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ABSTRACT. Multiple imputation has become a standard statistical technique for imputing

missing values, where imputations are created as random draws from the posterior predictive

distribution of the missing data. The CDC Anthrax Vaccine Research Program (AVRP) data

created new challenges for multiple imputation due to the large number of variables of differ-

ent types and the limited sample size. An intuitive method for handling such complex data

is to specify, for each variable with missing values, a univariate conditional distribution given

all other variables, in the form of a regression model. Such univariate imputation strategies

are valid for monotone missing data, but have the theoretical drawback that the fully condi-

tional distributions are generally incompatible when missing data are not monotone. Aiming at

reducing incompatibility, we propose the “multiple imputation by ordered monotone blocks”

approach to extend the theory for monotone patterns to arbitrary missing patterns. The key

idea is to break an arbitrary missing pattern into a collection of smaller but monotone missing

patterns. We apply this strategy to impute the missing data in the AVRP data and evaluate its

performance by a novel simulation-based approach. A methodfor creating missing values in

the simulated data sets, which mimics the observed missing data patterns, is also proposed.
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1 Introduction

Multiple imputation (MI) (Rubin, 1976, 1987a, 1996; Littleand Rubin 2002) has become

a standard statistical technique for dealing with missing data, and has been implemented in

commercial and open source software packages such as PROC MIin SAS (SAS Institute

Inc.,2008), MICE in STATA (StataCorp, 2011), SOLAS (Statistical Solutions Ltd., 2001), IVE-

ware (Raghunathanet al., 2002), and R (van Buuren and Oudshoorn, 1999; Royston, 2004).

MI generally involves specifying a joint distribution for all variables in a data set, supplemented

by a prior distribution for the parameters of this joint distribution in the Bayesian setting. Mul-

tiple imputations of the missing values are then created as random draws from the posterior

predictive distribution of the missing values given the observed data.

MI has been successfully applied to many large surveys, including the Consumer Expendi-

ture Survey (Raghunathan and Paulin, 1998), the National Health and Nutrition Examination

Survey (Schaferet al., 1998), the National Health Interview Survey (Schenkeret al., 2006),

and the Cancer Care Outcomes Research and Surveillance (CanCORS) Consortium (Heet al.,

2010), among others. However, MI for missing data in large-scale studies with complex de-

signs remains challenging due to several complications, which are described below using the

Anthrax Vaccine Research Program (AVRP) (Maranoet al., 2008), conducted by the Centers

for Disease Control and Prevention (CDC), as a typical example.

First, the AVRP collects a large number of variables of different types such as continuous,

binary, categorical and mixed continuous variables. Data models for MI are often based on the

multivariate normal or general location model (e.g., Schafer, 1997), neither of which is appro-

priate for the AVRP data, as well as for other complex observational and experimental data,

which often include non-continuous variables. A commonly adopted strategy for handling

such complex data is the “multiple imputation by chained equations (MICE)” (Raghunathan

et al., 2001), where one specifies for each variable with missing values a univariate condi-

tional distribution given all other variables, and impute the variables with missing values in a
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pre-specified order (e.g., from the most to the least observed variable). Model fitting and impu-

tation steps are performed iteratively, until convergenceis achieved under certain criteria. The

univariate distributions take the form of regression models, which are straightforward to work

with and can accurately reflect different data types. MICE isimplemented in several software

packages, and has been applied to a number of real studies (e.g., Barnard and Meng, 1999;

Taylor et al., 2002; Heet al., 2010). However, a potential problem of MICE is the possible

incompatibility among the univariate conditional distributions (Arnold and Press, 1989), Theo-

retically, imputation based on univariate conditionals isvalid for monotone missing data, where

the univariate distribution for each variable is specified conditional only on the variables that

are “more observed”. However, when the missing pattern is not monotone, the collection of

fully conditional distributions in MICE may not correspondto any joint distribution for all the

variables, i.e., the conditional distributions may be incompatible. In principle, MICE defines

a potentially incompatible Gibbs sampler (PIGS). Examplesin Li et al. (2011) illustrate the

dramatic consequences potentially induced by model incompatibility in MICE. Namely, dif-

ferent orders of imputing variables can lead to completely different “convergent distributions”,

including non-convergence situations. Despite this, somesimulation studies suggest that PIG

samplers give satisfactory imputation results in practice(e.g. van Buuren et al, 2006).

Li et al. (2011) proposed a general spectrum of imputation strategies - imputation by or-

dered monotone blocks (IMB), allowing one to choose an imputation strategy to reduce in-

compatibility while keeping the simplicity of univariate conditional modeling. MICE can be

viewed as the simplest case of IMB. IMB extends the theory formonotone patterns of missing

data to arbitrary patterns by breaking the problem into a collection of smaller problems where

missing data do form a monotone pattern. Focused on theoretical concepts, Liet al. (2011) did

not discuss many of the key elements in the implementation ofIMB.

Second, in the AVRP data, besides the common continuous, semi-continuous, ordinal, cat-

egorical, and binary variables, there are several special types of variables for which standard
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regression models are not adequate, such as variables with very low variability or defined only

on a subset of units (see Section 3.4). Standard generalizedlinear regression models are no

longer directly applicable and specific techniques are required to incorporate such variables in

imputation.

Third, while the number of variables is very large, there is alimited number of study par-

ticipants within each treatment arm. This raises the issue of variable selection when specifying

regression models within the multiple imputation procedure.

Fourth, assessment of the imputations is as often importantas the imputation itself for valid

inference, especially when the imputation stage involves automatized procedure of complex

modeling. However, research on this front is limited (Schafer et al., 1998; Tanget al., 2005;

He and Zaslavsky, 2011) and evaluation is seldom done in realapplications. As such, general

guidelines for designing sensible and easy-to-implement evaluation of the MI results need to

be developed.

