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In nonparametric regression problems involving multiple predic-
tors, there is typically interest in estimating the multivariate regres-
sion surface in the important predictors while discarding the unim-
portant ones. Our focus is on defining a Bayesian procedure that
leads to the minimax optimal rate of posterior contraction (up to
a log factor) adapting to the unknown dimension and anisotropic
smoothness of the true surface. We propose such an approach based
on a Gaussian process prior with dimension-specific scalings, which
are assigned carefully-chosen hyperpriors. The prior also leads to con-
sistent Bayesian variable selection. We additionally show that using
a homogenous Gaussian process with a single bandwidth leads to a
sub-optimal rate in anisotropic cases.

1. Intorduction. Non-parametric function estimation methods have
been immensely popular due to their ability to adapt to a wide variety
of function classes with unknown regularities. In Bayesian nonparametrics,
Gaussian processes (Rasmussen, 2004; van der Vaart and van Zanten, 2008b)
are widely used as priors on functions due to tractable posterior computation
and attractive theoretical properties. The law of a mean zero Gaussian pro-
cess Wt is entirely characterized by its covariance kernel C(s, t) = E(WsWt),
and given any positive definite function C(s, t), one can construct a valid
Gaussian process with C as its covariance kernel. A squared exponential
covariance kernel given by C(s, t) = exp(−a ‖s− t‖2) is commonly used in
the literature.

It is well established (Stone, 1982) that given n independent observations,
the optimal rate of estimation of a d-variable function that is only known
to be α-smooth is n−α/(2α+d). The quality of estimation thus improves with
increasing smoothness of the “true” function. In practice, the smoothness
level α is typically unknown and thus one would like to have a unified estima-
tion procedure that automatically adapts to all possible smoothness levels of
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the true function. Accordingly, a lot of effort has been employed to develop
adaptive estimation methods that are rate-optimal for every regularity level
of the unknown function.

The literature on adaptive estimation in a minimax setting was initiated
by Lepski in a series of papers (Lepski, 1990, 1991, 1992); see also Birgé
(2001) for a discussion on this topic. We also refer the reader to Hoffmann
and Lepski (2002), which contains an extensive list of developments in the
frequentist literature on adaptive estimation. A key idea in adaptive estima-
tion is to narrow down the search for an “optimal” estimator within a class
of estimators indexed by a smoothness or bandwidth parameter, and make
a data-driven choice to select the proper bandwidth.

In a Bayesian context, one would place a prior on the bandwidth parame-
ter and model-average across different values of the bandwidth through the
posterior distribution. The parameter a in the squared-exponential covari-
ance kernel C plays the role of a scaling or inverse bandwidth. van der Vaart
and van Zanten (2009) showed that with a gamma prior on ad, one obtains
the minimax rate of posterior contraction n−α/(2α+d) up to a logarithmic
factor for α-smooth functions adaptively over all α > 0.

In multivariate problems involving even moderate number of dimensions,
the assumption of the true function being in an isotropic smoothness class
characterized by a single smoothness parameter seems restrictive. Practi-
tioners often use a non-homogeneous variant of the squared exponential
covariance kernel given by C(s, t) = exp(−

∑d
j=1 aj |sj − tj |2). A separate

scaling variable aj for the different dimensions incorporates dimension spe-
cific effects in the covariance kernel, intuitively enabling better approxima-
tion of functions in anisotropic smoothness classes. In particular, one can
let a subset of the covariates drop out of the covariance kernel by setting
some of the scales aj to zero. Such a model was recently studied in Sav-
itsky, Vannucci and Sha (2011), who used a point mass mixture prior on
ρj = − log aj ∈ [0, 1]. Zou et al. (2010) also used a similar model for high-
dimensional non-parametric variable selection. Although this is an attractive
scheme for anisotropic modeling and dimension reduction in non-parametric
regression problems with encouraging empirical performance, there hasn’t
been any theoretical study on rates of convergence in related models in a
Bayesian framework to our knowledge.

In the frequentist literature, minimax rates of convergence in anisotropic
Sobolev, Besov and Hölder spaces have been studied in Birgé (1986); Ibrag-
imov and Khasminski (1981); Nussbaum (1985), with adaptive estimation
procedures developed in Barron, Birgé and Massart (1999); Hoffmann and
Lepski (2002); Kerkyacharian, Lepski and Picard (2001); Klutchnikoff (2005)
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among others. The traditional way of dealing with anisotropy is to employ
a separate bandwidth or scaling parameter for the different dimensions, and
choose an optimal combination of scales in a data-driven way. However, the
multidimensional nature of the problem makes the optimal bandwidth se-
lection considerably difficult compared to the isotropic case, as there is no
natural ordering among the estimators with multiple bandwidths.

It is known (Hoffmann and Lepski, 2002) that the minimax rate of con-
vergence for a function with smoothness αi along the ith dimension is given
by n−α0/(2α0+1), where α−1

0 =
∑d

i=1 α
−1
i is an exponent of global smoothness

(Birgé, 1986). When αi = α for all i = 1, . . . , d, one reduces back to the
optimal rate for isotropic classes. On the contrary, if the true function be-
longs to an anisotropic class, the assumption of isotropy would lead to loss
of efficiency which would be more and more accentuated in higher dimen-
sions. In addition, if the true function depends on a subset of coordinates
I = {i1, . . . , id0} ⊂ {1, . . . , d} for some 1 ≤ d0 ≤ d, the minimax rate would
further improve to n−α0I/(2α0I+1), with α−1

0I =
∑

j∈I α
−1
j .

The objective of this article is to study whether one can fully adapt to
this larger class of functions in a Bayesian framework using dimension spe-
cific rescalings of a homogenous Gaussian process, referred to as a multi-
bandwidth Gaussian process (GP) from now on. We answer the question in
the affirmative and exhibit a class of priors which lead to the optimal rate
n−α0I/(2α0I+1) of posterior contraction (up to a log term) for any α and I
without prior knowledge of either of them.

The general sufficient conditions for obtaining posterior rates of conver-
gence (Ghosal, Ghosh and van der Vaart, 2000) involve finding a sequence
of compact and increasing subsets of the parameter space, usually referred
to as sieves, which are “not to large” in the sense of metric entropy and
yet capture most of the prior mass. van der Vaart and van Zanten (2008a)
developed a general technique for constructing such sieves with Gaussian
process priors, which involved subtle manipulations with the reproducing
kernel Hilbert space (RKHS) of a Gaussian process (van der Vaart and van
Zanten, 2008b). A key technical advancement in van der Vaart and van Zan-
ten (2009) was to extend the above theoretical framework to the setting of
conditionally Gaussian random fields. In particular, they crucially exploited
a containment relation among the unit RKHS balls with different band-
widths to construct the sieves Bn in their framework. Their construction
can be conceptually related to the general framework for adaptive estima-
tion developed in Lepski (1990, 1991, 1992), where a natural ordering among
kernel estimators with different scalar bandwidths is utilized to compare dif-
ferent estimators and balance the bias-variance trade-off. However, it gets
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significantly more complicated in situations involving multiple bandwidths
to compare kernel estimators with different vectors of bandwidths. In multi-
bandwidth Gaussian processes, a similar problem arises in comparing unit
RKHS balls of Gaussian processes with different vectors of bandwidths, and
the techniques of van der Vaart and van Zanten (2009) cannot be immedi-
ately extended to this case.

Our main contribution is to address the above issue by a novel prior spec-
ification on the vector of bandwidths and a careful construction of the sieves
Bn, which can be used to establish rate adaptiveness of the posterior distri-
bution in variety of settings involving a multi-bandwidth Gaussian process.
For simplicity of exposition, we initially study the problem in two parts: (i)
adaptive estimation over anisotropic Hölder functions of d arguments, and
(ii) adaptive estimation over functions that can possibly depend on fewer
coordinates and have isotropic Hölder smoothness over the remaining coor-
dinates. In each of these cases, we propose a joint prior on the bandwidths
induced through a hierarchical Bayesian framework. To avoid the problem of
comparing between different vector of scales, we aggregate over a collection
of bandwidth vectors to construct the sets Bn. New results are developed to
bound the metric entropy of such collections of unit RKHS balls. Combining
these results, we balance the metric entropy of the sieve and the prior prob-
ability of its complement. The prior specifications for the two cases above
are easy to interpret intuitively and can be easily connected to combine the
cases (i) and (ii).

