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SUMMARY

Statistical analysis on landmark-based shape spaces has diversatap@iin morphomet-
rics, medical diagnostics, machine vision and other areas. These §izaes sire non-Euclidean
guotient manifolds. To conduct nonparametric inferences, one mayedwsfiions of center and
spread on this manifold and work with their estimates. However, it is usefubnsider full
likelihood-based methods, which allow nonparametric estimation of the probatalitsity. This
article proposes a broad class of mixture models constructed using suitaibtdskon a general
compact metric space and then on the planar shape space in particulaxifglioBayesian
approach with a nonparametric prior on the mixing distribution, conditions lat&ireed under
which the Kullback-Leibler property holds, implying large support andkagasterior consis-
tency. Gibbs sampling methods are developed for posterior computatioth@mdethods are
applied to problems in density estimation and classification with shape-basictgre Simu-
lation studies show improved estimation performance relative to existing agisa

Some key word®Dirichlet process mixture; Discriminant analysis; Kullback—Leiblergauy; Metric space; Non-
parametric Bayes; Planar shape space; Posterior consistency;Riamananifold.

1. INTRODUCTION

In recent years, there has been considerable interest in the statistetsitiéen the analysis of
data having support on a non-Euclidean manifadldOur focus is on nonparametric approaches,
which avoid modeling assumptions about the distribution of the data/dveklthough we are
particularly motivated by landmark-based analyses of planar shapaewep nonparametric
Bayes theory and methods also for general compact metric spaces aifiolasan

There is a rich literature on frequentist methods of inference on manifeldigh avoid a
complete likelihood specification in conducting nonparametric estimation and téstisgl on
manifold data. Refer, for example to Bhattacharya & Bhattacharya (2808)the references
cited therein. Such methods are based on estimates of center and spneddase appropri-
ate for manifolds. However, other aspects of the distribution other thaercand spread may
be important. Pelletier (2005) develops frequentist methods for density éstinten compact
Riemannian manifolds using a kernel that generalizes location-scaldsesesl in Euclidean
spaces. The sample points are used as the kernel locations while assuimad) lEandwidth,
and the estimator is shown to B consistent for a sufficiently small bandwidth.

Bayesian nonparametric methods have the advantage of providing adbblglistic char-
acterization of uncertainty, which is valid even in small samples. Nonparaniztyies density
estimation in Euclidean spaces commonly relies on kernel mixture models, with alBifco-



49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96

2 ABHISHEK BHATTACHARYA AND DAVID B. DUNSON

cess prior (Ferguson, 1973, 1974) placed on the unknown mixturébdishn and a Gaussian
kernel assumed (Lo, 1984; Escobar & West, 1995). Our focus iseeldping Bayesian kernel
mixture models for nonparametric density estimation on compact metric spacesyavitfolds
arising as a special case. The manifold of special interest is the plaape sipace:} cor-
responding to similarity shapes of configurationskaitndmarks in two-dimensions (Kendall,
1984).

The kernel should be carefully chosen, so that the induced prior wi# leage support, mean-
ing that the prior assigns positive probability to arbitrarily small neighbors@dund any den-
sity fo. Such a support condition is important in allowing the posterior to concergratand the
true density increasingly as the sample sizgrows. From Schwartz (1965), prior positivity of
Kullback—-Leibler neighborhoods around the true dengitymplies that the posterior probabil-
ity of any weak neighborhood gf; converges to one as— oo. Showing that a proposed prior
has Kullback—Leibler support is important in providing a proof of coti¢lat the prior is suffi-
ciently flexible, but is difficult for new priors even in Euclidean spaces.aktend the sufficient
conditions of Wu & Ghosal (2008) to arbitrary compact metric spacesaapty this theory to
general manifolds and planar shape spaces.

For landmark-based shape data, current Bayesian analyses foqasametric models. For
example, Kume & Walker (2006) recently proposed a method for posteyiopatation in com-
plex Watson models (Watson, 1965, 1983), with Dryden & Mardia (198&)@sing the complex
Watson as a convenient parametric distribution for planar shape dataox.enal. (2009) pro-
posed a Dirichlet process mixture of bivariate von Mises—Fisher distritifiar protein config-
uration angles, modifying the finite mixture model of Mardia et al. (2007)irThedel arises as
a special case of the framework we propose, and is not applicablepe data. The von Mises—
Fisher kernel is quite restrictive, and it is not clear whether mixturesaf karnels induce priors
with large support. Lennox et al. (2009) does not present any ttiealreesults. However, our
theory can be used to show that such a prior has full support and pastkrior consistency
follows, with Bhattacharya & Dunson, unpublished, providing conditiamsfrong consistency.
Computation in Lennox et al. (2009) relies on the auxiliary Gibbs sampler af (#800). In
this paper, for applications to landmark-based shape data, we focugiohl® process mix-
tures of complex Watson distributions. We show that such priors have saggeort, while also
developing efficient methods of posterior computation.

