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Abstract

It is increasingly common to be faced with longitudinal orltalevel data sets
that have large number of predictors gorch large sample size. Current methods
of fitting and inference for mixedfiects models tend to perform poorly in such
settings. When there are many variables, it is appealindide aincertainty in
subset selection and to obtain a sparse characterizatitimeadata. Bayesian
methods are available to address these goals using Markom 8onte Carlo
(MCMC), but MCMC is very computationally expensive and canibfeasible

in large p andor largen problems. As a fast approximate Bayes solution, we
recommend a novel approximation to the posterior relyingasiational methods.
Variational methods are used to approximate the postefitireoparameters in a
decomposition of the variance components, with priors ehde obtain a sparse
solution that allows selection of randorfiects. The method is evaluated through
a simulation study, and applied to an epidemiological aaion.
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1. Introduction

It is often of interest to fit a hierarchical model in settingsolving large
numbers of predictorsp) andor large sample sizen). For example, in a large
prospective epidemiology study, one may obtain longitatiiata for tens of thou-
sands of subjects, while also collectirgl00 predictors. Even in more modest
studies, involving thousands of subjects, the number afipters collected is of-
ten large. Unfortunately, current methods for inferencenired efects models
are not designed to accommodate lapg@ndor largen. This article proposes a
method for obtaining sparse approximate Bayes inferemcgsdh problems using
variational methods (Jordan et al., 1999; Jaakkola andagip2000).

For concreteness we focus on the linear mix@elats (LME) model (Laird and
Ware, 1982), though the proposed methods can be appliectigire many other
hierarchical models. When considering LMEs in setting®iving moderate to
large p, it is appealing to consider methods that encourage spatseation of
the random fects covariance matrix. There are a variety of methodsatvaiin
the literature, including approaches based on Bayesiamadsimplemented with
MCMC (Chen and Dunson, 2003; Kinney and Dunson, 2007; Frithvchnatter
and Tuchler, 2008) and methods based on fast shrinkageagiin (Foster et al.,
2007).

Frequentist procedures encounter convergence problema¢land Dunson,
2007) and MCMC based methods tend to be computationallgsinte and not to
scale well ap andor nincreases. The methods relying on stochastic search vari-
able selection (SSVS) algorithms (George and McCullocBy) ¢ace dificulties
when p increases beyond 30 in linear regression applications, with the com-
putational burden substantially greater in hierarchicatleis involving random
effects selection. Approaches have been proposed to make M@MIEmenta-
tions of hierarchical models feasible in large data setaftguand Gelman, 2008;
Pennell and Dunson, 2007). However, these approaches dmivetthe largep
problem or allow sparse estimation or selection of randéieces covariances. In
addition, the algorithms are still time consuming to impéeh

Model selection through shrinkage estimation has gainedhnpopularity
since the Lasso of (Tibshirani, 1996). Similar shrinkaffeas were later ob-
tained through hierarchical modeling of the regressiorfanents in the Bayesian
paradigm. A few examples of these are (Tipping, 2001; Bisan@ Tipping,
2000; Figueiredo, 2003; Park and Casella, 2008). Most aubes have relied
on maximum a posterioffiMAP) estimation. MAP estimation produces a sparse
point estimate with no measure of uncertainty, motivatinghC and variational



methods.

It would be appealing to have a fast approach that could beemgnted much
more rapidly in cases involving moderate to large data selsnambers of vari-
ables, while producing sparse estimates and allowing appede Bayesian in-
ferences on predictoiffects. In particular, it would be very appealing to have an
approximation to the marginal posteriors instead of singfitaining a point esti-
mate. Basing inferences on point estimates does not acfmunicertainty in the
estimation process, and hence is not useful in applicatsuth as epidemiology.

One possibility is to rely on a variational approximatiorthe posterior dis-
tribution (Jordan et al., 1999; Jaakkola and Jordan, 20@hdp and Tipping,
2000). Within this framework, we develop a method for spa®eariance esti-
mation relying on a decomposition and the use of heavyeaiters in a related
manner to (Tipping, 2001), though they did not considemnegtion of covariance
matrices.

