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We explore and illustrate the use of time series decomposition methods for evaluating and comparing latent structure in
nonstationary electroencephalographic (EEG) traces obtained from depressed patients during brain seizures induced as part
of electroconvulsive therapy (ECT). Analysis of the patterns of change over time in the frequency structure of such EEG
data provides insight into the neurophysiological mechanisms of action of this e�ective but poorly understood antidepressant
treatment, and allows clinicians to modify ECT treatments to optimize therapeutic bene�ts while minimizing associated side-
e�ects. Our work has introduced new methods of time:frequency analysis of EEG series that identify the complete pattern of
time evolution of frequency structure over the course of a seizure, and usefully assist in these scienti�c and clinical studies.
New methods of decomposition of 
exible dynamic models provide time domain decompositions of individual EEG series into
collections of latent components in di�erent frequency bands. This allows us to explore ECT seizure characteristics via inferences
on the time-varying parameters that characterize these latent components, and to relate di�erences in such characteristics across
seizures to di�erences in the therapeutic e�ectiveness and cognitive side-e�ects of those seizures. This article discusses the
scienti�c context and problems, development of nonstationary time series models and new methods of decomposition to explore
time:frequency structure, and aspects of model �tting and analysis. We include applied studies on two data sets from recent
clinical ECT studies. One is an initial illustrative analysis of a single EEG trace, the second compares the EEG data recorded
during two types of ECT treatment that di�er in therapeutic e�ectiveness and cognitive side-e�ects. The uses of these models
and time series decomposition methods in extracting and contrasting key features of the seizure underlying the EEG signals are
highlighted in these studies. Through the use of these models we have quanti�ed, for the �rst time, decreases in the dominant
frequencies of low frequency EEG components during ECT seizures. We have also identi�ed preliminary evidence that such
decreases are enhanced under the more e�ective ECTs at higher electrical dosages, a �nding that is consistent with prior reports
and the hypothesis that more e�ective forms of ECT are more potent at eliciting neurophysiological inhibitory processes.
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1. INTRODUCTION

Electroconvulsive therapy (ECT) in human subjects in-

volves the induction of a series of brain seizures for thera-
peutic purposes and is the most e�ective treatment known
for major depression (Weiner and Krystal 1994). The
mechanisms of action of ECT, however, remain poorly
understood, and a high level of interest exists in stud-
ies of electroencephalographic (EEG) recordings for their
potential to improve the understanding of ECT and to
impact on clinical practice by guiding ECT treatment de-
signs (Krystal and Weiner 1994; Krystal et al 1993, 1995,
1998; Krystal, Weiner et al 1996; Krystal 1998; Nobler et
al 1993). EEG traces are time series of electrical poten-
tial 
uctuations recorded at various scalp locations, and
re
ect the physiological behavior of the underlying brain
cells (Weiner et al 1991). Studies including those refer-
enced above have identi�ed a number of features of seizure
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EEGs that di�er as a function of the treatment therapeu-
tic antidepressant potency and side-e�ects. Hence the at-
tributes of these signals have promise for improving our
understanding of the neurophysiological changes in brain
function that are necessary to bring about a therapeutic
antidepressant response. The clinical potential lies in the
prospects for predicting the therapeutic response and side-
e�ects associated with an ECT treatment, as such out-
comes are presently impossible to determine until after
a delay of several treatments (Krystal and Weiner 1994;
Krystal 1998).
ECT seizure EEG series are typically globally nonsta-

tionary, exhibiting marked patterns of changes over time in
frequency structure and amplitudes. Studies to date point
to the importance of low-frequency (less than 5Hz) EEG
activity during ECT treatments, and to amplitude sup-
pression of EEG activity immediately after a seizure. It
is thought that these aspects of seizure EEGs relate to
changes in the relative degree of inhibitory input to corti-
cal neurons elicited by the seizures, and so they serve as
indicators of the degree of therapeutic antidepressant ef-
fect associated with the treatment (Post et al 1986; Sack-
eim et al 1991). Decreases in EEG frequency content over
the course of a seizures are consistent with increases in in-
hibitory tone (Staton et al 1981; Weiner et al 1991), and so
it is important to isolate and quantify the time-variation in
frequency structure. Previous analyses have typically been
limited to qualitative ratings by observers or the applica-
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tion of standard stationary models to small segments of
the series. Our work aims to extend prior approaches via
appropriate global modeling of EEG traces that can ef-

fectively elucidate the complete pattern of time-evolution
of frequency content over seizures. In addition to enhanc-
ing basic scienti�c understanding, improved analysis has
potential to aid in assessing how di�erences in the pat-
terns of EEG frequency content over the course of ECT
seizures are related to treatment eÆcacy and side-e�ects.

Our methods are explored here in two studies. In the �rst,
we study a single channel of seizure EEG data to illus-
trate both methodology and the scienti�c insights gener-
ated from our approach. A second study explores di�er-
ences between two EEG series generated under two types
of ECT and for which available post-experimental evi-
dence indicated di�erences in therapeutic anti-depressant

potency and side-e�ects (Krystal et al 1995; Sackeim et al
1991, 1993). This represents the �rst attempt to identify
di�erences in seizure EEG data as a function of treatment
clinical parameters, and is part of a preliminary e�ort to
use such models in improving the understanding of mecha-
nisms of action of ECT and to impact on clinical practice.

We analyze EEG series using nonstationary, time-
varying parameter autoregressive (TVAR) models, and use
new theory of dynamic model decompositions to explore
the time:frequency structure of latent processes underly-

ing EEG signals. Such models are empirically justi�able
in this applied context, and generate natural approaches
to decomposition of observed time series into collections
of latent components that may be interpreted in physical
terms. Analysis of various kinds of EEG data using time-
varying autoregressions has a history, notably in the work

of W. Gersch and coauthors since the early 1980s (e.g.,
Gersch 1987; see references in Kitagawa and Gersch 1996).
These and other authors have demonstrated the 
exibil-
ity of high-order TVAR models in representing changing
stochastic structure in stationary and nonstationary se-
ries in various applied �elds, and particularly in modeling
series with marked and stochastically time-varying period-

icities such as are encountered in EEG studies. These au-
thors have typically focused on questions of feedback and
time lags in multi-channel EEG recordings via exploration
of time variations in frequency structure as evidenced in
patterns of change in the \instantaneous" spectral densi-
ties implied by the TVAR models. A TVAR model has the

form of a standard autoregression but with autoregressive
parameters that change through time. At any instant, the
\current" values of the parameters may be plugged into the
formula for the theoretical spectral density of a standard
stationary autoregression to deliver what is referred to as
the instantaneous spectrum of the nonstationary model.
These ideas, introduced in Kitagawa (1983) and Kitagawa

and Gersch (1985), relate closely to nonparametric meth-
ods of \evolutionary" spectral analysis using spectral esti-
mates based on moving data \windows" (originating from
Priestley 1965), though TVAR methods have proven much
more widely useful in adapting to both smooth and more

abrupt changes through time in spectral characteristics
(see discussion in Kitagawa and Gersch 1996, section 11.3).
Our methods may be viewed as natural extension of

