Lo 28() R [ - m)
i=1

where ¢, = 2;21 7; is the number of nonzero elements of 5. Since the vector v completely specifies a

model (i.e., which variables are included), the posterior distribution of y given Y, p(v]Y’), determines
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posterior model probabilities. Under the uniform prior distribution over models, the posterior model

probabilities simplify to

1+ /25() "/
yer(l+e) HRS(y) 72

where the normalizing constant is obtained by summing over all possible models I'.

p(vly) = (6)

3.3 BAYESIAN MODEL AVERAGING

For making predictive inferences at a new point z*, the predictive mean at z* given the current

*

g’
corresponds to the columns of z* where the elements of v are 1. These are then combined to obtain

data Y is obtained by first finding the predictive means for each model ~, Y; = azl;ﬁ:,, where z

the predictive mean by computing the weighted average of the predictions,
V*=>"akB,p(Y) (7)
vyel

where the weights are the posterior model probabilities and the summation is over the set of all

possible models I'. Other quantities such as the predictive cumulative distribution function

P(Y* <ylY) =) PY* <y|y,Y)p(|Y) (8)
vyerl

can be obtained similarly via model averaging. The predictive density conditional on a model ~ is

PV Y) = [ (718,07 Vp(Blo% . Y )plo? . Y )aBdo
which is a Student-t distribution, so that the scaled quantity
Y* — xéﬁ}

VR (= oy + 5 ) 1)

has a standard Student-t distribution with n degrees of freedom. The unconditional predictive

distribution is a mixture of Student-¢ distributions.

3.4 IMPLEMENTING MODEL AVERAGING

When the number of columns r in the design matrix is large, we cannot enumerate all possible
models to calculate the posterior model probabilities or posterior expectations of quantities of in-
terest. We can approximate BMA by estimating the posterior model probabilities by using a sample
of models. Markov Chain Monte Carlo (MCMC) methods are one popular way of stochastically
searching the model space to identify models that are used in model averaging (Clyde 1999) and
lead to simulation consistent estimates of posterior means. In this problem, we will use the Stochas-
tic Search Variable Selection algorithm of George and McCulloch (1997), which is a Gibbs sampler
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(Gelfand and Smith 1990), to sample models according to their posterior probabilities. Because the
posterior distributions for 3 and ¢?, and future observations are completely specified conditional
on a model, we do not need to use a Gibbs sampler to sample from their posterior distributions as
the conditional posterior expectations of interest exist in closed form.

The SSVS algorithm proceeds in the following manner:

(i) Choose an initial value of v, 41 = (AAO], N ,LO])

(ii) At iteration k: Initialize v¥! = ~*~1 For j = 1,...,r successively generate %[_k]
Bernoulli distribution with Pr(y; = 1|Y, fygc%), where 'y([f% represents the current state of

from a
distribution:

indicators without the jth element. The probability that «; = 1 is based on the full conditional
Pr(vi =1ly,vy) = (1/1+h)

1 _ .

ho= — (et

St ?
j ot (5(7?)>’

where § (7]1) corresponds to the Bayesian residual sum of squares S(v) from (5) evaluated

=

with 7, =1 and S ('y?) corresponds to evaluating S(v) with v; = 0.

(iii) Repeat step (ii) for an adequate period of time for “burn-in”, and then repeat K times to

generate K models from the posterior distribution p(y]Y’).

Each iteration k corresponds to a “visit” to a potentially new model since each iteration results in
a new vector 7, and therefore in a new set of predictors for the model (specification). We ran the
Gibbs sampler for a burn in period of 10,000 iterations. Because of the high dimensional storage
requirements for posterior inferences for our validation study (storing posterior means, models,
and computing the predictive distributions for each point in the validation data set requires large
amount of disk space and memory), we used the first 10,000 iterations after burn in for subsequent
posterior inference. Standard Gibbs sampler diagnostics did not indicate problems with convergence
based on the output v or quantities of interest such as predictive means under model averaging.
To check convergence of predictive means, we ran the Gibbs sampler for an additional 1,000,000

iterations, and obtained virtually identical predictions under the testing and validation data.