2. NONPARAMETRIC DENSITY ESTIMATION ON COMPACT METRIC SPACES

Let M be a compact metric space and }tbe a random variable oi/. We assume that the
distribution of X has a density with respect to some fixed base measure M/ and we are
interested in modelling this density via a flexible model. E&tmn; 11, o) be a probability kernel
on M with locationy € M and scaler € R, with [,, K(m; u, 0)A(dm) = 1. We can define a
location mixture probability density model fd¢ as

fmiP.o)= [ K(m:p,o)P(dn) @
or a location-scale mixture model
o Q) = [ K (i, 0)QUdpdo). @
M xR+

For a pre-specified kerné{, a prior onD(M ), the space of all probability densities a#i with
respect to the set base measwnrds induced through a priofP, o) ~ II; in (1) and a prior
Q ~ IIy in (2). In order to evaluate whether a particular keriAelnd priorIl; or Il induces a
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97 prior for the unknown density o/ that is sufficiently flexible, it would be appealing to have

98 simple sufficient conditions to check.

99 We make the following assumptions about the kedgel
182 AssUMPTIONL. K is continuous oM/ x M x (0, 0¢) for somesy > 0.
102 ASSUMPTION2. Forany¢ € C(M), with C(M) the space of continuous functions bh
103
104 lim sup |¢(m) ~ [ K(m: g, 0)é(10M(dp)| = 0.
105 o=0mem .
106 _ : . " . .
107 These assumptions place minor regularity conditions on the kerngl.igfsymmetric inm and
108 1, Assumption 2 implies thak” converges weakly to the degenerate point magsiatiformly
109 in 12 asoc — O
110 In addition, we make the following assumptions abgit the true density ofX, and the
111 support of the priofl;.
112 ASSUMPTION3. For anyo > 0, there exists < o such that(Fy, ) € supp(Il;), with Fy
113 the probability distribution corresponding tf andsupp(II; ) denoting the weak support of; .
114 _ .
115 ASSUMPTION4. The true density is continuous so thigte C'(M).
116 THEOREM 1. Definef as in (1). Under Assumptions 1-4, given any 0,
117
118 Hl{(P, o) : su%\fo(m) — f(m; P,o)| < e} > 0.

me

119
120 Theorem 1 shows that the density prior induced through the location mixtudelntit) assigns
121 positive probability to arbitrarily small.>° neighborhoods of the true density under mild assump-
122 tions. For a proposed prior chosen for a particulér one can simply verify that the assumed
123 kernel K and priorII; satisfy the assumptions to show large support. We will illustrate how these
124 assumptions are met using a complex Watson kernel on a planar shapérsgfac
125 To show full Kullback—Leibler support for the prior, we require an itiddal assumption:
126 ASSUMPTIONS. The true density is everywhere positive so thgin) > 0 for all m € M.
127 _ . :
128 COROLLARY 1. Under Assumptions 1-5, the prior @) induced byiI; through (1) as-
129 signs positive probability to any Kullback—Leibler neighborhood arogind
130 ASSUMPTIONG. For anyo > 0, there existg € (0, o] such thatFy ® o5 € supp(Ils).
13% THEOREM?2. Letg be adensity as in (2). Under Assumptions 1-2 and 4—6, the pridy(d)
133 induced byl assigns positive probability to any Kullback—Leibler neighborhood arofgnd
134 The assumptions on the priors in Theorems 1 and 2 are trivially satisfied bgasthnon-
135 parametric priors. For example, for model (1) we can chddseo bell;; ® 71, with T11; a
136 Dirichlet process prioDP(wyPy) with supd Py) = M andm; having a density that is strictly
137 positive in some neighborhood of zero. For model (2), we can insteamketthe priofl; for the
138 mixing measure&) to correspond to a Dirichlet process with bad3g® 7. Under these priors,
139 models (1) and (2) are Dirichlet process mixture models and standardthigsrcan be applied
140 for posterior computation.
141 A special case of a compact metric space is a compact Riemannian manifoldendisténce
142 metric being the geodesic distance induced by the Riemannian metric tensoaflina choice
143 of base measure for modelling densities is then the Riemannian volume formaéiarbund

144 in differential geometry, the reader is referred to Willmore (1993). Pell¢#805) introduced
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a geodesic distance based kernel and performed frequentist destsitation on compact Rie-
mannian manifolds. Under mild restrictions on the form of this kernel, it canhbevs that it
satisfies the assumptions of Theorem 1. The details and proofs are omittedv&@rhave found
alternative kernels to also satisfy these assumptions for manifolds congisg to the unit hy-
persphere and the planar shape space, while having computationataghsover the Pelletier
(2005) class of kernels. For the unit hypersphere, von Mises—H&neels can be used (Bhat-
tacharya & Dunson, unpublished), but here we focus on the landlress&e planar shape space
M = ¥k,