the TVAR literature that both complements and extends
methodology in practically important directions. Our fo-
cus is on time domain decompositions of observed EEG
traces, and the speci�c class of TVAR models provides a
very general and 
exible framework for this. Our methods
explore time-varying aspects of the latent structure of the
series across the continuum of frequencies, and constitute
a general approach to time:frequency analysis of nonsta-
tionary processes that usefully extends the utility of TVAR
models as they have been used to date. In particular, the
identi�cation of latent processes at unrestricted and often
intersecting frequency ranges represents a �rst modeling
approach to isolating EEG components that re
ect the
physical superposition of activity of multiple nonstation-
ary neural generators (Geva et al 1995). Our methods iso-
late and estimate latent subseries that may be interpreted
as representing brain wave activity in various nominal fre-
quency bands, and whose time-varying parameters charac-
terize the e�ects of the seizure on activity in these bands.
Comparing such characteristics across EEG channels and
between seizures under di�erent ECT protocols provides
insights into both basic scienti�c and clinical issues.
Time series decomposition methodology is based on ex-

tensions of existing time series decomposition theory (West
1997a) to time-varying parameter models. The new theo-
retical results underlying the methodology arise in gen-
eral classes of dynamic linear models (DLMs) of which
TVAR models form a very important subclass. In Section
2 we introduce TVAR models and describe the decompo-
sition structure and theory. Section 3 discusses further as-
pects of model speci�cation, �tting and posterior analysis.
Section 4 discusses application in the initial, illustrative
study of an EEG series generated in a recent study of an-
tidepressant electroconvulsive therapies. Section 5 presents
the treatment comparison study using data from 2-channel
EEG recordings made during three types of ECT seizures
which di�er in their associated therapeutic potency. The
use of model decompositions in isolating key di�erences in
structure between treatments is explored here, indicating
the potential for TVAR methods to assist in comparative
treatment analysis via the evaluation and comparison of
EEG traces. Section 6 provides summary comments.
Before introducing models and decomposition theory,

some general comments on data are in order. Depending
on experimental context and goals, a single EEG data sets
comprises between 2 and 19 univariate time series recorded
simultaneously at di�ering scalp locations on the patient
under study, each location referred to as an EEG \chan-
nel". Our univariate analyses select one or more channels
for study. The raw data are 256Hz digitized records of
voltage 
uctuations following ampli�cation and band-pass
�ltering, and we typically study sub-sampled series with
between 40 and 50 equally spaced observations per second.
Seizure records of between 1 and 3 minutes are typical, so
that after sub-sampling we are dealing with time series of
a few thousand equally spaced observations.
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2. TIME SERIES MODELS AND DECOMPOSITION
THEORY

A univariate time series xt; (t = 1; 2; : : : ; ); follows a
time-varying autoregressive model of order p; or TVAR(p);
if

xt =

pX
j=1

�t;jxt�j + �t (1)

where �t = (�t;1; : : : ; �t;p)
0 is the instantaneous autore-

gressive parameter vector at time t and �t is a zero-mean
innovation. Typically, and here, the innovations are as-
sumed uncorrelated and normal, �t � N(0; �2t ) with pos-
sibly time-varying variances �2t : The model has the form
of a standard autoregression at each time, but the autore-
gressive parameters and innovations variance may change
through time. The AR parameters at each time t are not
constrained to the usual stationary region, though often
may lie in such a region. In such cases, we may refer to the
series as \locally stationary" but the changes in parame-
ters represent global nonstationarities. The model is very
general, permitting both slow and more rapid or abrupt
changes in parameters, and as a result provides a very

exible framework for modeling patterns of change in the
stochastic structure and observed nonstationaries in data.
The model is completed by specifying evolution model
components for the time-varying parameters �t and the
innovations variance �2t ; and this is discussed in the fol-
lowing section together with aspects of model �tting and
posterior computation. We �rst discuss the theoretical ba-
sis of our decomposition methodology and its implications
in the class of TVAR models de�ned by equation (1) irre-
spective of the speci�c forms of evolution of �t and �

2
t :

The theory of time series decompositions in West
(1997a) has important generalizations that are relevant
to TVAR models and other dynamic models with time-
varying parameters (including various classes of nonlin-
ear models). The theory is accessed by casting the TVAR
model (1) in dynamic linear model (DLM) form, as

xt = F
0

xt; xt = Gtxt�1 + !t (2)

where F = (1; 0; � � � ; 0)0; xt = (xt; xt�1; : : : ; xt�p+1)
0; !t =

�tF and

Gt �G(�t) =

0
BBBB@

�t;1 �t;2 �t;3 � � � �t;p�1 �t;p
1 0 0 � � � 0 0
0 1 0 � � � 0 0
...

. . . 0
...

0 0 � � � � � � 1 0

1
CCCCA

for each t: This is one of several possible DLM forms of
the TVAR model, and a natural extension of the DLM
representation of standard AR models; the latter are ob-
tained when �t = � and Gt = G(�) are constant, and
their state space forms originated with Akaike (1974). The
time-varying versions in equation (2) are special cases of
the broader class of DLMs, also known as a state space

models that date back at least to Kalman (1960). Our de-
composition theory applies at that level of generality.
The central decomposition result arises simply from

standard theory of model structure and the notions of sim-
ilar models in linear stochastic systems (West and Harrison
1997, chapter 5). Suppose that, at each time t; the eigen-
values of Gt are distinct, as is generally true for TVAR
models of practical interest (related decomposition theory
exists for important DLMs that have multiple common
eigenvalues, but is not developed here; see West and Har-
rison 1997.) The p distinct eigenvalues will usually con-
tain complex elements; suppose that, at time t; there are
c pairs of complex conjugate eigenvalues and r = p � 2c
real and distinct eigenvalues. Now, the numbers of real and
complex eigenvalues may di�er at di�erent times t; but to
begin here we assume that they are �xed in number so c
and r are not subscripted by t: Later we revisit the pos-
sibility, and practical implications, of time-varying r and
c: For now, the structure of the decomposition result is
most clearly revealed assuming �xed numbers. Denote the
complex eigenvalues by rt;j exp (�i!t;j) for j = 1; : : : ; c;
and the real eigenvalues by rt;j for j = 2c + 1; : : : ; p:
Then Gt = EtAtE

�1
t where At is the diagonal matrix

of eigenvalues, in the arbitrary order speci�ed, and Et is
the d � d matrix whose columns are the corresponding,
complex-valued, normalized eigenvectors.
Reparametrize the model as follows. For each t; de�ne

the known matrix Ht = diag(E0

tF)E
�1

t and linearly trans-
form xt to 
t = Htxt: Then equation (2) becomes

xt = 1
0
t; 
t = AtKt
t�1 + Æt (3)

where 1 = (1; 1; : : : ; 1)0; Æt =Ht!t is a zero-mean normal
innovation with a structured and singular variance ma-
trix, and Kt = HtH