Although our prior specification involving dimension-specific bandwidth
parameters leads to adaptivity, a stronger result is required to conclude
that a single bandwidth would be inadequate for the above classes of func-
tions. We prove that the optimal prior choice in the isotropic case leads to
a sub-optimal convergence rate if the true function depends on fewer coor-
dinates by obtaining a lower bound on the posterior contraction rate. The
general sufficient conditions for rates of posterior contraction provide an up-
per bound on the rate of convergence implying the posterior contracts at
least as fast as the rate obtained. Castillo (2008) studied lower bounds for
posterior contraction rate with a class of Gaussian process priors. e extend
the results of Castillo (2008) to the setting of rescaled Gaussian process pri-
ors. We develop a novel technique for deriving a sharp lower bound to the
concentration function of a rescaled Gaussian process. This technique can
be used for comparing the posterior convergence rates obtained for different
prior distributions on the bandwidth parameter.

The remaining paper is organized as follows. In Section 2, we introduce
relevant notations. Section 3 discusses the main developments with appli-
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cations to anisotropic Gaussian process mean regression and Logistic Gaus-
sian process density estimation described in subsection 3.3. In Section 4, we
study various properties of multi-bandwidth Gaussian processes which are
crucially used in the proofs of the main theorems in Section 5 and should also
be of independent interest. Section 6 establishes the necessity of the multi-
bandwidth GP by showing that a single rescaling can lead to sub-optimal
rates when the true function is lower-dimensional.

2. Notations. We shall make frequent use of the following multi-index
notations. For vectors a,b ∈ Rd, let a. =

∑d
j=1 aj ,a

∗ =
∏d
j=1 aj ,a! =∏d

j=1 aj !, ā = maxj aj ,a = minj aj ,a./b = (a1/b1, . . . , ad/bd)
T,a · b =

(a1b1, . . . , adbd)
T,ab =

∏d
j=1 a

bj
j . Denote a ≤ b if aj ≤ bj for all j = 1, . . . , d.

For n = (n1, . . . , nd), let Dnf denote the mixed partial derivatives of order
(n1, . . . , nd) of f .

Let C[0, 1]d and Cβ[0, 1]d denote the space of all continuous functions and
the Hölder space of β-smooth functions f : [0, 1]d → R respectively, endowed
with the supremum norm ‖f‖∞ = supt∈[0,1]d |f(t)|. For β > 0, the Hölder

space Cβ[0, 1]d consists of functions f ∈ C[0, 1]d that have bounded mixed
partial derivatives up to order bβc, with the partial derivatives of order bβc
being Lipschitz continuous of order β − bβc.

Next, we define an anisotropic Hölder class of functions previously used in
Barron, Birgé and Massart (1999); Klutchnikoff (2005). For a function f ∈
C[0, 1]d, x ∈ [0, 1]d, and 1 ≤ i ≤ d, let fi(· | x) denote the univariate function
y 7→ f(x1, . . . , xi−1, y, xi+1, . . . , xd). For a vector of positive numbers α =
(α1, . . . , αd), the anisotropic Hölder space Cα[0, 1]d consists of functions f
which satisfy, for some L > 0,

max
1≤i≤n

sup
x∈[0,1]d

bαic∑
j=0

∥∥Djfi(· | x)
∥∥
∞ ≤ L,(2.1)

and, for any y ∈ [0, 1], h small such that y + h ∈ [0, 1] and for all 1 ≤ i ≤ d,

sup
x∈[0,1]d

∥∥∥Dbαicfi(y + h | x)−Dbαicfi(y | x)
∥∥∥
∞
≤ L |h|αi−bαic .(2.2)

For t ∈ Rd and a subset I ⊂ {1, . . . , d} of size |I| = d̃ with 1 ≤ d̃ ≤ d,
let tI denote the vector of size d̃ consisting of the coordinates (tj : j ∈ I).
Let C[0, 1]I (resp. Cα[0, 1]I) denote the subset of C[0, 1]d (resp. Cα[0, 1]d)

consisting of functions f such that f(t) = g(tI) for some function g ∈ C[0, 1]d̃

(resp. CαI [0, 1]d̃).
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The ε-covering number N(ε, S, d) of a semi-metric space S relative to the
semi-metric d is the minimal number of balls of radius ε needed to cover S.
The logarithm of the covering number is referred to as the entropy.

We write “-” for inequality up to a constant multiple. Let
φ(x) = (2π)−1/2 exp(−x2/2) denote the standard normal density, and let
φσ(x) = (1/σ)φ(x/σ). Let an asterisk denote a convolution e.g., (φσ∗f)(y) =∫
φσ(y−x)f(x)dx. Let f̂ denote the Fourier transform of a function f when-

ever it is defined. Denote by Sd−1 the d− 1-dimensional simplex consisting
of points {x ∈ Rd : xi ≥ 0, 1 ≤ i ≤ d,

∑d
i=1 xi = 1}.

2.1. RKHS of Gaussian processes. We briefly recall the definition of the
RKHS of a Gaussian process prior next; a detailed review of the facts relevant
to the present application can be found in van der Vaart and van Zanten
(2008b). A Borel measurable random element W with values in a separable
Banach space (B, ‖·‖) (e.g., C[0, 1]) is called Gaussian if the random variable
b∗W is normally distributed for any element b∗ ∈ B∗, the dual space of
B. The reproducing kernel Hilbert space (RKHS) H attached to a zero-
mean Gaussian process W is defined as the completion of the linear space
of functions t 7→ EW (t)H relative to the inner product

〈EW (·)H1; EW (·)H2〉H = EH1H2,

where H,H1 and H2 are finite linear combinations of the form
∑

i aiW (si)
with ai ∈ R and si in the index set of W . The RKHS of a Gaussian pro-
cess plays an important role in determining the support and concentration
properties of the process.

A key feature of a Gaussian process controlling the rate of posterior con-
traction is the concentration function φw0(ε) (van der Vaart and van Zanten,
2008b, 2009) given by,

φw0(ε) = inf
h:H:‖h−w0‖∞≤ε

‖h‖2H − logP (‖W‖∞ ≤ ε).(2.3)

3. Main results. Let W = {Wt : t ∈ [0, 1]d} be a centered homoge-
neous Gaussian process with covariance function E(WsWt) = c(s − t). By
Bochner’s theorem, there exists a finite positive measure ν on Rd, called the
spectral measure of W , such that

c(t) =

∫
e−i(λ,t)ν(dλ).

As in van der Vaart and van Zanten (2009), we shall restrict ourselves to
processes with spectral measure ν having sub-exponential tails, i.e., for some
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δ > 0, ∫
eδ‖λ‖ν(dλ) <∞.(3.1)

The spectral measure of a squared exponential covariance kernel with c(t) =
exp(−‖t‖2) has a density w.r.t. the Lebesgue measure given by f(λ) =
1/(2dπd/2) exp(−‖λ‖2 /4) which clearly satisfies (3.1).

Rates of posterior contraction with Gaussian process priors were first
studied by van der Vaart and van Zanten (2008a), who gave sufficient condi-
tions in terms of the concentration function of a Gaussian random element
for optimal rate of convergence in a variety of statistical problems including
density estimation using the Logistic Gaussian process (Lenk, 1988, 1991),
Gaussian process mean regression, latent Gaussian process regression (e.g.,
in logit, probit models), binary classification, etc. As indicated in the in-
troduction, one needs to build appropriate sieves in the space of continu-
ous functions to get a handle on the posterior rates of convergence in such
models. van der Vaart and van Zanten (2008a) constructed the sieves as a
collection of continuous functions within a small (sup-norm) neighborhood
of a norm-bounded subset of the RKHS. Sharp bounds on the complement
probability of such sets can be obtained using Borell’s inequality (?), and the
metric entropy can also be appropriately controlled exploiting the fact that
the RKHS consists of smooth functions if the covariance kernel is smooth.
It is important to mention here that a similar strategy involving a sub-
set of continuous functions bounded in sup-norm doesn’t work beyond the
uni-dimensional case (Tokdar and Ghosh, 2007).

Given a homogeneous smooth Gaussian random field W , van der Vaart
and van Zanten (2009) considered rescaled Gaussian processesWA = {WAt : t ∈
[0, 1]d} for a real positive random variable A stochastically independent of
W , extending the framework of van der Vaart and van Zanten (2008a) to
the setting of conditionally Gaussian random elements (see also De Jonge
and van Zanten (2010) for a different class of conditionally Gaussian pro-
cesses). Since W has infinitely smooth sample paths, it is not suitable for
modeling less smooth functions. Rescaling the sample paths of an infinitely
smooth Gaussian process is a powerful technique to improve the approxima-
tion of α-Hölder functions from the RKHS of the scaled process. Intuitively,
for large values of A, the scaled process traverses the sample path of an
unscaled process on the larger interval [0, A]d, thereby incorporating more
“roughness”.

