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Abstract: A wide variety of priors have been proposed for nonparamet-
ric Bayesian estimation of conditional distributions, and there is a clear
need for theorems providing conditions on the prior for large support, as
well as posterior consistency. Estimation of an uncountable collection of
conditional distributions across different regions of the predictor space is
a challenging problem, which differs in some important ways from den-
sity and mean regression estimation problems. Defining various topologies
on the space of conditional distributions, we provide sufficient conditions
for posterior consistency focusing on a broad class of priors formulated as
predictor-dependent mixtures of Gaussian kernels. In particular, we have
shown posterior consistency using the supremum of the L neighborhoods
of the conditional densities across the covariate space. This theory is il-
lustrated by showing that the conditions are satisfied for a class of gener-
alized stick-breaking process mixtures in which the stick-breaking lengths
are constructed through mapping continuous stochastic processes to the
unit interval using a monotone differentiable link function. Probit stick-
breaking processes provide a computationally convenient special case. We
also provide a set of sufficient conditions to ensure posterior consistency
using Gaussian mixtures of fixed-m dependent processes.
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1. Introduction

There is a rich literature on Bayesian methods for density estimation using
mixture models of the form

yi ~ f(0i), 0;~P, P~TI (1.1)

where f(-) is a parametric density and P is an unknown mixing distribution
assigned a prior II. The most common choice of II is Dirichlet process prior,
first introduced by Ferguson (1973, 1974). Barron, Schervish and Wasserman
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(1999); Ghosal, Ghosh and Ramamoorthi (1999) used upper bracketing and L1-
metric entropy bounds respectively to derive sufficient conditions on the prior
on f and the true data generating f for obtaining strong posterior consis-
tency in Bayesian density estimation. Ghosal, Ghosh and Ramamoorthi (1999)
also provided sufficient conditions for posterior consistency in univariate den-
sity estimation using Dirichlet process location mixtures of normals. Tokdar
(2006) significantly relaxed their conditions in a Dirichlet process location-scale
mixture of normals setting, requiring existence of only weak moments of the
true f. Ghosal and van der Vaart (2001, 2007) provided rates of convergence
for Bayesian univariate density estimation using a Dirichlet process mixture of
normals. Bhattacharya and Dunson (2010) provided conditions for strong con-
sistency of kernel mixture priors for densities on compact metric spaces and
manifolds.

Recent literature has focused on generalizing model (1.1) to the density re-
gression setting in which the entire conditional distribution of y given x changes
flexibly with predictors. Bayesian density regression views the entire condi-
tional density f(y | x) as a function valued parameter and allows its center,
spread, skewness, modality and other such features to vary with x. For data

{(yi,x;),i=1,...,n} let
yi lxi ~ fly =), {f([x),x€X}~Ilx, (1.2)

where X is the predictor space and Il y is a prior for the class of conditional densi-
ties { fx,x € X'} indexed by the predictors. Refer, for example, to Miiller, Erkanli and West
(1996); Griffin and Steel (2006, 2008); Dunson, Pillai and Park (2007); Dunson and Park
(2008); Chung and Dunson (2009) and Tokdar, Zhu and Ghosh (2010) among
others.

The primary focus of this recent development has been mixture models of
the form

o0
1% = Y myof L2, (13
h=1 Th
where ¢ is the standard normal density, {my(x),h = 1,2,...} are predictor-
dependent probability weights that sum to one almost surely for each x € X', and
(tn,0n) ~ Go independently, with G a base probability measure on Fy x R+,
Fx C X% However, there is a dearth of results on support properties of prior
distributions for conditional distributions and on general theorems providing
conditions for weak and strong posterior consistency. To our knowledge, only
Barrientos, Jara and Quintana (2011) have considered formalizing the notions
of weak and KL-support for dependent stick-breaking processes. However, our
current approach is completely independent of theirs and focuses on providing
sufficient conditions for supports based on stronger topologies. We focus on a
broad class of generalized stick-breaking processes, which express the probability
weights 7, (x) in stick-breaking form, with the stick lengths constructed through
mapping continuous stochastic processes to the unit interval using a monotone
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differentiable link function. This class includes dependent Dirichlet processes
(MacEachern, 1999) as a special case.

To our knowledge, only a few papers have considered posterior consistency in
conditional density estimation. Tokdar, Zhu and Ghosh (2010) considers poste-
rior consistency in estimating conditional distributions focusing exclusively on
logistic Gaussian process priors (Tokdar and Ghosh, 2007). Such priors have
beautiful theoretical properties but lack the computational simplicity of the
countable mixture priors in (1.3). In addition, (1.3) has the appealing side effect
of inducing predictor-dependent clustering, which is often of interest in itself
and is an aid to interpretation and inferences. Yoon (2009) considers posterior
consistency in conditional distribution estimation through a limited informa-
tion approach by approximating the likelihood by the quantiles of the true
distribution. Tang and Ghosal (2007a,b) provide sufficient conditions for show-
ing posterior consistency in estimating an autoregressive conditional density
and a transition density rather than regression with respect to another covari-
ate. While Tokdar, Zhu and Ghosh (2010) focussed on Lj-neighborhoods of the
induced joint densities, Tang and Ghosal (2007a,b) defined several topologies
suitable for transition densities which are also relevant for conditional densities.

In this article, focusing on model (1.3), we initially provide sufficient condi-
tions on the prior and true data-generating model under which the prior leads
to weak and various types of strong posterior consistency. In this context, we
first define notions of weak, L;-integrated and sup-L; neighborhoods that are
appropriate for conditional distribution modeling. We then show that the suf-
ficient conditions are satisfied for a novel class of generalized stick-breaking
priors that construct the stick-breaking lengths through mapping continuous
stochastic processes to the unit interval using a monotone differentiable link
function. The theory is illustrated through application to a model relying on
probit transformations of Gaussian processes, an approach related to the probit
stick-breaking process of Chung and Dunson (2009) and Rodriguez and Dunson
(2011). We also considered Gaussian mixtures of fixed-m dependent processes
(MacEachern, 1999; De Torio et al., 2004).

The fundamental contributions of this article are 1) showing consistency us-
ing a general topology for conditional densities and 2) the development of a
novel method of constructing a sieve for the proposed class of priors. The joint
L1 topology concerns average accuracy for prediction of future y values when
the future x values are drawn from the same covariate distribution @ that gen-
erate the data x’s. A better measure of learning the conditional density obtains
if similar average accuracies can be guaranteed when the future x’s are gener-
ated from any arbitrary measure v whose support is a subset of the support
of @. In this article, we have focused on a topology using supremum of the L,
neighborhoods (Tang and Ghosal, 2007a,b) of the true conditional density for
posterior consistency. The sup-L; topology is even a stronger form of assuring
these appealing ways of learning a conditional density.

Our next contribution is the construction of a sieve suited to predictor de-
pendent mixture priors. It has been noted by Wu and Ghosal (2010) that the
usual method of constructing a sieve by controlling prior probabilities is unable
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to lead to a consistency theorem in the multivariate case. This is because of the
explosion of the Li-metric entropy with increasing dimension. They developed
a technique specific to the Dirichlet process in the multivariate case for showing
weak and strong posterior consistency. The proposed sieve! avoids the pitfall
mentioned by Wu and Ghosal (2010) in showing consistency using multivariate
mixtures.

2. Notations

Throughout the paper, Lebesgue measure on f or P is denoted by A and the
set of natural numbers by N. The supremum and the Li-norms are denoted
by |||l and |||, respectively. The indicator function of a set B is denoted by
1p. Let L,(v, M) denote the space of real valued measurable functions defined
on M with v-integrable pth absolute power. For two density functions f,g,
the Kullback-Leibler divergence is given by K(f,g) = [log(f/g)fdA. A ball
of radius r with centre z( relative to the metric d is defined as B(xg,r;d).
The diameter of a bounded metric space M relative to a metric d is defined
to be sup{d(x,y) : z,y € M}. The e-covering number N (e, M,d) of a semi-
metric space M relative to the semi-metric d is the minimal number of balls of
radius € needed to cover M. The logarithm of the covering number is referred
to as the entropy. “=< 7 stands for inequality up to a constant multiple or if the
constant multiple is irrelevant to the given situation. (0) stands for a distribution
degenerate at 0 and supp(v) for the support of a measure v.

3. Gaussian process priors

In this section, we first recall the definition of the RKHS of a Gaussian process
prior. van der Vaart and van Zanten (2008) reviews facts that are relevant to
the present applications.

A Borel measurable random element W with values in a separable Banach
space (B, ||]|) is called Gaussian if the random variable b*W is normally dis-
tributed for any element b* € B*, the dual space of B. Recall that in general,
the reproducing kernel Hilbert space (RKHS) H attached to a zero-mean Gaus-
sian process W is defined as the completion of the linear space of functions
t — EW(t)H relative to the inner product

<EW()H17 EW()H2>H = EHlHQ,

where H, H; and H; are finite linear combinations of the form ). a; W (s;) with
a; € R and s; in the index set of W. The RKHS can be viewed as a subset of B
and the RKHS norm ||-||; is stronger than the Banach space norm |-|.