�1

t�1: With 
t = (
t;1; : : : ; 
t;d)
0 this

means that xt is the sum of the individual 
t;j processes.
By construction, the �nal r elements of 
t are real, cor-
responding to the real eigenvalues rt;j at each time t: Re-
name these real-valued processes yt;j : The initial 2c ele-
ments of 
t occur as complex conjugate pairs. Within each
pair j = 1; : : : ; c; the sum zt;j = 
t;2j�1 + 
t;2j is real
and is simply evaluated as twice the common real part.
Each real process zt;j corresponds to the eigenvalue pairs
rt;j exp(�i!t;j) at time t: The basic decomposition result
may now be expressed as

xt =

cX
j=1

zt;j +

dX
j=2c+1

yt;j (4)

where the values of each of the real latent processes zt;j
and yt;j may be directly evaluated based on the fore-
going theory. Given known, estimated or simulated val-
ues of F; Gt and xt for each t; we need to compute
the eigen-decomposition and the transformations detailed
above to evaluate all latent components. Exploring the
forms of the zt;j and yt;j series over time is central to our
time:frequency decomposition method. The framework is
completed by identifying the structure of the component
processes, and exploring the implications for interpretation
of the decomposition.
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Example: The standard AR(p) model

The AR(p) example, drawn from West (1997a), is useful
at this point. In this case, �t = � and hence Gt = G(�)
is constant over time. The eigenvalues of G are the re-
ciprocals of the roots of the usual autoregressive charac-
teristic equation, obviously also constant, i.e., rt;j = rj
for j = 1; : : : ; p and, for the complex pairs of eigenvalues,
!t;j = !j for j = 1; : : : ; c: It easily follows that Kt = I

and the transformed state evolution in equation (3) has a
diagonalized form with At � A; the matrix of constant
eigenvalues. The �nal r elements of the transformed state
are yt;j = 
t;2c+j which follow standard AR(1) processes
with AR parameters rj ;

yt;j = rjyt�1;j + �t;2c+j (5)

for j = 1; : : : ; r: The initial 2c elements of 
t are complex
but once paired deliver the real processes zt;j = 
t;2j�1 +

t;2j : Standard theory implies that

zt;j = 2rj cos(!j)zt�1;j � r2j zt�2;j +  t;j (6)

where  t;j is a real, zero-mean AR(1) process. Hence zt;j
follows an ARMA(2,1) model whose AR(2) component is
quasi-periodic of characteristic frequency !j : Sample paths
of the zt;j are quasi-periodic forms of time-varying ampli-
tudes and phases. Commonly, jrj j < 1 in each case indi-
cating stationary components, though the theory allows
nonstationary components; practical models have jrj j � 1:
Note the close connections with alternative component
models in West (1995, 1996a), having rj = 1: The de-
composition result here applies to give the underlying,
latent AR(1) and quasi-cyclical ARMA(2,1) components
of xt over time t: Note that the processes are driven by
dependent innovations as the �t;j and  t;j terms are all
multiples of the original AR(p) innovation �t: Note further
that, in this special model, the decomposition is essentially
that delivered by the partial fractions decomposition of an
AR(p) process in the stationary case (Box and Jenkins
1976, section 3.2.1). The approach via DLMs provides a
direct method of evaluating each of the latent processes
in the decomposition, and also applies in nonstationary
cases. Some examples of practical implications in spectral
analysis and related time series studies, with model ex-
tensions, appear in West (1996b, 1997b), and Huerta and
West (1998a,b).

Returning to the general TVAR model, the matrix Kt

will not be the identity, as is key to the special structure in
the constant AR model above. However,Kt will be close to
the identity when the eigenvectors ofGt andGt�1 are sim-
ilar, i.e., in cases when �t changes only slowly. Notice that,
given the eigenvectors, Kt does not depend at all on the
corresponding eigenvalues. Hence consecutive Gt matrices
with di�ering eigenvalues but the same eigenvectors will
lead to Kt = I and the decomposition is exactly as in the
standard AR example, but now with time-varying eigen-
values. In such a case, we have the decomposition (4) but

now equations (5) and (6) are generalized to time-varying
versions

yt;j = rt;jyt�1;j + �t;2c+j (7)

for j = 1; : : : ; r; and

zt;j = 2rt;j cos(!t;j)zt�1;j � r2t;jzt�2;j +  t;j (8)

for j = 1; : : : ; c: Here yt;j is now a time-varying au-
toregression, or TVAR(1) process, with AR parameters
rt;j at time t: Similarly, zt;j follows a time-varying au-
toregressive, moving-average model of order (2,1), de-
noted by TVARMA(2; 1): These are quasi-periodic pro-
cesses with characteristic frequencies !t;j changing slowly
through time, together with slowly varying moduli rt;j :
Hence xt is decomposed as the sum of latent TVAR(1)
and TVARMA(2,1) processes, with the latter representing
quasi-cyclical component structure at distinct character-
istic frequencies !t;j that change slowly through time. In
cases of local stationarity with jrt;j j < 1; the correspond-
ing instantaneous spectral densities are peaked around !t;j

and the sharpness of the peaks are increasing functions of
the rt;j : Then the spectrum of the signal process xt is
time-varying, given at each instant t as the product of the
instantaneous spectra of the yt;j and of the AR part of the
zt;j processes.
In problems of applied interest with slowly time-varying

Gt; the Kt matrices are very close identity matrices. In
studies of a range of EEG series, typicalKt matrices di�er
from the identity only to the order of 10�5; or less, ele-
ment by element. As a result, the above representations
and interpretations of the latent processes are then almost
exact, and the above discussion stands. In other potential
applications of TVAR models in which changes between
consecutiveGt matrices may be more marked, some of the
Kt matrices may depart more substantially from the iden-
tity. The result of this is that, between times t � 1 and t;
the latent processes zt;j and yt;j are \mixed" viaKt in (3).
Hence the stochastic structure is not quite as represented
by the TVAR(1) and TVARMA(2,1) components above,
since the latent processes interact in this way. Let us stress
that the decomposition theory applies generally, whatever
levels of variation exist in the TVAR parameter. Imple-
mentation of the theory produces the latent processes and
their time-varying parameters whatever the Kt may be. It
is the speci�c interpretation of the components that is a
little less clear in cases of marked parameter changes { the
resulting stochastic structure of the latent processes is not
quite so neat as described above. Again, unless there are
really marked changes in the eigenvectors of Gt; the im-
plied mixing of components is relatively benign and may
be ignored, and the component processes viewed as hav-
ing time series structure almost wholly dominated by the
TVAR(1) and TVARMA(2,1) elements discussed. Hence,
in practical models of our EEG series, we identify the pa-
rameters rt;j ; !t;j as those of processes whose key features
are TVAR(1) and TVARMA(2,1).
Before moving to aspects of model �tting and analy-

sis, we note that the TVAR model characterizes all DLMs
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with time-varying Gt matrices of distinct eigenvalues in
the same way that standard AR models characterize the
class of similar constant DLMs having the same set of dis-
tinct eigenvalues (West and Harrison 1997, chapters 5 and
6 { two DLMs with constant but di�erent system matrices
are similar DLMs if the two system matrices are mathe-
matically similar, i.e., if they have the same eigenvalues.)
Thus, in a real applied sense, these models essentially en-
compass the class of practically interesting time-varying
state space models with distinct eigenvalues.