The key result of van der Vaart and van Zanten (2009) was to construct
the sieves Bn ⊂ C[0, 1]d so that given α > 0, a function w0 ∈ Cα[0, 1]d
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and a constant C > 1, there exists a constant D > 0 such that, for every
sufficiently large n,

logN(ε̄n, Bn, ‖·‖∞) ≤ Dnε̄2n,(3.2)

P(WA /∈ Bn) ≤ exp(−Cnε2n),(3.3)

P(
∥∥WA − w0

∥∥
∞ ≤ εn) ≥ exp(−nε2n),(3.4)

with εn = n−α/(2α+1)(log n)κ1 , ε̄n = n−α/(2α+1)(log n)κ2 for constants κ1, κ2 >
0.

There is a deep connection between the above measure theoretic result in-
volving the concentration probability and complexity of the support of the
conditional Gaussian process WA and rates of posterior contraction with
Gaussian process priors. van der Vaart and van Zanten (2008a) mention
that the conditions (3.2) - (3.4) have a one-to-one correspondence with the
general sufficient conditions for rates of posterior contraction (Theorem 2.1
of Ghosal, Ghosh and van der Vaart (2000)). In a specific statistical setting
involving Gaussian process priors on some function, sieves in the parameter
space of interest can be easily obtained by restricting the unknown function
to such sets Bn. It only remains to appropriately relate the norm of discrep-
ancy specific to the problem (e.g., Hellinger norm for density estimation) to
the Banach space norm (sup-norm in this case) of the Gaussian random ele-
ment to conclude that max{εn, ε̄n} is the rate of posterior contraction; refer
to the discussion following Theorem 3.1 in van der Vaart and van Zanten
(2009).

Based on (3.2) - (3.4), van der Vaart and van Zanten (2009) showed that
using a rescaled Gaussian random field with a Gamma prior on the (trans-
formed) scaling parameter Ad, one obtains the minimax-optimal rate of con-
vergence n−α/(2α+d) (up to a logarithmic factor) for α-smooth functions.
Since their prior specification does not involve the unknown smoothness α,
the procedure is fully adaptive.

In this article, we shall consider two function classes defined in Section
2, (i) Hölder class of functions Cα[0, 1]I with isotropic smoothness that can
possibly depend on fewer dimensions (α > 0 and I ⊂ {1, . . . , d}), and (ii)
Hölder class of functions Cα[0, 1]d with anisotropic smoothness (α ∈ Rd+).

For a continuous function in the support of a Gaussian process, the prob-
ability assigned to an ε sup-norm neighborhood of the function is controlled
by the centered small ball probability and how well the function can be
approximated from the RKHS of the process (Section 5 of van der Vaart
and van Zanten (2008b)). With the target class of functions as in (i) or
(ii), a single scaling seems inadequate and it is intuitively appealing to in-
troduce multiple bandwidth parameters to enlarge the RKHS and facilitate
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improved approximation from the RKHS. We aim to find sets Bn so that
(3.2) - (3.4) are satisfied with w0 in the above function classes and εn being
the optimal rate of convergence for the same. Once we establish existence of
such sets Bn, one can utilize that result in various statistical settings such
as density estimation, mean regression, etc to obtain adaptive estimation.
To that end, we first discuss rescaling schemes specific to cases (i) and (ii)
in Section 3.1 and 3.2 respectively. Connections between these two schemes
are discussed and a unified framework is prescribed for the function class{
Cα[0, 1]I : α ∈ Rd+, I ⊂ {1, . . . , d}

}
combining (i) and (ii). Applications to

specific statistical problems are described in Section 3.3.

3.1. Anisotropic function estimation. Let A = (A1, . . . Ad)
T be a random

vector in Rd with each Aj a non-negative random variable stochastically in-

dependent of W . We can then define a scaled process WA = {WA·t : t ∈
[0, 1]d}, to be interpreted as a Borel measurable map in C[0, 1]d equipped
with the sup-norm ‖·‖∞. The basic idea here is to stretch or shrink the
different dimensions by different amounts so that the resulting process be-
comes suitable for approximating functions having differential smoothness
along the different coordinate axes.

We shall define a joint distribution on A induced through the following
hierarchical specification. Let Θ = (Θ1, . . . ,Θd) denote a random vector
with a density supported on the simplex Sd−1. Given Θ = θ, we let the

elements of A be conditionally independent, with A
1/θj
j ∼ g, where g is a

density on the positive real line satisfying,

C1x
p exp(−D1x logq x) ≤ g(x) ≤ C2x

p exp(−D2x logq x),

for positive constants C1, C2, D1, D2 and every sufficiently large x > 0.
In particular, the conditions in the above display are satisfied with q = 0

if A
1/θj
j follows a gamma distribution. For notational simplicity, we shall

assume g to be a gamma density from now on, noting that the main results
would all hold for the general form of g above.

Let πA denote the induced joint prior on A, so that πA(a) =
∫ ∏d

j=1 π(aj |
θj)dπ(θ). We now state our main theorem for the rescaled process WA.

Theorem 3.1. Let W be centered homogeneous Gaussian random field
on Rd with spectral measure ν that satisfies (3.1) and has a Lebesgue density
f such that for any a ≤ b, f(λ./a) ≤ f(λ./b) for all λ. Let α = (α1, . . . , αd)
be a vector of positive numbers and α0 = (

∑d
i=1 α

−1
i )−1. Suppose w0 belongs

to the anisotropic Hölder space Cα[0, 1]d. Then for every constant C > 1,
there exist Borel measurable subsets Bn of C[0, 1]d and a constant D > 0
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such that, for every sufficiently large n, the conditions (3.2) - (3.4) are satis-
fied with εn = n−α0/(2α0+1)(log n)κ1 , ε̄n = n−α0/(2α0+1)(log n)κ2 for constants
κ1, κ2 > 0.

3.2. Adaptive dimension reduction. Consider a joint prior on A induced
through the following hierarchical scheme: (i) draw d̃ according to some prior
distribution (with full support) on {1, . . . , d}, (ii) given d̃, draw a subset S
of size d̃ from {1, . . . , d} following some prior distribution assigning positive
prior probability to all

(d
d̃

)
subsets of size d̃, (iii) generate a pair of random

variables (a, b) with ad̃ ∼ gamma and b drawn from a compactly supported
density, and finally, (iv) let Aj = a for j ∈ S and Aj = b for j /∈ S.

Theorem 3.2. Let W be centered homogeneous Gaussian random field
on Rd with spectral measure ν that satisfies (3.1) and has a Lebesgue density
f such that for any a ≤ b, f(λ./a) ≤ f(λ./b) for all λ. Suppose w0 belongs
to the Hölder space Cα[0, 1]I for some subset I of {1, . . . , d}. Then for every
constant C > 1, there exist Borel measurable subsets Bn of C[0, 1]d and a
constant D > 0 such that, for every sufficiently large n, the conditions (3.2)
- (3.4) are satisfied with εn = n−α/(2α+d0)(log n)κ1 , ε̄n = n−α/(2α+d0)(log n)κ2

for constants κ1, κ2 > 0 and d0 = |I|.

The joint distributions on A specified in Section 3.1 and 3.2 are closely
connected. To begin with, note that if we set Aj = A and θj = 1/d for
all j, one obtains a gamma prior on Ad which was previously suggested by
van der Vaart and van Zanten (2009). In the general anisotropic case, the
joint distribution can be motivated as follows. Recall that the purpose of
rescaling is to traverse the sample paths of an infinite smooth stochastic
process on a larger domain to make it more suitable for less smooth func-
tions. If the true function has anisotropic smoothness, then we would like to
stretch those directions more where the function is less smooth. Now note
that for smaller values of θj , the marginal distribution of aj has lighter tails
compared to larger values of θj . We would thus like θj to assume smaller val-
ues for the directions j where the function is more smooth and larger values
corresponding to the less smooth directions. Moreover, θj assuming larger
or smaller values only depends on the relative smoothness for a particular
dimension. For example, if we scaled the d smoothness levels by a constant
factor, intuitively the same set of θj ’s should work. This motivates us to
constrain θ to the simplex which serves as a weak identifiability condition.

In the limit as θj → 0, the distribution of aj converges to a point mass at
zero. Accordingly, if the true function doesn’t depend on a set of (d − d∗)
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dimensions, we would set θj = 0 for those dimensions and choose the re-
maining θj ’s from a d∗−1 dimensional simplex. In particular, if the function
has isotropic smoothness in the remaining d∗ coordinates, one can simple
choose θj = 1/d∗ for those dimensions. This explains our choice of letting
ad
∗

follow a gamma distribution in Section .
Based on the above discussion, we combine the results in Section 3.1

and 3.2 to prescribe a unified framework for adaptively estimating functions
which possibly depend on fewer coordinates and have anisotropic smoothness
in the remaining ones, i.e., functions in Cα[0, 1]I for α ∈ Rd+ and I ⊂
{1, . . . , d}.