LA similar sieve appears in Norets and Pelenis (2010) with a citation to an earlier draft of
our paper.
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4. Conditional density estimation

In this section, we will define the space of conditional densities and construct a
prior on this space. It is first necessary to generalize the topologies to allow ap-
propriate neighborhoods to be constructed around an uncountable collection of
conditional densities indexed by predictors. With such neighborhoods in place,
we then state our main theorems providing sufficient conditions under which var-
ious modes of posterior consistency hold for a broad class of predictor-dependent
mixtures of Gaussian kernels.

Let Y = R be the response space and X be the covariate space which is
a compact subset of RP. Unless otherwise stated, we will assume X = [0, 1]?
without loss of generality. Let F denote the space of densities on X x Y w.r.t.
the Lebesgue measure and F; denote the space of all conditional densities,

Fa={a:2x ¥ = 0,00, [ gy =19x € Xx gl
y
cts. as a function from X — Ly (A, y)}

Suppose y; is observed independently given the covariates x;, i = 1,2, ... which
are drawn independently from a probability distribution @ on X. Assume that
@ admits a density ¢ with respect to the Lebesgue measure.

If we define h(x,y) = q(x)f(y | x) and ho(x,y) = ¢(x)fo(y | x) then h, hgy €
F. Throughout the paper, hg is assumed to be a fixed density in F which we
alternatively refer to as the true data generating density and {fo(- | x),x € X'}
is referred to as the true conditional density. The density g(x) will be needed
only for theoretical investigation. In practice, we do not need to know it or learn
it from the data.

We propose to induce a prior I1y on the space of conditional densities through
a prior Py for a collection of mixing measures Gy = {Gx,x € X} using the
following predictor-dependent mixture of kernels

1120 = [ 2o( 1) 6o, (1.1

g

where ¢ = (u,0), ¢ is the standard normal pdf and
Gx = Z ﬂ-h(x)é{uh(x)ﬂnb (/‘ha O'h) ~ G, (4.2)
h=1

where 7,(x) > 0 are random functions of x such that >~ m,(x) = 1 as.
for each fixed x € X. {up(x),x € X}9°, are i.i.d. realizations of a real valued
stochastic process, i.e., Gy is a probability distribution over Fy x T, where Fx
is a function space. Hence for each x € X', G is a random probability measure
over the measurable Polish space (R x R B(R x RT)). We are interested in
Bayesian posterior consistency for a broad class of predictor-dependent stick-
breaking mixtures including the following two important special cases.
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4.1. Predictor dependent countable mixtures of Gaussian linear
Tegressions

We define the predictor dependent countable mixtures of Gaussian linear re-
gressions (MGLRy) as

f1% = [ 2o(2=22 ) dGu(p.0),

g

where ¢ is the standard normal pdf and
G = Zﬂ-h(x)é(ﬁhv‘?h)’ (Buson) ~ Go (4.3)
h=1

where 7,(x) > 0 are random functions of x such that Y, , 7 (x) = 1 a.s. for
each fixed x € X and Gy = Go g x Gy, is a probability distribution on R? x R+
where Gy g and Gy, are probability distributions on R* and R* respectively.

4.2. Gaussian mirtures of fired-w dependent processes

In (4.1), set Gx as in (4.2) with 7, (x) = 7, for all x € X where 7, > 0 are
random probability weights > -, 7, = 1 a.s. and {u(x),x € X}7°, are as in
(4.2). Examples are fixed-m dependent Dirichlet process mixtures of Gaussians
(MacEachern, 1999).

Probit stick-breaking mixtures of Gaussians has been previously applied to
real data (Chung and Dunson, 2009; Rodriguez and Dunson, 2011; Pati and Dunson,
2009). The latter two articles considered probit transformations of Gaussian pro-
cesses in constructing the stick-breaking weights. Such latent Gaussian processes
can be updated using data augmentation Gibbs sampling as in continuation-
ratio probit models for survival analysis (Albert and Chib, 2001). The infinite
mixture of normals can be handled via a novel combination of the slice sampler
as discussed in Walker (2007) and the retrospective sampler in Papaspiliopoulos and Roberts
(2008). On the other hand, versions of the fixed 7-DDP have been applied to
ANOVA (De Iorio et al., 2004), survival analysis (De Iorio et al., 2009; Jara et al.,
2010), spatial modeling (Gelfand, Kottas and MacEachern, 2005), and many
more.

5. Notions of neighborhoods in conditional density estimation

We define the weak, v-integrated L, and sup-L; neighborhoods of the collection
of conditional densities {fo(- | x),x € X'} in the following. A sub-base of a weak

neighborhood is defined as
/ gh — / gho
XXy XY

Weg(fo) =1{f:f€Fa, <e}, (5.1)
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for a bounded continuous function g : Y x X — R. A weak neighborhood base
is formed by finite intersections of neighborhoods of the type (5.1). Define a
v-integrated L; neighborhood

Scfov) = {f: f € Fa, / 1FC1%) = fol | D) v(dx < ek (5.2)

for any measure v with supp(v) C X. Observe that under the topology in
(5.2), F4q can be identified to a closed subset of Li (A x v, x supp(v)) mak-
ing it a complete separable metric space. For fi, fo € Fy, let dss(f1, f2) =
supyex | F(- | x) — fo(- | x)||; and define the sup-L; neighborhood

SSc(fo) ={f: f € Fa,dss(f, fo) <€} (5.3)

Under the sup-L; topology, Fy4 can be viewed as a closed subset of the separa-
ble Banach space of continuous functions from X — L;(A,Y) which are norm
bounded and hence a complete separable metric space. Thus measurability is-
sues won’t arise with these topologies.

In the following, we define the Kullback-Leibler (KL) property of Ily at
a given fy € Fy. Note that we define a KL-type neighborhood around the
collection of conditional densities fy through defining a KL neighborhood around
the joint density hg, while keeping @ fixed at its true unknown value.

Definition 5.1. For any fo € Fy, such that ho(x,y) = q(x) fo(y | X) is the true
joint data-generating density, we define an e-sized KL neighborhood around fy
as

Kc(fo) ={f: f € Fa, KL(ho,h) < €, h(x,y) = ¢(x)f(y | x) Vy € V,x € X},

where K L(ho,h) = [ holog(ho/h). Then, Iy is said to have KL property at
fo € Fu, denoted fo € KL(Ily), if Ux{K:(fo)} > 0 for any € > 0.

We recall the definitions of various modes of posterior consistency through
v =(y1,...,yn) and X" = (x1,...,X,).

Definition 5.2. The posterior Iy ( | y",x”) is consistent weakly, strongly in
the v-integrated Ly topology or strongly in the sup-Ly topology at {fo(- | x),x €
X} ifHX(UC | y",x”) — 0 a.s. for any € > 0 with U = We(fo), Se(fo;v) and
SSc(fo) respectively.

Here a.s. consistency at {fo(- | x),x € X'} means that the posterior distri-
bution concentrates around a neighborhood of {fo(- | x),x € X} for almost
every sequence {y;,x;}$2; generated by i.i.d. sampling from the joint density
46 folty | ).

Another definition we would require for showing the KL support is the notion
of weak neighborhood of a collection of mixing measures Gy = {Gx,x € X'}
where Gy is a probability measure on S x T for each x € X. Here S = R? or R
depending on the cases considered above. We formulate the notion of a sub-base
of the weak neighborhood of Gy = {Gx,x € X'} below.
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Definition 5.3. For a bounded continuous function g : S x R x X — R and

€ > 0, a sub-base of the weak neighborhood of a conditional probability measure
{Fx,x € X} is defined as

{{Gx,x € X}: ‘/SX%WX s,0,%)dGx(s,0)g(x)dx —

g(s,0,x)dFx(s,0)q(x)dx| < e} (5.4)

A conditional probability measure {Gx,x € X} lies in the weak support of
P if Py assigns positive probability to every basic neighborhood generated by
the sub-base of the type (5.4). In the sequel, we will also consider a neighborhood
of the form

{{Gx,x € X} :sup
XEX

/S  Asl.0)dG(s.0) = s.0) P s a)}'
< e}. (5.5)

for a bounded continuous function g : § x RT — R.

6. Posterior consistency in MGLR, mixture of Gaussians
6.1. Kullback-Leibler property

We will work with a specific choice of Px motivated by the probit stick breaking
process construction in Chung and Dunson (2009) but using Gaussian process
transforms instead of Gaussian transforms. Let

mn(x) = S{an(x)} [T [1 - 2{au(x)}], (6.1)
I<h
where ap, ~ GP(0,¢3), for h=1,2,...,00
The key idea for showing that the true fy satisfies IIx{K.(fo)} > 0 for any
e > 0 is to impose certain tail conditions on fo(y | x) and approximate it by
f(y |x)=[ %cﬁ(#)déx(ﬂ, o), where {éx,x € X'} is compactly supported.
Observe that,

L(ho, h) //fo (y | x)log ~(( ;dyq( x)dx + (6.2)

//f (y | x) log E : ;d q(x)dx.

