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Summary There has been increasing interest in applying Bayesian nonparametric methods
in large samples and high dimensions. As Markov chain Monte Carlo (MCMC) algorithms are
often infeasible, there is a pressing need for much faster algorithms. This article proposes
a fast approach for inference in Dirichlet process mixture (DPM) models. Viewing the
partitioning of subjects into clusters as a model selection problem, we propose a sequential
greedy search algorithm for selecting the partition. Then, when conjugate priors are chosen,
the resulting posterior conditionally on the selected partition is available in closed form.
This approach allows testing of parametric models versus nonparametric alternatives based
on Bayes factors. We evaluate the approach using simulation studies and apply it to data

sets from the literature, as well as to a large epidemiologic study.
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1. Introduction

In recent years, there has been an explosion of interest in Bayesian nonparametric meth-
ods due to their flexibility and to the availability of efficient and easy to use algorithms
for posterior computation. Most of the focus has been on Dirichlet process mixture (DPM)

models (Lo 1984; Escobar 1994; Escobar and West 1995), which place a Dirichlet process
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(DP) prior (Ferguson 1973, 1974) on parameters in a hierarchical model. For DPMs, there
is a rich literature on Markov chain Monte Carlo (MCMC) algorithms for posterior compu-
tation, proposing marginal Gibbs sampling (West et al. 1994; MacEachern 1994; Bush and
MacEachern 1996), conditional Gibbs sampling (Ishwaran and James 2001) and split-merge
(Jain and Neal 2004) algorithms. These approaches are very useful in small to moderate
sized data sets when one can devote several hours (or days) for computation.

However, there is clearly a pressing need for dramatically faster alternatives to MCMC,
which can be implemented within seconds (or at most minutes) even for very large data
sets. Such algorithms are absolutely required in applications, such as machine learning, in
which one routinely encounters large data sets and computational speed is paramount. In
the pregnancy outcome application considered in Section 6, data were available for 34,178
pregnancies and it was infeasible to implement MCMC. Even in smaller applications, it is
very desirable to obtain results quickly. This also has the advantage of allowing detailed
simulation studies of operating characteristics and sensitivity analyses for different prior
specifications. In addition to obtaining results quickly for one DPM, it is typically of interest
to compare DPMs to simpler parametric models. Typical MCMC algorithms do not allow
such comparisons, as marginal likelihoods are not estimated, though there has been some
recent work to address this gap (Basu and Chib 2003).

The focus of this article is on extremely fast alternatives to MCMC, which allow accurate
approximate Bayes inferences under one DPM, while also producing marginal likelihood
estimates to be used in model comparison. For example, one may be interested in comparing
a DPM to a simpler parametric model. For simplicity in exposition, we focus throughout
the article on Gaussian DPMs, though the methods can be trivially modified to other cases
in which a conjugate prior is chosen. Approximate solutions for non-conjugate priors can be
obtained using the Laplace approximation, though we do not consider such an approach in

detail.



For DPM models, a number of alternatives to MCMC have been proposed, including
partial predictive recursion (PPR) (Newton and Zhang, 1999), weighted Chinese restaurant
(WCR) sampling (Lo, Brunner and Chan 1996; Ishwaran and Takahara 2002; Ishwaran
and James 2003), sequential importance sampling (SIS) (MacEachern, Clyde and Liu 1999;
Quintana and Newton 2000), and variational Bayes (VB) (Blei and Jordan 2006; Kurihara,
Welling and Vlassis 2006; Kurihara, Welling and Teh 2007). The WCR and SIS approaches
are computationally intensive, so will not be considered further. For the DPM models in
which it has been applied (Tao et al. 1999), PPR requires approximation of a normalizing
constant at each step and does not utilize all the information in the data. VB instead
relies on maximization of a lower bound on the marginal likelihood using a factorization
approximation to the posterior, which has unknown accuracy. Wang and Titterington (2005)
show a tendency of VB to under-estimate uncertainty in mixture models. In simulations, we
have observed high sensitivity of VB to starting values, and poor results for inference and
model selection.