3.5 ESTIMATING POSTERIOR MODEL PROBABILITIES

There are two main approaches used in the literature for estimating posterior model probabilities
used in BMA. Let S denote the set of unique models that appeared in the Gibbs sampler output.

The relative frequency (RF) estimator of the posterior model probabilities is

pOY)  =f/K (9)
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where f., is the number of times that model v appeared among the K models from the Gibbs
sampler. This approach has been used by George and McCulloch (1993), Clyde et al. (1996), Smith
and Kohn (1996) (among others) and is based on the standard ergodic average of v from the Markov
chain output. In large problems, this may result in many of the probabilities being estimated as 0
(if the model did not appear in the sample) or 1/K, because the model space is very large compared
to the typical number of iterations K and the chain does not return to the model. While this is
an unbiased estimator in repeated MCMC sampling, convergence to the posterior distribution of ~
may be very slow in large model spaces. This can be a serious problem for model selection based on
the highest probability model, but not so much for model averaging (Clyde 1999). However, in the
conjugate framework, the posterior model probabilities are known up to the normalizing constant.
Using this additional information, we can alternatively estimate the posterior model probabilities
by renormalizing over the models in the sample (Clyde et al. 1996, Clyde 1999, Raftery et al. 1997).
A simulation consistent estimate of the posterior model probabilities obtained by renormalizing the

posterior model probabilities (RPP) within the set of sampled models is

S (L+0)9/28(y)"p(y)
S _ 10
plY) Syes(L+ )T 2S(y) " 2p(v) "

for models v in S and is 0 otherwise. For simulation consistent estimates of (7) and (8) we replace

p(y|Y) by the estimates in (9) or (10) and carry out the summation over S instead of I'. While
simulation studies indicate that (10) converges to p(v|Y) faster in moderate sample spaces (it is
exact if all models are sampled, unlike the RF estimator), it is not clear which method is better
in large model spaces. We will compare the predictive performance of the two estimators in a

validation data set in section 4.

4 RESULTS

We used the SSVS algorithm on a model space that included separate spline terms for the environ-
mental factors log;, total phosphorus (TP), log;, total nitrogen (TN), log;, lake level (STAGE),
log,, temperature (TEMP), log;, wind direction (WIND) and wind direction (DIR) for each sedi-
ment type. Before separation into sediment type groups, each predictor was scaled to lie between
0 and 1 to determine the knots, and so that the same potential knots were used in each sediment
type. (Table 1). The number of columns of the design matrix for each sediment type is 167, which
consists of an intercept, the six linear predictors, ten knots/predictor for the additive components,
and 100 knots for the two way interactions between wind and stage.
(Table 1 about here)

4.1 MOoDEL CHOICE

Perhaps the best way to understand the Bayesian mixture model resulting from the Gibbs sampling

procedure described above is through use of the vector v. As stated before, ; is a binary 0-1 variable
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with a value of one if variable i is included in model 7, and is 0 otherwise. We can view model
uncertainty by constructing an image of the matrix of all the unique models v in S. In such a matrix,
the rows correspond to predictor variables and the columns to sampled models. If a position (row,
column) in the matrix is filled, its corresponding ~; is equal to one, i.e., the predictor variable in
that row is included for the corresponding model in that column. For a given predictor variable,
the frequency of filled positions in its row is an indication of the importance of that variable in the
Bayesian mixture model. The images in Figure 2 (a-d) have been constructed in this manner using
columns which correspond to models with the highest posterior probabilities, and are presented
grouped according to sediment type. The overall importance of a variable can be determined by
combining rows involving the predictor variable. The probability of no nonlinear effect for a given
variable is the probability that all of the regression coefficients associated with the spline terms for
that variable are zero, or equivalently that all of the corresponding ~; terms associated with the
knots for that variable are all zero. The probability that a variable has no effect on chlorophyll
a production is the probability that all of the 4;’s for the linear and spline terms are all zero.
Table 2 summarizes the posterior probabilities of no effect and probability of no nonlinear effect
for each of the variables broken down by ecological zones. The numerical summaries indicate the
overall importance of a variable (marginally), while the model-space matrices illustrate uncertainty
in knot location, and reflect the joint distribution of ~.
(Figure 2 about here)
(Table 2 about here)