3. MODEL SPECIFICATION AND POSTERIOR
ANALYSIS

Completion of the TVAR model speci�cation in equa-
tion (1) requires structuring of the time evolutions of �t

and �2t ; among other things. We adopt traditional random
walk models for these evolutions, and so provide for esti-
mation and adaptation to changing structure through time
without anticipating speci�c directions of changes (West
and Harrison 1997 chapter 3, section 9.6 and 10.8). Specif-
ically, model (1) is completed by adding hierarchical com-
ponents

�t = �t�1 + �t; �t � N(0;Wt); (9)

and

�2t = �2t�1(Æ=�t); �t � Be(at; bt) (10)

and where the series of stochastic elements �t and �t are
independent and mutually independent, and also indepen-
dent of the innovations series �t: In equation (9), the TVAR
parameters �t evolve according to a standard �rst-order
polynomial model, and the extent of potential parameter
variations is controlled by the evolution variance matrices
Wt: These are de�ned via the standard discount method,
as detailed in the Appendix. A single discount factor �
in (0,1) leads to values of each Wt such that low values
of � imply high potential variability, and high values, in
the range 0:9 � 0:999; are typically relevant in practice.
Similarly, the changes in time of �2t are modeled via the
multiplicative random walk of equation (10), also standard
in DLM analysis with time-varying variance components.
The multiplicative innovations �t are independent Beta
variates, with Beta parameters (at; bt) de�ned at each time
t by a further discount factor Æ completely analogous to
�: Again, this is fully detailed in the Appendix. In appli-
cation, we treat the hyperparameters p; � and Æ as tuning
parameters to be speci�ed, and report analyses based on
values �xed at joint posterior modes with respect to uni-
form priors.
Model completion requires speci�cation of an initial

prior p(�1; �
2
1 jD0) where D0 denotes initial information

and all details of the model structure. Together with model
components (9), (10) and chosen values of hyperparame-
ters p; � and Æ; this completes the speci�cation of the prior
distribution p(�k;�kjD0) where, for any positive integer k;
�k = f�1; � � � ;�kg and �k = f�21 ; � � � ; �

2
kg: The standard

framework adopts relatively di�use and conjugate initial

priors, as discussed in the Appendix. Then, given a series
of n observed data values and the resulting information
set Dn = fD0; y1; � � � ; yng; analysis is based on full pos-
terior distributions p(�n;�njDn): As summarized in the
Appendix, standard sequential updating and retrospective
�ltering/smoothing algorithms for DLMs apply to deliver
required components of the posterior. Particular marginal
distributions of interest here are the multivariate T poste-
riors p(�tjDn) for t = 1; : : : ; n; and summaries such as the
trajectories of parameters E(�t;j jDn) over time t: These
are useful in exploring the time variation in TVAR pa-
rameters. In connection with time series decomposition,
focus rests on the eigenstructure of G(�t) at each time t:
Given any point estimate of �t; such as the posterior mean
E(�tjDn); we can compute the eigenvectors and eigenval-
ues ofG(�t) and hence evaluate the corresponding moduli
rt;j and frequencies !t;j of the root structure of the TVAR
model at time t: To make more formal inferences about
these, we simply draw samples from the multivariate T
posterior p(�tjDn) and perform the eigenstructure anal-
ysis for each sampled value; this produces a sample from
the joint posterior of the roots, the rt;j and !t;j ; which can
be graphically and numerically summarized. The values of
the corresponding latent processes yt;j and zt;j in the key
decomposition (4) can similarly be evaluated based on any
speci�ed value of �t; so that we can deduce posterior esti-
mates of the trajectories of these latent processes through
time. Illustrations follow in the next two sections.
There are two complications in moving from the TVAR

parameter �t to the set of eigenvalues/characteristic roots
rt;j exp(�i!t;j): First, there is no inherent mathematical
identi�cation of the roots, and so no immediate identi�ca-
tion of the corresponding latent processes. As frequency
and amplitude characteristics of the latent components
vary through time, a component that has the lowest fre-
quency at one time may have a higher frequency later, for
example. Similar comments apply to moduli and ampli-
tudes of components. So we may experience \switching"
e�ects as we look over the course of a time series. For pos-
terior summary, identi�cation must be enforced through an
ordering, and we typically order the eigenvalues/roots at
each time t in terms of their relative frequencies. Then in-
terpretation of the posterior graphical and numerical sum-
maries must bear in mind that components may \switch"
from time to time as the data structure, and the model's
response, evolves.
The second, closely related issue is that the number

of real/complex pairs of eigenvalues may di�er at di�er-
ent times. The analysis described in Section 2 assumed
�xed and constant numbers r and c; and the decomposi-
tion then follows easily, but complications arise as these
numbers may change. The key reason for this is that col-
lections of higher frequency components zt;j ; correspond-
ing to complex roots, will often have fairly low moduli
rt;j and be apparent in the model decomposition as rep-
resentations of high frequency noise; these are important
model components but will typically be low in amplitude
relative to more dominant, lower frequency and persistent
components that have physical interpretations. With very
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high frequency ranges, relatively small changes in the �t

parameters can lead to one or more pair of such complex
roots \disappearing", being substituted by real roots with
low values and correspondingly low amplitudes of the in-
duced real components in the series. The reverse of this
phenomenon, complex roots substituting real roots, is also
experienced. This methodological phenomenon needs rec-
ognizing although its practical import is negligible, as il-
lustrated in each of the analyses of Sections 4 and 5 below.

4. AN ILLUSTRATIVE EEG ANALYSIS

A �rst EEG series provides an initial, illustrative analy-
sis to highlight key features of the problem and methodol-
ogy. The full EEG data series, code named Ictal19 (\ictal"
simply means seizure related) comes from a prior study in-
volving 19 channel EEG data recorded in 8 subjects (Krys-
tal, Greenside et al 1996; Zoldi et al 1996). During each
seizure, 19 parallel EEG series are recorded in parallel from
19 electrodes located on patient's scalp. Data recording
uses Ag/CL electrodes on each of the 19 channels of the
International 10-20 System, and utilizes a linked-ear ref-
erence and two additional channels dedicated to detecting
eye-movement artifact (Krystal, Greenside et al 1996). The
data underwent ampli�cation and �ltering with a band-
pass of 1.6-70Hz, were then stored on magnetic tape and
subsequently digitized o�-line at 256Hz with 12 bits ac-
curacy using the PC-based EEG acquisition and analysis
system EEGSYS (Friends of Medical Science, Inc.). Prior
to analysis the data underwent manual artifact rejection
by the third author.
Previous analyses of sections of some of the Ictal19 data