The above challenges are not unique to the AVRP data. Most large-scale surveys and clin-

ical trials with missing data face similar issues. Using theAVRP data as an illustration, our

goal is to provide a general template for imputation and evaluation of large complex data and

develop corresponding software. In particular, we adopt and refine upon the original IMB

proposal. The complete imputation plan for the AVRP will be described. We will propose

simulation-based evaluation approaches under both the frequentist and Bayesian paradigms

and evaluate performance of the IMB in the AVRP data. The restof the paper proceeds as

follows. Section 2 describes the AVRP, together with its missing data problems. Section 3

presents the complete imputation procedure based on the IMBscheme. Details on the predic-

tion models used for imputation, as well as on methods for variable selection, are provided.

Section 4 describes the evaluation plan based on simulations, the method used for creating

simulated datasets with missing values, and the evaluationcriteria. The evaluation results are

discussed in Section 4.2. Section 5 concludes with a discussion.
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2 Motivating Example: the AVRP

Anthrax is a highly lethal acute disease in humans and animals. Because of concerns about

the potential for bioterrorism, US military personnel are now routinely vaccinated against an-

thrax, prior to active service in places where biological attacks are considered a threat. The

currently FDA-licensed anthrax vaccine, Anthrax Vaccine Adsorbed (AVA: BioThrax, Emer-

gent BioSolutions, Inc., Rockville, MD), was licensed in 1970 based on a human clinical trial

demonstrating protection of mill workers against anthrax.The 1970 licensed regimen for AVA

was subcutaneous (SQ) administration of a series of six primary doses (0, 2, 4 weeks and 6, 12,

18 months) followed by annual booster doses. As a consequence of the CDC AVRP interim

analysis data (Maranoet al., 2008) the licensed use of the vaccine was changed to intramuscular

(IM) administration at 0, 1, 6, 12 and 18 months.

The AVRP trial was a 43-month prospective, randomized, double-blind, placebo-controlled

trial for the comparison of immunogenicity (i.e., immunity) and reactogenicity (i.e., side ef-

fects) elicited by AVRP given by different routes of administration, subcutaneous (SQ) versus

intramuscular (IM); and dosing regimens, as many as 8 doses versus as few as 4 doses. In

the AVRP trial, sterile saline was used as the placebo. At thetime of the interim analysis,

the AVRP program had enrolled 1563 participants, healthy adult men and women of 18 to 61

years of age, at five sites in the United States. Participantswere randomized into one of seven

study groups. One group received AVA as currently licensed (SQ with 6 doses followed by

annual boosters); another two groups respectively received saline IM and SQ at the same time

points as the currently licensed regimen. The four other groups received AVA IM, one group

at the same time points as the currently licensed regimen andthe remaining groups in modified

dosing regimens; placebo was given when a dose of AVA is omitted from the licensed dosing

regimen. There were a total of 25 required visits over a period of 42 months, during which all

participants received an injection of vaccine or placebo (8injections total), had a blood sample

drawn (16 total), and have an in-clinic examination for adverse events (22 total). Total anti-
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protective antigen IgG antibody (anti-PA IgG) levels were measured using a standardized and

validated Enzyme-Linked ImmunoSorbent Assay (ELISA); theprimary study endpoints are

non-inferiority at month 2, 7, 43 of anti-protective antigen IgG geometric mean concentration

(GMC), geometric mean titer (GMT) and proportion of responses with a 4-fold rise in titer

(%4 XR). Reactogenicity outcomes were proportions of injection site and systemic AEs. All

adverse events, including vaccine reactogenicity, are actively monitored. Several reactogenic-

ity endpoints were assessed. Potential risk factors for adverse events, e.g., sex, pre-injection

anti-PA IgG titer, are also recorded. More details on the AVRP can be found in Maranoet al.

(2008) and Bacciniet al. (2010).

The AVRP trial was significant because it is designed to provide the basis in 2008 for a

change in the route of AVRP administration from SQ to IM and ofa reduction in the number

of vaccine doses. In fact, interim AVRP results based on available case data have already led

to change from SQ to IM regime at FDA. The study final data set will be used in consideration

of additional reductions in the vaccine priming and boosterseries. The study final data set will

be used in consideration of additional reductions in the vaccine priming and booster series.

However, the length and the complexity of the study design, which creates more than 2000

variables at the end of the study, pose enormous challenge instatistical analysis, due to large

amount of missing data generated by dropouts, missed visitsand missing responses. Any

comparison, such as simple intent-to-treat (ITT), and per-protocol (PP) comparisons, requires

proper handling of the missing data (Mealli and Rubin, 2002). The simplest complete data

analysis that drops any subjects with missing data is not applicable here. Looking at the interim

data, even though the overall missing rate is low (3.4%), only 56 (mainly baseline covariates)

among the approximately 400 available variables are fully observed and only 208 out of the

1005 subjects have fully observed variables. Other commonly usedad hocstrategies, including

“hotdeck” and “last observation carried forward”, lack theoretical justification and are known

to potentially lead to severe bias. Thus we adopt the theoretically justified MI approach to
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handle the missing data. However, as mentioned above, the complex data structure substantially

complicates the implementation of MI in the AVRP trial.

3 Multiple Imputation Strategy

The MI strategy developed here helps to satisfy two distinctobjectives: (1) reducing algorith-

mic incompatibility by breaking the arbitrary missing datapattern into monotone blocks; (2)

simplifying the modeling and the problem of fewer observations than variables by specifying

univariate conditional models within the monotone blocks.

3.1 Imputation by Ordered Monotone Blocks: General Algorithm

The current state-of-the-art procedures for imputing missing data fit fully Bayesian models,

assuming some joint probability distribution for the underlying complete data. As a result, to

handle general missing data patterns, a principled modeling approach requires, for each model,

high level expertise in both statistical computing methodology and software development.