3. THE PLANAR SHAPE SPACELE
31. Geometry

Consider a set af points,k > 2, on the two-dimensional plane, not all points being the same.
We refer to such a set astaad or a set ok landmarks. The similarity shape of thisad is what
remains after we remove the effects of the Euclidean rigid body motions catéon, rotation
and scaling. For convenience we denoté-ad by a complex:-vector z = (z1,...,2)7 in
C". To remove the effect of translation fromlet z. = z — Z, with z = (Zle z;j)/k being the
centroid. The centerektad z. lies in ak — 1 dimensional complex subspace, and hence we can
usek — 1 complex coordinates. The effect of scaling is removed by normalizing theltates
of z. to obtain a poiniw on the complex unit sphere €S’ in C*~!. Sincew contains the shape
information ofz along with rotation, it is called the preshapezof

The similarity shape of is the orbit ofw under all two-dimensional rotations. Since a rotation
by an angle) of a landmark(x, y) can be achieved by multiplying its complex versior- iy
by exp(i), the shape of is the set or orbifw] = {exp(i#)w : 6 € (—m,7]}. The space of all
such orbits constitutes the planar shape spaieAny shape can be represented as the set of
intersection points of a unique complex line passing through the origin wittr €ith this
identification proposed by Kendall (1984)% is a compact Riemannian manifold of dimension
2k — 4. It can be embedded into the space of all complex Hermitian matrices via the dimiped
J([w]) = ww*, with x* denoting the complex conjugate transpose. The extrinsic distance between
two shapesu| and[v] is the one induced from this embedding, naméy [u], [v]) = ||J([u]) —
J([v])|| = {2(1 — |u*v|?)}/2. This distance is equivalent to the geodesic distaly¢ed], [v]) =
arccos(|u*v|).

Let Q be a probability distribution oft%. The extrinsic mean af) is defined as the minimizer
of the loss function¥'(p) = fzg d%(m,p)Q(dm), p € X5, providedF has a unique minimizer.

The minimum value of" is called the extrinsic variation @. Let i = fgg J(m)Q(dm), A be

its largest eigenvalue and be a corresponding unit norm eigenvector. Then it can be shown
that the extrinsic variation equa1 — ) and the extrinsic mean is given B§| provided A

has multiplicity 1. Given a random sample frofy one can define the sample extrinsic mean
and variation analogously. For more details see Bhattacharya & Patamig@903) and Bhat-
tacharya & Bhattacharya (2008).

3-2.  Uniform distribution
Let V(dm) and Vi (dz) denote the volume forms on the shape spakeand the preshape
sphere C5-? respectively. The uniform distribution dB% has constant density/ fzg V(dm).
Kent (1994) constructs a useful coordinate chartnas follows. Forz = (z1,...,2,_1)7 €
CS 2, write z; = )/ * exp(i6;) ( = L,..., k — D with 7 = (r1,...,7,_»)" lying on the(k —
1)-unit simplexSy_q, andf; € (—m,7) (j =1,...,k—1). Then(ry,...,rp—2, 61,...,0k_1)
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Nonparametric Bayesian Density Estimation on Manifolds 5

form the Kent preshape coordinates of Since the shape of can be obtained by ro-
tating it around a fixed axis, we may séf ; =0 and use the Kent shape coordinates
(r1,...,7h_2,01,...,0k_2)T for [2] as in Dryden & Mardia (1998). These Kent (1994) coor-
dinate systems have the advantage of leading to simple expressions foluime forms,

Vi(dz) = 227 Rdry - dr_odfy - - - dB_y, V(d[2]) = 227 Fdry - dry_odf; - - - dj_s.

This implies that, in terms of these shape coordinates, the uniform distributidﬂg gamains
uniform onSy_, x (—m, )¥~2. This property simplifies simulations and proofs.

3:3. Complex Bingham distribution

The complex Bingham distribution on (Kent, 1994) has the following density with respect
to the volume form

f(m; A) = c Y (A)exp(z*Az), m = [z] € 55, 3)

where A is a(k — 1) x (kK — 1) complex Hermitian matrix and(A) is the normalizing con-
stant. Denoting this density asB(A), we find thatcB(A) = CB(A + o) for any a € R.
Hence, without loss of generality, we may assuméo be positive semi-definite with small-
est eigenvalue equal to zero. Ldt= UAU* be a singular value decomposition df with
U=|[Ui,...,Ukx_1] € SUk —1), A = diag(A1,...,A\k—1), and0 = A\ < --- < A\x_1, where
SU(k — 1) is the space of al{k — 1) x (k — 1) special unitary matrices havingU* = I and
detU) = 1. Letting z; = U*z and using Kent's shape coordinatesé) for [z1], the complex
Bingham distribution can be written as

k—1
f(m; A)V(dm) = cfl(A)227k exp (Z )\jTj) dT’l cee dT’k,Qd@l te ko,g (4)
j=1

with 1 = 1 — "7 r;. Expression (4) suggests thahas a density(r) o exp(3-5-] A;r;)

on Si_o while 6y, ..., 6,_- are independent and identically distributed as Unif, 7) andr
andd are independent. This characterization is helpful in sampling from the carBuhgham.
Under high concentrations, that is whip | > A;_o, one may use an independent Metropolis—
Hasting step with an independent exponential approximation to samplejfrohat is, we draw
rj, j =1,...,k —2 independently from the density proportional é®p{(\; — Ax_1)r;} on

(0,1), accept the draw -7—7 r; < 1and then set,_, =1 — 377 r;.