We construct such an f in Theorem 6.6 which makes the first term in the right
hand side of (6.2) sufficiently small. The following lemma (which is similar to
Lemma 3.1 in Tokdar (2006) and Theorem 3 in
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Ghosal, Ghosh and Ramamoorthi (1999)) guarantees that the second term in
the right hand side of (6.2) is also sufficiently small if {Gx,x € X'} lies inside a
finite intersection of neighborhoods of {Gx,x € X'} of the type (5.5).

Lemma 6.1. Assume that fo € Fq satisfies [, [, v foly | x)dyq(x)dx < oo.
Suppose f(y | x) = Ik %qﬁ(%)déx(@o), where 3a >0 and 0 < g < 7 such
that

éx([—a,a}p X (0,5)) =1Vx € X, (6.3)

so that Gx has compact support for each x € X. Then given any ¢ > 0, 3 a
finite intersection W of neighborhoods of {é’x,x € X} of the type (5.5) such
that for any conditional density f(y | x) = [ %(b(%)d(?x(,@, 0),x € X, with
{Gx,x€e X} eW,

fly %)

The proof of Lemma 6.1 is provided in Appendix A. In order to ensure that
the weak support of IIy is sufficiently large to contain all densities f satisfy-
ing the assumptions of Lemma 6.1, we define a collection of fixed conditional
probability measures on (R x RT, B(R? x RT)) denoted by G% satisfying

1. x +— Fy(B) is a continuous function of x € XV B € B(R? x R™1).
2. For any sequence of sets A, C RP x R | 0, sup,cr Fx(A,) | 0.

/ / foly | x)log 1y |x) dyq(x)dx < e. (6.4)
X JYy

Next we state the theorem characterizing the weak support of Py which will
be proved in Appendix C.

Theorem 6.2. Assume the following holds.

S1. cp, is chosen so that ay, ~ GP(0,c) has continuous path realizations and
S2. for any continuous function g : X — R,

Poe{ sup ()~ g0] < cf >0
xeX

h=1,...,00 and for any € > 0.
S8. Gy is absolutely continuous with respect to A\(RP x RT).

Then any {Fx,x € X} € G% lies in the weak support of Px.

Corollary 6.3. Assume SI1-S3 hold and assume Fx € G3% is compactly sup-
ported, i.e., there ezists a,o,a > 0 such that Fx([—a,a]? x [7,a]) = 1. Then
for a bounded uniformly continuous function g : RP x RT — [0,1] satisfying
9(B,0) — 0 as ||B]] — 00,0 — o0,

PX{{GX,X € X} : sup
xeX

/ {g(ﬂ,(f)de(,B,O')g(B,U)de(ﬁ,O')}’
RP xR+

< e} > 0. (6.5)
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Proof. The proof is similar to Theorem 6.2 with the L; convergence in (C.1) re-
placed by convergence uniformly in x. This is because under the assumptions of
Corollary 6.3, the uniformly continuous sequence of functions > ;' _; g(Bkm7 Gren) Fx (Ak.n)
on X monotonically decreases to fc 9(B,0)dFx(B,0) asn — oo where C'is given
by [—a,al? x [7,d]. O

The proof of the following corollary is along the lines of the proof of Theorem
6.2 and is omitted here.

Corollary 6.4. Under the assumptions of Corollary 6.3 for any ko > 1,
PX{ Nk, U]} >0, (6.6)

where U;’s are neighborhoods of the type (6.5).
Consider the subset F); C Fy satisfying

Al. f is nowhere zero and bounded by M < co.

A2 [y 5, Fy | %) log f(y | x)dyg(x)dx| < oo.

A3 [y Jy Fly | %) log 25 dyg(x)dx| < oo, where ¢y (y) = infyefy141) f(¢ ]
X).

A4. 37 > 0such that [, [, 20 £y | x)dyq(x)dx < oc.
A5. (x,y) — f(y | x) is jointly continuous.

Remark 6.5. A1 is usually satisfied by common densities arising in practice.
A/ imposes a minor tail restriction e.g., a mean regression model with contin-
uwous mean function and a residual density as heavy-tailed as a t-density with 3
degrees of freedom (T3) satisfies A4. However conditions A2 and A3 require case
by case verification. Here we focus on a general class of models which satisfies
A2 and A3 together with the others. Let y; | x; ~ p(x;) + €;, u(x) is a contin-
uous function from X — R, €; ~ fx,, where fx(y) = Zle 7h (X) Y (y; pn, 03)
for some H > 1 and ZhH:1 mn(z) =1, mp « X — [0,1] being continuous. Then
A1-A5 are satisfied with ¢ chosen to be Gaussian or T, with v > (2 + §) for
some § > 0.

The following theorem characterizes the subset of F; for which Iy has the KL
property. The proof of Theorem 6.6 is provided in Appendix D.

Theorem 6.6. fy € KL(ILx) for each fo in F if Px satisfies S1-S3.

Remark 6.7. Although we have demonstrated the theory using a probit trans-
formation of Gaussian processes, the conditions are satisfied for a class of gen-
eralized stick-breaking process mizrtures in which the stick-breaking lengths are
constructed through mapping continuous stochastic processes to the unit interval
using a monotone differentiable link function.
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6.2. Strong Consistency with the sup-L; neighborhood

To obtain strong consistency in the sup-L; topology, we need an extension
of Schwartz (1965) theorem as below. The proof of the theorem is similar to
a similar one in Schwartz (1965); Tang and Ghosal (2007b) and we omit the
details.

Theorem 6.8. Suppose there exists a sequence of test functions @, = ®{(y1,%x1),. .., (Yn,Xn)}
for testing Ho : f = fo against Hy : f € SSc(fo)¢ and subsets F,, such that

1. foe KL(Ily),
2. &, — 0 a.s,

3. SUpPress, (fo)enFn Jan Jyn (1= @) [Ty F(yi | xi)q(xi)dysdx; < cre™™
for some ¢1, 81 > 0,
4. Mx(FS) < cae™™P2 for some co, B > 0,

then the posterior is strongly consistent with respect to the sup-Li neighborhood.
Let ¢p0(x,y) := %(ﬁ(#) for y € Y and x € X. From Tokdar (2006), we

obtain for o3 > 01 > % and for each x € X,

Y2118y — By /P L 302 —0n)

02 01

2
/ ’(;551701 (x,9) — ¢ﬂ2702 (x, y)| dy < ()
Yy ™
Construct a sieve for (8,0) as

Ouni = {dp,0 1 1B < a,l <o < h}. (6.7)

In the following Lemma, we provide an upper bound to N(©g . ,€,dss). The
proof is omitted as it follows trivially from Lemma 4.1 in Tokdar (2006).

Lemma 6.9. There exists constants di,ds > 0 such that N(Ogp1,€,dss) <
di ()" + dzlog & + 1.

Before stating the main theorem on strong consistency, we consider a hier-
archical extension of MGLRx where the bandwidths are taken to be random.
We define a sequence of random inverse-bandwidths Aj of the Gaussian pro-
cess ayp, h > 1 each having " as its support. Note that the proportion with
which higher indexed atoms are selected can only explain a small fraction of
the variability with respect to the covariate. As the index h increases, we define
a new cut from the interval [Z::ll m;(x), 1] by the random variable ®{ay(x)}
for each x € X. Hence we would expect that the variability in the stochastic
process ®{ay } due to the covariate decreases as h increases. This is maneuvered
through the prior for the covariance kernel ¢, of the Gaussian process «y,.

Let o denote the base Gaussian process on [0,1]? with covariance kernel
co(x,x') = 72~ 1x=xlI* Then ap(x) = aO(Alllmx) for each x € X. The vari-
ability of aj with respect to the covariate is shrunk or stretched to the rectan-
gle [O,Ai/ 2]” as Ay decreases or increases. We want Aj’s to be stochastically
decreasing to dg so that the covariate variability fades out for the higher in-
dexed weights. A simple prior construction can be achieved by letting Aﬁ ~
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Ga(a,b),h = 1,..., L for some integer d and A, = &y for h > L where L is
a random variable with support on N. The appropriate tail condition on the
random truncation L required to achieve strong posterior consistency with the
sup-L; topology is discussed in Remark 6.15. However, there are computational
challenges in updating L. Instead of reducing the domain of covariate depen-
dence [0, A;L/ 2}1’ abruptly to 0 after some random index, we shrunk the interval
to 0 gradually in the following more general construction. We will focus on this
general version of the prior in Lemma 6.10 and Theorem 6.11 and give a brief
sketch of the assumptions required for the truncated version in Remark 6.15.