Figure 2 and Table 2 indicate that log;, TP is an important predictor of log;, chlorophyll q, as
the linear term and/or knots occur in most of the models visited by the Gibbs sampler; probability
of an effect due to TP is greater than 0.999 in all zones. Also, the probability of no nonlinear
effect is very small (probability less than 0.001), indicating that the log-log relationship alone is
not adequate for explaining the relationship between logTP and chlorophyll a.

STAGE and WIND both have high posterior probabilities of inclusion (> 0.999). STAGE and
WIND enter almost all models through their interaction terms, with the posterior probability of
no interaction ranging from 0.02 for the sand zone, up to 0.001 for the littoral zone; probabilities
are 0.006 and 0.001 for the sand and peat zones respectively. Lamon (1995) removed log;, wind
speed as a predictor of log;, chlorophyll a from an OLS model using a backwards testing strategy
based on Type IIT sums of squares. Maceina and Soballe (1990) used annual, whole lake average
values to determine that wind was a better predictor of chlorophyll a than stage, but taking the
annual average loses important information regarding the variability at time scales below one year,
as discussed by Lamon et al. (1996). While WIND does not appear as often as STAGE in the
model-space plots (Figure 2), the importance of the interaction terms suggests that both are useful
predictors of chlorophyll a. This is further supported by the interaction surface plots for WIND
and STAGE discussed later.

The other common feature for all zones is that Wind Direction has a weak effect, with a
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probability of no effect ranging between 0.38 (data may be inconclusive) in the peat zone to 0.71
(positive evidence of no effect) for the mud zone. The probability of no relationship between log TN
and chlorophyll a is small for all zones (posterior probability < 0.023), however, for the littoral
zone, there is only moderate evidence that the spline terms (evidence of a nonlinear effect) are
needed (posterior probability = 0.73). The evidence of a temperature effect varies with zone. In
the sand zone, there is strong evidence to support a nonlinear logTEMP effect. For the mud and
littoral zones there is strong evidence in favor of a logTEMP effect, but only moderate evidence in
favor of a nonlinear relationship in the log-log scale. For the peat zone, there is moderate evidence
supporting a logTEMP effect (posterior probability = 0.714) with the posterior probability that
the effect is only linear in the log-log scale equal to 0.296.

4.2 FUNCTIONAL RELATIONSHIPS

To understand the functional relationships between the predictors and the chlorophyll a concentra-
tion response, it is helpful to view partial residuals plots of the splined terms (Figure 3). The six
terms in each of these plots are made by summing the effects of all eleven piece-wise linear basis
functions comprising each term. Partial residual plots for the mud sediment region model (Figure
3a) indicate a distinct nonlinear relationship in the log;, TP - log;, chlorophyll a relationship, and
indicate a decreasing effect as the scaled log;, TP concentration increases above 0.5 (corresponding
to a TP concentration of about 0.07 mgL~"). In the log-log scale, there is not a linear relationship
between chlorophyll a concentrations and phosphorus, as many researchers have assumed. The log;,
TN - log;o chlorophyll a plot indicates a significant contribution to the prediction of chlorophyll
a in the mud sediment type. The effect on log;, chlorophyll a concentration of log;, STAGE is of
smaller magnitude than log,, TP, log;; TN and log;, TEMP in the mud sediment type, and less
than the log;, STAGE effect in other regions of the lake, probably because the depth of the lake in
the mud sediment region stations is large relative to the change in lake stage due the fact that this
is the deepest portion of the lake. Partial residuals plots for the sand sediment region model (Figure
3b) indicate a large log;; STAGE and log;, TN effect, nearly equal in magnitude to that of log,
TP. The decreasing effect of total phosphorus beyond a scaled value of about 0.5 (TP about 0.07
mgL 1) in the sand sediment region mirrors that of the mud region model, however an increasing
effect is apparent at total phosphorus concentrations below this level. A slight decreasing effect of
increased wind velocity on log;, chlorophyll a is noted in this region, that is absent in all but the
peat sediment region model.
(Figure 3 about here)