We first introduce some general notation. Suppose there areN units andJ variablesYj, j =

1, . . . , J . Denote the value ofYj for unit i by yij, and the observed and missing data inYj by

Y obs
j andY mis

j , respectively. LetY−j = {Yk : k 6= j}. Also denote the response indicators by

R = {Rij}, whereRij = 1 if yij is observed andRij = 0 otherwise; letMj = {i : Rij = 0},

be the set of missing entries in variablej, and letM =
⋃J

j=1Mj . In this paper we assume the

units are exchangeable, and the missing data are missing at random (MAR) as defined in Rubin

(1976).

A set of missing data ismonotoneif a permutation{kj, j = 1, . . . , J} of j = 1, . . . , J

exists such thatYkj+1
is missing wheneverYkj is, i.e.,Mkj ⊂ Mkj+1

, for j = 1, . . . , J − 1.

When the missing data pattern is monotone, we may impute missing data variable by variable

sequentially as follows:
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Sequential Imputation for Monotone Missing Data. For k = 1, . . . , J : (a) Specify

a distribution ofYkj conditional on themoreobserved variablesYk1, . . . , Ykj−1 and a prior

distributionπ(θ) for the parametersθ, and (b) obtain the posterior distribution ofθ using only

the units with observedYkj , and (c) then impute the missing valuesY mis
kj

by random draws from

their posterior predictive distribution.

This method is flexible and principled because, in this case,the product of arbitrary con-

ditional distributions produces a well defined joint distribution. However, this method only

applies to missing data that conform to a monotone pattern.

Imputation by ordered monotone blocks(IMB) (Li et al., 2011) extends the theory for

monotone patterns of missing data to arbitrary patterns by breaking an arbitrary pattern into

a collection of smaller monotone patterns. Formally, a subset of missing entries composes

a monotone missing blockBk if an ordered list exists of theJk(≤ J) variables{Ykj , j =

1, . . . , Jk} having missing entries belonging to the subset, such that ifyikl is missing and be-

longs to the subset, then for anyp > l, yikp is missing and belongs to the subset as well.

A partitionof the missing data into monotone blocks is a collection ofK mutually exclusive

monotone blocksB1, . . . BK , such that,

M = ∪K
k=1Bk, and Bk ∩Bl = ∅, for k 6= l.

An IMB algorithm includes a modeling stage and an imputationstage. The modeling stage

consists of the following three elements:

1. Partitioning all missing entries into monotone blocks.

2. Sequential specification of univariate conditional distributions in each monotone block:

Within each blockBk, conditional models are sequentially specified for the variables

with missing data, regarding the most recent imputed valuesof the missing entries outside

the block as “observed”. Suppose the list of variables inBk is {Ykj , j = 1, . . . , Jk}
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and denote the variables outsideBk by Y−Bk
. For eachj, one specifies a conditional

distribution ofYkj conditional onYk1, . . . , Ykj−1
andY−Bk

. When the number of variables

is large, such as in the AVRP data, the model specification step can be done using variable

selection techniques (e.g., stepwise selection).

3. Order of imputation within and between the monotone blocks: According to the approach

followed with monotone missing data patterns, within each monotone block the variables

are imputed by the ascending order of missing proportion within the block. Regarding

the order of imputation between the monotone blocks, we propose to impute by the

descending order of the total number of missing entries within the blocks, after some

simple initial imputations of all the missing data.

In the imputation stage of IMB, after the initial imputationof all the missing data (e.g.,

by means of or random draws from the observed marginal distribution), we iteratively cycle

through the variables and the blocks according to the pre-specified imputing order as follows:

For each variable in each monotone blockBk, fit its specified conditional model given both

the observed data and the imputed data outsideBk; then impute its missing data in the block

by sampling from their posterior predictive distributions. Iterate the imputation steps until the

algorithm reaches stationarity.

Because the missing pattern in eachBk is monotone, the modeling and imputing stages

within each block in theory would require a single iteration. However, since there is more

than one monotone block, more than one iteration over the blocks is needed to ensure the final

imputations to be stable.

An example of a partition into monotone blocks and the IMB algorithm is given in Table 1,

whereN = 10, J = 6. Panel (a) shows the matrix of response indicatorsR′ of the original data

Y ′

j s; panel (b) showsR for the sortedY ′

j s (permutate both rows and columns ofR′) where the

missing entries are re-arranged to appear in several monotone blocks; panel (c) labels the three

monotone blocksB1, B2, B3 in the order of total number of missing entries. After the initial
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Y ′

1 Y ′

2 Y ′

3 Y ′

4 Y ′

5 Y ′

6

1 1 0 1 1 1
1 1 1 0 0 0
0 1 0 1 1 1
1 1 1 0 1 0
1 1 1 0 1 0
0 1 1 1 1 1
0 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 0
1 1 1 0 0 0

(a) unsorted

Y1 Y2 Y3 Y4 Y5 Y6

1 0 0 1 1 1
1 1 0 1 1 1
1 1 0 1 1 1
1 0 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 0
1 1 1 1 0 0
1 1 1 1 0 0
1 1 1 0 0 0
1 1 1 0 0 0

(b) sorted

Y1 Y2 Y3 Y4 Y5 Y6

1 B2 B2 1 1 1
1 1 B2 1 1 1
1 1 B2 1 1 1
1 B3 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 B1

1 1 1 1 B1 B1

1 1 1 1 B1 B1

1 1 1 B1 B1 B1

1 1 1 B1 B1 B1

(c) sorted with monotone blocks

Table 1: An example of IMB. Matrix of response indicatorsR = {Rij}.

imputation, an IMB algorithm will first impute the missing data inB1 in the order ofY4, Y5|Y4,

Y6|Y5, Y4, treating all the data outsideB1 (both observed and most-recently imputed values) as

observed; then imputeB2 in the order ofY2, Y3|Y2, given all the data outsideB2 as observed;

last imputeB3 in the same manner. Repeat this procedure until “convergence” in certain sense

is reached.