We propose an alternative sequential updating and greedy search (SUGS) algorithm. This
algorithm relies on factorizing the DP prior as a product of a prior on the partition of subjects
into clusters and independent priors on the parameters within each cluster. Adding subjects
one at a time, we allocate subjects to the cluster that maximizes the conditional posterior
probability given their data and the allocation of previous subjects, while also updating
the posterior distribution of the cluster-specific parameters. Hence, viewing selection of the
partition as a model selection problem, we implement a sequential greedy search for a good
partition, with the exact posterior given this partition then available in closed form. The
algorithm is very fast involving only a single cycle of simple calculations for each subject.
In addition, a marginal likelihood is produced that can be used for model selection and for
eliminating sensitivity to the order in which subjects are added through model averaging or

selection over random orders.



Section 2 describes the prior structure. Section 3 proposes the fast SUGS posterior
updating algorithm, with Section 4 providing details for normal DPMs. Section 5 evaluates
the approach through a simulation study and Section 6 contains three real data applications.

Section 7 discusses the results.

2. Dirichlet Process Mixtures and Partition Models
DPM models have a well known relationship to partition models. For example, consider a

DP mixture of normals (Lo 1984):
yi~ N(iu, 7Y, (7)) X P i=1,....,n, P~ DP(aP), (1)

where 0; = (f1;, 7;) are parameters specific to subject i, v is the DP precision parameter, and
P, is a base probability measure. Then, upon marginalizing out the random mixing measure

P, one obtains the DP prediction rule (Blackwell and MacQueen 1973):

«
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where dy is a probability measure concentrated at 6. Sequential application of the DP
prediction rule for subjects 1,...,n creates a random partition of the integers {1,...,n}.
Commonly used algorithms for posterior computation in DPM models rely on marginalizing
out P to obtain a random partition, so that one bypasses computation for the infinitely-many
parameters characterizing P (Bush and MacEachern 1996).

These algorithms take advantage of a characterization of Lo (1984), which allows one
to express the posterior distribution in DPMs after marginalizing out P as a product of the
posterior for the partition multiplied by independent posteriors for each cluster, obtained by
updating the prior P, with the data for the subjects allocated to that cluster. Instead of
obtaining this structure indirectly through marginalization of P, one could directly specify
a model for the random partition, while assuming conditional independence given the allo-

cation to clusters. This possibility is suggested by Quintana and Iglesias (2003), who focus
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on product partition models (PPMs) (Barry and Hartigan 1992).

We assume that there is an infinite sequence of clusters, with ) representing the pa-
rameters specific to cluster h, for h = 1,...,00. We use the DP prediction rule in (2) for
sequentially allocating subjects to a sparse subset of these clusters. The first subject will be
automatically allocated to cluster h = 1, with additional clusters occupied as subjects are
added as needed to improve predictive performance, obtaining an online updating approach.
Sensitivity to ordering will be discussed later in the article.

Let v; be a cluster index for subject i, with 7, = h denoting that subject i is allocated to

cluster h. Relying on the DP prediction rule, the conditional prior distribution of 7; given

'Y(i_l) = (71,...,7%-1) is assumed to be multinomial with:
, > L=y
Pr(ﬁ)/l = h’|7(z_1)) = %’ h: 17"'7ki—17 (3)
i h=hkiatl

where a > 0 is a DP precision parameter controlling sparseness and k;_; = max{y;,},_}, the
number of clusters after ¢ — 1 subjects have been sequentially added. As « increases, there
is an increasing tendency to allocate subjects to new clusters instead of clusters occupied
by previous subjects. The prior probabilities in (3) favor allocation of subject i to clusters
having large numbers of subjects.

To complete a Bayesian specification, it is necessary to choose priors for the parameters

within each of the clusters:

m(0) = hﬁpo(eh), (4)

where pg is the prior distribution on the cluster-specific coefficients 6, and independence

across the clusters is implied by the result of Lo (1984).