3.3. Rates of convergence in specific settings. The above two theorems
are in the same spirit as Theorem 3.1 of van der Vaart and van Zanten
(2009) and Theorem 2.2 of De Jonge and van Zanten (2010) and can be used
to derive rates of posterior contraction in a variety of statistical problems
involving Gaussian random fields. We shall consider a couple of specific
problems with the message that similar results can be obtained for a large
class of problems involving rescaled Gaussian random fields.

We first consider a regression problem where given independent response
variables yi and covariates xi ∈ [0, 1]d, the response is modeled as random
perturbations around a smooth regression surface, i.e., yi = µ(xi) + εi. We
assume εi ∼ N(0, σ2) with a prior on σ supported on some interval [a, b] ⊂
[0,∞).

As motivated before, the regression surface might depend only on a sub-
set of variables in [0, 1]d and have anisotropic smoothness in the remain-
ing variables. It is thus appealing to place a Gaussian process prior with
dimension specific rescalings on µ as follows. Let W denote a Gaussian
process with squared exponential covariance kernel c(t) = exp(−‖t‖2) and
A = (A1, . . . , Ad)

T be a vector of positive random variables stochastically in-

dependent of W . We use the conditionally Gaussian process WA = {WA·t :
t ∈ [0, 1]d} as a prior for µ, with a joint prior on A induced through the
following hierarchical specification: (i) draw d̃ uniformly on {1, . . . , d}, (ii)
given d̃, draw a subset S = {i1, . . . , id̃} of size d̃ uniformly from {1, . . . , d},
(iii) draw θ = (θ1, . . . , θd̃) from the d̃− 1-dimensional simplex Sd̃−1, (iv) let

A
1/θj
j ∼ gamma for j ∈ S, and set the remaining Aj ’s to zero.

We denote the posterior distribution by Π(· | y1, . . . , yn). Let ‖µ‖2n =
n−1

∑n
i=1 µ

2(xi) denote the L2 norm corresponding to the empirical dis-
tribution of the design points. Let the true value σ0 of σ be contained in
the interval [a, b]. The posterior is said to contract a rate εn, if for every
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sufficiently large M ,

Eµ0,σ0Π
[
(µ, σ) : ‖µ− µ0‖n + |σ − σ0| > Mεn | y1, . . . , yn

]
→ 0.

Theorem 3.3. Let α = (α1, . . . , αd) be a vector of positive numbers and
I be a subset of {1, . . . , d}. If w0 ∈ Cα[0, 1]I , then the posterior contracts at
the rate εn = n−α0I/(2α0I+1) logκ n, where α−1

0I =
∑

j∈I α
−1
j .

Thus, one obtains the minimax optimal rate up to a log factor adapting
to the unknown dimensionally and anisotropic smoothness.

A similar result holds for density estimation using the Logistic Gaussian
process.

4. Properties of the rescaled process. We now summarize some
properties of the RKHS of the scaled process W a for a fixed vector of scales
a, which shall be crucially used to prove our main theorems.The first five
lemmas generalize the results in section 4 of van der Vaart and van Zanten
(2009) from a single scaling to a vector of scales. A key idea in van der Vaart
and van Zanten (2009) to construct the sets Bn was to exploit a containment
relation among the unit balls of the RKHS with different amounts of scaling.
Such a result sufficed in the single rescaling framework as the set of positive
reals in totally ordered. However, the result can only be generalized with
respect to the partial order on Rd+ which is not sufficient for our purpose. We
develop a technique to circumvent this curse of dimensionality by precisely
calculating the metric entropy of a collection of unit RKHS balls.

Assume that the spectral measure ν of W has a spectral density f . Then,
for a ∈ Rd+, the rescaled proces Wa has a spectral measure νa given by
νa(B) = ν(B./a). Further, νa admits a spectral density fa, with fa(λ) =
a−1f(λ./a). For w0 ∈ C[0, 1]d, define φaw0

(ε) to be the concentration function
of the rescaled Gaussian process Wa. As an easy consequence of Lemma 4.1
and 4.2 in van der Vaart and van Zanten (2009), it turns out that the RKHS
of the process Wa can be characterized as below.

Lemma 4.1. The RKHS Ha of the process {Wa
t : t ∈ [0, 1]d} consists of

real parts of the functions

t→
∫
ei(λ,t)g(λ)νa(dλ),

where g runs over the complex Hilbert space L2(νa). Further, the RKHS
norm of the element in the above display is given by ‖g‖L2(νa).
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Lemma 4.3 of van der Vaart and van Zanten (2009) shows that for any
isotropic Hölder smooth function w, convolutions with an appropriately cho-
sen class of higher order kernels indexed by the scaling parameter a belong
to the RKHS. This suggests that driving the bandwidth 1/a to zero, one
can obtain improved approximations to any Hölder smooth function. The
following Lemma 4.2 illustrates the usefulness of using separate bandwidths
for each dimensions for approximating anisotropic Hölder functions from the
RKHS.

Lemma 4.2. Assume ν has a density with respect to the Lebesgue mea-
sure which is bounded away from zero on a neighborhood of the origin. Let
α ∈ Rd+ be given. Then, for any subset I of {1, . . . , d} and w ∈ Cα[0, 1]I ,
there exists constants C and D depending only on ν and w such that, for a
large enough,

inf{‖h‖2Ha : ‖h− w‖∞ ≤ C
∑
i∈I

a−αii } ≤ Da∗

Proof. We shall prove the result for w ∈ Cα[0, 1]d and sketch an argu-
ment for extending the proof to any w ∈ Cα[0, 1]I .

Let ψj , j = 1, . . . , d, be a set of higher order kernel as in the proof of
Lemma 4.3 of van der Vaart and van Zanten (2009), which satisfy

∫
ψj(tj)dtj =

1,
∫
tkjψj(tj)dtj = 0 for any positive integer k and

∫
|tj |αj |ψj(tj)|dtj ≤ 1.

Define ψ : Rd → C by ψ(t) = ψ1(t1) . . . ψd(td) so that one has
∫
ψ(t)dt = 1,∫

tkψ(t)dt = 0 for any non-zero multi-index k = (k1, . . . , kd), and the func-

tions
∣∣∣ψ̂∣∣∣ /f and

∣∣∣ψ̂∣∣∣2 /f are uniformly bounded, where ψ̂ denotes the Fourier

transform of ψ.
For a vector of positive numbers a = (a1, . . . , ad), let ψa(t) = a∗ψ(a · t),

where a∗ =
∏d
j=1 aj . By Whitney’s theorem, w can be extended to a function

w : Rd → R with compact support and ‖w‖α < ∞. Working with this
extension, we shall first show that the convolution ψa ∗w is contained in the
RKHS Ha. To that end, note that,

1

(2π)d
(ψa ∗ w)(t) =

∫
e−i(t,λ)ŵ(λ)ψ̂a(λ)dλ =

∫
ei(t,λ) ŵ(−λ)ψ̂a(λ)

fa(λ)
νa(dλ).

Thus, following Lemma 4.1, we need to show that ŵ(−λ)ψ̂a(λ)/fa(λ) ∈
L2(νa) to conclude that ψa ∗w belongs to Ha. Since ψ̂a(λ) = ψ̂(λ./a), one
has ∫ ∣∣∣∣∣ ŵ(−λ)ψ̂a(λ)

fa(λ)

∣∣∣∣∣
2

νa(dλ) ≤ a∗

∥∥∥∥∥ |ψ̂|2f
∥∥∥∥∥
∞

∫
|ŵ(λ)|2 dλ.
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The above assertion is thus proved by noting that |ψ̂|2/f is uniformly bounded
by construction and (2π)d

∫
|ŵ2(λ)dλ =

∫
|w(t)|2dt <∞. Also, the squared

RKHS norm of ψa ∗w is bounded by Da∗, with D depending only on ν and
w. Thus, the proof of Lemma 4.2 would be completed if we can show that
‖ψa ∗ w − w‖∞ ≤ C

∑d
j=1 a

−αj
j .

We have, for any t ∈ Rd,

ψa ∗ w(t)− w(t) =

∫
ψ(s){w(t− s./a)− w(t)}ds.

For 1 ≤ j ≤ d − 1, let u(j) denote the vector in Rd with u
(j)
i = 0 for

i = 1, . . . , j and u
(j)
i = 1 for i = j + 1, . . . , d. For any two vectors x, y ∈ Rd,

we can navigate from x to y in a piecewise linear fashion traveling parallel to
one of the coordinate axes at a time. The vertices of the path will be given
by x(0 = x, x(j) = u(j) · x+ (1− u(j)) · y for j = 1, . . . , d− 1 and x(d) = y.