3-4. Complex Watson distribution

WhenA has complex rank equal to one, the complex Bingham distribatigrl ) corresponds
to a complex Watson distribution (Dryden & Mardia, 1998) having density

f(mip, o) = c (o) exp(|z*v]? /o), (5)

with z andv preshapes of: andy € %, respectively. Hergy is the extrinsic meany > 0 is a
scale parameter related to the extrinsic variation,@ad is the normalizing constant. Denoting
this density asw(u, o), CW(u, o) is equivalent tocB(A) with A = vv*/o. As A has eigen-
valuesh\; = ... = \;_o = 0, \p._1 = o}, the distribution of- defined in§3-3 can be written as
g(r) o< exp(o~tr_1) implying thatr,_, has the marginal density

h(rg—1) = c,;_ll(a) exp(rk,lofl)(l - rk,l)k{)’, re—1 € (0,1),

where ¢;_1(0) = 0" 2exp(c V)T(k — 2;071) with ['(m,a) = [ exp(—t)t™ 1dt = (m —
1)! exp(—a){exp(a) — S"' a”/r!} denoting the partial gamma function. Conditionally on
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6 ABHISHEK BHATTACHARYA AND DAvID B. DUNSON

Tk-1, (r1, ..., mk_2) has a uniform distributionon the spt; > 0,j = 1,...,k -2, Y Fr; =

1 —r,_1}. Transforming by lettings = o~ !(1 —r,_1), s has a density proportional to
exp(—s)s¥=3 on(0,071), which is Gdk — 2, 1) restricted tq0, c!). This characterization can
be used to easily draw exact samples from a complex Watson distributiomofimalizing con-
stant isc(o) = (10)* =2 {exp(c—") — 2F=3 ¢~ /r!}. In Dryden & Mardia (1998), CWu, o)

is viewed as a distribution on the preshape sphere and the normalizingrdasstatead® (o).

4. DENSITY ESTIMATION ON THE PLANAR SHAPE SPACE

To model an unknown density off, we use a mixture density as in (1) wih corresponding
to the complex Watson density in expression (5).

PrROPOSITIONL. For the complex Watson kernel, Assumptions 1 and§2 afre satisfied.

Hence, if we choose a complex Watson kernel in (1) and chdgge satisfy Assumption 3 from
Theorem 1, we induce a prior with® support on the space of continuous densities &eand
with Kullback—Leibler support on the space of continuous and evemanesitive densities over
Y&, It follows from Schwartz (1965) that this specification leads to wealkgpims consistency
at any continuous, everywhere positife

To specify dl; that satisfies the assumptions and that leads to simplifications in implementing
posterior computation, we follow the recommendation at the erfi? @nd letP ~ DP(woFp),
with P, corresponding ta@w(ug, oo), independently ob-—! ~ Ga(a, b). These priors lead to
conditional conjugacy so that posterior computation can proceed via G#sbgling algorithms
previously developed for Dirichlet process mixture models. For the locatiate mixture (2),
the computations are similar and are left to the reader.

Here, we follow the exact block Gibbs sampler proposed by Yau et al0j2Q et z; ~
CW(u;, o), independently foi = 1, ..., n, with 4; ~ P, and P, o assigned the prior described
above. We introduce uniformly distributed slice sampling latent variables,{u;} ; and let
S; denote the mixture component for subjéctvith 1; = fis,. The complete data likelihood is
then[[;", cW(X;; fis;, 0)1(u; < wg,), and we sequentially sample through the following steps.

Stepl. Updates;, for i = 1,...,n, by sampling from the multinomial conditional poste-
rior distribution with p(.S; = j) oc CW(z;; fi5,0) for j € A;, whered; = {j: 1 <j <l w; >
u;} andl is the smallest index satisfyin— ;) < Zé’:l wj With w(yy = min{uy, ..., un}.

In implementing this step, draw; ~ Be(1,w) and ji; ~ Py for j > S, with S,y =
max{Si,...,S,}.

Step2. Update the kernel locations;(j = 1,..., S(,)) by sampling from the conditional
posterior

fbj ~ CB(Tanj + Ao),
g
where m; = Y, 1(Si = j), Xj = Sis,—j 22 /my (wi = [2]), Ao = og 'vorg, and o =

[0]. We use a Metropolis-Hastings step develope¢Bi8 to drawji;.
Step3. The full conditional posterior aof is proportional to

S(n) k=3 —n
(o™ k=2 ratl oy { 1 (n +b— Z mjy;yjuj) }{1 —exp(—o1) Z(T!)lgT}
o

j=1 r=0
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289 wherefi; = [v;]. Foro small, this conditional density is approximately equivalent to

290

201 » ) _

292 o NGa{a+n(k—2),b+ij(l—ijjyj)}.