The magnitude of the log;, TP effect is very large in the peat sediment region model, as
evidenced by the partial residual plot (Figure 3c). It is interesting to note the range of total
phosphorus values in the peat sediment type is narrower than in other sediment types. This is
likely an effect of the adsorption capacity of the peat sediment. The magnitude of the log,;; STAGE

effect is second only to the log;; TP effect in this region. As is the case with the peat sediment
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region model, a small decreasing effect of increasing log,, wind velocity on log;, chlorophyll a is
noted at transformed log;, wind velocities above about 0.5 (corresponding to a wind velocity of
15 ms~'d). In the littoral sediment region, the partial residuals plots (Figure 3d) indicate a large
logy TP effect on log;, chlorophyll a concentration. As was the case in the mud and sand sediment
region models, there is a peak in this function near a transformed log;, TP value of 0.5 (TP about
0.07 mgL~1), and there is apparently an increasing effect at TP concentration below this level
similar, though different in magnitude, to those found for the sand and peat sediment types. At
scaled log;, TP concentrations above 0.5 (0.07 mgL~!), this term more closely resembles that of
the sand sediment type.

To view the interaction effects it is useful to construct response surfaces of the interaction con-
tribution to chlorophyll a concentration prediction. The response surface in such plots are analogous
to the function estimates in the spline term plots presented in Figure 3 and combine the interaction
spline terms in addition to all other terms involving WIND and STAGE. Such plots for the log;,
STAGE X log;, WIND speed interactions are presented in Figure 4. By comparison of the plots in
Figure 4 to the main effects in Figure 3 for log;; STAGE and log;, wind speed, it appears that the
interaction surfaces draw most of their shape and magnitude from the main effects for the mud,
sand and littoral sediment types. The peat sediment is an exception to this, since the magnitude
of this interaction effect in Figure 4 is greater than the sum of the main effects in Figure 3. For
the mud and sand sediments, most of the variation occurs along the log;, STAGE axis, regardless
of the value of log;, wind speed. Most of the variation occurs along the log;, STAGE axis for the
littoral sediments also, but only for large values of log;, wind speed. The magnitude of the effect
is smallest in the mud sediment, which may be attributed to the fact that since this is the deepest
portion of the lake, a unit change in log;, STAGE changes the total depth less here than in the
other sediment zones. The magnitude of the effect is similar in the sand and littoral zones. For
the peat sediment, the effect is small only for small values of log;, wind speed, and the magnitude
of the effect is largest of all sediment types. The peat sediments are located in a relatively small
portion of the southern end of the lake, whereas the sand and littoral sediment have a much larger
spatial extent, and are located primarily in southwest to northwest extremes. For this reason, the
fetch length for the dominant wind direction is greatest for the peat sediments, which may be a
reason for the larger magnitude there.

(Figure 4 about here)

4.3 PREDICTIVE MODEL VALIDATION

To compare the predictive performance of Bayesian model averaging we set aside just under 50% of
the data in each sediment zone for validation. We compared BMA to model selection with ordinary
least squares using 1) coverage of 90% prediction intervals for each observation in the validation
sample and 2) predictive mean squared error. The OLS model was obtained by backwards selection

starting with the same basis as used on BMA, and potentially contains the same knots for the
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nonlinear and interaction terms. This is a common strategy used in water quality studies to simplify
models.