For a given dataset, there are many possible ways of partitioning the missing data into

monotone blocks, thus many possible IMB strategies. One of the simplest partition is to take the

missing values of each variable as a monotone block, i.e.,K = J andBk = Mk, k = 1, . . . , J .

This is exactly the strategy used by MICE. However, it is clear that the general IMB algorithm,

same as MICE, defines apotential incompatible Gibbs(PIG) sampler. The full conditional

distributions of this PIG sampler are the distributions of missing data for each monotone block

given the missing data outside the block. There may not exista joint distribution that has

these full conditionals, hence they are called (potentially) incompatible. Nevertheless, mod-

eling incompatibility does not necessarily lead to algorithmic incompatibility (i.e., if the PIG

algorithm does not uniquely converge). If algorithmic compatibility is approximately achieved,

and each conditional model for the monotone block fits the data, then the imputation may be

judged as being reasonable (van Buurenet al., 2004). Our strategy is to reduce algorithmic
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incompatibility by using a particular combinatorics strategy of missing data partition within

the spectrum of IMB algorithms that sequentially maximizesthe number of missing entries in

each monotone block (discussed in Section 3.2). We refer thereaders to Liet al. (2011) for

more comparison between MICE and IMB. In summary, a carefully selected IMB algorithm

can have several advantages over MICE. First, it often avoids error propagation under model

mis-specification; second, it reduces the possibility of mis-specification; and third, it reduces

the possibility of over-fitting when the number of variablesis large. The first advantage is fun-

damental and directly resulting from the reduced incompatibility in IMB; the last two ones are

straightforward, since, by construction, the conditionalmodels in IMB always involve less or

equal number of covariates than in MICE. These advantages are especially desirable in imput-

ing complex large-scale datasets, where model specification and imputation is typically done

in an automatic fashion, leading to a high chance of mis-specification of conditional models.

3.2 Partitioning missing data into monotone blocks

Intuitively, the more missing entries the major monotone block includes, the closer an IMB is

to imputation of the data with a fully monotone missing data pattern, so that the possibility

of incompatibility is lower. The idea of defining blocks which include as many missing en-

tries as possible is a natural extension of theimputation by major monotone patternstrategy

proposed by Rubin (2003), which exploits a single major monotone block. Here we propose

the following procedure to sequentially obtain the (approximately) largest first block. We first

identify the variable with the most missing entries, sayY(1); then select the variable, sayY(2),

that has the most missing entries overlapping withY(1); then select the third variable that has

the most overlapping missing entries with bothY(1) andY(2). Continue the process until there

is no variable with overlapping missing entries with all previously selected variables. These

missing entries composes the first monotone blockB1. The second monotone blockB2 can

be obtained by starting from the variable with the most missing entries excluding the missing
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entries inB1 and then applying the same procedure. Repeat the same procedure until all the

missing values have been allocated to a monotone block. There can be cases where this proce-

dure does not give the partition with the largest possible first monotone block. However, our

experience suggests that as long as the first few blocks contain most of the missing data (as in

the AVRP data), the results are very similar across different partitions.

We applied the above partitioning procedure separately foreach treatment arm in the AVRP

data. Information about the missing data and the monotone blocks of the interim data is shown

in Table 2. Even though the total number of monotone blocks can be large, the first monotone

block usually dominates, covering a large proportion of missing data. On average, the first 3

monotone blocks include more than 85% of the missing values in each arm. In fact, most of

the blocks after the fifth contain no more than 10 missing values in two variables.

Treatment Number of Number of Number of Percent in 1st Percent in First 3
Arm Subjects Missing values Blocks monotone block monotoneblocks

0 165 927 15 45 75
1 170 1372 13 74 84
2 168 1558 13 65 85
3 166 1383 15 79 90
4 167 1325 15 74 89
5 85 252 7 74 91
6 84 334 9 87 93

Table 2: Summary of missing data and monotone blocks by treatment arm in AVRP data used
for the interim analysis.

Once the monotone blocks are obtained, we impute the missingdata within each arm us-

ing the sequential imputation procedure in Section 3.1. In the AVRP data, we run 5 parallel

Markov chain Monte Carlo (MCMC) chains and judge the convergence of the chains based on

the criterion of potential scale reduction (Gelman and Rubin, 1992) for statistics on relevant im-

munogenicity and reactogenicity variables. Independent multiply imputed datasets are created

by repeating the process with independent multiple initializations of the missing values.
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3.3 Specification of conditional and predictive distributions

Modeling univariate conditional distributions instead oflarge joint distributions allows one to

easily specify and fit models for different types of outcomes. We classify the outcome variables

in the AVRP data into the following five types: (1) binary; (2)categorical with either three

(ordered or unordered) levels, or four unordered levels; (3) ordered categorical with at least

four but at most eleven observed levels having a natural ordering; (4) continuous - defined here

as an ordered outcome with more than eleven observed levels and with no extreme level having

an observed frequency of at least 20%; (5) mixed continuous-binary - an ordered outcome with

more that eleven observed levels and with one of the two extreme levels having an observed

frequency of at least 20%.

For unit i we denote an outcome variable byYi (the subscriptj indicating which variable

is dropped here since we focus on one variable) and the set of predictors by the vectorXi. In

our conditional modeling approach, the outcome in one modelcan be used as a predictor in

the model for another outcome, so that a variable can be denoted byYi in one situation but be

included in theXi vector in another one. Here, we first describe the conditional models we

propose using, and then discuss variable selection.

Binary. For binary outcomes, we propose a logistic regression model with a noninformative

prior for the regression coefficients:

logit {Pr(Yi = 1|Xi,β)} = X ′

i β, (1)

with noninformative prior on the coefficientsπ(β) ∝ 1. A draw from the posterior distribution

of β is approximated by the Sampling Importance Resampling (SIR) method (Rubin, 1987).