set have been discussed in Krystal, Greenside et al (1996),
Prado and West (1997), and Zoldi et al (1996). Here we
comment on a new analysis of just one channel, channel
Ictal19-Cz which corresponds to the electrode positioned
centrally at the very top of the head, referred to as the
vertex in EEG nomenclature. We note that very similar
patterns of behavior are evident across all channels; in-
deed, the issues of similarities and redundancies of multi-
channel recordings have been highlighted in Prado and
West (1997). This analysis represents the �rst application
of time-varying modeling to ECT seizure EEG data and
was intended to determine feasibility and identify its po-
tential for re
ecting the frequency content over time in
ECT seizure EEG data.
Some sections of the data appear in Figure 1, the full

series appearing also in Figure 3. The original recordings
were subsampled every sixth observation to deliver 3,600
observations spanning the highest amplitude portion of
the seizure episode, about 85 seconds at a rate of 42.67
observations per second. The subsampling is a standard
practice adopted mainly for computational eÆciency. No
signi�cant information is lost in moving from the original
sampling rate of 256Hz to 42.67Hz as the key features of
the EEG of interest are in moderate to lower frequency
bands (4-15Hz). Furthermore, comparisons of analyses of
original and subsampled series across various EEG data
sets con�rm that the resulting inferences on EEG com-

ponent structure are essentially una�ected by the down-
sampling. Returning to Figure 1, note that the seizure is
underway and reaching maturity at the start of the data
window selected, then it continues at high amplitude be-
fore beginning to dissipate towards the end of the time
series. Figure 1 displays four sections of 500 consecutive
observations from near the start, two central sections and
near the end of the recording period displayed. This clearly
illustrates the intense oscillatory nature of the data and
the changes throughout the course of the seizure in am-
plitude and frequency characteristics. The very rapid os-
cillations during the mature period of the seizure, decay
in apparent frequency and amplitude towards the end of
the episode. Evidently, a stable, constant parameter model
of essentially any kind is untenable. However, subseries of
consecutive observations of shorter lengths { say, 50-150
observations { are adequately represented by autoregres-
sions with quasi-periodic components. Hence global TVAR
models are relevant.
We discuss aspects of analysis using a TVAR(12) model

with discount factors � = 0:994 and Æ = 0:99: As men-
tioned earlier and detailed in the Appendix, the values of
hyperparameters (p; �; Æ) are chosen with guidance from
exploration of the marginal likelihood function computed
over grids of values. The picture in this example is quite
typical: the likelihood function is extremely 
at over the
ranges 8 � p � 14; 0:99 � � � 0:999 and 0:98 � Æ � 0:999:
Maximizing values of (p; �) are essentially constant at
(11; 0:994) across this range of values for Æ: For the analy-
sis reported, we �x discount factors at the maximizing val-
ues and conservatively �x p = 12; slightly larger than the
strict MLE (but with almost the same likelihood value).
Results, in terms of inference on component structure over
time, are essentially unchanged in models with orders and
discount factors in the ranges noted above, as is also typ-
ical. Higher order models were �tted obtaining similar re-
sults in terms of the decompositions and the trajectories
of the estimated characteristic frequencies and amplitudes
for the key low frequency components. As model order is
increased too far, we tend to over-�t the noise, resulting in
more high frequency components { of frequencies higher
than 15Hz { with negligible relative contributions in am-
plitude to the decomposition of the observed series over
the time range. Lower order models were also explored; as
model order is decreased too far, we fail to capture all as-
pects of structure of the lowest frequency components at
some time intervals, and it becomes diÆcult to recover sci-
enti�cally interpretable components from the continuum of
frequencies.
With these hyperparameter values, the analysis indi-

cates moderate degrees of variation through time in both
�t and �

2
t ; as the seizure begins, matures and eventually

decays. Time-variation in amplitude of the data 
uctu-
ations, and in the amplitudes of latent component pro-
cesses underlying the data, are driven by changes in both
�t and �2t : We note that the component-speci�c innova-
tions �t;2c+j in equation (7) and  t;j in equation (8) have
conditional variances that are increasing functions of �2t
but also depend on �t in complicated ways. To provide a
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Figure 1. Sections of EEG voltage levels from EEG data set
Ictal19-Cz. From the top down, the graphs displays four sections
of 500 observations from the full 3,600, taken at the start, early
central, late central and �nal sections of the full series.
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Figure 2. Trajectories of estimated characteristic frequencies of the
four latent components of lowest frequencies in series Ictal19-Cz.
The horizontal broken lines roughly demark the so-called delta, theta
and alpha ranges of frequencies of neural rhythms (Dyro 1989).
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Figure 3. Data and estimated latent components in the decompo-
sition of Ictal19-Cz. From the bottom up, the graph displays the
time series followed by the �rst four estimated components in order
of increasing characteristic frequencies, each being a quasi-periodic
TVARMA(2,1) sub-process. Components and data are plotted on the
same vertical scale for direct comparison of relative amplitudes.
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Figure 4. A central section of 500 observations of series Ictal19-Cz
together with the corresponding sections of the �rst six underlying
latent processes.

formal assessment of relative amplitudes of the latent com-

ponent processes, we simply take the formulae for the the-

oretical marginal variances of each of the AR and ARMA

models of (5) and (6), and evaluate these variances at each

time point based on the posterior means of �t and �
2
t : The

resulting instantaneous variances are used as measures of

the relative amplitudes of the components.

Across the time course of the series the model eigen-

structure exhibits a sustained set of at least three, usually

four or more complex components with moduli and argu-

ments that vary slowly throughout the seizure. Also, the

higher moduli correspond to the low frequency components
in this analysis.
Figure 2 displays estimated values of the arguments of

the �rst four eigenvalues in increasing order; these are eval-
uated at the posterior means E(�tjDn) at each time t � n:
These arguments !t;j are the instantaneous characteristic
frequencies of the corresponding latent processes in equa-
tion (8). Each has an apparently decreasing form over time,
consistent with the greater intensity of the seizure initially
that forces higher frequency oscillations in the early and
mature parts of the seizure, followed by gradual dissipa-
tion and decreases in characteristic frequencies. It must
be remembered that these !t;j represent peak frequencies
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of the corresponding component processes which do have
broad-band characteristics; these trajectories summarize
movement over time in the peak of the corresponding com-
ponent evolutionary spectra. The lowest frequency com-
ponent lies in the \delta" frequency range which is the
characteristic range of slow-waves manifested in the EEG
during some types of seizures including the middle and
late phases of ECT seizures (Niedermeyer 1993; Staton et
al 1981; Weiner et al 1991; Weiner and Krystal 1993).
Figures 3 and 4 display estimates of the corresponding

latent components zt;j over time. These components are
each plotted with the vertical scale set as the range of the
data, so that their relative amplitudes are easily assessed.
They are also ordered by !t;j ; component j = 1 is the
delta/slow-wave. Notice that this delta wave dominates
in amplitude and appears as a smoothed version of the
data series; it can be viewed as the \seizure wave" for this
episode. The second component in the \theta" frequency
range is much lower in amplitude but represents a signi�-
cant component process. Subsidiary components at higher
frequencies, the \alpha" band, appear from the decompo-
sition, and are also persistent, though are much lower in
amplitude than the lower frequency components. This de-
composition is an explicit representation of expected phe-
nomena: the seizure EEG is dominated by delta frequency
slow-waves, which decrease in frequency as the seizure pro-
gresses (Staton et al 1981; Weiner et al 1991; Weiner and
Krystal 1993). Since these slow-waves are thought to re-