3. Sequential Updating and Greedy Search
3.1 Proposed algorithm

Suppose that a measurement y; is obtained for subjects i = 1,...,n. Updating (3) one can



obtain the conditional posterior probability of allocating subject ¢ to cluster h given the data
for subjects 1,...,7 (y® = (y1,...,)’) and the cluster assignment for subjects 1,...,i — 1
(’Y(i_l) = (717 s 7’}/1'—1)/):

Tin Lin, (yz)

ﬁilﬂ i La(y;) 7

Pr(y; = h|y"W,~") = h=1,. ki1 +1, (5)

where 7 = Pr(vy; = h|4%Y) is the conditional prior probability in expression (3), and
Lin(yi) = [ L(y| 03) dm (6, |y, 46=1) is the conditional likelihood of y; given allocation
to cluster h and the cluster allocation for subjects 1,...,i — 1, with L(y;|0,) denoting the
likelihood of y; given parameters 6, and 7 (6, |y~ 4%=1) the posterior distribution of ),
given y=1 and 4V, For a new cluster h = k;_1 + 1, 7(0), | y~Y,40~Y) = py(6},), as none
of the first ¢ — 1 subjects have been allocated to cluster k;_; + 1.

For conjugate py, the posterior 7(6, | y@=1,4(=1)) and marginal likelihood Ly, (y;) are
available in closed form. Hence, the joint posterior distribution for the cluster-specific coef-
ficients @ = {6,,}7>, given the data and cluster allocation for all n subjects,

(01%,3) = L @l = { T w0 e =m0} TT o)}
h=1 h=kn+1
is similarly available in closed form. Note that the first &, clusters are occupied in that they
have at least one member from the sample.

The real challenge is addressing uncertainty in the partition of subjects to clusters, .
MCMC algorithms attempt to address this uncertainty by generating samples from the joint
posterior distribution of v and 8. As highlighted in Section 1, such MCMC algorithms are
quite expensive computationally. This is particularly true if sufficient numbers of samples
are collected to adequately explore the posterior distribution of 4. The multimodal nature
of the posterior and the tendency to remain for long intervals in local modes makes this
exploration quite challenging. In addition, v € I' can be viewed as a model index belonging

to the high-dimensional space I'. As for other high dimensional stochastic search procedures,



for sufficiently large n, it is for all practical purposes infeasible to fully explore I' or to draw
enough samples to accurately represent the posterior of ~.

An additional issue is that, even if one could obtain iid draws from -, problems in inter-
pretation often arise due to the label switching issue. Viewing v as a model index, samples
from the joint posterior of v and @ can be used to obtain model-averaged predictions and
inferences, allowing for uncertainty in selection of «y. However, it is well known that model
averaging is most useful for prediction, since the ability to obtain interpretable inferences
may be lost in averaging across models. This is certainly true in mixture models, since the
meaning of the cluster labels changes across the samples, making it difficult to summarize
cluster-specific results. There has been some work on post-processing algorithms to align the
clusters (Stephens 2000), though this can add considerably to the computational burden.

Motivated by these issues, there has been some recent work on obtaining an optimal
estimate of 4 (Dahl 2007; Lau and Green 2007). These approaches are quite expensive
computationally, so will not be considered further. We instead propose a very fast sequential
updating and greedy search (SUGS) algorithm, which cycles through subjects, i = 1,...,n,
sequentially allocating them to the cluster that maximizes the conditional posterior allocation

probability. This proceeds as follows:
1. Let 73 = 1 and calculate m(0; | y1,71).
2. Fori=2,...,n,

(a) Choose 7; to maximize the conditional probability of v; = h given y® and Y
using (5).
(b) Update 7(6.,, |y, 4= using the data for subject i.

This algorithm only requires a single cycle of simple deterministic calculations for each

subject under study, and can be implemented within a few seconds even for very large



data sets. In addition, the algorithm is online so that additional subjects can be added as
they become available without additional computations for the past subjects. Hence, the
algorithm is particularly suited for machine learning and prediction problems. A reviewer
noted that a related idea was used by Zhang et al. (2005) but only focusing on a particular
model for online document clustering without consideration of any of the aspects to be

discussed below.