This is done by (i) simulating a pool of “candidates” as a large number (e.g., 1000) of draws

from a normal distribution centered at the maximum likelihood estimate (MLE) ofβ, with

covariance matrix set to the inverse of the observed Fisher information; (ii) calculating, for each
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draw, the importance ratio of the actual posterior density to the approximate normal density,

and (iii) sampling one of those draws with probability proportional to the importance ratios. In

(i) the MLE of β is always included in the pool, in order to avoid the final drawto be extreme

merely from not having any candidates with a high importanceratio in the pool. Based on this

final draw ofβ, the missing values ofY are imputed independently across subjects according

to the logistic model.

Categorical with three levels or four or more unordered levels. Categorical variables with

K levels are modeled withK − 1 sequential binary regressions and noninformative prior for

the regression coefficients:

logit {Pr(Yi = k | Yi ≥ k,X
(k)
i ,βk)} = {X

(k)
i }′ βk, (2)

whereX(k) andβk for k = 1, ..., K − 1 are the selected predictors and corresponding coef-

ficients for thekth level regression, with noninformative priorπ(β1, ...,βK−1) ∝ 1. Drawing

from the posterior distribution of the parameters of each logistic regression is performed using

the approach described for binary outcomes. A missing valuefor Yi is then imputed by simu-

lating sequentially the indicators for the events{Yi = 1}, ..., {Yi = K − 1} until one indicator

is drawn as 1. If all the indicators are drawn as 0, thenYi is set toK.

Categorical with four or more ordered levels.Ordered categorical variables are treated

as the continuous variables (see below). The imputed valuesare rounded to the nearest level

observed in the data. This modeling here is preferred to a proportional odds or probit approach

for reasons of computational stability.

Continuous.Continuous outcomes are modeled with normal linear regressions and nonin-

formative priors for the parameters:

f(Yi|Xi,β, σ
2) = N(X ′

i β, σ
2), π(β, σ2) ∝ 1/σ2.
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whereN(a, b) is the normal density with meana and varianceb. The posterior distribution of

σ2 is such thatdf(s2/σ2) has aχ2 distribution withdf degrees of freedom, wheredf are the

residual degrees of freedom. The posterior distributionf(β | σ2,X, Y ) is normal with mean

equal to the least squares estimate ofβ and covariance matrix equal to(X ′X)−1σ2, whereX

is the design matrix.

Based on the draw ofβ, σ2, the missing values ofY are imputed independently across units

according to the normal regression model. Any imputed valueoutside the range of the observed

values is set to the nearest observed value.

Mixed continuous-binary.Our modeling strategy for variables of mixed type assume that

the extreme value with at least20% of observations is0, and the remaining values are positive.

We specify a logistic regression forY ∗

i , taking on value1 if Yi > 0 and0 otherwise, and a

log-normal regression for the log of the positive values ofY . That is:

logit{Pr(Y ∗

i = 1 | Xi,β
(1))} = {X(1)

i }′β(1), (3)

f(log(Yi) | Yi > 0,Xi,β
(2), σ2) = N({X

(2)
i }′β(2), σ2) (4)

with uninformative priorπ(β(1),β(2), σ2) ∝ 1/σ2. A draw from the posterior distribution of

the parameters is obtained for the two models separately, according to the procedures described

for binary and continuous outcomes. A missing value ofY is then imputed by first imputing

the indicator of the variable being 0 or positive and, if positive, imputing a value using the

log-normal regression.

3.4 Modeling variables of special types

In addition to the above data types, there are several special type of outcomes.

1. Variables with some portion being constant.If a variable is constant in its observed

values for all treatment arms, it will not be considered in the imputations. Otherwise, if a
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variable is constant in the observednobs values out ofn intended values in one arm, specific

imputation strategies are used depending on the variable type: (1) if the variable is binary,

the observed value, say 1, will be imputed with probability1 − 1/(2nobs), which is the least

extreme probability for which a 1 would be expected for all observed values; (2) if the variable

is categorical with three levels or four unordered levels, the observed value, say 1, will be

imputed with probability1 − 1/(2nobs), and the remaining categories will be imputed with

probabilities obtained by splitting1/(2nobs) equally across those categories; (3) if the variable

is continuous or ordered categorical, the observed value will be imputed for all missing values;

and (4) if the variable is mixed and the observed value is a 0, the missing values will be imputed

as in (1) and the variable will be considered binary; if the observed value is different from 0,

the missing values will be imputed as in (3).

2. Variables with low variability.If a variable is not constant but has very low variability,

it can potentially make estimated model parameters reaching the boundary of the parameter

space, if the model is not linear in the parameters. These maycreate computational problems.

To address this difficulty, the current outcome-covariate pattern(Y,X) can be augmented by

adding two terms of pseudodata(1,Xaug) and(0,Xaug), respectively, whereXaug is a matrix

equal toX and1 and0 are vectors of1’s and0’s of length equal to the rows ofX. The terms

are assigned weightsp1 andp0 so thatp1/p0 equals the observed marginal odds ofY = 1 and

p1 + p0 = 1/100. Upon checking, this adjustment stabilized estimation without essentially

affecting predictions.

Variables with low variability are also the indicators of rare event, e.g. an immunogenicity

value above a pre-specified threshold. The usual analysis isconducted by deriving those indi-

cators based on the imputed continuous values. With a small number of imputations, this type

of analysis may cause an underestimation of rare proportions. There is more than one solution

to such problems if they arise. One is to increase the number of imputations for the contin-

uous variables. Using different numbers of imputations pervariable is called nested multiple
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imputation (Shen, 2000; Rubin 2003), and requires using nested combining rules, but does not

require modifying the complete-data analysis (see also Reiter and Raghunathan, 2007). An-

other approach consists, instead, to keep the number of imputations fixed for all variables, but

change the complete-data analysis, in non-standard ways. Analysis should be conducted first

on the continuous variable, and estimates of rare proportions derived from its estimated distri-

bution, rather than creating the binary indicators of the rare events. Some discussion on this

issue will be provided in Section 4.2

3. Variables defined only on a subset of units.Sometimes, there may be variables that are

defined only for subsets of units. In the AVRP some variables are defined only for women

and include a menopause indicator and an indicator of use of oral contraception. When used

as predictors, these variables are assigned the value0 for men and the fully observed female

indicator is always included among the predictors; this corresponds to include an interaction

term of this variable with the female indicator. If these variables have missing values, then

the model for their conditional distribution is fitted usingonly women with observed values of

these variables.