A multivariate Taylor expansion of w(t − s./a) around w(t) cannot take
advantage of the anisotropic smoothness of w across different coordinate
axes. Letting x = t, y = t − s./a and x(j), j = 0, 1, . . . , d as above, let us
write w(y)− w(x) in the following telescoping form,

w(y)− w(x) =

d∑
j=1

w(x(j))− w(x(j−1)) =

d∑
j=1

wj(tj − sj/aj | x(j))− wj(tj | x(j)),

where the functions wj are as defined in Section 2, with wj(t | x) = w(x1, . . . , xj−1, t, xj+1, . . . , xd)
for any t ∈ R and x ∈ Rd.

Thus,

w(t− s./a)− w(t) =
d∑
j=1

[ bαjc∑
i=1

Diwj(tj | x(j))
(−sj/aj)i

i!
+ Sj(tj ,−sj/aj)

]
,

where |Sj(tj ,−sj/aj)| ≤ Ks
αj
j a
−αj
j by (2.2), for a constant K depending on

ν and w but not on t and s. Combining the above, we have

∣∣∣∣∫ ψ(s){w(t− s./a)− w(t)}
∣∣∣∣ =

∣∣∣∣∣∣
d∑
j=1

∫
Sj(tj ,−sj/aj)dtj

∣∣∣∣∣∣ ≤ C
d∑
j=1

a
−αj
j .

If, w ∈ Cα[0, 1]I for some subset I of {1, . . . , d}, then we only need to
scale the co-ordinates in I.
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We next study the metric entropy of the unit ball of the RKHS and the
centered small ball probability of the resealed process. Let Ha

1 denote the
unit ball in the RKHS of Wa.

Lemma 4.3. There exists a constant K, depending only on ν and d, such
that, for ε < 1/2,

log N(ε,Ha
1 , ‖·‖∞) ≤ Ka∗

(
log

1

ε

)d+1

.

Proof. By Lemma 4.1, an element of Ha
1 can be written as the real part

of the function h : [0, 1]d → C given by

h(t) =

∫
ei(λ,t)g(λ)νa(dλ)(4.1)

for g : Rd → C a function with
∫
|g|2 νa(dλ) ≤ 1.

Viewing h as a function of it, we would like to exploit the sub-exponential
tails of ν as in (3.1) to extend h analytically over a larger domain in Cd. For
z ∈ Cd, we shall continue to denote the function z 7→

∫
e(λ,z)ψ(λ)νa(dλ) by

h. Using the Cauchy-Schwartz inequality and the change of variable theorem,

|h(z)|2 ≤
∫
e(λ,2a.Re(z))ν(dλ).(4.2)

Thus, using the dominated convergence theorem, h (as a function of it) can
be extended to an analytic function z 7→

∫
e(λ,z)ψ(λ)νa(dλ) on the strip

Ω = {z ∈ Cd : |Rezj | ≤ Rj , j = 1, . . . , d} with Rj = δ/(6aj
√
d). Also, for

every z ∈ Ω, h satisfies the uniform bound |h(z)|2 ≤
∫
eδ‖λ‖ν(dλ) = C2.

The analytic extension of h to a strip containing the product of the imag-
inary axes allows us to precisely estimate the error term of a k-order Taylor
expansion of h(t). For t ∈ [0, 1]d, Let C1, . . . , Cd denote circles of radius
R1, . . . , Rd in the complex plane around the coordinates it1, . . . , itd of it
respectively. Using the Cauchy integral formula,∣∣∣∣Dnh(t)

n!

∣∣∣∣ =

∣∣∣∣ 1

(2πi)d

∮
C1

· · ·
∮
Cd

h(z)

(z − t)n+1
dz1 · · · dzd

∣∣∣∣ ≤ C

Rn.
,

where Dn denotes the partial derivative of order n = (n1, . . . , nd). This sug-
gests using a net of piecewise polynomials for approximating the elements of
Ha

1 . One can discretize the coefficients and centers of the piecewise polyno-
mials to obtain a finite set of functions that approximate the leading terms
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of a Taylor expansion of a function in Ha
1 and the remainder terms can be

controlled using the bound in the above display.
To elaborate, let R = (R1, . . . , Rd)

T. Partition T = [0, 1]d into rectangles
Γ1, . . . ,Γm with centers {t1, t2, . . . , tm} such that given any z ∈ T , there
exists Γj with center tj = (tj1, . . . , tjd)

T with |zi − tji| ≤ Ri/4, i = 1, . . . , d.
Consider the piecewise polynomials P =

∑m
j=1 Pj,γj1Γj with

Pj,γj (t) =
∑
n.≤k

γj,n(t− tj)n.

We obtain a finite set of functions Pa by discretizing the coefficients γj,n for
each j and n over a grid of mesh width ε/Rn in the interval [−C/Rn, C/Rn],
with C defined as above. As in van der Vaart and van Zanten (2009), the
log cardinality of the set is bounded above by

log

∏
j

∏
n:n.≤k

#γj,n

 ≤ mkd log

(
2C

ε

)
.(4.3)

We can choose m - 1/R∗. The proof is complete if we how that the resulting
set of functions is a Kε-net for constants C and K depending on ν and
k - log(1/ε). The rest of the proof follows exactly as in the proof for Lemma
4.5 in van der Vaart and van Zanten (2009) by showing that∣∣∣∣∣∑

n.>k

Dnhψ(ti)

n!
(z − ti)n

∣∣∣∣∣ ≤∑
n.>k

C

Rn
(R/2)n ≤ KC

(
2

3

)k
.(4.4)

and ∣∣∣∣∣∣
∑
n.≤k

Dnhψ(ti)

n!
(z − ti)n − Pi,γi(z)

∣∣∣∣∣∣ ≤ Kε.(4.5)

The proof is completed by choosing k large enough such that (2/3)k ≤
Kε.

Lemma 4.4. For any a0 positive, there exists constants C and ε0 > 0
such that for a ≥ a0 and ε < ε0,

− log P
(
‖W a‖∞ ≤ ε

)
≤ Ca∗

(
log

ā

ε

)d+1

.
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Proof. This follows from Theorem 2 in Kuelbs and Li (1993) and Lemma
4.6 in van der Vaart and van Zanten (2009). Proceeding as in Lemma 4.6 in
van der Vaart and van Zanten (2009) and Lemma 4.3, we obtain

φa(ε) + log 0.5 ≤ K1a
∗
(

log
φa0(ε)

ε

)1+d

.(4.6)

for some constant K1 > 0. Note that with L = [0, a1]× · · · × [0, ad],

φa0(ε) = − logP (‖W a‖∞ ≤ ε) = − logP (sup
t∈L
|W | ≤ ε)(4.7)

≤ − logP ( sup
t∈[0,ā]

|W | ≤ ε)(4.8)

≤ K2

( ā
ε

)τ
(4.9)

for some constant K2 and τ > 0, where the last inequality follows from the
proof of Lemma 4.6 in van der Vaart and van Zanten (2009). Inserting this
bound in (4.6), we obtain

− log P
(
‖W a‖∞ ≤ ε

)
≤ Ca∗

(
log

ā

ε

)d+1

.(4.10)

for some constant C > 0.

We next state a nesting property of the unit ball Ha
1 of the RKHS of Wa

for different values of a, generalizing Lemma 4.7 of van der Vaart and van
Zanten (2009).

Lemma 4.5. Assume the spectral measure ν satisfies (3.1) and has a den-
sity f with respect to the Lebesgue measure on Rd which satisfies f(t./a) ≤
f(t./b) for any a ≤ b. Then,

√
a1 . . . ad Ha

1 ⊂
√
b1 . . . bd Hb

1 .

Proof. Let h ∈ Ha
1 . Following Lemma 4.1, h(t) =

∫
ei(λ,t)ψ(λ)νa(dλ).

Since ‖h‖2Ha = ‖ψ‖2L2(νa), it follows that
∫
|ψ(λ)|2 fa(λ)dλ ≤ 1. Now, h(t) =∫

ei(λ,t){ψ(λ)fa(λ)/fb(λ)}νb(dλ). The conclusion follows since,

‖h‖2
Hb

=

∫
|ψ(λ)|2

{
fa(λ)

fb(λ)

}2

νb(dλ) ≤
∥∥∥∥ fa(λ)

fb(λ)

∥∥∥∥
∞

∫
|ψ(λ)|2 νa(dλ) ≤ a∗

b∗
,

using the fact that fa(λ)/fb(λ) = (b∗/a∗)f(λ./a)/f(λ./b) ≤ (b∗/a∗) by
assumption.
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The next two Lemmas are crucially used in our treatment of the multi-
bandwidth case.

Lemma 4.6. For a positive number r > 0 and θ ∈ Sd−1, let Hr,θ
1 denote

the unit ball of the RKHS of Wa with aj = rθj for 1 ≤ j ≤ d. Then, there
exists a constant K, depending only on ν and d, such that, for ε < 1/2,

log N

(
ε,∪θ∈Sd−1

Hr,θ
1 , ‖·‖∞

)
≤ Kr

(
log

1

ε

)d+1

.