3.2 Remowving order dependence

The SUGS approach for selecting v € I' is sequentially optimal, but will not in general pro-
duce a global maximum a posteriori (MAP) estimate of «v. Producing the global MAP is in
general quite challenging computationally given the multimodality and size of I". In addition,
as noted by Stephens (2000), there are in general very many choices of 4 having identical or
close to identical marginal likelihoods. Hence, SUGS seems to provide a reasonable strategy
for rapidly identifying a good partition without spending an enormous amount of additional
time searching for alternative partitions that may provide only minimal improvement.

One aspect that is unappealing is dependence of the selection of 4 on the order in which
subjects are added. As this order is typically arbitrary, one would prefer to eliminate this
order dependence. To address this issue, we recommend repeating the SUGS algorithm of
Section 3.1 for multiple permutations of the ordering {1,...,n}. For each random ordering,
we then record the pseudo-marginal likelihood (PML), basing inferences on the ordering
having the largest PML.

The pseudo-marginal likelihood is defined as the product of conditional predictive ordi-

nates (Geisser 1980; Pettiti 1990; Gelfand and Dey 1994) as follows,
PMLy(y) = TLauily 27 =TI [ w(ul 0)r(6]y "+ ")
' i=1

= II X Pr(yi=hly™".47) / L(y; ) m(0 |y, ~)d0,,  (6)



where y(=9 is the set of all the data but y; for i = 1,---,n. The PML~(y) criterion is
appealing in favoring a partition resulting in good predictive performance and has been
used for assessing goodness of fit and Bayesian model selection by Geisser and Eddy (1979),
Gelfand and Dey (1994), Sinha, et al. (1999), and Mukhopadhyay et al. (2005) among
others. We recommend using PML~(y) instead of the marginal likelihood since the latter
can sometimes favor partitions leading to results with relatively poor fit. To speed up
computation, we use 7(0|y,~) to approximate 7(8|y~", ~(=9). This approximation is
accurate, particularly for large samples.

Since SUGS is extremely fast, repeating it for a modest number of random orderings
and selecting a good ordering does not take much time. For a data set with extremely large
sample size, we can modify the procedure to select the best ordering in a training subset of
the data, with the remaining subjects added in a single random order. The justification for
this approach is that the results are primarily sensitive to the ordering of the first several

hundred subjects.

3.3 Allowing the DP precision parameter « to be unknown
In the above development, we have assumed that the DP precision parameter « is fixed, which
is not recommended since the value of a plays a strong role in the allocation of subjects to

clusters. In order to allow unknown «, we choose the prior:

7T(CY) = 2771: 604? (a)v (7)
t=1
with a* = (of,...,a})" a pre-specified grid of possible values with a large range and 7, =

We can easily modify the SUGS algorithm to allow simultaneous updating of «. Letting

¢§i71) = Pr(a = af |yt Y, 4D and 7y = Pr(y; = h|a = of,y@ D, 40D) we obtain



the following modification to (5):

o (AP Ul IS S
Pr('YZ' —h | y(z)’ ,Y(z—l)) _ Zt:l ¢t kﬂ-zht zh(yz) B — 17 o ki_l + 1, (8)

Zthl ¢§FI) Ezi}lﬂ i L (y;) ’

which is obtained marginalizing over the posterior for o given the data and allocation for

subjects 1,...,7 — 1. Then we obtain the following updated probabilities

i—1
(blg )ﬂ-i’yit

T (i=1) ’
s=1%s Wivis

P! =Pr(a=aof |y, D) = t=1,...,T. (9)

Note that we obtain a closed form joint posterior distribution for the cluster-specific param-

eters @ and DP precision « given ~.

3.4 Estimating predictive distributions

From applying SUGS, we obtain a selected partition v and posterior distributions in closed
form for the parameters within each cluster, (6}, | y, =), and for DP precision parameter « as
in (9). From these posterior distributions, we can conduct inferences on the cluster-specific
coefficients, 64, ...,0y, .