293 =t

294 Hence, we get approximate conjugacy for the conditional distributiomdf under a gamma
295 prior. Numerical studies show that this approximation is very accurate f#®ren moderately

296 small, so we recommend a Metropolis-Hastings independence step with dasdigsaerated
297 from the approximation.

298 Step4. Update the stick-breaking random variablés(j = 1,...,5(,), from their condi-

299 tional posterior distributions given the cluster allocation but marginalizingramuslice sampling
300 variables,

301 n

302 VjNBe{l—i—mj,wo—l—Zl(Si>j)}.

303 i=1

304

Step5. Update the slice sampling latent variables from their conditional posteyitatting

305 i ~ UNif(0, ws,) (i = 1, ..., n).

gg? We also incorporate label-switching moves as recommended in Papaspilis@®oberts
(2008). In cases we have considered, the algorithm is efficient, wiitl camvergence and no

308 evidence of slow mixing. Due to label switching issues (Stephens, 20@0ka@mmend assess-

gcl)g ing convergence and mixing by examining trace plots and applying staneydastics for the

311 densityf(m; P, o) evaluated at a dense grid«fvalues. A draw from the posterior fgircan be

312 obtained using

313 Sn) Sn)

314 f(m; Po) = Z w;CW(m; fij,0) + (1 - Z wj> /CW(m;ﬂ7U)CW([L; o, 00)V (di),

315 j=1 j=1

316 (6)

317 with o andwy, fi; (j = 1,...,S(,)) @ Markov chain Monte Carlo draw from the joint posterior

318 of the bandwidth and the weights and atoms for each of the components up toxtmeuma

319 occupied. A Bayes estimate gfcan then be obtained by averaging these draws across many

320 samples. Since it is difficult to evaluate the integral in (6) in closed form, piace the integral

321 by cw(m; p1,0), 1 being a draw fromew( g, o).

322

323

324 5. APPLICATIONS

325 5-1. Applications to simulated data

326 We drawz; ~ 0.5CW(u1,0) 4+ 0.5CW(ug2, o) independently foi = 1,...,200, with k& = 4,

327 o =0.001, g1 = (1,0,0)7, o = {r, (1 — 2)*/2,0}T andr = 0.9975 so that the extrinsic dis-

328 tance betweep; andu. is 0.1. We compare our Bayesian nonparametric density estimate based

329 on Dirichlet process mixtures of complex Watson kernels to a maximum likelihsbohate

330 under a parametric complex Watson model (Dryden & Mardia, 1998) ancetivefjuentist ker-

331 nel density estimate using a complex Watson kernel. We generated 20 simwdtdegets, with

332 the performance evaluated based onfhalistance and Kullback—Leibler divergence estimated

333 by averaging over the data points. Our Bayesian nonparametric appnaecimplemented as

334 described irg4 with the Markov chain Monte Carlo algorithm run for 100,000 iterations with

335 the first 15,000 discarded as a burn-in. The hyperparameters wesercly s etting., equal

336 to the sample extrinsic mean ang = 0.1 in the complex Watson base measiigfor P, and
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8 ABHISHEK BHATTACHARYA AND DAvID B. DUNSON

Table 1. Summaries of estimated dis-
tances from the true density across the 20
simulations.

Bayes MLE KDE
Lt KL L! KL L! KL
min 0.27 0.02 060 0.33 056 0.14
25th  0.35 0.07 068 0.36 074 0.24
50th 0.42 0.08 0.73 043 0.87 0.26
75th  0.48 0.16 0.83 046 1.20 0.27
max 091 039 094 052 272 0.32
mean 0.44 0.13 075 041 1.03 0.25

Bayes = our proposed approach, MLE = maximum like-
lihood estimate, KDE = kernel density estimate

a = b= 0.1in the gamma prior for—!. By using the data to estimate the location of the base
distribution, while choosing a moderate scale, we ensure that the priorilcgeclusters close

to the support of the data. The Dirichlet process precision parameteetsdsvg = 1, which is

a commonly-used default in the literature favoring a sparse representatiofew clusters.

Table 1 presents summaries of the results across the 20 simulated data sgtsoddsed
nonparametric Bayes estimator had consistently better performance twratsta sets and for
each choice of criterion. For the frequentist kernel density estimatelisese presented for a
bandwidth ofs = 0.001. The performance was similar or worse for other choices of bandwidth,
including settingo equal to the maximum likelihood estimate under the parametric complex
Watson model and the posterior mearvdfom the Bayes analysis.

5.2. Application to morphometrics: classification of gorilla skulls

The method is applied to data on the shape of 29 male and 30 female gorilla skihllsight
landmarks chosen on the midline plane of two-dimensional images of each(Bkydlen &
Mardia, 1998). The goal is to study how the shapes of the skulls varyeeetmales and females,
and build a classifier to predict gender. The shape samples ¥ gn= 8. We randomly pick 25
individuals of each gender as a training sample, with the remaining 9 usest aate. Figure 1
shows the preshapes of the sample extrinsic means for the female and maig gedups. The
preshape of the male megn has been rotated appropriately so as to bring it closest to the
preshape of the female me@n. Most of the landmarks corresponding to the preshapes of the
sample means after rotation are close for females and males, but there isradiffieyence in
landmarks three and eight.