Proof. Let Q = {a ∈ Rd+ : aj ≥ 1∀j = 1, . . . , d, a∗ = r}. For a,b ∈ Q,
the idea of the proof is to show that the piecewise polynomials Pa that form

a Kε-net for Ha
1 in the proof of Lemma 4.3 are also a Kε-net for Hb

1 if b is
“close enough” to a.

Fix a ∈ Q. Let Ω = {z ∈ Cd : |Rezj | ≤ Rj , j = 1, . . . , d} with Rj =
δ/(6aj

√
d) denote the strip in Cd. From the proof of Lemma 4.3, any function

h ∈ Ha
1 has an analytic extension to Ω. Let b ∈ Q satisfy maxj |aj − bj | ≤ 1.

We shall show that any h ∈ Hb
1 can also be extended analytically to the

same strip Ω.

From (4.2), it follows that h ∈ Hb
1 can be analytically extended to {z ∈

Cd : |(λ, 2b · Re(z))| ≤ δ ‖λ‖}. Now,

|(λ, 2b · Re(z))| ≤ |(λ, 2a · Re(z))|+ |(λ, 2(b− a) · Re(z))|
≤ 2 |(λ, 2a · Re(z))| ≤ 2δ ‖λ‖ /3,

where the last inequality follows from Cauchy-Schwartz and the one before
uses |bj − aj | ≤ 1 ≤ aj for all j = 1, . . . , d.

Clearly, the same tail estimate as in (4.4) works for any h ∈ Hb
1 . From

(4.5), it thus follows that the set of functions Pa form a Kε-net for Hb
1 . Let

A be a set of points in Q such that for any b ∈ Q, there exists a ∈ A such
that maxj |aj − bj | ≤ 1. One can clearly find an A with |A| ≤ rd. The proof

is completed by observing that ∪a∈APa form a Kε net for ∪θ∈Sd−1
Hr,θ

1 .

Another lemma on entropy of collection of unit RKHS balls.

Lemma 4.7. For r ∈ Rd+, let Cr denote the subset of Rd+ consisting of all
vectors a ≤ r, i.e., aj ≤ rj for all j = 1, . . . , d. Then,

log N

(
ε,∪a∈CrHa

1 , ‖·‖∞
)
≤ Kr∗

(
log

1

ε

)d+1

.
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5. Proof of main results.

5.1. Proof of Theorem 3.1. Let us begin by observing that,

P(
∥∥∥WA − w0

∥∥∥
∞
≤ 2ε) =

∫
P(
∥∥Wa − w0

∥∥
∞ ≤ 2ε)πA(da)

=

∫ {∫
P(
∥∥Wa − w0

∥∥
∞ ≤ 2ε)π(a | θ)da

}
π(θ)dθ.

As in van der Vaart and van Zanten (2009), we first derive bounds on the
non-centered small ball probability for a fixed rescaling a, and then integrate

over the distribution of a to derive the same for WA.
Given a ∈ Rd+, recall the definition of the centered and non-centered

concentration functions of the process Wa,

φa0 (ε) = − log P(
∥∥Wa∥∥

∞ ≤ ε),(5.1)

φaw0
(ε) = inf

h∈Ha1 :‖h−w0‖∞≤ε
‖h‖2Ha − log P(

∥∥Wa∥∥
∞ ≤ ε).(5.2)

For a fixed a, the non-centered small ball probability of Wa can be bound
in terms of the concentration function as follows (van der Vaart and van
Zanten, 2008b),

P(
∥∥Wa − w0

∥∥
∞ ≤ 2ε) ≥ e−φ

a
w0

(ε).

Now, suppose that w0 ∈ Cα[0, 1]d for some α ∈ Rd+. From Lemma 4.2 and
4.4, it follows that for every a0 > 0, there exist positive constants ε0 < 1/2,
C,D and E that depend on w0 and ν only such that, for a > a0, ε < ε0 and
C
∑d

i=1 a
−αi
i < ε,

φaw0
(ε) ≤ Da∗ + Ea∗

(
log

ā

ε

)1+d

≤ K1a
∗
(

log
ā

ε

)1+d

,

with K1 depending only on a0, ν and d. Thus, for ε < min{ε0, C1a
−ᾱ
0 }, by

(5.1),

P(
∥∥∥WA − w0

∥∥∥
∞
≤ 2ε) ≥

∫ {∫
e−φ

a
w0

(ε)π(a | θ)da
}
π(θ)dθ

≥
∫ {∫ 2(C1/ε)1/α1

a1=(C1/ε)1/α1
· · ·
∫ 2(C1/ε)

1/αd

ad=(C1/ε)
1/αd

e−K1a∗ log1+d(ā/ε)π(a | θ)da
}
π(θ)dθ

≥ C2e
−K2(1/ε)1/α0 log1+d(1/ε)

∫ {∫ 2(C1/ε)1/α1

a1=(C1/ε)1/α1
· · ·
∫ 2(C1/ε)

1/αd

ad=(C1/ε)
1/αd

π(a | θ)da
}
π(θ)dθ.
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Now, ∫ {∫ 2(C1/ε)1/α1

a1=(C1/ε)1/α1
· · ·
∫ 2(C1/ε)

1/αd

ad=(C1/ε)
1/αd

π(a | θ)da
}
π(θ)dθ

≥
∫ {∫ 2(C1/ε)1/α1

a1=(C1/ε)1/α1
· · ·
∫ 2(C1/ε)

1/αd

ad=(C1/ε)
1/αd

e−
∑d
j=1 a

1/θj
j da

}
π(θ)dθ

≥
∫
e−K3

∑d
j=1(1/ε)1/αjθjπ(θ)dθ.

Let Γ denote the region in the simplex Sd−1 given by Γ = {θ ∈ Sd−1 : τ <
θj − α0

α1
< 2τ, j = 1, . . . , d− 1}. Since

∑d
j=1 α0/αj = 1, we can choose τ > 0

small enough to guarantee that any θ satisfying the set of inequalities lies
inside the simplex. Moreover, with θd = 1−

∑d−1
j=1 θj , one has (d−1)τ < θd <

2(d−1)τ . Choosing τ = C5/ log(1/ε), one can show that
∑d

j=1(1/ε)1/(αjθj) ≤
C6(1/ε)1/α0 for any θ ∈ Γ. Hence, the probability in the above display can
be bounded below by e−nε

2
n for εn = n−α0/(2α0+1).

Let B1 denote the unit sup-norm ball of C[0, 1]d. For a vector θ ∈ Sd−1

and positive constants M, r, ξ, ε, let Bθ = Bθ(M, r, ξ, ε) denote the set,

Bθ = ∪a≤rθ(MHr,θ
1 ) + εB1.

Let us first calculate the probability P(WA /∈ Bθ | θ). Note that,

P(Wa /∈ Bθ | θ) =

∫
P(W θ /∈ Bθ)π(a | θ)da

≤
∫
a≤rθ

P(Wa /∈ Bθ)π(a | θ)da + P(A 6≤ rθ | θ),

where P(WA 6≤ r | θ) is a shorthand notation for P(at least one Aj > rθj |
θ). Since A

1/θj
j follows a gamma distribution given θj , the above probability

can be bound above by e−r following Lemma 4.9 of van der Vaart and van
Zanten (2009). To tackle the first term in the last display, note that Bθ

contains the set MHa
1 + εB1 for any a ≤ rθ by definition. Hence, for any

a ≤ rθ, by Borell’s inequality,

P(Wa /∈ Bθ) ≤ P(Wa /∈MHa
1 + εB1)

≤ 1− Φ

{
M + Φ−1

(
e−φ

a
0 (ε)

)}
≤ 1− Φ

{
M + Φ−1

(
e−φ

rθ

0 (ε)

)}
≤ e−φr

θ

0 (ε),
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if M ≥ −2Φ−1
(
e−φ

rθ

0 (ε)
)
, where the penultimate inequality follows from the

fact that, with T = [0, 1]d,

e−φ
a
0 (ε) = P( sup

t∈a·T
|Wt| ≤ ε) ≤ P( sup

t∈rθ·T
|Wt| ≤ ε) = e−φ

rθ

0 (ε).

By Lemma 4.10 of van der Vaart and van Zanten (2009), Φ−1(u) ≥ −{2 log(1/u)}1/2
for u ∈ (0, 1). Hence, the last inequality in the above display remains valid
if we choose

M ≥ 4

√
φr

θ

0 (ε).

The proof is completed by letting B = ∪θ∈Sd−1
Bθ. Derivation to be added

later.