4. Avoiding imputation of inconsistent values for immunogenicity variables.Immunogenic-

ity measurements cannot dramatically increase their values (i.e., they can increase their values

only within a certain range of natural variability) after a missed vaccine injection or after an in-

jection not containing AVA (saline injection). Therefore,if these variables have missing values,

imputed values should be consistent with the administered injections. In particular, we have

to assure: a) consistency of imputed immunogenicity valueswith observed immunogenicity

values; b) consistency among imputed immunogenicity values. In order to assure consistency

of an imputed value of an immunogenicity variable at visitt, Wt, say ELISA antibody con-

centration every time we sample from the posterior predictive distribution ofW , we check

consistency of the drawn value with the observed and imputedvalues ofWj, j < t, on the

same subject. If the value is larger than the last observed orimputed value plusσ when no AVA
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injection was given, we sample again from the posterior predictive distribution until a consis-

tent value is drawn. We set the valueσ equal to the standard deviation ofWt in the placebo

arm.

3.5 Specification of predictors

Since there are around 400 variables and only 1005 subjects divided into seven treatment groups

(80-170 subjects in each treatment) in the AVRP interim data, we must constrain the number

of predictors that enter the conditional model for each outcome. The predictor selection takes

place before the imputation procedure. It is based on a preliminary imputation of all the missing

values from their empirical marginal distributions. We allow the predictors for each outcome

variable to differ across different arms and monotone patterns.

Demographic variables (age and sex) are fully observed and are always included in the

model. For each outcome with missing values, the potential predictors are all the variables that

aremoreobserved (i.e., with less missing values) than the outcome in a particular monotone

block. We use a stepwise choice procedure to choose the predictors for univariate conditional

model as follows: (1) fit regression models of the outcome given each single potential predictor,

age and sex, and (2) sort the predictors according to the corresponding Akaike’s information

criterion (AIC) (Akaike, 1974) and select the20 predictors with the smallest AIC values. Fi-

nally, we check thefittability of the conditional model which simultaneously includes allthe

selected predictors on the complete cases.Fittability is defined as invertibility of the corre-

sponding design matrix. It is checked sequentially on the subsets of predictors sorted by AIC

in a backward fashion. If one predictor is notfittable, that means it does not contain enough

information on the outcome. Therefore this predictor is dropped from the subset and the same

checking goes on to the next selected predictor until the last one. The checking procedure is

done separately within each treatment arm and each monotoneblock. Theoretically, the step-

wise choice procedure may not be as desirable as the non-greedy variable selection methods

18



such as the Bayesian stochastic search variable selection (George and McCulloch, 1993), but

it does provide computationally manageable solution with generally satisfying results in our

application.

4 Evaluation

Much work has been devoted to propose and apply imputation methods, but remarkably little

has been done in corresponding evaluations (Schaferet al., 1996; Tanget al., 2005; He and

Zaslavsky, 2011). Comparing the imputed values to the observed values would be a most

intuitive evaluation, but is neither generally possible nor valid. Here we propose a general

template to evaluate MI procedures by simulation.

MI has been proved to be randomization valid if imputations are drawn from an (approxi-

mately) correct Bayesian model; but not all available MI procedures are appropriate in a spe-

cific study with real data. Their propriety depends on the posited response mechanism, on

the (implicit or explicit) imputation models specified for the data, and on the complete-data

analysis the ultimate user performs. We propose to simulatemissing data in a fully observed

subset of the dataset, to mimic the observed missing data patterns, and impute these created

missing entries. We then propose comparing inferences based on the imputed dataset to infer-

ences based on the original, complete dataset. A similar approach was taken in NHANES III

imputation evaluation by Gelman and Rubin (1996) and Schafer et al. (1998), as well as in

Raghunathan and Rubin (1998), Tanget al. (2005), Bernaardset al. (2007). A fully Bayesian

evaluation approach based on posterior predictive checks was developed in He and Zaslavsky

(2011).

4.1 Evaluation Proposal

Our evaluation proposal consists of the following steps:
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1. Start with an actual dataset with missing data, and have a plan of a class of relevant

analyses to be performed on relevant variables in the data.

2. Create apopulationfrom the complete cases on the relevant variables. Call thispopula-

tion truth.

3. Generate missing data in thetruth that mimic the missing data patterns of those relevant

variables in the actual data.

4. Impute the missing data by a chosen MI method, e.g., IMB.

5. Obtain diagnostics (e.g., bias, coverage) on selected relevant estimands by comparing the

inference based on the imputed datasets to that based on thetruth.

6. If problems detected, go back to modify the model/analysis as revealed by the diagnos-

tics.

We now specify in more detail our proposal for performing these steps, and use the evalua-

tion of the IMB method applied to the AVRP trial interim data as an illustrative example.

4.1.1 Choosing relevant variables and analysis

In complex datasets, as the AVRP data, there are many variables and a large number of analysis

that can be conducted on those variables. It is therefore useful to limit the evaluation to the

important analyses, the survey or the experiment was planned for.