Section 2 reviews the variational methods. Section 3 pregpasshrinkage
model to encourage sparse estimates, inducing varialdetsel and gives the
variational approximations to the posteriors. Sectionesents a simulation study
to assess the performance of the proposed methods, Secjpiiés the method
to a large epidemiologic study of child growth, and finallyc&en 6 discusses the
results.

2. Variational inference

Except in very simple conjugate models, the marginal Iike@dd of the data
is not available analytically. As an alternative to MCMC draplace approxima-
tions (Tierney and Kadane, 1986), a lower-bound on mardjikellhoods may be
obtained via variational methods (Jordan et al., 1999ynel approximate pos-
terior distributions on the model parameters. &k the vector of all unobserved
guantities in the model angbe the observed data. Given a distributggé), the
marginal log-likelihood can be decomposed as

p(y, 6)
a(e)

10g p(y) = f 46109 Y- Y49 LKL (qIp). (1)

L

wherep(y, ) is an unnormalized posterior density @BndKL(.||.) denotes the
Kullback-Leibler divergence between two distributionsnc® this quantity is a
strictly non-negative one and is equal to O only wipéély) = q(0), the first term



in (1) constitutes a lower-bound on Ipgy). It is evident that maximizing the
first term in the right hand side of (1) is equivalent to mirging the second term
in the right hand side, suggesting tltg®) is an approximation to the posterior

densityp(8ly).
Following (Bishop and Tipping, 2000) we consider a factediform

a©) = | [a®. @)

whereg; is a sub-vector of and there are no restrictions on the formgg®;).
Then the lower-bound can be maximized with respedj @) yielding the solu-
tion

expllog p(y, 6))s,.
J explog p(y, 6)),,.d6;”

where(.),, denotes the expectation with respect to the distributap(s) for

j # 1. As we will see, due to conjugacy we will obtain for our modekse ex-
pectations will be easily evaluated yielding standardriistions forq;(6;) with
parameters expressed in terms of the momenis dhus the procedure will con-
sist of initializing the expectations required and reaterg through them updating
the expectations with respect to the densities provide@hy (

Gi(6) = 3)

3. TheModd

3.1. The Standard Model

Suppose there aresubjects under study, witty observations for thegh sub-
ject. For subjectat observatior), lety;; denote the response, bgt andz; denote
p x 1 andg x 1 vectors for predictors. Then, a linear mixdteets model can be
written as

Vi = Xja +Z;B; + &, (4)

wherey; = (Yiz, ... Yin ) Xi = (xi’l,...,xi’ni)’, Zi = (zi’l,...,zi’ni)’,ais apx 1 vector of

unknown fixed éects B, is agx1 vector unknown subject-specific randoffeets

with 8, ~ N (0, D), and the elements of the residual vectprare N (O, ol )
Given the formulation in (4), the joint density of the obsarens given the

model parameters can be written as

p(Vla.B.0?) = (27r<r2)_zin=lni/2 exp{—riz > Z (Vi - X -7 ,-,Bi)z} . (5)

i=1 j=1



From the model definition we know that the randoffeets are distributed as
N (0,D). Here, once the appropriate priors are placed on the modainesders,

the inference is straight-forward both in exact (via MCM@Yapproximate (via
variational methods) cases. To save space, the variatigpabximations to the
posteriors of the model parameters will be given only for shenkage model

explained in the following section and can easily be redtoelde standard model
case.

3.2. The Shrinkage Model

Let D = ABA whereB is a symmetric, positive-definite matrix ankl =
diag(ls, ..., 4q) with ¢ € R with no further restrictions. This decomposition is not
unique yet is sfiicient to guarantee the positive-semidefiniteneds.ot his can
easily be verified. LeB = I'T” be a Cholesky decomposition fBr Also letAT" =
UXV’ be a singular value decomposition foF. ThenD = UXV'VXU’' = UXXU’
is an eigenvalue decomposition forwhere the eigenvalues are nonnegative.