6. Lower bounds on posterior contraction rates. In this section,
we will demonstrate that when the true density is dependent on a smaller
number of variables, a Gaussian process prior with a single bandwidth leads
to a sub-optimal rate of convergence. To illustrate this, we will focus on
the example of density estimation using the Logistic Gaussian process prior.
We will show that the posterior contraction rate using a a single bandwidth
Logistic Gaussian process with respect to the sup-norm topology is bounded
below by n−α/(2α+d) when the true density is

f0(x1, . . . , xd) = Ce|x1−0.5|1.5 , (x1, . . . , xd) ∈ [0, 1]d.(6.1)

This shows the necessity of using an inhomogeneous Gaussian process in
high-dimensional density estimation when the true density is actually lower
dimensional. Although lower bounds on the posterior contraction rates in
Gaussian process settings have been previously addressed by Castillo (2008),
the literature is restricted to series expansion priors and the Riemann-
Liouville process priors. In this section, we have extended the results to
Gaussian process with exponential covariance kernel having a single band-
width. In particular, we have derived a lower bound to the concentration
function around w0(x1, . . . , xd) = |x1 − 0.5|1.5 using a single inverse-Gamma
bandwidth.

For d∗ ∈ {1, . . . , d}, let Ad
∗ ∼ g, where g is the gamma density. Let the

prior distribution for A is specified by assuming the same prior for all the

bandwidths across the different dimensions, i.e., A
d
= (A,A, . . . , A). Recall

that the Logistic Gaussian process prior for a density f on [0, 1]d is given by

f(x) =
exp{WAx}∫

[0,1]d exp{WAt}dt
, x ∈ [0, 1]d.(6.2)
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We will start with a few auxiliary lemmas which enable us to provide an

upper bound to the concentration function of the Gaussian process WA.
Denote by Ha the reproductive kernel Hilbert space of the Gaussian process
W a.

In the following, we define a Gaussian based higher order kernel as in
Wand and Schucany (1990). For r ≥ 1, let Q2r−2 be the polynomial given
by Q2r−2(x) =

∑r−1
i=0 c2ix

2i where

c2i =
(−1)i2i−2r+1(2r)!

r!(2i+ 1)!(r − i− 1)!
.(6.3)

Then Q2r−2 is the unique polynomial of degree ≤ 2r − 2 for which G2r ≡
Q2r−2φ is a 2r order kernel. It is easy to see (also refer to Wand and Schucany
(1990)) that r = 1 corresponds to the standard Gaussian kernel and for r > 1
and 1 ≤ j ≤ r − 1, ∫

x2jG2r(x) = 0.(6.4)

Define a higher order kernel with scaling (a1, . . . , ad) in d dimensions using
G2r as

ψ2r
a (x) = G2r(ax1) · · ·G2r(axd).(6.5)

In the following Lemma 6.1, we calculate the Fourier transform of ψ2r(t).

Lemma 6.1. ψ̂2r(t) = e−‖t‖
2/2
∏d
j=1

∑r−1
s=0

t2sj
2ss!

Proof.

ψ̂2r(t) =

∫
ei(λ,t)ψ2r(λ)dλ

=

∫
ei(λ,t)G2r(λ1) · · ·G2r(λd)dλ

=

d∏
j=1

∫
ei(λj ,tj)G2r(λj)dλj

=

d∏
j=1

e−t
2
j/2

r−1∑
s=0

t2sj
2ss!

= e−‖t‖
2/2

d∏
j=1

r−1∑
s=0

t2sj
2ss!

where the penultimate identity follows from Wand and Schucany (1990).
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Lemma 4.1 of van der Vaart and van Zanten (2009) gives a nice character-
ization of Ha in view of the isometry with the space L2(νa). In the following
Lemma 6.2, we express each element of Ha as a convolution of ψ2r

a with a
function in C(Rd) for any given r ≥ 1. In other words, every element of Ha

arises as a convolution of a higher order kernel with a function in C(Rd)
showing that the search for the best approximator of a Cα[0, 1] function in
the space Ha can be restricted to only convolutions of continuous functions
with a higher order kernel.

Lemma 6.2. Given any h ∈ Ha and r ≥ 1, there exists w ∈ C(Rd) such
that h = ψ2r

2a ∗ w.

Proof. By Lemma 4.1 of van der Vaart and van Zanten (2009), we obtain
that any h ∈ Ha can be written as

t→
∫
ei(λ,t)g(λ)fa(λ)dλ,(6.6)

where
∫
g(λ)2fa(λ)dλ <∞.

By change of variable,

h(t) =

∫
e−i(λ,t)g(−λ)fa(λ)dλ(6.7)

for
∫
g(−λ)2fa(λ)dλ <∞. Then ĥ(λ) = (2π)dg(−λ)fa(λ). Now observe that

ψ̂2r(t) is real and positive for all values of t and ψ̂2r(t) > e−‖t‖
2/2. Also note

that ψ̂2r
2a(t) = ψ̂2r(t/2a). Hence setting ŵ(λ) = ĥ(λ)

ψ̂2r
2a(λ)

, we obtain

ŵ(λ) =
g(−λ)πd/2 exp{−‖λ‖2 /4a2}

exp{−‖λ‖2 /8a2}
∏d
j=1

∑r−1
s=0

λ2sj
(2a)2s2ss!

.

Thus |ŵ(λ)| ≤ exp{−‖λ‖2 /8a2} |g(−λ)| and{∫
|ŵ(λ)| dλ

}2

≤
{∫

exp{−‖λ‖2 /8a2} |g(−λ)| dλ
}2

≤
∫

exp{−‖λ‖2 /4a2} |g(−λ)|2 dλ

< ∞

As ŵ ∈ L1(λ), there exists a w for which ŵ is a Fourier transform of w. Now,

since ĥ = ψ̂2r
2aŵ and there exists a w for which ŵ is a Fourier transform



24 A BHATTACHARYA, D. PATI AND D.B. DUNSON

of w, we immediately have h = ψ2r
2a ∗ w. In the following, we will find an

expression for w and show that w ∈ C(Rd).

w(λ) =
1

(2π)d

∫
e−i(λ,t)ŵ(t)dt

=
1

(2π)d

∫
e−i(λ,t)

g(−t)πd/2 exp{−‖t‖2 /4a2}

exp{−‖t‖2 /8a2}
∏d
j=1

∑r−1
s=0

t2sj
(2a)2s2ss!

dt

Thus w ∈ C(Rd) and its smoothness is controlled by g.

The following Lemma 6.3 says that ψ2r
a ∗w0 can better approximate w0 ∈

C(Rd) compared to ψ2r
a ∗w for any w 6= w0. Lemma 6.3 further restricts the

search for the best approximator of a C(Rd) function to only convolutions
of the higher order kernel ψ2r

a with the function w0 itself.

Lemma 6.3. Given any w0 ∈ C(Rd) compactly supported and r ≥ 1,∥∥w0 − ψ2r
a ∗ w0

∥∥
∞ ≤

∥∥w0 − ψ2r
a ∗ w

∥∥
∞

for sufficiently large a > 0 and for any w ∈ C(Rd) compactly supported with
‖w − w0‖ > δ for some δ > 0.

Proof. Note that∥∥ψ2r
a ∗ w − w0

∥∥
∞ ≥ ‖w − w0‖∞ −

∥∥φ2r
a ∗ w − w

∥∥
∞ .

Since w is compactly supported, there exists a0 > 0 such that for a > a0,∥∥φ2r
a ∗ w − w

∥∥
∞ < δ/2. The conlusion of the lemma follows by observing

that for a > a0,
∥∥ψ2r

a ∗ w − w0

∥∥
∞ > δ/2.

The following Lemma 6.3 provides a lower bound to the approximation
error for w0(x1, . . . , xd) = |x1 − 0.5|1.5 , (x1, . . . , xd) ∈ [0, 1]d with ψ2

a ∗ w0.

Lemma 6.4. For w0(x1, . . . , xd) = |x1 − 0.5|1.5,∥∥w0 − ψ2
2a ∗ w0

∥∥
∞ ≥ C0a

−1.5(6.8)

for some global constant C0 > 0.

Proof. Since w0 ∈ C1.5[0, 1]d, by Whitney’s theorem we can extend it
to Rd so that w0 has a compact support with ‖w0‖1.5 <∞. Without loss of
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generality, assume w0 is non-negative and the support of w0 is [−L,L]d for
some large L. Observe that

ψ2
2a ∗ w0(1/2)− w0(1/2) =

∫
ψ2(s)w0(1/2− s/(2a))ds

Now since w0(1/2 − s/(2a)) = 0 if |1/2− s/(2a)| > L, so for a > 1/2,
{s : |1/2− s/(2a)| ≤ L} ⊃ [−2L+ 1, 2L+ 1]d. Thus∫

ψ2(s)w0(1/2− s/(2a))ds ≥
∫

[−2L+1,2L+1]d
ψ2(s)w0(1/2− s/(2a))ds

= 1/(2a)1.5

∫
[−2L+1,2L+1]d

ψ2(s) |s1|1.5 ds.