The coverage calculations were based on calculating a 90% prediction interval for each case in
the validation set, and determining the percentage of intervals that contained the observed log;,
chlorophyll a concentrations. The predictive intervals for BMA were obtained by finding the 0.05
and 0.95 quantiles of the predictive cumulative distribution function in (8) using p(y|Y) estimated
from the Gibbs sampler output as in (9) (BMA RF) and in (10) (BMA RPP). The predictive MSE

for each method was calculated as

1
N > -
i=1

where YZ* is the predicted mean from the corresponding method, using the relative frequencies and
the renormalized posterior model probabilities and Nx* is the sample size for the validation sample
(Table 3).

(Table 3 about here)

(Table 4 about here)

Overall the coverage for BMA is higher than OLS, with the exception of the mud sediment zone
(Table 3). There is very little difference between using the relative frequencies and the renormalized
posterior model probabilities to estimate the posterior model probabilities, with slightly better
performance using the relative frequencies in all cases except the peat zone. These coverage values
are in line with results from Raftery et al. (1997), who found predictive coverage of 90% predictive
intervals with BMA to be between 72% and 92% in both real and simulated data.

Similar results are obtained with predictive MSE (Table 4). BMA using the relative frequency
model probabilities is 16% more efficient than OLS in the littoral zone, 20% more efficient in the
sand zone, and up to 149% more efficient in the peat zone. As with coverage, OLS is slightly more
efficient (6%) in the mud zone.

Overall, the BMA procedure is almost 30 percent more efficient in terms of MSE than OLS
with model selection. While the coverage does fall short of the stated 90% levels for all methods,
this could be due to the effect of the prior distribution (in general Bayes procedures will not
have the stated coverage) or possible evidence that there are other variables, such as seasonal or
yearly effects, beyond those measured by the functions of temperature, wind speed, etc. that could
explain additional model uncertainty. As in Raftery et al. (1997), overall BMA has better predictive

performance than model selection in terms of both coverage and predictive MSE.

5 DISCUSSION

We have identified important, nonlinear relationships between log;, TP and log;, chlorophyll a
in all sediment zones of Lake Okeechobee. This is not necessarily in conflict with the findings of

previous researchers who have documented the lack of a significant linear relationship between these
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two variables. Maceina (1990) found no significant (o = 0.05) linear relationship (emphasis added)
between log,;, TP and log;, chlorophyll a in the open-water pelagic region of Lake Okeechobee
(r = 0.1), which was attributed to light limitation. The BMA spline approach presented here
has identified an important nonlinear association, with levels of chlorophyll a increasing and then
decreasing as TP levels increase for three of the ecological zones, which may explain why evidence
of a significant linear association was lacking in other studies. Further, this nonlinear relationship
is consistent with the light limitation hypothesis. In much of Lake Okeechobee, log,, chlorophyll a
increases (nearly) linearly with increasing log;, TP only up to a rescaled log;, TP value of around
0.5, or a TP value of about 0.07 mgL~! (Figure 3). Beyond this value of TP, additional TP does
not result in additional chlorophyll a (littoral and peat sediment), and may result in a decrease. We
believe that the nonlinear functional relationship identified here provides empirical evidence that
algae are limited at times by factor(s) other than TP. Researchers proposing a sigmoid relationship
between log; total phosphorus and log;, chlorophyll a for other lakes (McCauley et al. 1989, Prairie
et al. 1989, Watson et al. 1992) used a parametric model that was restricted to representation of the
functional relationship as strictly increasing, therefore the decrease in chlorophyll a for TP above

0.07 mgL~! suggested by the plots in Figure 3 could not be found.