Ap — (0) in distribution and there exist 0 < 7,19 > 0 and a sequence
6, = O((logn)?/n°/?) such that P(A, > 6,) < exp{—n~"h(m0+2)/1]ogh}
for each A > 1. Also assume that there exists a sequence r, T oo such that
r2n"(logn)PTt = o(n) and P(Ay, > 1,) < e~™. We will discuss how to construct
such a sequence of random variables in the Remark 6.14 following Theorem 6.11.

The following lemma is crucial to the proof of Theorem 6.11 which allows us
to calculate the rate of decay of P(supycy mh(x) > €) with m,,.

Lemma 6.10. Let m,’s satisfy (6.1) with oy, ~ GP(0,cp) where cp(x,x') =

J112
72 An|[x=x| ,h > 1,72 > 0 fized. Then for some constant C7 > 0,
IIx ( Z T > 6) <e —Crman logmn + Z Ah > 5 (6.8)
h=mn+1 0o h=m] +1

Proof. Let W), = —log[l — ®{a},}] where o}, = infyex an(x), Z ~ Ga(l,7).
We will choose an appropriate value for g in the sequel. Let ty = —loge > 0.
Observe that

Iy i || > Hx(iggﬁ [1—P{an(x)}] >e)
h=ma+1 o h=1
SHX( ﬁ {1 —2(e, }>€) HX( % 10g{1®(a%)}<t0).

h=m!+1 h=mj +1

Note that if we had ap(x) = ap, ~ N(0,1), then the right hand side above
equals

X ( - ilog{l —®(ap)} < t0> =TIx(Ap < tp)
h=1

where Aj, ~ Ga(m,,, 1). Then its easy to show that Iy (A < tg) < e ™mn108mn,
However, the calculation gets complicated when «y,’s are i.i.d realizations of a
zero mean Gaussian process. The proof relies on the fact that the supremum of
Gaussian processes has sub-Gaussian tails.

Below we calculate the rate of decay of IIy < ||ZZ°:mn+1 7ThHOO > e) with

my,,. We will show that there exists vy, depending on € and 7 but not depending
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on n, such that

HX( Z Wi, < to) < 5(5n)m"’_mzﬂx< Z Zp < to)

h=m, +1 h=m, +1

+ Y P(An>6y). (6.9)
h=mj +1

where there exists a constant Cs > 0 such that £(z) = CsxP/? for > 0. Observe
that HX(ZZL—anJrl Wiy < to) < Iy <Z;Ln_"m2+1 Wy, < to,Ah < 6n7h = mz +

1,...,mn> +Zzl:m:l+1 P(Ah > 6n)

Since HX(ZZ;’LmZ—&-l Wy < to) = H;((th:"mzﬂ(r//r)Wh < T’t0/7> for
some 7' < 1, we can re-parameterize tg as 7'to/7 and 7 as 7/. Hence without
loss of generality we assume 7 < 1.

Define g : [0,¢] — R,t — —®~1(1 — e~?). It holds that g is a continuous

J112
function on (0, to]. Assume ag ~ GP(0, ¢p) where ¢o(x,x’) = r2e= 1", For
h=ml+1,...,my,

P(sup ap(x) > N\, Ap < d0,) < P( sup ap(x) > N).
xeX xEVE, X

Below we estimate P(sup,c, /-y @o(x) > A) for large enough A following The-
orem 5.2 of Adler (1990). However extra care is required to identify the role of
dy. Since N(ea va H“) < Cl(m/e)pv

| 1o N (e, VB 1)) 2de < Cae{1 + og(T/e).
0
for some constant Co > 0. Hence

P( sup_a0(x) 2 A) < Co(V/3, ) exp ~1/2(A ~ Co/A(1 + log N)}?/7*

< Cy8P/2APT2{1 — (N /7)) < CuP/2{1 — p(N)}.

for constants C3, Cy > 0. The last inequality holds for all large A because 7 < 1.
Hence there exists t; € (0, tg) sufficiently small and independent of n such that

for all ¢ € (0,t1), Ha{sup,c 51 @0(x) > g(t)} < C46£/2<I>{fg(t)}. Observe
that

Mx{ sup ao(x) > g(t)} < Cadh*S{—g(t)} = C405/*(1 — ")
XEVE, X
< C50P/2(1 — e70t),
for any g > 1. Further choose 7y large enough such that 2(1 —e™7!) > 1Vt €
[t1,t0]. Hence P(W), < t, Ay < §,) < &(6,)P(Z1, < t)Vt € (0,t0] where £(d,) =
C56£/2, with 05 = max{Q, 04}
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Applying Lemma E.1, we conclude (6.9) by induction. Lemma E.1 is proved
in Appendix E.

As 3700 Zy ~ Ga(ma, 7o), HX(th_"l Zy < tg) < e~Cemnlosmn for some

constant Cg > 0. Since £(0,)™»~™nlly [ ), Z < to | < (e7C7mnlosmn) for
some constant C7 > 0, the result follows immediately.

The following theorem provides sufficient conditions for strong posterior con-
sistency in the sup-L; topology.
Theorem 6.11. Let m,’s satisfy (6.1) with ap ~ GP(0,c) where cp(x,x") =
7'6 Ah”x x|| h217T2>0ﬁ$6d.

C1. There exists sequences an,hyn T 00,1, | 0 with 7~ = O( )s 7 ha — O(e™),
and constants dyi,ds > 0 such that Go{B(0; a,) % [ hn]}e < dle*dm for
some di,dy > 0.

C2. Ap’s are constructed as in the last paragraph before Lemma 6.10.

then fo € KL(Ily) implies that Iy achieves strong posterior consistency in
sup-Ly topology at fo.

Proof. We will verify the sufficient conditions 2, 3 and 4 of Theorem 6.8. First
we describe the construction of a sequence of sieves F,,. Assume € > 0 be given.

Let H{ denote a unit ball in the RKHS of the covariance kernel r2e= x|
and B; is a unit ball in CJ0, 1]. For sequences M,, and m,, to be chosen later,
let 6, = Ki€/(M,m?). Construct a sequence of subsets {Bp n,h = 1,...,m,}
of C[0, 1] as follows.

B (Myr/rn /6 HY™ + ﬁBl) U (Ua<s, M,H{ + ﬁml), ifth=1,...,m"
M Unes, M HE + 5By, ifh = m? +1,... my,.

Consider the sequence of sieves defined by

{f Flylx) = th (yaxﬂh) {98,013

€ Ou, hyln>®h € By, h =1,...,my, sup Z 7h(x) < e}.
xeXthn+1

We will first show that given £ > 0, there exists c1,co > 0 and sequences m,,
and M,,, such that IIy (}"ﬁ) < cre7™ and log N (6, F,dss) < n§.
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For fi1, fo € F,, we have for each x € X,

”fl( | X) | X ||1 / Zﬂ(l) ‘(bﬂ(l),dfll)(x’ y) - (bﬁf)vf’;(lz) (Xay) dy
/ — (X)‘ Pg @ (X, y)dy
yh 1 h " h
1 2
Ym0+ mP 00}
h=m,+1
m (2) (1)
& 2\ 28 - B[ VP s — o)
=2 m g (5 @) + M
h=1 Op, o,
n Z Hw,j) 72 H + 2.
Let Or, = {7 = (m,m2,...,Tm,) : an € Brn,h = 1,...,m,}. Fix

", e € O . Note that since |P(x;1) — ®(x2)| < K2 |x1 — x2| for a global
constant Ky > 0, we have

[®(an,1) — P(an2)ll < Kallan — anzll

The above fact together with the proof of Lemma B.1 show that if we can make

lan1 —anzll, < mzoh =1,...,my, we would have o 7T}(Ll) - W,(ZQ)H

€. From the proof of Theorem 3.1 in van der Vaart and van Zanten (20050) it
follows that for h =1,...,m]! and for sufficiently large My, ry,

p+1
log N (2¢/m?, Biyn, ||-|0) < K3 log (’" V/> +

€
2log M. (6.10)
for global constants K3, Ky > 0. For M2 > 16K5rP (log(ry,/€)) P, r,, > 1 we
have for h=1,...,m],
Plap & Bun) < P(Ap > 1y) + e Ma/2, (6.11)
Hence for sufficiently large M,,, we have for h =m] +1,...,m,,

Ky Mym?
%m". (6.12)

log N (3¢/mjy, Bhn, ||| o) < 2log
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For h=m} +1,...,my,
671
P(ah ¢ Bh,n) < P(Ah > 5n) -I—/ P(ah ¢ Bh,n | Ah = a)gAh(a)da
a=0
671
< P(Ap > d,) + P(ap ¢ M,HY 4+ €B; | Ay, = a)ga, (a)da
a=0