ect the degree of inhibitory input to cortical neurons
during seizures, these �ndings are consistent with a rel-
ative increasing dominance of inhibitory tone elicited dur-
ing ECT seizures (Pedley and Traub 1990; Sackeim et al
1991). The elicitation of inhibition is of particular interest
in the light of preliminary evidence that this inhibitory,
anti-convulsant response is central to the anti-depressant
eÆcacy of ECT (Krystal et al 1995, 1998; Krystal and
Weiner 1996; Nobler et al 1993; Post et al 1986; Sackeim
et al 1991). The decrease in slow-wave frequency, evident
in Figure 2, represents the �rst time that this phenomenon
has been quanti�ed for ECT seizure EEG data. Several in-
triguing features are evident. First, the lowest frequency
component manifests a consistent decrease in frequency
content over the entire seizure which is initially nonlinear
and then appears to be linear and gradual thereafter. The
higher frequency components are di�erent but all appear
to have an initial increase in frequency followed by a con-
sistent gradual decline in frequency. These �ndings suggest
that there may be at least two di�erent physiologic phe-
nomena contributing to the frequency content manifest in
the seizure EEG data. Second, this analysis suggests that
it is feasible to quantify the degree of decline in frequency
of the latent components over the course of the seizure and
therefore the pattern of decline for these components may
be studied further for their capacity to di�erentiate ECT
seizures as a function of clinical treatment; this aspect of
our work is illustrated in the study of Section 5.
Finally, we comment again on the statistical issues of

identi�cation in isolating latent components. The above

discussion is based on the eigenstructure of the estimated
state matrix G(�t); evaluated at E(�tjDn); with the or-
dered in terms of increasing arguments, or frequencies, at
each t: Throughout most of the time series the state matrix
has a full six pairs of complex conjugate eigenvalues, corre-
sponding to six latent zt;j processes as in equation (8). For
short periods however, one or more of these roots at very
high frequencies vanishes, being substituted by a pair of
distinct real roots. This is evident just once in the analysis
as displayed here, at around t = 450� 500 where, as illus-
trated in Figure 2, the frequency trajectory of the higher
frequency component exhibits a \break." In this brief time
interval, the correspondingG(�t) matrix \loses" its fourth
pair of complex conjugate eigenvalues, switching back to
(at least) four again after a few time periods. Evidently,
however, the event has little impact on our interpretation
and understanding of the component structure.

5. ECT TREATMENT COMPARISONS

Much of our scienti�c interest is focused on questions
of the identi�cation of EEG di�erences between ECT
seizures that di�er in therapeutic antidepressant potency
and treatment side-e�ects. In this connection, this sec-
tion concerns comparative discussion of EEG series ob-
tained from two seizures elicited in the same subject by
forms of ECT that di�er in their associated therapeutic
potency and side-e�ects. The data arises from a larger ex-
periment in which subjects were randomized to three dif-
ferent types of ECT treatments and provides a test-bed
for a preliminary determination of the extent to which
TVAR models can aid in identifying patterns of evolution
in frequency content that are related to the e�ectiveness
and side-e�ects of ECT treatments. In this analysis we
compared right unilateral (UL) ECT treatments adminis-
tered at two di�erent electrical stimulus intensities. The
intensities compared were Low (barely above the seizure
threshold) and Mod (moderately supra-threshold). Sev-
eral studies suggest that the latter form of treatment is
signi�cantly more therapeutically e�ective but also associ-
ated with more side-e�ects (Krystal et al 1995; Sackeim et
1991). Based on prior preliminary work and the analysis
of Section 4, we expected that there would be evidence of
smaller slow-wave amplitude, and less evidence of suppres-
sion of EEG activity after the end of the seizure in Low
ECT compared with Mod ECT. The data in this study
were recorded with Ag/Cl electrodes from left prefrontal
to left mastoid and right prefrontal to right mastoid deriva-
tions. The EEG data were digitized as in Section 4, and
we select one channel from each seizure for analysis.
Figure 5 displays several sections of the EEG series from

an individual labeled S26 under the moderate stimulus
level, referred to as S26.Mod. The format is exactly as in
Figure 1, and it is immediately clear that the waveforms
are radically di�erent, evidencing a more \spiked" seizure
wave with more detailed high frequency structure. The full
seizure record for S26.Mod also appears in Figure 6. The
data window begins just after the onset of seizure, and
again the data graphed are at a rate of 42.67 observations
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per second so that the time frame of the 3,200 observations

graphed is 75 seconds.

time

0 100 200 300 400 500

Figure 5. Sections of EEG voltage levels from EEG series S26.Mod.
From the top down, the graph displays four sections of 500 obser-
vations from the full 3,200, taken at the start, early central, late
central and �nal sections of the full series.

The second seizure of this same individual under the

lower treatment level produces the EEG trace denoted by

S26.Low and graphed in Figure 7. We compare aspects

of the two seizures through examination of inferences on

the component structure over time for each of the two se-

ries. Some aspects of analysis are illustrated in Figures

6-11 inclusive. These are based on TVAR(20) models for

both series, and discount factors � = 0:994 and Æ = 0:95;

with values again selected after exploring the marginal

likelihood functions for hyperparameters and then com-

promising on common values close to the MLEs for the

two individual analyses. Extensive reanalysis on discrete

grids of hyperparameters around those selected con�rm

that the marginal likelihood functions are, in each of the

two cases, very 
at around the selected values which are

close to the MLEs, and inferences reported and graphed

do not vary meaningfully under such sensitivity analyses.

Following model �tting, the decomposition analysis is ap-

plied as in the previous section, and resulting estimates of

several latent components in each of S26.Mod and S26.Low

are graphed over time in Figures 6 and 7. It turns out that

each series appears to be composed of two distinct delta

waves and two distinct theta waves, together with a col-

lection of higher frequency alpha waves and residual com-

ponents. Compared to the analysis of the previous section,

a higher order model is supported and needed here due to

the more complicated structure in terms of the high fre-

quency components and \spiky" oscillations in the series.