In addition, we can conduct fast online predictions for new subjects. The predicted

probability of allocation of subject ¢ = n + 1 to cluster h is

n) Y o 1(vi=h
T L = Zz:l ¢1(5 )ZZ:OE;_A'(_;}; )7 h: 17-..7kn7 (10)
n+1,h — n) af
Yo h=ky+1.
The predictive density is then
R ken+1
fWni1) = Z T4, h/f(yn+1 | Yny1 = h, 0p) dm (0}, | y(n)a’Y(n))
h=1
ken+1
= 3 Turtn fWnst | Y1 = hoy™, 4™, (11)
h=1

which is available in closed form.

To obtain pointwise credible intervals for the conditional density estimate, f(y,+1), apply

the following Monte Carlo procedure:
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1. Draw S samples {05‘9), ce 0,(;3, a®}5_ from the joint posterior distribution of
01,...,05,,aly™ ~™),
2. Calculate the conditional density for each of these draws:

kn
f(s) (yn+1 | 055)7 s vel(csn)’ a(S)) = Z 7T7(18—|)—17h f(yn—i—l |’7n+1 = h> eh = 0515))7
h=1

(s)

where m°), , is calculated using formula (5) with o = o(®) and i = n + 1.

3. Calculate empirical percentiles of {f® (y,11)}5,.

4. DP mixtures of normals

4.1 SUGS details

We focus on normal mixture models as an important special case, letting 0, = (up, )’
represent the mean parameter p; and residual precision 7, for cluster A, h =1,...,00. To

specify pg, we choose conjugate normal inverse-gamma priors as follows:

(s ) = Ny(pnsm, 907, 1) G750, D), (12)

with m, 1, a, b hyperparameters that are assumed known.

After updating prior (12) with the data for subjects 1, ..., 4, we have
(s 7 |y DAY~ Ny 030 7) Glmns a0y, (13)

where the values mg), 1/),(5), agf), bg) are obtained through sequential application of the updat-

ing equations:
i i—1)y—1 -1
o = e = m)
i i i—1)\—1_ (i—1
i) = () 5 10 = )
a) = o)V +1(n=h)/2,
i i—1 1(%:h) i—1 i—1)\ — i—1 i i)\ — i
0 = ) S o Y )l — 7))
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with mgo) =m, ’(/),SO) =, aglo) =a, b;lo) = b corresponding to the initial prior in (12).
Letting 7, = Pr(y; = h|y"Y) as shorthand for the conditional prior probabilities in

(3) and updating with the data for subject i, we obtain

min f(yi | v = h,v"Y)
ki—1+1 i— i1
l:11+ 1 f(yl | Vi = la 7( 1)7 y( 1))

Fi = Pr(vy; = |4V, y®) = (14)

for i = 1,..., k1 + 1, where f(y;|v = h,v"Y,y=Y) corresponds to a non-central t
distribution, a special case in (15) in the appendix for x = 1 and one dimensional /3, with

mgffl)ﬂﬂ;(ffl), a§f*1’, b;ffl) used in place of &, ¥, a,b in (15).

4.2 Prior specification and model comparison
In order to facilitate elicitation of a default prior, we first standardize the data y by sub-
tracting the sample mean y and dividing by the sample standard deviation s. Then, we
recommend setting m = 0,19 = 1,a = 1,b = 1 in choosing the base normal inverse-gamma
prior for the cluster-specific parameters. This specification results in a base prior that is
automatically calibrated relative to the measurement scale of the data. This calibration is
important as high variance priors tend to overly-penalize the introduction of new clusters.
One very appealing aspect of the SUGS approach is that we obtain closed form expression

for the exact marginal likelihood for the selected model ~. In particular,

kn
Liy™ |v) =TI Lu(yn),
h—1

where y, = {y; : v = h}, and L(y) denotes the marginal likelihood for the hth component
model, which follows a simple form due to conjugacy. Hence, we can obtain Bayes factors and
posterior probabilities for competing models. For example, the Bayes factor for comparing

the selected semiparametric model to the parametric base model is

L(y™ |~)
BF ==Y 17
Lyi(y™)

where the denominator is the marginal likelihood obtained in allocating all subjects to the
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first cluster. The performance of tests based on these Bayes factors is assessed through

simulations in Section 5.