< P(Ap > 6,) + (1 — (1 (e=90" (/™)) 4+ M,)).

where ¢f(€) denotes the concentration function of the Gaussian process with
N2
covariance kernel c¢(x,x’) = r2e= 1" Now o (e/m2) < —log P(|[Wy| <

e/m2) = % for some constant Kg > 0. Hence if M,, > K7/m,, for some K; > 0,

then it " follows from the proof  of  Theorem 3.1 in
van der Vaart and van Zanten (2009) that

Plan & Bhy) < P(Ap > 6,) + e Mn/2, (6.13)
From (6.10) and (6.12),

K, M,m?
10g(N (€, Biyy X ++ X B, s |l llo) <2my, log —222n 4
€

) p+1
Mm”””“") . (6.14)

€

m P log (

Also from (6.11) and (6.13),

My, m; My
S" Plan ¢ Bun) S mae ™2 £ 3T P(A > )+ Y P(AR > 6,).
h=1 h=1 h=m +1

We will show that with m, = O(gz), x(F) < e~"¢ for some &. By
assumption C1, we have

Ix (05, h,1,) T maO(e™") T 0(e™"). (6.15)
With m,, = O(n/logn), 221:21 P(Ap > r,) <mle™ Se ", ZT:anH P(Ay, >
5n) < (mn _ mz)efn—n0m2’0+2 log m,, j e~ Mn logmn'

With m,, = &, my logm, > 5 for large enough n and it follows from
Lemma 6.10 that

Iy ( sup i h(x) > 6) 3 0(e™™/?). (6.16)

xEX h=m,+1

Thus with M,, = O(n'/?),

> Plan ¢ Bun) 3e (6.17)
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15), (6. an . together imply that 11y S 0(e™™).
6.15), (6.16 d (6.17 her imply that Iy (FS) S O(e™™
\/7rn /0, )p+1

Also m!rP log <M - = o(n) for the choice of the sequence r,.

With m,, = n/(Clogn) for some large C' > 0, one can make
log(N (e, Bin X -+ X By ns |-l o) < € (6.18)

for any £ > 0. Also from Lemma 6.9,

My 10g N(Oq,, by iy € |-lly) < My log {dl <(ll) + do logl— + 1}
n

n

<né (6.19)

for any £ > 0. Combining (6.18) and (6.19), log N (F,,4e,dss) < n& for any
£>0.

Next we turn to proving Theorem 6.11. Let § > 0 be given. Let SS(fo)°NF,, C
UYe, Gy, such that fi, fo € Fu, dss(fi, f2) < 0. Fix fi € SS(fo)°Fn N G,k =
1,..., Ns. We have, dss(fo, fx) > efork =1,..., Ns. Hence there exists C, C X
such that ||fo(- | x) — fx(- | x)||; > €/2 for k =1,...,Ns. Thus if f € Gj and
x € Cio fol- |%) = £ 1)l 2 [fol- 1) — fil- 1)l — dss(fi £) > /2 — 6.
For each k = 1,..., Ns, consider the set Ay = {(x,y),x € Cy, fr(y | x) >
fo(y | x)} and A¥ be the x-section of Ay. Observe that for each x € Ci,

Joy, Lax fe(y | ¥)q(x)dydx >

WZZ;A;MMM—MyﬂMw®W+/ foly | )q(x)dydx

Ch A’]:
=W®/HﬁH@—hCMMﬂﬂﬂ+%
Cy
> 6/4+ oy,

where aj, = [ fAZ fo(y | x)q(x)dydx. Hence if f € Gy,

<dss(f, fr) <6

/ (el | %) — £ ] %) }a(x)dydx
Oy J Ax

implying ka fA;; fly | x)g(x)dydx > ap + €/4 — 6.
Let

I Vi + o
Bk:{{(xlvyl),“'a(xnvyn)}: EZIAk(Xj,yj)Z 9 }
j=1

A straightforward application of Hoeffding’s inequality implies

; foly | x)q(x)dydx < exp{—ne®/32}.
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By a similar application as in Ghosal, Ghosh and Ramamoorthi (1999), if f €
Gkv

; fly | x)g(x)dydx > 1 — exp{—2n(e/8 — 5)2}.

If we set

(I)n = 1%1]:%}1(\75 IBk{(thl)a ey (xn,yn)},
the conditions 3 and 4 are satisfied as Iy (FS) 3 O(e™™) and log N (F,, 4e,dss) <
né for any & > 0. An application of Borel-Cantelli Lemma also guarantees 2. [

Corollary 6.12. The above conditions for consistency in the sup-Li topology
automatically guarantees the same in the v-integrated L1 topology defined in

(5.2).

Remark 6.13. Verification of condition C1 of Theorem 6.11 is particularly
simple. For example, if Go is a product of multivariate normals on 3 and an in-
verse Gamma prior on o2, the condition C1 is satisfied with a, = O(/n), hy, =
e l, = O(ﬁ) It follows from van der Vaart and van Zanten (2009) that fo €

KL(I1y) is still satisfied when we have the additional assumptions C1-C2 to-
gether with S1-S8 on the prior Iy .

Remark 6.14. Since we need rEn"(logn)P*! = o(n), rE can be chosen to be
O(n™) for some 0 < m; < 1. Let d be such that dni/p > 1 and set ny = 3d.
Let Ay = ¢, By, where Bl ~ Exp(\) and ¢, = (R34+2)/110g h)=¢ for any
0 <n < 1. Then P(A, > n™/P) < P(By, > nM/?) < e < e and
P(A}, > (logn)?n=5/2) < exp{—n"3dnB4+2/n1og h}.

Remark 6.15. If we instead work with the simpler truncated version of the prior
for Ay, instead of the one used in the proof of Theorem 6.11, we would only need
rPn"(logn)P™ = o(n) , P(An > 1,) < e ™ and P(L > m?) < e ™ for some
0 <n < 1. This can be achieved by letting v, = n™ for some 11, A% ~ Ga(a,b)
where dny/p > 1 and choosing L such that P(L > n) < exp{—n'/"logn}.

Remark 6.16. The theory of strong posterior consistency can be generalized to
an arbitrary monotone differentiable link function L : R +— [0, 1] which is Lips-
chitz, i.e., there exists a constant K > 0 such that |L(x) — L(x')| < K |x — X/
for all x,x" € X.

Remark 6.17. In applications like brain imaging, the covariates can be thought
to lie on a more complicated space such as a compact manifold or a compact
metric space e.g., the sphere. As long as the compact manifold or the compact
metric space is embedded in RP for some p, the results can be extended to the
above case by extending the definition of a stochastic process by the usual em-
bedding theorem.
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7. Posterior consistency in Gaussian mixture of fixed-m dependent
processes

7.1. Kullback-Leibler property

Once again we approximate fo(y | x) by f(y | x) = Ik %(b(%)déx(u,a), SO
that the first term of 6.2 is arbitrarily small. We construct such an f in Theorem
7.3 which is analogous to Theorem 6.6. Lemma 7.1 is a variant of Lemma 6.1
which ensures that the second term in (6.2) is also sufficiently small. Before that
we need a different notion of neighborhood of {Fx,x € X'} which we formulate
below.

{{Gx,x € X} sup
XEX

[ Aols0)Ga(8,0) ~ gl 0)aB o)}]
Rx R+

< e}. (7.1)

Lemma 7.1. Assume that fo € Fq satisfies [, [, v foly | x)dyq(x)dx < oo.

Suppose f(y | x) = f%qﬁ(%)déx(u,a), where Ja > 0 and 0 < g < T such
that

éx([—a,a] X (0,0)) =1Vx € X, (7.2)

so that Gx has compact support for each x € X. Then given any € > 0, 3
a neighborhood W of {éx,x € X} which is a finite intersection of neigh-
borhoods of the type (7.1) such that for any conditional density f(y | x) =
[ 26(EL)dGx(p,0),x € X, with {Gx,x € X} € W,

fly [x)
/X /y foly |30 108 S gy < . (7.3)

The proof of Lemma 7.1 is similar to that of Lemma 6.1 and is omitted here.
To characterize the support of Py, we define a collection of fixed conditional
probability measures {Fx,x € X} on (R x R, B(R x N1)) denoted by G%*
satisfying x — [ o1 9(1, 0)dFx(p) is a continuous function of x for all bounded
uniformly continuous functions g : ® x Rt — [0, 1].

Theorem 7.2. Assume the following holds.

T1. Gy is specified by pn ~ GP(u,c),on ~ Go, where c is chosen so that
GP(0,c¢) has continuous path realizations and I, is absolutely continuous
w.r.t. Lebesque measure on N+,

T2. Foreveryk > 2, (m1,...,m) is absolutely continuous w.r.t. to the Lebesgue
measure on Sp_1.