For example, in the AVRP trial, the antibody level comparison of primary interest is the

full dose SQ versus the reduced dose IM, and the primary immunogenicity analysis submitted

to the FDA was based on Intention-To-Treat (ITT) comparisons. Therefore the most relevant

variables to the MI are the two immunogenicity variables, ELISA concentration and titers.
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4.1.2 Constructing a Population

In order to construct a credible artificial population, thetruth, on which to impose missing

patterns, we propose to extract the subset of units with complete cases on the most relevant

variables in the AVRP trial interim data, identified in the previous step. Eventual missing

values on other variables are left missing. This procedure should result with a population of

cases that is more realistic than any probability model could have invented, because it is made

of actual cases in the data. We then simulate a population that closely mimics the AVRP trial

interim data. In particular we created a population with three treatment groups: one receiving

eight AVA doses SQ, one receiving eight AVA doses IM, and one combining units belonging to

the three arms receiving either four or five or seven AVA dosesintramuscularly. This population

was divided into two subpopulations:

• SET A: Records complete on key immunogenicity variables (the truth)

• SET B: Records incomplete on at least one of the key immunogenic variables.

4.1.3 Creating Patterns of Nonresponse

Once a population has been created,K1 replicates of it must be generated by imposing missing

patterns that mimic those observed in the real data. The amount of missingness imposed may

vary, depending on the real case study. For example, in the AVRP trial data, the imposed

amount of missingness varies because the observed amount atthe time of the interim analysis

is assumed to underestimate the amount of missingness that will be observed in the full trial. In

order to design a missing data process which is able to createreal, or at least realistic, missing

data patterns, we propose the following procedure.

We first identify the missing patterns of thet key variables in the dataset. A missing data

pattern is a unique vector oft missing indicators for thet variables; there are at most2t missing

data patterns. We then simulateK1 copies of thetruth with varying missing data patterns (and
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proportion of missingness) using the following steps:

1. Count the numbers of units that belong to each pattern. Rank the missing patterns by

their sizes in decreasing order (pattern1 is the most prominent missing pattern).

2. For patternk = 0, ..., K (0 means fully observed), estimate logistic regression using a

pseudocount prior distribution (see Appendix in Rubin (2004)) to model the probability

of being in patternk versus being in patternsk + 1, ..., K given all fully observed co-

variatesX. Denote the estimated intercept and coefficients(α̂k, β̂k), then the estimated

probability of a uniti being in patternpi,k is logit−1((α̂k, β̂k)(1,Xi)
T ).

3. Chooseα0 that gives the overall proportion of missing data approximately equal to the

observed one, or a different one depending on the aim of the analysis.

4. For each uniti in thetruth, calculate its probability of being fully observed:

logit−1((α0, β̂0)(1,Xi)
T )

Then randomly assign an indicator of being fully observed tothe units based on these

probabilities. Next, for each unit that is assigned to be missing (versus fully observed),

calculate its probability of belonging to missing pattern1: logit−1((α̂1, β̂1)(1,Xi)
T ) and

randomly assign it to pattern 1 (versus patterns 2 toK). Continue this procedure through

patternK − 1. At last, each unit in the “truth” belongs to a missing pattern (including

the pattern of fully observed).

5. Repeat Step 4K1 times.

In order to perform a random-response randomization evaluation (see Rubin, 1987a), from

each of theK1 replicates, one should drawK2 subsamples of thetruth to reflect sampling

variability. In total,K1K2 samples are drawn from the “population”.
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For the evaluation of IMB in the AVRP trial we generatedK1 = 200 replicates of thetruth

by randomly imposing observed missing data patterns, but nosamples were drawn from these

replicates. The reason for this is that the estimands of interest are the before-deletion causal

statistics in the finite population, so that evaluation is carried out only from a random-response

perspective, ignoring sampling variability.

4.1.4 Evaluating Imputation Results

Once samples with missing values have been obtained, each one should be imputed with the

MI method whose performance we want to evaluate. The analysts performing this imputation

step should be blinded to thetruth, and so they should only be given theK1K2 samples with

missing data. For each of them,m complete samples should be created by multiply imputing

the missing values. For the AVRP, we used the IMB strategy to createm = 5 imputed datasets

for each of the 200 copies. Finally, (1-α%) confidence intervals for a set of statistics involving

key variables are computed from the imputed datasets and then compared to the corresponding

intervals based on the original, complete dataset.

Specifically, on each of the multiply imputed samples, compute (1-α)% confidence intervals

(CIs), for each estimand of interestQ, according to the following:

Q̄m ± tv(α/2)T
1/2
m

whereQ̄m is the average of them complete-data estimates,Tm = Ūm + (1 + m−1)Bm is the

total variance,̄Um is the average of them complete data variancesBm is the between variance,

v is the degrees of freedom equal to(m − 1)(1 + r−1
m )2 or to the Barnard and Rubin (1999)

adjusted formula. If evaluation is performed only from a random-response perspective, as is

the case for our AVRP trial evaluation, the previous formulas should be used with̄Um = 0.

Coverage can be computed in at least two different ways. A frequentist coverage can be

calculated by counting the number of times that confidence intervals cover thetruth, i.e., the
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value ofQ in thetruth. A Bayesian coverage can be calculated by approximating theposterior

distribution of the parameterQ from the true complete data with a normal distribution; the area

under this distribution for the (1-α)% confidence intervals is then computed and averaged over

the samples. When estimands of interests are causal estimands, as is the case for the AVRP, we

suggest to use the Bayesian coverage, which reflects uncertainty about causal quantities even

in the before-deletion finite population.

Evaluations like this are rarely done but often give rather disappointing results for standard

(non missing data) procedures; see, for example, Raoet al. (2003) in a survey context, where

95% nominal intervals can dip below 60% coverage.