5. Simulation Study

Simulation studies are conducted to evaluate the performance of the proposed algorithm. In
each simulation, we standardized the data and used the default priors suggested in Section
4.2. We focused on the normal DPM model of Section 4.1 and considered two cases for the

true density: (1) mixture of three normals:
g(y) = 0.3N(y; —2,0.4) + 0.5N (y;0,0.3) + 0.2N(y; 2.5,0.3),

and (2) a single normal with mean 0 and variance 0.4. In each case, we considered sample
sizes of 500 and 5,000, with 100 simulated data sets analyzed for each true density and
sample size. SUGS was repeated for 10 random orderings in the full data set for n = 500
and for a random subset of 500 subjects in the n = 5,000 case.

For each sampled data set, we calculate the predictive density with SUGS algorithm, the
kernel density estimate, and Bayes factor of the selected model against the parametric null
model (a single normal distribution) under the same prior specification. The kernel density
estimate is obtained using the “ksdensity” function in Matlab with default settings such
as using normal kernel smoother (Bowman and Azzalini, 1997). In order to measure the
closeness of the proposed density estimate and the true density, we calculate the Kullback-

Leibler divergence (KL) between densities f and ¢ defined as follows

K(f.9) = [ flatog {212 yas.

Figure 1 and Figure 2 plot the true density (red solid) and the 100 predictive densities
(blue dot) given by the SUGS algorithm in case 1 for n = 500 and n = 5,000, respectively.
Clearly, the predictive densities are very close to the true density. Table 1 shows the average

of 100 KLs of the proposed density estimates and the kernel density estimates relative to the
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true density. The results in Table 1 suggest that the proposed density estimates are closer

to the true density than the kernel density estimates.

Table 1: Average of the Kullbuck-Leibler divergences in simulation 1.

n = 500 | n = 5000
SUGS | 0.0125 0.0045
Kernel | 0.0511 0.0112

Figures 3 and 4 plot the true density (red solid) and the 100 predictive densities (blue
dot) given by the SUGS algorithm in case 2 for n = 500 and n = 5,000, respectively. Again,
the SUGS algorithm produces close predictive densities to the true density. Table 2 lists
the average of KLs for the second case, with both SUGS and the typical kernel estimator

working very well when the true model is a single normal.

Table 2: Average of the Kullbuck-Leibler divergences in simulation 2.

n = 500 | n = 5000
SUGS | 0.0026 0.0014
Kernel | 0.0086 0.0013

Table 3 summarizes the estimated Bayes factors across the simulations. When data are
generated from a mixture of normals in case 1, the Bayes factors provide decisive support in
favor of the true model for both sample sizes as shown in Table 3. When data are generated
from the null model as in simulation 2, the Bayes factors are in favor of the alternative only
for 3/100 and 5/100 of the data sets. However, there is a tendency for the Bayes factor to be
close to or equal to one under the null. This suggests that the Bayes factor is only consistent
under the alternative, which is not surprising given the flexibility of the alternative model.
Interestingly, the density estimates are still close to the true density even in the few cases in

which the alternative is incorrectly favored.
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Table 3: Performance of Bayes factor under null and alternative models.

n |BF<1|BF=1|1<BF<I100| BF > 100
case 1 | 500 0 0 0 100
5000 0 100
case 2 | 500 12 85 2 1
5000 2 93 1 4

The SUGS algorithm was very fast. In both case 1 and case 2, the analyses for all 100
simulated data sets were completed within 4 minutes for sample size 500 and in approximately
10 minutes for sample size 5,000. All programs were implemented in Matlab version 7.3

running on Dell desktop with Intel(R) Xeon (R) CPU and 3.00GB of RAM.

6. Application

We applied the SUGS algorithm to three data examples. The first two are galaxy data and
enzyme data, which have been studied thoroughly by many people in the literature and are
available at www.stats.bris.ac.uk/~peter /mixdata. The third is gestational age at delivery
data from the Collaborative Perinatal Project (CPP), which was a very large epidemiologic
study conducted in the 1960s and 70s. The CPP data and documentation are available at
ftp:/ /sph-ftp.jpsph.edu/cpp/ provided by John Hopkins University School of Public Health.
Here we focus on 34,178 pregnancies that had their gestational ages at delivery (GADs)
recorded in the the CPP data, which provide a large sample size example.