Functional forms similar to those found for the relationship between log;q TP and log;, chloro-
phyll a are present for log;; TN and log;, temperature (Figure 3 ). We interpret these in a similar
fashion- factors other than TN or temperature become limiting as these functions begin to level
off or decrease. Lamon et al. (1996) suggested, in the case of the log;, TP-log;, chlorophyll a rela-
tionship, that this was due to light limitation brought about by resuspended sediment associated
with high TP values. This is supported by empirical evidence in the form of a negative correlation
(r = —0.45) between log;q secchi depth v. log;y TP. Secchi depth is a measure of water clarity that
is not independent of chlorophyll a concentration, with high values indicating relatively clear water.
As log,, TP increases, secchi depth values decrease, not only in the flocculent mud sediments, but
in the other sediment types as well. Since low secchi depths can indicate conditions unfavorable
for algae growth (i.e., light limitation) as well as high algal densities (since algal cells impede light
penetration into the water column), secchi depth would be a poor predictor of chlorophyll a. Since
there was no direct measure of non-algal turbidity, which could have been used as a regressor to
explain the bend in the log;q TP-log;, chlorophyll a relationship, we attempted to explain this be-
havior using interactions between other (measured) environmental factors, such as sediment type,
wind velocity and lake stage.

The log;; STAGE-log,, chlorophyll a relationship has a sigmoid shape in the sand and peat
sediment zones (Figure 3) that is lacking in the mud and littoral zones. The magnitude of this
effect is also greater in the sand and peat zones. The littoral and mud zones have the shallowest
and deepest average depths, respectively, with the averages depth of the sand and peat zones being
in between these extremes. In the mud zone, the average depth may still be shallow enough that

available wave energy is sufficient to resuspend the loosely consolidated flocculent mud sediments
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there. In the littoral zone, increases in stage of the magnitude seen here may not be sufficient to
have an effect on resuspension. However, when stage is at it’s highest in the littoral zone, there is an
effect (decreasing) on log;q chlorophyll a, which may be attributable to transport of sediment laden
waters from the mud zone. Transport of sediment laden waters from the mud zone is suspected to
be responsible for the shape of the STAGE/WIND interactions in the mud, sand and littoral zones
(Figure 4).

In general, there are three potential sources of model uncertainty: uncertainty arising from mas-
specification of the functional form of the relationship between the predictors and the response, and
uncertainty resulting from either the inclusion of insignificant predictors or the omission of impor-
tant predictors, and uncertainty regarding parameter values given a set of included predictors and
the specification of their functional form. While the method used here can account for uncertainty
from misspecification, inclusion of unimportant predictors and from parameter values, it cannot
account for uncertainty deriving from errors of omission of predictors.

A variety of regression methods have been used for the purpose of prediction of chlorophyll a
in Lake Okeechobee, and have followed a progression of increasing complexity and insight into the
functional relationships between environmental factors and chlorophyll a concentrations. The ordi-
nary least squares model (Lamon 1995) provides prediction at a finer spatial scale than a previous
mechanistic model developed by SFWMD (James and Bierman 1995) by fitting different slopes
and intercepts for each of five previously described ecological zones of Lake Okeechobee. The early
mechanistic model used to predict chlorophyll a predicted only whole lake average concentrations.
Residual analysis of the OLS model suggested nonlinear relationships between the chlorophyll a
concentration and some of the predictors, which led to the use of generalized additive models (La-
mon et al. 1996). The model developed here addresses conceptual shortcomings of the OLS (Lamon
1995) and GAM models (Lamon et al. 1996). Semi-parametric regression with Bayesian variable
selection and product spline interactions provides a flexible framework for addressing the problems
identified with the previous work. The use of regression splines allows nonlinear effects to be mani-
fest, while their extension allows inclusion of interactions for which the mathematical form cannot
be specified a priori. Also, the use of Bayesian model averaging deals with the problem of model un-
certainty that was not addressed in the previous models. This approach provides the water quality
modeler with an effective means of communicating the importance of various candidate predictors
to decision makers, and can therefore be useful in the monitoring design (or redesign) process. As
BMA leads to more accurate predictions and prediction intervals, this in turn should lead to better

decisions and policy.
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Table 1: Minimum, maximum and range of data values used to scale predictors from 0 to 1 for use
in regression spline basis functions. Data values were subtracted from the minimum and divided by
the range. For logi1g TP observation i, transformed log10TP = (log1oTP; — (—2.301))/2.301.