4.2 Evaluation of Imputations in the AVRP Trial Data

In order to evaluate the performance of the IMB imputation procedure on the AVRP data, we

selected the ELISA concentration and the ELISA titer measured at 8 weeks and 7 months

as key immunogenicity variables. In the analysis phase, dummy variables were also created,

which are equal to 1 if the original ELISA measure (observed or imputed) was greater than a

fixed threshold and 0 elsewhere. For each of the three treatment groups (see section 4.1.2), 200

datasets with varying missing data patterns were created from thetruth, according to the pro-

cedure described in section 4.1.3. Different amounts of missingness were assumed: 10%, 20%,

30%, 40%, and 50%. In particular40 datasets were generated for each percentage of missing

data. After detecting the missing data patterns characterizing the key variables in the real data,

Bayesian logistic regression models were specified in orderto obtain the posterior probability

of being in a specific pattern versus being in less prominent patterns, given the fully observed

variables: age group (< 30, 30 − 39, 40 − 49, 50+), sex (male, female premenopause, fe-

male postmenopase), enrollment site (Baylor, Emory, Mayo,Wrair, UAB), race (white, black,

other), education (high school or less, some college, more than 3 years of college, graduate

School), health status as compared to 5 years ago (excellent, very good, good/fair/poor). Then,
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the simulated datasets were obtained by randomly assigninga specific missing data pattern to

each unit of thetruth according to the posterior probabilities from the Bayesianmodel. The

intercept of the logistic regression model was tuned in order to obtain the desired overall pro-

portion of missing data. For each of the200 simulated replicates,5 imputed datasets were

generated using the IMB approach. We estimated the geometric mean of the ELISA concen-

tration and the geometric mean of the ELISA titer at 8 weeks and 7 months from these datasets

and the corresponding 95% and 80% confidence intervals according to the procedure described

in section 4.1.4. In the evaluation, we also considered the proportion of individuals with ELISA

concentration greater or equal to 20 micrograms/ml anti-PAIgG and the proportion of individ-

uals with ELISA titer greater or equal to1 : 200. Confidence intervals’ frequentist coverage

and Bayesian coverage of the true values of the parameters ofinterest were calculated.

titer concentration
arm FC BC FC BC

8 weeks 1 0.840 0.948 0.877 0.948
(95%) 2 0.927 0.952 0.902 0.946

3 0.878 0.930 0.854 0.941
7 months 1 0.829 0.921 0.902 0.927

(95%) 2 0.902 0.944 0.890 0.948
3 0.854 0.902 0.867 0.934

8 weeks 1 0.691 0.793 0.728 0.794
(80%) 2 0.707 0.799 0.780 0.791

3 0.610 0.758 0.634 0.794
7 months 1 0.463 0.695 0.610 0.757

(80%) 2 0.756 0.776 0.622 0.782
3 0.378 0.696 0.634 0.767

Table 3: Frequentist coverage (FC) and Bayesian coverage (BC) of the 95% and 80% confi-
dence intervals for the geometric mean of ELISA titer and concentration.

The evaluation results are reported in Tables 3 and 4 . In all the analyses, the frequentist

coverage was lower than the Bayesian coverage, which betterreflects the underlying inferen-

tial state of knowledge contained in the “truth”. The coverage of the confidence intervals at
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titer concentration
arm FC BC FC BC

8 weeks 1 0.948 0.953 0.948 0.952
(95%) 2 0.952 0.944 0.946 0.933

3 0.930 0.954 0.941 0.951
7 months 1 0.921 0.865 0.927 0.957

(95%) 2 0.944 0.877 0.948 0.911
3 0.902 0.937 0.934 0.961

8 weeks 1 0.793 0.803 0.794 0.800
(80%) 2 0.799 0.789 0.791 0.804

3 0.758 0.808 0.794 0.803
7 months 1 0.695 0.665 0.757 0.810

(80%) 2 0.776 0.702 0.782 0.746
3 0.696 0.769 0.767 0.828

Table 4: Frequentist coverage (FC) and Bayesian coverage (BC) of the 95% and 80% confi-
dence intervals for the proportions of ELISA titer and concentration above the threshold.

8 weeks was close to the nominal one, while a certain degree ofundercoverage was observed

at 7 months, in particular for the ELISA titer. This undercoverage induces undercoverage in

the threshold estimates based on these continuous variable, which is sometimes even more pro-

nounced. In interpreting these evaluation results, one should consider whether the standard

approach for calculating proportions based on imputed continuous variables is the correct ap-

proach. This stimulates the exploration of better completedata approach for estimating rare

proportions.

5 Summary and Remarks

We have provided a general description on how to implement sequential multiple imputation

methods to large scale complex data as the AVRP data and proposed a Monte Carlo simulation

based method to evaluate the imputation results. Motivatedby the missing data problem arising

from the AVRP, we have developed a general approach, IMB, to handle non-monotone missing
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data from data sets that have large number of variables of various types. The IMB breaks any

arbitrary missing pattern into blocks of separate patternseach of which is monotone and can

be handled with sequential modeling and imputation. By design, IMB simplifies the modeling

process: for each variable having missing values in a monotone block, the set of possible

predictors is reduced to the variables that are “more observed” than that variable. In some

applications this reduction may be sufficient to handle the problem of fewer observations than

predictors. For the AVRP data, the number of variables was solarge, compared to the number of

observations, that an additional variable selection procedure was required. A computationally

feasible variable selection algorithm was proposed in Section 3.5.

IBM should also reduce the incompatibility typical of sequential imputation strategies. To

the best of our knowledge, no measure of incompatibility exists, so that we cannot quantify

the reduction of the incompatibility compared to other sequential imputation strategies such

as MICE. We can however judge the quality of our imputations.First, convergence (checked

as described in Section 3.2) was achieved both when using thereal data set, as well as when

implementing the evaluation strategy using simulated data. Again, convergence is not a proof

of achieved compatibility, but non-convergence problems are more likely to be observed with

incompatible distributions. Second, the proposed evaluation procedure applied to the AVRP

data has shown acceptable coverages of our multiple imputations. However, it also highlighted

some problems for binary variables, derived as indicators of imputed continuous variables be-

ing above a specified threshold. Only with evaluations of this kind can we be aware of this and

similar problems. This has stimulated the exploration of better complete data approaches for

estimating rare proportions that can be applied in the final analysis of the data.
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