Let us re-write (4) as

Vi = Xia' + ZiAbi + &, (6)

whereb; ~ N (0,B) and A acts as a scaling factor on tkth row and column
of the random fects covarianc®. Although the parameterization is redundant,
it has been noted that the redundant parameterizationdtare useful for com-
putational reasons and for inducing new classes of priotis appealing proper-
ties (Gelman, 2006). The incorporation 4f allows greater control on adaptive
predictor-dependent shrinkage, with valugs: 0 (along with small correspond-
ing diagonals irB) leading to thekth predictor being #ectively excluded from
the random ffects component of the model through setting the values iktthe
row and column oD close to zero. This maintains the positive-semidefinite con
straint. One issue with redundant parameterization isdbk of identifiability
in a frequentist sense, i.e. it will lead to a likelihood whnicomprises multiple
ridges along possible combinationsdi@andB. This does not create insurmount-
able dfficulties for Bayesian procedures as a non-flat prior sholdd tare of
this problem. When MCMC is used, the samplingipfandB would occur along
these ridges where the prior assigns a positive densitytipleimodes will exist
due to the fact that eacly may take either sign.

The variational procedure used will converge to one of rpldtexchangeable
modes which live on the aforementioned ridges in the pastefihe tracking of
the lower-bound plays an important role to stop the iteeafivocedure. As the



lower-bound stops its monotonic increase (according toespreset criterion),
we stop the procedure and assume that any further changieaind B will not
change inferences as we are moving along one of these ridges.

Given the formulation in (6), the joint density of the obsarens given the
model parameters can be written as

non n n
p(yle. A,b, o) = (2x0?) *? exp{—ri'_z > i X -7 Abi)z} . (7)

i=1 j=1
From the model definition we know that theis distributed asVv (0, B).

3.2.1. Priors and Posteriors

After this decomposition the joint (conditional) densit/tbe observations
remains almost identical, replaciggyby Ab; in (7). Notice that1, and by are
interchangeable which is going to allow us to modglas redundantrandom-
effects coéicients.

We will use independertpriors foray, andAy due to its shrinkage reinforcing
quality. This will be accomplished through the scale miggiof normals (West,
1987) due to the conjugacy properties, i€« ~ N(0,a) and Ak ~ N(O,w)
wherea , v, ~ G(no. {o). Under this setup, we would hope that thegeand A«
corresponding to insignificant fixed and randofieets would shrink towards the
neighborhood of zero. This will allow us to obtain a much deratet of fixed
effects for prediction purposes as well as a much more compeatiaace struc-
ture on the randomfects coéicients. The usefulness of this approach will be
especially emphasized in high dimensional problems. Wesar? ~ 7G(co, do)
andB ~ 7W(ng, ¥o).

The approximate marginal posterior distributions of thelelgarameters, us-
ing (3) and as explained earlier for the standard model, lata@ed as follows:

i gl@)iN (@A) where

& = (DAY X[ (i~ Zi(AXb)) (8)
|=1n .

A = (@D XX+ (e HHAT 9)
i=1



ii. q(o?) 2 7G(&, d) where

¢

o,

n
D inj2+c
i=1

1< °
5 2. [ YY1 = 2@y Xiyi = 20 Z{yi + ) Xidaa i
i=1 k=1

p
+ Y Z (A o (bib))zy + (@) X{Zi{(AXby) | + do
=]

iii. q(b))= A (b1, B) where

U)

= (@ HBUAZ] (yi — Xi@)
B = (07 () e ZiZi+ (0B

iv. q() 2N (1. V) where

A

v. q(B) 2 Iw(h, ¥) where

vi. q&t) £ G(#. &) where

A = (oY Y diagb)Z (i - Xi(a)
i=1
n -1
Vo= (o3 D (bib) e Z1Zi + (B RV )
i=1
A = n+ng
o= D (bib)+ W
i=1
ﬁ = 1/2+mno
b = (aR/2+0

(10)

(11)

(12)
(13)

(14)

(15)

(16)

(17)

(18)
(19)



vii. g0t 2607, 2;) where

n 1/2 + o (20)
Sk (A2 + Lo (21)

HereA = diagA), A = diaglk : k = 1,...,Q), V = diagli : k = 1,...,0),
() denotes the Hadamard product and diaglepending on its argument, either
builds a vector from the diagonal elements of a matrix ordsud diagonal matrix
using the components of a vector as the diagonal elemerttafrtatrix.