The galaxy data are a commonly used example in assessing methods for Bayesian density
estimation and clustering, e.g., Roeder (1990), Escobar and West (1995) and Richardson
and Green (1997) among others. The data contain measured velocities of 82 galaxies from 6
well-separated conic sections of space. Using the default priors mentioned above, the SUGS
algorithm gives three separated clusters, which agrees with the optimal partition obtained

in Lau and Green (2007) based on the expected posterior loss function. Figure 5 shows the
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predictive density under this partition. Taking b = 0.1 in SUGS results in a partition with
5 clusters and the corresponding predictive density is shown in Figure 6, which is similar to
the results in Escobar and West (1995) and Richardson and Green (1997). The sensitivity
to the prior for b is not surprising given the small sample size.

The enzyme data record enzyme activities in blood for 245 individuals. One interest
in analyzing this data set is the identification of subgroups of slow or fast metabolizers as
a marker of genetic polymorphisms (Richardson and Green, 1997). Bechtel et al. (1993)
concluded that the distribution is a mixture of two skewed distributions based on a maxi-
mum likelihood analysis. Richardson and Green (1997) analyzed the data using Bayesian
normal mixtures with an unknown number of components. The application of the SUGS
algorithm on the enzyme data gives a partition of 3 clusters. The predictive density shown
in Figure 7 agrees closely with the findings in the above mentioned papers. Alternative prior

specifications yield similar results.

Table 4: The frequency of observations in categories of each covariate.

value | 27 (race) | z3 (sex) | x3 (smoke) | x4 (age)
0 51.23% | 49.72% 48.51% 7.72%
1 48.77% | 50.28% 51.49% 92.28%

For the third example, we consider the GADs in weeks for 34,178 births in the CPP.
We are interested in the relationship of GAD and the covariates race, sex, maternal smoking
status during pregnancy, and maternal age. We use indicators X, Xo, X3, and X, to denote
these four variables, with 1 indicating black, female, smoker, and maternal age less than
35, respectively, and with 0 indicating non-black, male, non-smoker, and maternal age no
less than 35, respectively. Table 4 gives the observed frequencies for these covariates. The
distribution of GAD is known to be non-normal and have heavy left tails by previous research,

for example, Smith (2001) among others. In the following, we apply the proposed SUGS
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algorithm on this data set. The left tail behavior of the distribution of GAD corresponding
to premature deliveries is particularly of interest.
Let z; = (1 z;1 %42 w3 x4) and y; denote the GAD for subject i. We consider the

following model:
yi ~ N(ZB;,7,Y), (B, m)|P~P, P~ DP(aP)

PO(ﬂa 7—) = N(ﬁa 67 \IIT_l)G(Z(’T; a, b)a

where B, = (Bio i Bie Bis Bia) denotes the random effects of intercept and covariates
for subject 7. To apply SUGS, we set £ = 0, ¥ = n(zz')™', a = 1 and b = 1, where

Z = (Zla"'azn),-

In terms of computational speed, the analysis was completed within a
few seconds for the Galaxy and enzyme data, while a single cycle of computation took
approximately one minute for the CPP data.

Figure 8 shows the estimated predictive densities and cumulative distribution functions
of GAD for non-black babies and black babies controlling other covariates equal to zero. As
seen in Figure 8, the predictive density of GAD for black babies is shifted left by around
1 week compared to the density of GAD for non-blacks. This result suggests that black
babies are more likely to be born premature than non-black babies. Here, we only show the
comparison of densities and CDFs of GAD for different race groups, and the corresponding
densities and CDFs of GAD for different other covariate groups are very close (not shown).