Applying nonparametric discriminant analysis, we assume that the probaliliigiog fe-
male is 0.5 and use a separate Dirichlet process mixture of complex Watsogiskéor the
shape density in the male and female groups. Letfir{g:) and f2(m) denote the female and
male shape densities, the conditional probability of being female given stape| is simply
p([z]) = 1/{1 + f2([2])/ f1([z]) }. To estimate the posterior probability, we averadle|) across
Markov chain Monte Carlo iterations to obtai[z]). The analysis was implemented as in the
simulation examples, but with hyperparametegs= 0.001, a = 1.01 andb = 0.001 elicited
based on our prior expectation for the gorilla example.

Table 2 presents the estimated posterior probabilities of being female fooé#uh gorillas
in the test sample along with a 95% credible intervalifge]). For most of the gorillas, there is
a high posterior probability of assigning the correct gender. There idasification only in the
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Fig. 1. Landmarks from preshapes pf (female, circle) & iz
(males, plus).

3rd female and 3rd male. For the 3rd female, the credible interval includesugesting that
there is insufficient information to be confident in the classification. Howéweethe 3rd male,
the credible interval suggests a high degree of confidence that thisdundivis female. Perhaps
this individual is an outlier and there is something unusual about the shafseskull, with such
characteristics not represented in the training data, or alternatively fitalalled incorrectly.

In addition, we display the extrinsic distance between the shape for eaitlh gad the fe-
male and male sample extrinsic means. Potentially we could define a distandeclzssifier,
which allocates a test subject to the group having mean shape closestitijeats’ shape. The
table suggests that such a classifier will yield consistent results with oparametric Bayes ap-
proach. However, this distance-based classifier may be sub-optimadiltiakirg into account the
variability within each group. In addition, the approach is deterministic ane tisero measure
of uncertainty in classification. Figure 2 shows the male and female traininglsgrgshape
clouds, along with the two misclassified test samples. There seems to be ansabdé&viation
in the coordinates of these misclassified subjects from their respectigegeaining groups,
especially for the male gorilla, even after having rotated each training gpesteperately so as
to bring each closest to the plotted test sample preshapes.

It is possible that classification performance could be improved in this agiplchy also
taking into account skull size. The proposed method can be easily egtemtlés case by using
a Dirichlet process mixture density with the kernel being the product ofrgotex Watson kernel
for the shape component and a log-Gaussian kernel for the size.aSmclilel induces a prior
with support on the space of densities on the manifjdx R+ .
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Fig. 2. Landmarks from preshapes of training (dot) & mis-classified
test samples (circle) for females (left) & males (right).

Table 2.Posterior probability of being female for each
gorilla in the test sample.

gender p([z])

ST

1.000
1.000
0.023
0.998
1.000
0.000
0.001
0.992
0.000

95% ClI
(1.000,1.000)
(0.999,1.000)
(0.021, 0.678)
(0.987, 1.000)
(1.000, 1.000)
(0.000, 0.000)
(0.000, 0.004)
(0.934, 1.000)
(0.000, 0.000)

de([zi], fin)

0.041
0.036
0.056
0.050
0.076
0.167
0.087
0.091
0.152

de([zi], fi2)

0.111
0.093
0.052
0.095
0.135
0.103
0.042
0.121
0.094

dg([z], 1) = extrinsic distance from the mean shape in groupith

1 = 1 for females and = 2 for males

0.1

I
0.15 0.2 0.25

APPENDIX1

Lemmal

To prove Theorems 1 and 2, we will need the following lemma. M&()M) denote the space of all
probability distributions on\/.
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LEMMA 1. Givene > 0, if there existgi) ao. > 0 andP. € M (M) such that

€
sup ‘fo(m) - f(m;Peao-e)| < 57
meM

(i) a setWW C R containingo. such that

sup | f(m; Pe,0c) — f(m; Pe,0)| < §

meM,ceW
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and (iii) a sedvV C M (M) containingP. such that

sup \f(m; P.,o) — f(m; Po)| < <,
meM,PEW, €W 3

then

sup [fo(m) — f(m; P,o)| <e
meM

forall (P,o) e W x W.

Proof. Follows from a direct application of the triangular ineqtial O

Proof of Theorem 1

Proof. The result follows from Lemma 1 if we can findi& C ®* andWW C M (M) satisfying the
conditions andI; (W x W) > 0.

Condition (i) is satisfied withP, = F{, from Assumptions 2 and 4 by takirfj= f,. From Assumption
3, it follows that by takingr, sufficiently small, we can ensure that < oy and(Fp, o.) € supp(Il;).