The required moments a(&) = a, (a/a’> = A +ad, (b) = b, (bib{) =
Bi+bib;, (072 = ¢/d, (A) = diagQ), (A1) = V+A0, (&) = A/d (M) = 0/,
(Bl = pd .

The expression for the lower-bound, is given by

L = (logp(yle,b, %))+ (logp(ala™)) + (log p(a™)) + (log p (bIB))
+(log p (B)) + (log p(AIv~")) + (log p(v™*)) - logq (@)) — (logq(a™))
—~(logq (b)) - (logq(B)) — (logq (4)) — (logq (v~))

- 3 {‘ 3" 1100(2x) + a0+ 1)+ p-+ log V(@) + logI V()

Fq(ﬁ/Z) dgo
o) T 9

+ glog II:EZoi (22)

No
+Zlog|V(b)|+q(n no)logZ+Iog|| o|| }+ 09

T(m)
T(170)

+ Iog + Z Iog

4. Simulations

We now demonstrate the gain and advantages through the mequalned in
Section 3.2. Here we will study how closely we can estimagefitted dfect and
the random ffects covariance.

We specify two levels of subject size,= {400 2000, three levels of num-
ber of potential covariateqy = {4,20,60}, q = p, and three levels of under-
lying sparsity corresponding respectively to the numbepatential covariates,
P = {.75p,.50p,.25p}, d = p’, wherep’ andq denote the number of ac-
tive covariates in the underlying model. We genemyte- 8,1 = 1,...,n ob-
servations per subject as before andsgl = 1 anda(y.1)p = 0. The rest
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is randomized in the following fashion for each of the 100adsets generated:
Xij1 = 1, Xij@2:p) ~ Np_l (O, C) andC ~ W(p— l,|p_1); Z; = Xij; 0% ~ 7/[(1, 3),
Digxiqg ~ W(d, I¢) and the rest of the entries along the dimensians-(1) : q
are 0.

We run the variational procedure both for the standard andksdge models.
For the standard model, the priors are specified asN (0, Ag), o2 ~ G(Co, dp)
andD ~ 7W(ny,¥o) Whereag = 0, Ap = 1000 (Chen and Dunson, 2003),
Co = 0.1, dy = 0.001 (Smith and Kohn, 2002}, = q and®, = | to reflect our
vague prior information ok, o2 andD. All these priors are proper yet specify
very vague information about the parameters relativeléolikelihoods that are
observed in this simulation. For the shrinkage model, weoshoy = 179 = 0.1,
dy = 4o = 0.001,ng = qand®, = | to express our vague information o2,
a.t, vt andB. It is important that we refrain from using improper priors the
higher level parameters, i.e.*, v,!, for meaningful marginal likelihoods as the
limiting cases of these conjugate priors will lead to theliampiety of the posterior
distribution and consequently the decomposition in (1) lege its meaning.

The boxplots in Figure 1 (a) and (b) give the quadratic logs#%e estimation
of @ andD respectively arising from the standard and the shrinkag#etso As the
dimension of the problem increases and the underlying moeledmes sparser,
the advantage of the shrinkage model is highly pronouncigdir& 2 demonstrates
the shrinkage toward 0 on the diagonals of the randfietts covariance matrix
which are 0 in the underlying model. As expected, the shgekaodel gives
much better estimates for O-diagonals.

5. Real Data Application

Here we apply the proposed method to US Collaborative Pefifaoject
(CPP) data on maternal pregnancy smoking in relation talgndwth (Chen et al.,
2005). (Chen et al., 2005) examine the relationship betweaternal smoking
habits during pregnancy and childhood obesity withia 34866 children in the
CPP using generalized estimating equations (GEE) (LiadgZager, 1986). The
size of the data hinders a randofffegets analysis (Pennell and Dunson, 2007).

Having removed the missing observations we were left with1A8subjects
and 115811 observations. We set aside 211 observationssaitr® subjects as
a hold-out sample to test the performance of our procedurehwaves us with
115600 observations to train our model with. Our design imaXr = Z, (with a
column of 1s for the intercept term) has 72 columns. Eachmoplof X = Z is
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Figure 1: Quadratic loss for (@) and (b)D. The vertical axis is given in log-scale.

scaled to have unit length. The response was the weight afhihdren in kilo-
grams. A detailed description and analysis of the data dehwtibe provided as
the main purpose here is to demonstrate the applicabiliti@proposed method
on such data sets and to observe the shrinkéigete

We apply our shrinkage model to the data. Figure 3 (a) andiye)tbe 99%
credible sets for the fixediect codficients and for the diagonals of the random ef-
fects covariance matrix respectively. We can see for boddfedects coéicients
and the diagonals of the randorfiexts covariance, except for a few dimensions,
most of the credible sets are concentrated around 0. Fig(zgdso gives the
point estimates and 99% credible sets for the hold-out sankgre ther? on the
test set was found to be $4%.

The computational advantage of the procedure is undeni&bolethe shrink-
age model, the algorithm was implementedIATLAB on a computer with a.8
GHz processor and 12 GB RAM. Figure 3(d) tracks the lowerrdoand the rel-
ative error between two subsequent lower-bound values,| £® — £/ £0|,
for convergence wher€® denotes the lower-bound evaluated at iteratiofihe
preset value of = 10°% is reached after 2485 iterations which takes 208332 sec-
onds. It should be noted that the computational intensitghe iteration is almost
identical to a Gibbs sampling scenario, which suggestsiib&sampling proce-
dure were to be used, only 2485 samples would have been di@amsidering
the burn-in period required for convergence and the thioirthe chain to obtain
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Figure 2: Estimates of 0 diagonals bf (black: shrinkage model, grey: standard model). The
left and right columns are respectively far= {400,2000 and the rows from top to bottom
respectively are ford,q’) = {(4, 3), (20, 10), (60,45)}. Since in the first row, there is only one
0-diagonal, 100 cases are plotted along the horizontalebxig for the remainder they are plotted
along the vertical axis.

less correlated draws, this number is far fronflisient. Thus, with data sets this
large or larger, MCMC is not a computationally feasible opti
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Figure 3: Vertical lines represent 99% credible sets fortle) fixed éfect codficients for 72
predictors used in the model and (b) the diagonal elemenitestindom fects covariance matrix.
(c) gives the predicted vs. observed plot where black @ra@resent the point estimates for the
shrinkage model, dashed line is thé 4i6e and the solid line is the linear fit between the predicted
and observed values. Shaded are gives a 99% credible r¢djanacks the lower-bound (upper)
andy for convergence (lower) over time. Vertical dashed line kaahe iteratioftime the pre-
specified convergence criterion is reachgd=(107).
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6. Conclusion

Here we provided a fast approximate solution to fully Bay@srence to be
used in the analysis d¢dirge longitudinal data sets. The proposed parameterization
also allows for identifying the predictors that contribate fixed angbr random
effects. Although this parameterization leads to an unidabtilikelihood, and
would also cause the so-called label-switching problenm whie application of
Gibbs sampling, the variational approach allows us to caye/éo one of many
solutions which lead to identical inferences. The utilifylee new parameteriza-
tion is justified through a simulation study. The applicatto a large epidemio-
logical data set also demonstrates computational advesitaigfained through the
proposed method over conventional sampling techniques.
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