This shows that
∥∥w0 − ψ2

2a ∗ w0

∥∥
∞ ≥ C0a

−1.5 where

C0 =
1

21.5

∫
[−2L+1,2L+1]d

ψ2(s) |s1|1.5 ds.

Also it follows from the last part of Lemma 4.3 of van der Vaart and van
Zanten (2009) that ψ2

2a ∗ w0 ∈ Ha since (ψ̂2
2a)

2(λ) = fa(λ).

Note that the lower bound is same as the upper bound to the approxima-
tion error of any C1.5[0, 1] function using ψ2

2a ∗ w upto constants.
The following Lemma 6.5 is crucial to the derivation of a lower bound to

the concentration function φa(w0). Lemma 6.5 complements Lemma 4.6 of
van der Vaart and van Zanten (2009) and is an application of Theorem 2 of
Kuelbs and Li (1993).

Lemma 6.5. There exists ε0 > 0, possibly depending on a, such that for
all ε < ε0,

− logP (‖W a‖∞ < ε) % ad log

(
|log ε|1/2

ε

)d+1

.(6.9)

Proof. Obtaining the lower bound is a simple application of Lemma 4.5
of van der Vaart and van Zanten (2009) and Theorem 2 of Kuelbs and Li
(1993). The proof of Lemma 4.3 of van der Vaart and van Zanten (2009)
shows that

log N(ε,Ha
1, ‖·‖∞) ≈ ad

(
log

1

ε

)d+1

.
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If we define ga(x) = ad
(

log 1
x

)d+1
, it is easy to observe that g is a slowly

varying function. Then by Theorem 2 of Kuelbs and Li (1993), we obtain

φa0(ε) ≥ C1ga

(
ε√
φa0(ε)

)
= ad

(
log

√
φa0(ε)

ε

)d+1

.(6.10)

Below we show that we only need to find a crude lower bound to φa0(ε) to
obtain the required bound. Observe that

φa0(ε) = − logP (‖W a‖∞ ≤ ε) ≥ − logP (
∣∣W 0

∣∣ ≤ ε).(6.11)

Note that W 0 ∼ N(0, 1) and hence P (
∣∣W 0

∣∣ ≤ ε) = {2Φ(ε)− 1} ≈ 1 + |log ε|
as ε→ 0. Hence we obtain for sufficiently small ε,

φa0(ε) % |log ε| .(6.12)

Plugging in the bound (6.12) in (6.10), we obtain

φa0(ε) % ad log

(
|log ε|1/2

ε

)d+1

.(6.13)

Note that the lower bound in Lemma 6.5 differs from the upper bound in
Lemma 4.6 of van der Vaart and van Zanten (2009) only by a logarithmic
factor suggesting that the lower bound obtained in reasonably tight.

Finally, we calculate the tail probability of the supremum of the Gaus-

sian process WA which will be crucially used to derive the lower bound to
the posterior concentration rate. Although this is an application of Borel’s
Inequality van der Vaart and van Zanten (2008b), we will provide an inde-
pendent proof to carefully identify the role of the prior for the bandwidth.

Lemma 6.6. For r > 1,

P
( ∥∥∥WA

∥∥∥
∞
> M

)
≤

P (A > r) + 2(aM)d exp

[
− 1

2
M2 + C{(log r)1/2 + (logM)1/2}

]
for some constant C > 0.
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Proof. From Theorem 5.2 of Adler (1990) it follows that if X is a cen-
tered Gaussian process on a compact set T ⊂ Rd and σ2

T is the maximum
variance attained by the Gaussian process on T , then for large M ,

P (‖X‖∞ > M) ≤ 2N(1/M, T, ‖·‖) exp

[
− 1

2σ2
T

{M − ν(M)}2
]
,

where ν(M) = C1

∫ 1/M
0 {logN(1/M, T, ‖·‖)}1/2d(1/M) for some constant

C1 > 0. Observe that W a is rescaled to T = [0, a]d and the maximum
variance attained by W a is 1. Note that N(1/M, T, ‖·‖) = (aM)d. Now

ν(M) ≤ C2

∫ 1/M

0
{d log(aM)}1/2d(1/M)

≤ C3

∫ 1/M

0
{(log a)1/2 + (logM)1/2}d(1/M)

≤ C3
1

M
{(log a)1/2 + (logM)1/2}

for some constants C2, C3 > 0. Using W a in place of X, we obtain,

P (‖W a‖∞ > M) ≤ 2(aM)d exp

[
− 1

2
M2 + C3{(log a)1/2 + (logM)1/2}

]
The conclusion of the lemma follows immediately.

7. Main result. Below we state the main theorem on the lower bound
of the posterior concentration rate using a Logistic Gaussian process prior
when the true density is given by (6.1).

Theorem 7.1. If f0 is given by (6.1) and the prior for a density f on
[0, 1]d is given as in (6.2) for any d∗ ∈ {1, . . . , d}, then

P (‖f − f0‖∞ ≤ n
−3/(6+2d) logt0 n | Y1, . . . , Yn)→ 0(7.1)

a.s. as n→∞ for some constant t0 > 0.

Proof. To obtain the lower bound, we will verify the conditions of
Lemma 1 in Castillo (2008) with Bn = {f : ‖f − f0‖∞ ≤ ξn} for ξn =
n−3/(6+2d) logt0 n for some constant t0 chosen appropriately in the subse-
quent analysis. From the proof of Lemma 5 in Castillo (2008) it follows that
for ck = kdξn, k = −N, . . . , N and N the smallest integer larger than C

√
n,

P
(
‖f − f0‖∞ ≤ ξn

)
≤

N∑
k=−N

P
( ∥∥∥WA − w0 − ck

∥∥∥
∞
≤ 2dξn

)
+ P

( ∥∥∥WA
∥∥∥
∞
> C
√
nξn
)

(7.2)
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An application of Lemma 6.6 with M2
n, r

d∗
n = O(nξ2

n) yields

P
( ∥∥∥WA

∥∥∥
∞
> C
√
nξn
)
≤ P (A > rn) + exp{−K1M

2
n}

≤ exp{−rd∗n }+ exp{−K1M
2
n}

≤ exp{−K2nξ
2
n}(7.3)

for some constants K1,K2 > 0.
Lemma 6.2, 6.3, 6.4 and the observation that w0 /∈ C1.5+δ[0, 1]d for any

δ > 0 together imply that given any ε > 0 there does not exist any element
in Ha such that for each k = −N, . . . , N

‖w0 − h− ck‖∞ < ε(7.4)

if a < C0ε
−1/α, where w0 is given by w0(x1, . . . , xd) = |x1 − 0.5|1.5. From

Lemma 6.5, we obtain if a > C0ε
−1/α,

φaw0+ck
(ε) ≥ inf

h∈Ha:‖h−w0‖∞<ε

1

2
‖h‖2H + ad log

(
|log ε|1/2

ε

)d+1

(7.5)

≥ ad log

(
|log ε|1/2

ε

)d+1

.(7.6)

Hence for k = −N, . . . , N ,

P

(∥∥∥WA − w0 − ck
∥∥∥
∞
< ε

)
≤
∫ ∞
a=C0ε−1/α

exp

{
− ad log

(
|log ε|1/2

ε

)d+1}
da.

Using the inequality∫ ∞
v

exp{−tr}dt ≤ 2r−1v1−r exp{−vr},(7.7)

we obtain that

P

(∥∥∥WA − w0 − ck
∥∥∥
∞
< ε

)
≤ C1 exp{−C2ε

−d/α |log ε|d+1}.

for some constants C1, C2 > 0. Thus we obtain from (7.3) and (7.2),

P
(
‖f − f0‖∞ ≤ ξn

)
≤ C3N exp{−C4ξ

−d/α
n }.(7.8)

for some constant C3 > 0. From van der Vaart and van Zanten (2009) it
also follows that

P (BKL(f0, ξn)) ≥ e−C5nξ2n(7.9)
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for some constant t0 > 0 and C5 > 0 where

BKL(f0, ε) =

{
f :

∫
f0 log

f0

f
< ε2,

∫
f0

(
log

f0

f

)2

< ε2
}
.(7.10)

By adjusting t0, C4 and C5, we have from (7.8) and (7.9)

P
(
‖f − f0‖∞ ≤ ξn

)
P (BKL(f0, ξn))

≤ exp{−2nξ2
n},

which proves the assertion of the theorem by Lemma 1 of Castillo (2008).

Note that the lower bound n−3/(6+2d) logt0 n for d > 1 is only a sub-
optimal rate for estimating w0, the optimal rate being given by n−3/8.
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