Note that SUGS will produce clusters of subjects having identical coefficients for the
different predictors. Table 5 summarizes the results of the cluster-specific coefficients in the
original data scale given by SUGS, including the posterior means and the corresponding
95% credible intervals. Table 5 also presents the sample mean of GAD and the number of
subjects for each cluster in the last two rows. Clearly, the four clusters represent different

groups of babies with the first cluster at the right tail of the distribution of GAD and the

third and fourth clusters at the left tail. Cluster 2 is the dominant cluster containing about
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Table 5: Cluster-specific coefficients obtained by SUGS.

cluster 1

cluster 2

cluster 3

cluster 4

Bo
b
o

48.26 (48.19, 48.32)
—0.01 (—0.02, 0.01)
—0.11 (—0.12, —0.09)

39.88 (39.88, 39.88)
—0.70 (=0.70, —0.70)
0.12 (0.12, 0.12)

31.40 (31.36, 31.44)
~1.62 (—1.63, —1.61)
0.05 (0.04, 0.06)

19.98 (16.19, 23.77)
—3.28 (—4.43, —2.12)
—0.56 (—1.48, 0.37)

Bs | 0.03(0.02, 0.05)
By | 0.04 (—0.02, 0.10)

0.02 (0.01, 0.02)
0.15 (0.15, 0.15)

0.04 (0.03, 0.048) 0.16 (—0.83, 1.14)

1.06 (1.03, 1.096) 1.52 (—1.01, 4.04)

U; 48.28 39.75 31.39 18.42

n; 385 32024 1702 67

94% babies and the covariate effects are all significant in this cluster due to the extremely
large sample size. Seen across the clusters, the effect of black race on GAD tends to increase
in the clusters corresponding to lower GAD babies. This implies an interaction in which
black race has a significant impact in shifting GAD slightly for full term deliveries, with a
larger impact on timing of premature deliveries.
7. Discussion
We have proposed a fast algorithm for posterior computation and model selection in Dirichlet
process mixture models. The proposed SUGS approach is very fast and can be implemented
easily in very large data sets when priors are chosen to be conjugate. In the simulations
and real data examples we considered, we obtained promising results. Extensions to non-
conjugate cases are conceptually straightforward. In such cases, instead of obtaining the
exact marginal likelihoods conditional on the allocation to clusters, one can utilize an approx-
imation. A promising strategy for many models would be to use a Laplace approximation.
The performance of such an approach remains to be evaluated.

Although our focus was on DPMs, the same type of approach can conceptually be applied
in a much broader class of models, including species sampling models and general product

partition models.
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Appendix: Description of the predictive distribution
Suppose that (y|x,8,7) ~ N(x'8,771) with 7(8,7) = N,(8;¢, Y7 ') G(7;a,b) the prior.

Then, the marginal likelihood of y given x follows the non-central t distribution:

I'((v+1)/2) 1 2>—(u+1>/2

$01%) = ST e (L 5= ) = tu(y; 1y, %), (15)

where v = 2a is the degrees of freedom, ¥ = (I~ + xx/)~!,

X PP-1¢ , 1204+ —u g
py = ——=— and o :< = —uy>,
1 —x'Ux v 1 —x'Ux

with 4, the mean and o?v/(v — 2) the variance for v > 2.
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Figure 1: Density estimation in simulation 1. The estimated densities (green dotted) from

100 data sets and the true density (red solid) when sample size is 500.
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Figure 2: Density estimation in simulation 1. The estimated densities (green dotted) from

100 data sets and the true density (red solid) when sample size is 5000.
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Figure 3: Density estimation in simulation 2. The estimated densities (green dotted) from

100 data sets and the true density (red solid) when sample size is 500.
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Figure 4: Density estimation in simulation 2. The estimated densities (green dotted) from

100 data sets and the true density (red solid) when sample size is 5000.
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Figure 5: Predictive density estimation, histogram, and plots of galaxy data, b = 1.
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Figure 6: Predictive density estimation, histogram, and plots of galaxy data, b = 0.1.
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Figure 7: Predictive density estimation, histogram, and plots of enzyme data, b = 0.1.
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Figure 8: Top: Densities of GAD for black race (blue dashed) and other race (red solid).
Bottom: Cumulative distribution functions of GAD for black race (blue dashed) and other
race (red solid).
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