Next we need to find & for which condition (ii) is satisfied. From Assumption 1, d@ibws that the
mapping fromo to K is uniformly equicontinuous on some compact neighborhdogl oHence we can
get a compact sét’ containingo. in its interior such that

€
sup |K(m; p,0) = K(msp, 06)| < 3.
(m,p,0)EM XM XW

Then
Sume]VI,UEW ‘f(mv F070') - f(ma FOa Ue)|

< Jor SUPens.oew 1K (ms o) — K (ms i, 00| folp)A(dp)
S Supm,;tEM,o’EW |K(m,u,0) - K(méthe)‘ < %
This verifies condition (ii).
Lastly we need to find & for which condition (iii) is satisfied anfl; (W x W) > 0. We claim that
W—{PEM(M): sup |f(m;P,U)—f(m;F0,a)|<E}
meM,ceW 3

contains a weakly open neighborhoodft For anym € M, o € W, the mapping fromu to K (m; 4, o)
defines a continuous function dd. Hence

Wm,a: {P: |f(m;P,0')—f(m;F0,0’)| < g}

defines a weakly open neighborhood &f for any (m,o) in M x W. The mapping from(m, o) to
f(m; P, o) is a uniformly equicontinuous family of functions i x W, labeled byP € M(M), be-
cause, fom,ms € M; 0,7 € W,

£omas Po) = flmos P < [ 1K (mas ) = K (s, 7) P

and K is uniformly continuous o/ x M x W. Therefore there exists@> 0 such thatp(m, ms) +
|o — 7] < d implies that

€
sup |f(m1; Pyo) — f(me; Py7T)| < g
PeM(M)

Cover M x W by finitely many balls of radiusi: M x W =Y, B{(m;,0:),6}. Let W, =
ﬂfil Wi, ; Which is an open neighborhood &. Let P € W, and (m,c) € M x W. Then there
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12 ABHISHEK BHATTACHARYA AND DAVID B. DUNSON
exists a(m;, 0;) such thai(m, o) € B{(mj,0;),0}. Then|f(m; P,o) — f(m; Fy,0)|

< |f(m; Pyo) — f(mi; Poq)| + [f(ma; Pyoi) — f(mg; Fo, 00)| + | f(mi; Fo, 04) — f(m; Fo, o)

€ € € €
This proves thatV containsyV; and hence the claim is proved. Clearly thig satisfies condition (iii).
Since(Fy, o) is insupp(I1y) and in the interior oWV x W, thereforell; WV x W) > 0. This completes

the proof. O

Proof of Corollary 1
Proof. SinceM is compact, Assumption 5 implies that = inf,,cas fo(m) > 0. Foré > 0 define

W= {(P.o): sup Ifolm) — f( P < 5.

meM
Thenif(P,o) € W,

. . Co
; > —0 > —
inf f(m;P,o)> w?eljfw fo(m) =96 > 5

meM

if we choose) < ¢y /2. Then for any giver > 0,

Jfo(m)
y fo(m)log {7})\(dm) < sup

< —<e
f(m;PaU) meM

€o

_0 g

f(m; P,o)

fo(m) ’ L2

if we choosed < cqe/2. Hence ford sufficiently small,f(.; P, o) € KL(fo, ¢) whenever(P, o) € W,
with KL (fo, €) denoting are-sized Kullback—Leibler neighborhood aroufid From Theorem 1 it follows
thatII; (Ws) > 0 for anyé > 0 and therefore

I {(P,o): f(.; P,o) € KL(fo,€)} > 0.

Proof of Theorem 2

Proof. From the proof of Corollary 1, it follows that given ady > 0, we can find ar; > 0 such that
with Q1 = Fy ® 0y,

: m) lo 7f0(m) m
s Ufotm) (i@l <8 [ pomytog{ P Avamy <o )

Hence, if we choosé; < ¢y/2 wherecy = inf,,,cas fo(m) > 0 theninf,,crr g(m; Q1) > co/2. From
Assumption 6 it follows that we can choose sufficiently small such that; < o¢ and@; € supp(Ils).
Let £ denote a compact subset @, o) containingo; in its interior. Then, being continuous in its
argumentsk is uniformly continuous o x M x E. For@ in M(M x %), define

o(m; Qp) = / K (m; 1, 0)Q(dpudo).

MxE

For fixedm € M, the integral mapping fror) to g(m; Q) is continuous af); because
Q{o(M x E)} = Q1{M x 0(E)} =0,
0(A) denoting the boundary of a sdt Therefore for, > 0 andm € M,
Wi (02) ={Q : [g(m; Qr) — g(m; Q1) < 62}
defines a weakly open neighborhoodi@f. We also claim that

W=1{Q: sup |g(m;Qr) — g(m; Q1)| < 2,
meM
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contains an open neighborhood@f. To see this, choosedg > 0 such thap(m,,my) < d3 implies that