Parameter Minimum Maximum Range
logTEMP 1.1048 1.5997 0.4948
logTP -2.301 0.0043 2.3054
logTN -0.8239 1.0253 1.8492
logSTAGE 1.022 1.2167 0.1947
logWIND 0 2.3662 2.3662
Direction 0 331.24 331.24

Table 2: Posterior probability of no effect and no nonlinear effect for each variable by sediment type

Zone Variable P(no effect |Y) P(no nonlinear effect |Y)
littoral
logTP < 0.001 < 0.001
logTN 0.023 0.270
logTEMP 0.100 0.375
logSTAGE < 0.001 < 0.001
logWIND 0.001 0.001
Direction 0.402 0.442
peat
logTP < 0.001 < 0.001
logTN < 0.001 < 0.001
logTEMP 0.286 0.296
logSTAGE < 0.001 0.002
logWIND 0.005 0.005
Direction 0.383 0.519
sand
logTP < 0.001 < 0.001
logTN < 0.001 < 0.001
logTEMP < 0.001 0.002
logSTAGE < 0.001 < 0.001
logWIND < 0.001 < 0.001
Direction 0.696 0.750
mud
logTP < 0.001 < 0.001
logTN < 0.001 0.007
logTEMP < 0.001 0.218
logSTAGE < 0.001 < 0.001
logWIND 0.002 0.002
Direction 0.714 0.725
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Table 3: Coverage of 90% prediction intervals for the validation data for OLS and BMA with
posterior model probabilities estimated using relative frequencies (RF) and renormalized posterior
model probabilities (RPP). The best method is indicated in bold.

Zone Total Training Validation BMA BMA OLS
sample size sample size sample size RF RPP

littoral 957 497 460 86.5 85.2 80.2

peat 966 492 474 85.2 86.2 80.7

sand 1,881 1,497 1,384 79.5 79.0 76.1

mud 2,349 1,183 1,166 76.0 74.8 76.9

Table 4: Predictive Mean Square Error (MSE) for the validation data for OLS and BMA with
posterior model probabilities estimated using relative frequencies (RF) and renormalized posterior
model probabilities (RPP). The best method is indicated in bold.

Zone BMA BMA OLS Relative Efficiency Relative Efficiency
RF RPP MSE(OLS)/MSE(RF)  MSE(OLS)/MSE(RPP)
littoral 0.1688 0.1712 0.1965 1.16 1.15
peat 0.1435 0.1323 0.3575 2.49 2.70
sand 0.1307 0.1328 0.1569 1.20 1.18
mud 0.1944 0.2026 0.1834 0.94 0.91
O sand
A peat/rock
O littoral
<& mud

Figure 1: Location of monitoring stations in Lake Okeechobee coded by principal sediment types of
Reddy et al. (1991). The mud sediment zone corresponds roughly to the pelagic zone of Phlips et
al. (1993).
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Figure 2: Variable importance matriz for the 4 zones. The more filled bozes in each row of the
matriz, the more important the variable (basis function), i.e. the more it was included in the 40
most likely models visited by the Gibbs sampler.
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Figure 3: Partial residuals plots for the splined terms in (a) the mud zone, (b) the sand zone, (c)
the peat zone and (d) the littoral zone.
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Figure 4: Plots of the predicted chlorophyll a concentration on the logl10 wind - log10 stage plane
and log10 stage.