High frequency components have a major relevant contri-

bution in amplitude to the series in both treatments, as

illustrated in Figures 6 and 7 where the components are

all graphed on the same scale. This explains the need for a

higher order model to account, not only for slow frequency
components that are key components in the decomposition
of the observed series, but also for high frequency compo-
nents that represent rapid neural oscillations, neural and
experimental noise.
The signi�cant levels of high frequency activity here con-

trast markedly with the structure of the series studied in
Section 4. This may be due in part to individual di�erences
between the subjects studied, but is also likely a re
ection
of the fact that this data set was recorded pre-frontally;
that in Section 4 was recorded over the vertex where the
slow wave activity dominates the signal to a greater ex-
tent (Krystal, Greenside et al 1996; Zoldi et al 1996). Also
in contrast to Section 4, note that the graphs in Figures
6-11 display data well beyond the seizure end points, into
the post-ictal period. This later data has been found to be
important in comparing di�erences between ECT treat-
ments as a function of eÆcacy and side-e�ects (Krystal et
al 1993, 1995, 1996, 1998; Nobler et al 1993). The end of
the seizure in Figure 6 is evident by the decrease in am-
plitude, which occurs at around t = 1800; that in Figure 7
occurs at around t = 1000: To more explicitly compare the
frequency content of Low and Mod ECT seizures, Figure
9 graphs estimated trajectories of the instantaneous fre-
quencies of three key slow wave components - two in the
delta frequency range and one in the slightly higher theta
frequency band { and Figures 10 and 11 compare their es-
timated amplitudes. These model based inferences con�rm
our hypothesis that the magnitudes of the slow-waves and
their evolution in frequency across the seizure are greater
in the Mod than in the Low ECT seizure.
Figure 9 indicates that the characteristic frequencies of

the key slow waves decrease to a greater extent over the
course of the seizure in S26.Mod than in S26.Low. It is
important to note that the two seizures end at di�erent
points; the S26.Low seizure course runs from about t = 0
to t = 1000; while that for S26.Mod is about t = 0 to
t = 1800: The characteristic frequencies of slow waves of
S26.Low are stable over time, whereas those for S26.Mod
exhibit a general decay during the key later part of the
seizure. The relative stability in these characteristic fre-
quencies for S26.Low is also notable in Figure 8, where
during the seizure the lower frequency trajectories remain
essentially 
at. These �ndings indicate that, indeed, the
ECT seizure associated with the higher electrical dosage,
S26.Mod, exhibits decreases in the frequencies of slow wave
activity during the seizure, suggesting that, in contrast to
the less potent S26.Low, the seizure elicits an increasing
degree of inhibition of cortical neurons over the seizure.
As higher stimulus seizures are generally found to be more
therapeutically potent, this lends support to the hypothe-
sis that more e�ective treatments elicit a greater amount
of inhibitory activity (Post et al 1986; Sackeim et al 1991).
This analysis represents the �rst time that this behavior
has been quanti�ed and suggests that TVAR models may
be useful for improving the utility of ECT seizure EEG
data through re
ecting the change in frequency content
over the course of these seizures.
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Figure 6. Data and some of the estimated latent components in
the decomposition of EEG series S26.Mod. From the bottom up,
the graph displays the time series followed by estimated compo-
nents in order of increasing characteristic frequencies. The low fre-
quency delta and theta components are individual quasi-periodic
TVARMA(2,1) processes, and the alpha component is the sum of
two such processes in the higher frequency alpha band. The �nal
\fast" component is the sum of all remaining, very high frequency
components representing both rapid neural oscillations, neural and
experimental noise.

time

0 1000 2000 3000 4000

data

fast waves

alpha waves

theta-2

theta-1

delta-2

delta-1

Figure 7. Data and some of the estimated latent components in
the decomposition of EEG series S26.Low, in a format exactly as
for S26.Mod in Figure 6.
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Figure 8. Trajectories of estimated characteristic frequencies of all
latent components in EEG series S26.Low. Note the identi�cation-
based \switching" behavior apparent at very high frequencies, es-
pecially after the seizure ends, and the relative stability of the esti-
mated characteristic frequencies of the dominant low frequency com-
ponents.
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Figure 9. Trajectories of estimated characteristic frequencies of
key low frequency components in decompositions of EEG series
S26.Mod and S26.Low, now with approximate 95% posterior inter-
vals for instantaneous frequencies at selected time points. The inter-
vals are computed by direct simulation of the posterior distributions
for TVAR parameters at the selected time points, the sampled values
leading by direct calculation to corresponding samples from the pos-
terior distributions for the instantaneous frequencies. Note that the
seizure for S26.Low ends at approximately t=1000, while S26.Mod
ends at about t=1800.
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Figure 10. Trajectories of estimated amplitudes of key low fre-
quency components in decomposition of EEG series S26.Mod
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Figure 11. Trajectories of amplitudes of key low frequency compo-
nents in decomposition of EEG series S26.Low.

Evidence of greater inhibition elicited by the higher
dosage S26.Mod can also be seen in Figures 10 and 11.
These depict the estimated amplitudes of the low fre-
quency components of the two seizures. The magnitude of
the slow-wave component rises more rapidly and to a much
greater extent for S26.Mod than for S26.Low during the
seizure. This �nding is also consistent with a greater degree
of inhibition elicited by the more e�ective, higher electrical
dosage, S26.Mod (Pedley and Traub 1990; Sackeim et al
1991). Also consistent with this is evidence of greater im-
mediate post-ictal suppression of EEG activity with this
form of treatment. In Figures 6 and 7 it is apparent that
the amplitude of seizure activity decreases more dramat-
ically after the end of S26.Mod (after roughly t = 1800)
than after the end of the S26.Low seizure (after roughly
t = 1000): This same phenomenon is also re
ected par-
ticularly nicely in Figures 10 and 11 where the di�erences
in amplitudes between the seizure and post-seizure peri-
ods in low frequency components is much greater in Fig-
ure 10 (note the dramatic decrease in amplitude at about
t = 1800) than in Figure 11. This phenomenon is also sug-
gestive of greater inhibition in the higher dosage S26.Mod
seizure, consistent with previous studies of seizures that
are higher above the seizure threshold and are more ther-
apeutically e�ective (Krystal et al 1993, 1995, 1996, 1998;
Nobler et al 1993).

6. DISCUSSION

The studies presented are indicative of the uses of de-
composition methods using TVAR models for EEG series,
and of their promise as aids to improving scienti�c un-
derstanding and to assist in clinical ECT practice. The
analysis of Section 4 provides a nice illustration of the
uses of the approach in extracting and estimating latent
EEG components in various key frequency bands, and in
exploring the changes over time in frequency structure of

the EEG via this decomposition. For the �rst time, the
changes in characteristics of seizure slow waves have been
explicitly inferred, with resulting identi�cation of the de-
cay over time of such dominant low frequency activity over
the course of some ECT seizures. The analysis of Section
5 represents a �rst model based comparison of EEG data
obtained from ECT seizures that di�er in terms of elec-
trical dosage, therapeutic potency, and side-e�ects. This
analysis was consistent with prior work suggesting a more
rapid onset and higher amplitude slow-wave activity with
greater post-ictal EEG suppression in the more potent,
higher dosage form of treatment. It also provided the �rst
evidence that the more e�ective, higher dosage, treatment
is associated with seizures that appear to decrease in the
characteristic frequency of low frequency components to a
greater extent. This �nding provides further support for
the hypothesis that higher dosage ECT may be more po-
tent at eliciting neurophysiological inhibition and that this
process may be a central part of the antidepressant mech-
anism of action of ECT. A determination of whether there
is a greater decrease in characteristic frequency of low fre-
quency seizure components in higher dosage, more e�ective
ECT treatments is deserving of further study. The data
presented in this article provide preliminary support that
such a study may improve the understanding of the mech-
anism of action of ECT and may make seizure EEG data
more useful for allowing practitioners to optimize the dos-
ing of ECT treatments. We anticipate a range of studies of
new EEG data arising from clinical investigations geared
to that goal, and also wider use of the TVAR modeling
and decomposition approach by other investigators.
On models and methodology, we have discussed aspects