T3. For any continuous function g : X +— R,

Pd sup a0 — 00 < ef >0

xeX

h=1,...,00 and for any € > 0.
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Then for a bounded uniformly continuous function g : R x R1 : [0, 1] satisfying
9(p,0) — 0 as [p| — 00,0 — oo,

Px{{Gx,X € X} : sup
xeX

/ {9(u, 0)dGx (B, 0) — g(, 0)dFy (1, U)}‘
RXR+

< e} >0. (7.4)
Proof. Tt suffices to assume that g is is coordinatewise monotonically increasing

on R x RNT. Let € > 0 be given and ¥(x) = [y, 5+ 9(1t; 0)dFx (s, 0). Let ne be
such that Px(Qq) > 0 where Oy = {Zzo:neﬂ 7p, < €}. Then in Qy,

[ 5000)d6x(8.0) = 509} < 3wl (x).) — 0]+
xR+ k=1

Define Qs = {sup,cy [9(pr(x),01) —¥(x)| < €,k = 1,...,nc}. For a fixed oy,
there exists a d such that supycy|g(us(x),0k) —¥(x)] < € if
SUDyex |1k (X) — g5, 0 (x)| < & where g, ! denotes the inverse of g(-,05) for
fixed 0. Hence there exists a neighborhood By of o such that for o, € By
and supycy |1 (%) — g7 (x)| < 26, we have sup,. x g(su5(x), 0%) — V()] < e.
Since for each k = 1,...,ne, Px{o} € Bi,Supyex ‘,uk(x) - g;kll/}(x)’ <26} =

/ Pa{ sup |pi(x) — g5, 0 (x)| < 26}dGo (o)) > 0,
orEByg XEX

Px(Q2) > 0. The conclusion of the theorem follows from the independence of
Ql and QQ. ]

The following theorem verifies that Iy has KL property at fo € F;. The
proof of Theorem 7.3 can be found in Appendix F.

Theorem 7.3. fy € KL(Ily) for each fy in F if Px satisfies T1-T3.

7.2. Strong consistency with the sup-L; neighborhood

As before we establish sup-L; consistency of Gaussian mixtures of fixed-m de-
pendent processes by verifying the conditions of Theorem 6.8. Let ¢, »(x,y) =
%(ﬁ(%(x)) for y € Y and x € X. From Lemma 4.1 of Tokdar (2006), we obtain

for 03 > 01 > % and for each x € X,

1/2
2 — 3 —
/y ‘(bﬂl,al (x,y) - (bﬂz,ffz (x,y)| dy S () Hul MZHOO + (02 01)

™ g9 g1

Let pn(x) = x'Bp+mn(x),h = 1,2, ..., B, ~ Gg where Gg is a probability distri-

2
— Al
)

bution on RP. Let 1, ~ GP(0, c) independently where ¢(x,x’) = 72
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where A is a distributed with support ®* and 72 is fixed. Assume that oy, ~ Go »
where Gy, is a distribution on R". Here Gox is a distribution on Rx R+ induced
from the distribution of (uj,(x),07). For any pair p1, u2,

1/2
2 181 — Ball /b + llm — n2|l
_ <[z o
11 — p2ll o < <7T>

g2

As before, let H{ denote a unit ball in the RKHS of the covariance kernel

N2
72elP=*I" and B, is a unit ball in C[0,1]P. For sequences M, 1 oo,l, |
0,7, T co to be determined later and given € > 0 construct B,, as

Tn €lp /T elp/T
B, =M, |—H" +—"—B; | U| Upes, M,H]+ B )
( Ve, U T a2 1) ( <o VNG

with 6,, = % for some constant K7 > 0. Let

n

On = {buo : 18Il € an.n € Bu,ly <0 < hy}. (7.5)

In the following Lemma, we provide an upper bound to N(©y,¢,|||;). The
Lemma 7.4 is proved in Appendix G.

Lemma 7.4. There exists constants dy, ds, Ko and K3 > 0 such that for M,+/ry/6n >
2¢ and for sufficiently large r,

p+1
log N(Oy,€,dss) < Kzrg{ log <8“§M”V I/ 5) } +log KaMa 4

e/l

P
log {d1 (‘;:) +d210g’ll—: + 1}.

Next we summarize the consistency theorem with respect to the sup-L; topol-
ogy. The proof of Theorem 7.5 is provided in Appendix H.

Theorem 7.5. Let up(x) = xX'B;, +n1(x), 8, ~ Gg and g, ~ GP(0,¢), h =

2
1,...,00 where ¢(x,x') = 72e=Allx—x]| JAPOEm) /2 Gala, b) for some 1y >
0.

F1. There exists sequences an,h, T 00,1, | 0 with ?—: = O(n), %” = O(e"),
and constants dy,da,d3 and dy > 0 such that Gg{B(0;a,)}° < dje~%"
and Go.o{[ln, hn]}¢ < dze=%m.

F2. P(350, w0 > €) 3 O(e—n' 2 logm) 7Yy

then fo € KL(Ily) implies that Ty achieves strong posterior consistency at fo
with respect to the sup-Li topology.

Remark 7.6. Corollary 6.12 and Remark 6.17 also apply to this case with
condition F1 of Theorem 7.5 similarly verified as condition T1 of Theorem 6.11.

Remark 7.7. F2 is satisfied if m, s are made to decay more rapidly than the
usual Beta(1, ) stick-breaking random wvariables, e.g, if m, = vy [[;, (1 — vp)
and if vy, ~ Beta(1,ap) where oy, = h1T2(log h)P*aq for some ag > 0, then
F2 is satisfied. Large value of oy, for the higher indexed weights favors smaller
number of components.
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8. Discussion

We have provided sufficient conditions to show posterior consistency in estimat-
ing the conditional density via probit stick-breaking mixtures of Gaussians and
the fixed-m dependent processes. The problem is of interest, providing a more
flexible and informative alternative to the usual mean regression.

For both the models, we need the same set of tail conditions (mentioned in
Fj;) on fo for KL support. Although the first prior is flexible in the weights
and the second one in the atoms through their corresponding GP terms, S1, S2,
T1 and T3 show that verification of KL property only requires that both the
GP terms have continuous path realizations and desired approximation prop-
erty. Moreover, for the second prior, any set of weights summing to one a.s.
(T2) suffices for showing KL property. Careful investigations of the prior for
the GP kernel for the first model and the probability weights for the second
one are required for strong consistency. For the first one we need the covari-
ate dependence of the higher indexed GP terms in the weights to fade off. On
the other hand, for the second model, the atoms can be i.i.d. realizations of
a GP with Gaussian covariance kernel with inverse-Gamma bandwidth while
limiting the model complexity through a sequence of probability weights which
are allowed to decay rapidly. This suggests that full flexibility in the weights
should be down-weighted by an appropriately chosen prior while full flexibility
in the atoms should be accompanied by a restriction imposing fewer number of
components.

Although we have focused on the case where X is a compact subset of R?,
we can transform a non-compact space to a compact one by suitable trans-
formation. In doing so, we need to use a non-stationary covariance kernel in
the GP transforms. However the computations get somewhat complicated and
is beyond the scope of the current article. An interested reader can refer to
Tokdar, Zhu and Ghosh (2010) for details.

One alternative possibility is to specify a prior for the joint density h(x,y) =
q(x)f(y|x), to induce a prior on the conditional f(y|x), where ¢(x) denotes
the joint density of the covariates. Using such an approach, which was originally
proposed by Miiller, Erkanli and West (1996) using Dirichlet process mixtures
of multivariate Gaussians, one can potentially rely on the theory of large support
and posterior consistency for i.i.d. realizations from a multivariate distribution;
for example, refer to Wu and Ghosal (2010); Norets and Pelenis (2009). Unfor-
tunately, such an approach has clear disadvantages. When interest focuses on the
conditional distribution of f(y | x) it is very appealing to avoid needing to model
the joint density of the predictors, ¢(x), which will be multivariate in typical
applications. In addition, standard models for the joint distribution relying on
multivariate Dirichlet process mixtures (refer also to Shahbaba and Neal (2009);
Park and Dunson (2009)), can have relatively poor performance, because many
mixture components may be introduced primarily to provide a good fit to the
marginal ¢(x), potentially leading to degradation of performance in estimat-
ing f(y | x) for all x € X. The MGLRx and the Gaussian mixture of fixed-m
dependent processes are examples of priors directly on the conditional densities.
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Although, a more reasonable way of evaluating a Bayes procedure is to study
the posterior convergence rates, deriving the rates of convergence in our case
substantially complicates the analysis and is a topic of future research. Of course
our sieve construction can be used to derive the rates, while being more careful
in estimating the concentration of the prior around the true density, the rates
of decay of the complement of the sieve and calculating the entropy.
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Appendix A: Proof of Lemma 6.1

The  proof proceeds similarly to that for Theorem 3 in
Ghosal, Ghosh and Ramamoorthi (1999). Note that {Gx,x € X} € G%. Let
B = ([-a,a]” x (¢,5)). Choose k > pa + & such that

//y|>k yx{|y| }Qdyq(x)dx<;

Take V = {{Gx | x € X} : infxex Gx(B) > £}. By approximating 1p by
a bounded continuous function, we can show that V contains a neighborhood
V' of {Gx | x € X} of the type (6.5). For any density f € Fu, f(y | x) =
[ Lo(=X8) 4G (B,0),x € X, with {Gx | x € X} € V',

/X /y>k foly [x) IOg{ny : 3 }dyq(x)dx
<fo St ylxmgf;g L o

O'

< [ [ ot B
p

dyq(x)dx

Q

X vl + a}2 x)dx < <
SL/y|>kfo(y| >{ o g <

y*;c'ﬁ)

Let inf .|y 1<k xx inf(3,0)eB %qb( = c. Consider the uniformly equi-continuous

family of functions

{gy,x SOyt R X RT S R (B0) ¢<y Xlﬁ),(y,x) € [~k k] x X}.
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By the Arzela-Ascoli theorem, given § > 0, there exists finitely many points
{(yi,x;) € [k, k] x X,i=1,...,m} such that for any (y,x) € [k, k] x X, T4
such that

sup |gy,x(ﬁ, U) = Gy xi (ﬁ, U)| < cd.
(B,0)EB

Let gyi7x7‘, * GX - f % fxeX ¢(yz:iﬁ)de(ﬂ’0)

= {{Gx %€ A - up | gyooes * G — gyroes # G
xeX

<c§,i:1,2,...,m}.

It holds that E is a neighborhood of {Gy | x € X} formed by finite intersections
of sets of the type (6.5) and for {Gx | x € X} € E and (y,x) € [k, k] x X,

30
1-36°

1] <

‘f Lo (1=X8)4G, (B, 0)
[ Lo(=2L)dGy (B, 0)

for § < % Thus given any € > 0, there exists a neighborhood E of {Gy | x € X'}
such that for {Gx |x € X} € E with f(y | x) = [ %Qﬁ(@)de(ﬁ,d),

oty 1910z { LN g < €. (A1)
/X/y:|y<k {f(y | x) 2

Taking W = V' N E and since W is a finite intersection of neighborhoods of Gy
of the type (6.5), the result follows immediately. O

Appendix B: A useful lemma

Lemma B.1. {m,(x),h =1,...,00} constructed as in (6.1) satisfies S1 and S2
if ¢, is chosen so that GP(0,cp) has continuous path realizations and for any
continuous function g : X — R,

Pad sup ()~ g0] < f >0
xXeX
for any e >0, h > 1.

Proof. Let {A;,i = 1,...,k} be a measurable partition of R x R+. Without
loss of generality, let 0 < Fy(4;) < 1,i =1,...,kVx € X. We want to show
that for any ¢; > 0,i =1,...,k

”PX{ sup |m1(x) — Fx(A41)| < €1,...,sup |mp(x) — Fx(Ar)| < ek} > 0.

xeX xeX
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Construct continuous functions g; : X — R,0 < ¢;(x) < 1Vx e X,i=1,..., k—
1 such that

g1(x) = Fx (A1), g:(x) H{l —q(x)} = Fx(4;),2<i<k—1,gx(x) =1Vx.
1<i
(B.1)
As 0 < Fx(4;) < 1,i =1,...,kVx € X, it is trivial to find ¢;,i = 1,...,k
satisfying (B.1) since one can solve back for the g;’s from (B.1). Zle i (A) =1

enforces g = 1. Since ® is a continuous function, for any ¢; > 0,i =1,...,k—1,
PX{ sup |®{a;(x)} — gi(x)| < ei} >0 (B.2)
XEX

and for i = k,
77;({ sup |P{ai(x)} — 1] < ek} = 73;({ inf ag(x) > & 11— ek)}. (B.3)
xeEX xeX
Choose M > ®~1(1 — ¢;) + €. We have 0 < M < 1 and

{ sup |ag(x) — M| < ek} C { inf ag(x) > & (1 - ek)}.
xeX xeX
Hence by assumption, PX{ infyer ap(x) > @ 1(1— Gk)} > 0. Let Si_1 denote
the k-dimensional simplex. For notational simplicity let p;(x) = ®{a;(x)}, g:(x) =
Fy(Ai),i=1,...,k—1and gi(x) =1.Let z = (#1,...,2p), fi : Sk=1 = R,z —
et (1 — 20,1 = 2,k and fy(2) = 1. Let p(x) = (p1(x),-. ., pr(x)) and
g(x) = (g1(x),...,9k(x)). Then we need to show that

Px{llfi(P) = fr(@llo < e, [ fr—1(P) = fr-1(9) oo < €x-1,

1f%(P) = Ul < ex} > 0.

Note that for 2 <7 < k,

I£i(p) = fi(@)llo = ||pi{1 - Zfl(P)} —g{1- Zfl(g)}

I<i I<i

oo

< (i = Dllpi = gilloe + D I1iP) = fi(9) o

I<i
Thus one can get € > 0,7 =1,...,k, such that

{Ipi = gil o <€vi=1....k} C{llfi(p) = i@l <e€r,---,
1fi-1(P) = fr-1(9)ll oo < €x—1, [ fe(P) = Ll < ex}-

But since Pa{[lpi — illoo < €fyi=1,....k} = [Ty Pacfllp — gill o < €/}, the
result follows immediately. O
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Appendix C: Proof of Theorem 6.2

Fix {Fx,x € X} € G%. Without loss of generality it is enough to show that for
a uniformly continuous function g : ®? x R+ x X — [0,1] and € > 0,

’PX{{GX,X e X}

/ {g(,@,o, X)de(ﬁ,Cf)q(X)dxf
RP X R+ XX

g(ﬁa g, X)de(,g, O')Q(X)dx}

< e} > 0.
Furthermore, it suffices to assume g(83,0,x) — 0 uniformly in x € X as ||3|| —
00,0 — 00.

Fix € > 0, there exists a,7,0 > 0 not depending on x such that Fy([—a,a]? x
[7,0]) >1—¢€forall x € X. Let C' = [—a,a]? x [7,0].

/ {g(ﬁa g, X)de(/Ba U) - g(/Ba g, X)de(lBa O’)}q(X)dX S
RPxR+X

/{Zﬂh 9(Bhson, %) — Lg(ﬁanX)de(ﬂvU)}Q(X)dx+e.

where 7,’s are specified by 6.1 with ¢, satisfying S1 and S2 and (3,,, o) ~ Go.
Now for each x € X, construct a Riemann sum approximation of

/ g(ﬁ,av X)de(ﬁ,O').
C

Let {Akxn,k = 1,...,n} be sequence of partitions of C' with increasing re-
finement as n increases. Assume maxi<k<, diam(Ag,) — 0 as n T oco. Fix

(Bk,n?ék,n) € Agm,k=1,...,n. Then by DCT as n — oo,
/ {Zg /Bk; naak ns ) x(Ak,n)}Q(X)dX_)
k=1

/X /C 9(B, 0, %)dFx(B, 0)q(x)dx. (c.1)

Hence there exists ny such that for n > n;

/ [9(8.0,%X)dGx (8, 0) — g(B.0,%)dFx(8,0) }q(x)
RexR+X

{ Zﬂ-h ﬁhzaha Zlg(/é]“na&k,naX)Fx(Ak,n)}q(x)dx
k=1

Consider the set

+ 2e.

€
Q= {(wh,h: 1,...,00) s sup |m(x) — Fx(A1n,)] < —, .-+,
xeX ny

€
sup [, (x) = Fx(An, n, )| < }
xekX ni
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By Lemma B.1 which is proved in Appendix B, P+ () > 0. It holds that 3Q
with Px(Q) = 1, such that for each w = {mp,h = 1,...,00} € Q, gp(x) =
Son_ymh(x) — 1 as n — oo for each x in X. Note that this convergence is
uniform since, g,(-),n > 1 are continuous functions defined on a compact set
monotonically increasing to a continuous function identically equal to 1. Hence
for each w = {mp,h = 1,...,00} € Q, go(x) — 1 uniformly in x. By Egoroff’s
theorem, there exists a measurable subset {25 of Q1 with Py (2) > 0 such that
within this subset g,(x) — 1 uniformly in x and uniformly in w in 5. Thus
there exists a positive integer n. > n; not depending on x and w, such that
> hen.+1Th(X) < € on Q. Moreover, one can find a K > 0 independent of x
such that g(8,0,x) < eif ||B|| > K and ¢ > K. Let 41 = {(8,0) : ||B] >
K, o> K} Let Q3 = Q) m{(,@n1+1,0n1+1) € Aq,... , (ﬁnsfl’ans—l) S Al} For
w € Qg,

/ [9(8.0,%)dC(B,0) — g(B, 0, %)dFx(B, 0) }a(x)
RPXRTX

A 0080130 = 6B 5100 Pl i) }q<x>dx+4e

k=1

and

/X { i T (X)9(By, ok, X) — Q(Bk,na Ghony X) Fx (Agny) }Q(X)dx

k=1

< g/){ {ﬂ'k(x) ’g(lgkvakax) - g(Bk,vm&k,nyX)‘ + (%) — Fx(Agny)| }q(x)dx

<Y [ 7084 0%) = 9B 1m0 ax + e
k=17

There exists sets B,k = 1,...,n; depending on n; but independent of x such
that if (8,0k) € By, ‘g(ﬁk,ak,x) fg(,ék’nl7c~rk7n1,x)‘ < e Soforw e Qy =
Q3 n {(/61701) € Bly ceey (ﬁnlaanl) € BTL1}7

< De.

/ (9(8.0,%)dG(8,0) — g(8,0,x)dFx(8,0) }q(x)
RPXRTX

Now since P (22) > 0 and the sets {(B,,,11,0n,4+1) € A1,...,(By._1,0n.-1) €
Ar} and {(By,01) € By,...,(B,,,0n,) € By, } are independent from Qy and
have positive probability, it follows that Py (24) > 0.

O

Appendix D: Proof of Theorem 6.6

Without loss of generality, assume that the covariate space X is [(, 1]P for some
0 < ¢ < 1. The proof is essentially along the lines of Theorem 3.2 of Tokdar
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(2006). The f in (6.2) will be constructed so as to satisfy the assumptions of

Lemma 6.1 and such that [, [}, fo(y | x)log ’;f(y‘l}f) dyq(x)dx < § for any € > 0.

Define a sequence of conditional densities f,,(y | x) = [ ;¢(y_:,ﬂ)dén,x(,6, o),n >
1 where for o, =n=",

Ig,el—nn) fo(X'B | %) [T5—5 00(8;) s, (o)

AGnx(, ) = J", fo(z1Br | x)dpy (D-1)
Define
e t]x)dt
oy ) = B A 02)

oy Jo(E | X)dt

Proceeding as in Theorem 3.2 of Tokdar (2006), an application of DCT using
the conditions A1-A5 yields

//foylxlog E || ))dyq( Ydx — 0asn — oo.

Therefore one can simply choose f = fno for sufficiently large ng. f,, satisfies
the assumptions of Lemma 6.1 since {G, x,x € X'} is compactly supported.
Also {Gpyx,x € X} € G} as x — G, x(A) is continuous. Hence there exists
a finite intersection W of neighborhoods of {Gp, x,x € X'} the type (6.5) such
that for any {Gx,x € X} € W, the second term of (6.2) is arbitrarily small.
The conclusion of the theorem follows immediately from Corollary 6.4. O

Appendix E: Another useful lemma

Lemma E.1. For non-negative r.v.s A;, B;, if P(A; < u) < C;P(B; < u) for
u € (O,to),to > 077’ = 1527P(A1 +A2 < tO) < ClcQP(Bl + B2 < to)

Proof. Denote by f the corresponding density functions.
to to

P(Ay + Ay < tg) = / Fa (W) P(As < to —u) < Cs / Fa (W) P(Bs < to — 1)
0 0

to
= CQP(Al + Bg é to) = CQ f32 (U)P(Al S to — u)
0

to
< 0102/ f32 (U)P(Bl <ty — ’LL) = C’lCQP(Bl + By < to).
0

Appendix F: Proof of Theorem 7.3

f in (6.2) will be constructed so as to satisfy the assumptions of Lemma 7.1

and such that [, [}, fo(y | x)log ];?((ﬂg)dyq( x)dx < § for any € > 0. Define
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a sequence of conditional densities f,(y | x) = f%qb(%)dén,x(u, o),n >1
where for o, =n"",

plel (’u J) _ Iue[—n,n]fo(:u ‘ X)(san (U) (F 1)
B J2, Folp | x)
As before define the approximator
") fo(t | x)dt
Foly | %) = Sl (L) folt | x) . (F.2)

. fOT(Lt | x)dt

f will be chosen to be f,, for some large ng. f,, satisfies the assumptions of
Lemma 7.1 since {Gp, x,x € X'} is compactly supported. Moreover {Gp, x,X €
X} e Gy asx — [o, q+ 9(1,0)dGry x (11, 0) is continuous function of x for all
bounded uniformly continuous function g. Hence there exists a finite intersec-
tion W of neighborhoods of {G,, x,x € X'} the type (7.1) such that for any
{Gx,x € X} € W, the second term of (6.2) is arbitrarily small. The conclusion
of the theorem follows immediately from a variant of Corollary 6.4 applied to
neighborhoods of the type (7.1). O

Appendix G: Proof of Lemma 7.4

We have ©,, C {¢u0 | B € (—anyPanyp|”.n € Bu,hy < 0 < I,}. Let
x < min(g,1) and oy, = I,(1 + &)™, m > 0. Let mo be the smallest integer

such that o,,, = l,(1 + k)™ > h. This implies mo < (1 + &)1 log% + 1. By
the choice of o, m > 1, 3Tm=om=1) - 5. Let N; = [(%)1/2 ‘2",11‘1/5] For each

Om—1

1 < j < my, construct a 6‘/f:;%’l—covering {Agj k=1,...,M;} of B, with

j— 2Mn n/% P
My = MO B ) < exp [Kgrﬁ{log (B2 ralB) V™ KM]

! 4/2 e/Toj_1 elp

for some constants Ko, K3 > 0. For 1 <i¢ < N;, 1 <k < M; &1 <5 < my,
define

2al,(i — 1) 2a/,i]"
Eyj = (—a; Nt | A x o] (G

where a;, = a,\/p. We have for (8,7, 0), (B',n',0') € Eix; and for each x € X,

2 1/2 _ al + .
| bpor (X, ) — Do (3, 9)]], < (77) |85 H\/ﬁ(72 m —nall o +§

1/2 /g
S(Q) (a”p\/ﬁjteﬁ)jtege.
T oj—1N; 42 2
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Thus

o <E{(2) 22

o (B )

o (ST ]

P
{d1 (‘l‘”> +do logl;— n 1}

Appendix H: Proof of Theorem 7.5

€ln

The proof follows similar to that of Theorem 6.11 by verifying conditions 2, 3
and 4 of Theorem 6.8. Consider the sequence of sieves defined by

{f Fy | %) = me (W),{%m}?gle@m

sup E T < e}.
xex h>mp+1

We will show that given any £ > 0, there exists a ¢1, ¢ > 0 such that Iy (FS) <
cie” "™ and log(d, F, dss) < né. For fi, fo € F,, we have

1 2
526 1) = 2o 100 < [ 32 [mf20,00 0 G0) = 106,00 o x| d
yh:l h " h h " h

N> () _

< ];Wh /y ‘%S))U;})(X, Y) = Pu@ oo (X, y)‘ dy

+ Z ’ﬂg) — ng)’ + 2e.
h=1

Let O = {7™ = (71, M2y .., Tm,) U, h=1,...,m [0 1]}. Fixwm"ﬂrgnn €

Or .. It is easy to see that if we can make |vy, h=1,...,m,, we

would have Y ;"™

m27

- 7rh ’ < e. Since vp1,Vp2 € [O 1], the number of balls

required to cover O , so that thl

h)’ < e is K4(m2 /€)™ for some
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constant K, > 0. Hence

8V2M/Tn /00 \ 1 7T Kym?
log N(Fp,4e,dss) < Kgmnrg{ log (\[e\/ﬂr/) } + my,, log 4Em”
n

KsM,, _ hy,
my, log 3l +mn10g{d1(?> +d210gl+1} (H.1)

671 n n

Note that Iy (FS) < m,P(0%) + P(Zzo:mn 7, > €) and P(O%) < {P(||ﬂ|| >
an) + P(0 € [ly, hy]¢) + P(n € BE)}. It follows from the proof of Theorem 3.1
of van der Vaart and van Zanten (2009) that

P(n€ BS) < P(A>r,)+e Mi/2

if M2 > rﬁ{ log (8\[2]\3\’;; ”lr"/én> Since APUI+m2)/12 ~ Ga(a,b), Lemma 4.9 of

van der Vaart and van Zanten (2009) indicates that P(A > ry,) =< exp{—rh1T72)/m2}
Hence with M,, = O(n'/?), m,, = O{n/(logn)P+1}/(04m2) and rP = O{nn2/(+12)}
P(©¢) S e ™ and

P( > m>e€) 3 exp{-m}T®(logm,)PTV} Z e, (H.2)

h=m.,

Also, the first term in the right hand side of (H.1) can be made smaller than n¢
since m,, 72 = O(n/(logn)P*1). Also by F1, the last two terms of the right hand
side of (H.1) can be made to grow at o(n). Henceforth verification of conditions
2, 3 and 4 of Theorem 6.8 follows similar to the proof of Theorem 6.11. U
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