1)
sup K (s 1,0) = K (mai 1, 0)] < 2
(m,0)EMXE

which in turn implies
02

lg(m1; Qr) — g(m2; Qr)| < 3 (A2)

forall @ € M(M x R). Next coverM by finitely many balls of radiugs: M = Uf\;l B(m,, d3). Then
we show thatV O X, W), (d2/3). To prove that, pickQ in (X, Wi, (62/3). Then fori = 1,..., N,

l9(mi; Qe) — g(mi; Q1) < d. (A3)
Choosingm € B(my, d3), (A2) implies that
l9lms Qi) — g(mss Qi) < % ()
forall @ € M(M x RT). From (A3) and (A4) it follows thalg(m; Qr) — g(m; Q1)
< lg(m; Qp) — g(mi; Q)| + |g(mi; Qr) — g(mi; Q)] + |g(mi; Q1) — g(m; Q1)
< 02/3+02/3+02/3 =02

for anym € M andQ € (-, Wi, (62/3). HenceW D (., Wi, (82/3) which is an open neighbor-

i

hood ofQ;. Thereforell,(W) > 0. For@Q € W,

inf g(miQp) > inf gm:Qu)—dy >
if 9o < 2. Then
9(m§Q1)} {g(m§Q1) }
/M folm) log{ g(m; Q) Aldm) < M fo(m) log g(m; QE) Aldm)
< sup M—l’gd—Q«sl, (A5)
meM | 9(m; Qr)

providedds is sufficiently small. From (A1) and (A5) we deduce that, @& W,
Jos fo(m)log (f(i,i%)) Adm) =

fo(m) g(m

S Jolm)log (20 ) Adm) + | fo(m)log ( =

if 61 = ¢/2. Hence

>)\(dm)<(51+61:6

{9(:Q): Q € W} CKL(fo,€)
and sincdl, (W) > 0, therefore
Ho{Q: 9(; Q) € KL(fo,€)} > 0.

Sincee was arbitrary, the proof is completed. O

Proof of Proposition 1
Proof. Expressk as

2 —d%(m,u)}

K(m;p,0) =c (o) exp{ o

wherec(o) = (1) *=2 {exp(o—1) — Y F-2 o= /r!} and Assumption 1 is satisfied.
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As the kernel is symmetric im andy, for ¢ € C(35),

— [ K oyoti)V () = /w LK (mi 1, o)V (dir). (A6)

Choose preshapesandv for m andy, respectively, in the complex sphere 'C8, so thatm = [2] and
1 = [v]. LetV; denote the volume form on ¢S?. Then for any integrable functiop : 5 — ®,

[ owviaw =5 [ oV,

Hence the integral in (A6) can be written as

¢ Ho 1w
1) = 5 [ (0D = o) explo v )V, (A7)
Consider a singular value decompositionzef aszz* = UAU* whereA = diag(1,0,...,0) andU =
[Up,...,Up_1] With U; = 2. Thenv*zz*v = x* Az = |21]?> wherex = U*v = (21,...,2,_1)T. Make

a change of variables fromto x in (A7). This is an orthogonal transformation, so does nangje the
volume form. Then (A7) becomes

1(m) = 22D / (6D - ot} e (L= ) vagan), (1e)

2me(o

Write  ; —r;/QeXp(in), j=1,...,k—1, with r=(r,....,re_1)T €Sr_o and 0=
(01,...,0,-1)T € (—m,m)*L, so that Vi(dx) = 22"%dry ---dr,_odf; ---df_,. Hence (A8) can

be written ad (m) =
ol ~Fp—t exp(a_l)c_l(a)/s {(b([z]) — &([y(r,0,2)]) } exp (%) drdf, (A9)

withy = y(r,0,2) = Y521 r1/% exp(i6;)U;. Thend%([y], [2]) = 2(1 — r1). Ford € ®*, define

ko2 x[0,2m)k 1

P(d) = sup{|¢(m1) — ¢(ma)| : m1,ma € B8, di(m1,mo) < d}.
Then the absolute value of([2]) — ¢([y(r, 6, 2)]) in (A9) is at mosty) (2(1 — 7)), so that
r

sup |[I(m)] < 7" 2exp(c e o) / ¥(2(1 = ry)) exp ( L

mexk
2 Sk_2

1
) dTl ce d’l“k,Q

= 7" 2(k - 3)! L exp(o ) (o) /0 1/}<2(1 - Tl)) €xp <HT> (1—r1)*3dr. (A10)

Make a change of variable= o=1(1 — r1) to rewrite (A10) as

sup |[I(m)| < 78 72(k — 3)!17 0" 2 exp(c™ ) (o) /U ¥(205) exp(—s)s"3ds
0

mEEg

< Crey (o) /Oow(Qas)exp(—s)skfgds, (Al1)
0

wherec; (o) =1 — exp(—o~1) Z’;’;g o~ "/rl andC}, is some constant depending bnSince¢ is uni-

formly continuous on the compact metric spaés, dg), ¢ is bounded andim, . +(d) = 0. Also it
is easy to check thatm, ¢ c;(c) = 1. Sinceexp(—s)s*~2 is integrable or{0, o), using the Lebesgue
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Dominated Convergence Theorem on the integral in (A11), eveeltide that

lim sup |[I(m)| =0.

o—0 nLGZg

Hence Assumption 2 is also satisfied. This completes thefproo O
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