of more-or-less standard Bayesian analysis with nonsta-
tionary dynamic models, the TVAR framework being a key
and important subclass of a broader class of dynamic mod-
els in which the decomposition theory arises. In related
studies (Prado and West 1997; Aguilar et al 1998) we have
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touched on multivariate time series issues through com-
parisons of univariate analyses, as presented here, across
several or all of the EEG channels recorded during a sin-
gle seizure episode. The notion of multivariate modeling to
explore issues of data reduction and the spatio-temporal
connectivities between EEG channels is exciting in connec-
tion with the potential to contribute to further advances
in both basic science and in clinical decision making. We
anticipate such advances in further collaborative work.

[Received October 1997. Revised December 1998.]
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APPENDIX: MODEL FITTING AND POSTERIOR
COMPUTATION

The equations de�ning required posterior distributions
all arise via direct application of standard DLM theory,
as detailed in West and Harrison (1997, especially sections
4.3-4.7 and 10.8). Summary details and formul� for the
analyses reported are given here.

Sequential Updating

The TVAR model (1) has the form

xt = x
0

t�1�t + �t

for all t > 0: Coupled with equations (9) and (10) and con-
ditional on a speci�ed set of values of the hyperparameters
(p; �; Æ); this de�nes a standard dynamic regression DLM
with time-varying observation variance �2t
In this context, we �rst sequentially process the xt ob-

servations to obtain sequentially updated or \on-line" pos-
teriors p(�t; �

2
t jDt) over t = 1; : : : ; n: These have the con-

jugate normal/inverse gamma forms. The important pos-
terior margins for each �t and �

2
t are given by (�tjDt) �

Tkt(mt;Ct); a multivariate T distribution with kt degrees
of freedom, location vector mt and scale matrix Ct; and
(��2t jDt) � Ga(kt=2; dt=2); a gamma distribution with
shape parameter kt=2 and scale parameter dt=2: The up-
dating equations for de�ning parameters are summarized
here; these formul� are used to sequentially compute the
parameters for all t: Note that the usual point estimates
of �2t ; namely st = dt=kt; appear in these formul�. For
t = 2; : : : ; n; we have:

mt =mt�1 +Ptet;
Ct = (Rt �PtP

0

tqt)(st=st�1)
kt = Ækt�1 + 1;
dt = Ædt�1 + st�1e

2
t=qt;

(11)

where

et = xt � ft;
ft = x0t�1mt�1;
qt = x0t�1Rtxt�1 + st�1;
Pt = Rtxt�1=qt;
Rt = Ct�1 +Wt;
Wt = Ct�1(1� �)=�:

(12)

Two comments on discount speci�cations are in order.
First, the speci�c form of the key variance matrixWt here,
and in equation (9), is based on the standard discount
factor method using the speci�ed discount factor �: This
induces a trivial computation of Rt as the last two equa-
tions above lead to Rt = Ct�1=� (see West and Harrison,
section 6.3). Second, the variance discount factor Æ is ex-
plicitly involved in the update equations for kt and dt: In
the underlying multiplicative evolution equation (10), the
innovation �t has the Beta distribution Be(at; bt) where
at = Ækt�1=2 and bt = (1� Æ)kt�1=2 (see West and Harri-
son 1997, section 10.8).

The analysis requires an initial, conjugate nor-
mal/inverse gamma prior p(�1; �

2
1 jD0); which may be

taken as a reference prior or a di�use but informed proper
prior. An attractive strategy is available in applications
where, as in our EEG context, we have very long time
series and the initial period of observations is relatively
uninteresting (prior to seizure onset). We can then sim-
ply �t a standard constant autoregression to a short ini-
tial section of the data (of length of, say, three times the
maximum order p contemplated), producing the standard
reference normal/inverse gamma distribution. After in
at-
ing the scale parameters of this distribution (by a factor of
10, for example) we then obtain an appropriately located
but still relatively very di�use initial prior for (�1; �

2
1) for

analysis of the series with the initial section discarded.

Treatment of Hyperparameters

The sequential analysis above provides calculation of the
resulting predictive density of the data p(x1; : : : ; xnjD0) =Qn

t=1 pt where pt = p(xtjDt�1) is the value of the observed
one-step ahead predictive density at time t; the ordinate at
xt of the univariate T density TÆkt�1(ft; qt): As the analysis
is run at a speci�ed set of values of the three key hyperpa-
rameters (p; �; Æ); the numerical value of p(x1; : : : ; xnjD0)
so produced is proportional to the likelihood function for
these hyperparameters at that triple, this likelihood be-
ing marginalized with respect to the parameters �n and
�n: Hence, we may run the sequential analysis above re-
peatedly across a grid of values of (some of) the hyper-
parameters, to deliver evaluations of the likelihood func-
tion across \model space." A prior for (p; �; Æ) modi�es
this to a marginal posterior. Treating this triple as a tun-
ing parameter, we may then identify a posterior mode or
other point value to condition on for inferences about �n

and �n: Under a uniform hyperprior, this will select max-
imum (marginal) likelihood values. Applied work focuses
on high values of the two discount factors, and particularly
of the variance discount factor Æ; as very high values al-
ready permit marked changes in parameters with rapidly
sampled data such as we have in the EEG context. This in-

uences choice of ranges of values of the hyperparameters
over which to run the model and compute the likelihood
function. Once a triple is selected, it de�nes a particular
TVAR model and the results of sequential analysis at that
model provide the basis for retrospective �ltering to com-
pute full posterior distributions for the TVAR parameters
based on the �xed hyperparameter values, as follows.

Retrospective Filtering

Following sequential processing of the data, retrospec-
tive �ltering/smoothing computations produce the mar-
gins of the full posterior p(�n;�njDn): The key mar-
gins of interest are, for all t � n; given by (�tjDn) �
Tkt;n(mt;n;Ct;n) and (��2t jDn) � Ga(kt;n=2; dt;n=2): The
recursive equations for computing the de�ning parame-
ters are summarized here. Some of these are naturally
written in terms of the point estimates st;n = dt;n=kt;n
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of the variances �2t : Initializing at time t = n with
mn;n = mn;Cn;n = Cn; kn;n = kn; dn;n = dn and
sn;n = sn; we proceed sequentially backwards in time over
t = n� 1; : : : ; 1 to compute:

mt;n = (1� �)mt + �mt+1;n;
Ct;n = [(1� �)Ct + �2Ct+1;n](st;n=st);
kt;n = (1� Æ)kt + Ækt+1;n;
1=st;n = (1� Æ)=st + Æ=st+1;n;

(13)

and with dt;n = kt;nst;n; for t = n� 1; : : : ; 1:


