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Abstract

This paper is a review of computational strategies for Bayesian shrink-
age and variable selection in the linear model. Our focus is less on tra-
ditional MCMC methods, which are covered in depth by earlier review
papers. Instead, we focus more on recent innovations in stochastic search
and adaptive MCMC, along with some comparatively new research on
shrinkage priors. One of our conclusions is that true MCMC seems infe-
rior to stochastic search if one’s goal is to discover good models, but that
stochastic search can result in biased estimates of variable inclusion proba-
bilities. We also find reasons to question the accuracy of inclusion probabil-
ities generated by traditional MCMC on high-dimensional, nonorthogonal
problems, though the matter is far from settled.

Some key words: adaptive MCMC; linear models; shrinkage priors; stochas-
tic search; variable selection

1 Introduction

The linear model is a venerable topic, and one that may even seem passé in light
of the past decade’s revolution in applied Bayesian nonparametric modeling. Yet
despite its apparent simplicity, the linear model remains as important as ever to
the practice of modern Bayesian statistics, for at least three reasons.

First, many data sets are simply too high-dimensional to be modeled using the
slickest, newest methods. Computers run out of memory; Markov chains fail to
converge; priors become prohibitively difficult to elicit or choose in a default way.
Already this is a problem with data that arises in genetics and SNP association
studies. Yet these data sets are small compared to those concerning Internet
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traffic that, for example, Google or Microsoft encounter every day. When a linear
model is all that can be fit, it should be fit using the best available statistical
and computational tools.

Second, many practitioners will fit a linear model to their data as a first
pass, and will never make, or never be able to publish, a second pass. Indeed,
many decisions in public health and policy are made using the results of a linear
regression, with choices of great consequence coming down to the question of
whether a particular term is “significant.” Echoing the above: when a linear
model is all that will be fit, it should be fit using the best available statistical
and computational tools.

Finally, some nonparametric, nonlinear models can be recast as parametric,
linear ones. For example, many kernel-regression problems correspond to expand-
ing a function as a linear combination of basis elements given by the orthonormal
eigenfunctions of an integral operator. Similarly, methods based on wavelets,
splines, Fourier polynomials, and many other “dictionaries” of basis functions
can be treated as little more than linear regression, and yet are capable of fitting
highly nonlinear functions. A hypothetical Bayesian who knew only how to fit
“Y = Xβ + error” could still handle a vast array of problems, simply by being
clever about the choice of X.

Complicating matters is the fact that Bayesian linear modeling can gener-
ate many potential summaries for a high-dimensional data set, and that each
summary corresponds, in some sense, to a different inferential goal. These sum-
maries can include posterior means or medians of regression coefficients, variable-
inclusion probabilities, and the posterior probabilities of models themselves (where
a model is a specific combination of coefficients being identically zero). Section
4, for example, considers a data set where ozone-concentration levels around Los
Angeles are regressed upon 65 possible atmospheric predictors. One could ask at
least three different, scientifically relevant, questions concerning this data:

1. Which subset of atmospheric variables best accounts for observed
variation in past ozone levels? This question can, in principle, be
answered by finding the model with the highest posterior probability, given
the data and prior assumptions.

2. Which subset of atmospheric variables should be used to predict
future ozone levels? It is known that model-averaged predictions are
generally best, but this is unsatisfactory if one must choose a single model
to use for prediction. In orthogonal and nested-model settings, the best
model to use for prediction is the median probability model (Barbieri and
Berger, 2004). But in general, it is unknown whether there exists a single
best model to use for prediction.

3. What numbers should be used to yield the best estimate of the
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marginal effect of each variable on ozone levels? Here, as above, the
model-averaged estimates of the coefficients are generally best.

As this list suggests, different methodological approaches may work better for
different questions. This paper seeks to reach a complementary understanding of
different computational strategies. Indeed, we find that no single computational
strategy works best for all of these problems—a fact that is both interesting and
surprising, given that all strategies are, fundamentally, trying to reconstruct the
same joint distribution over data, models, and parameters. In light of this fact,
it is important to understand each strategy’s strengths and weaknesses.

Our approach differs from existing review papers on Bayesian linear models
in two main ways:

1. We focus less on well-established material regarding traditional MCMC,
and more on recent innovations involving stochastic search and adaptive
MCMC.

2. We provide a computational and methodological overview of “pure shrink-
age” solutions, which have been the subject of a recent surge in research
activity. An example of a pure-shrinkage solution is to place exchangeable
double-exponential priors on the regression coefficients, a tactic which often
goes by the name of “the Bayesian LASSO” (Park and Casella, 2008).

Additionally, we also review some recent developments about shrinkage and
variable selection that are not explicitly computational in nature. We include
these results in an attempt to give a current picture of the “state of the art” for
Bayesian linear modeling.

2 Bayesian Linear Models

2.1 Notation

Given a vector Y of n responses and an n× p design matrix X, suppose we wish
to select a subset of k predictors, zeroing out the remaining p − k coefficients.
This yields a sparse linear model of the form

Yi = α +Xij1βj1 + . . .+Xijkβjk + εi , (1)

for some {j1, . . . , jk} ⊂ {1, . . . , p}, where εi
iid∼ N(0, φ−1).

We follow the convention of treating the intercept α differently, since all mod-
els will include this term. Let H0 denote the null model with only an intercept,
and let HF denote the full model with all covariates included. The full model
thus has parameter vector θ′ = (α,β′), β′ = (β1, . . . , βp)

′.
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Each model Hγ is indexed by a binary vector γ of length p indicating a set
of kγ ≤ p nonzero regression coefficients βγ :

γi =

{
0 if βi = 0
1 if βi 6= 0 .

In Bayesian model selection, γ itself is a random variable that takes values in
the discrete space {0, 1}p, which has 2p members. Inference relies upon the prior
probability of each model, p(Hγ), along with the marginal likelihood of the data
under each model:

f(Y | Hγ) =

∫
f(Y | θγ , φ) π(θγ , φ) dθγ dφ , (2)

where π(θγ , φ) is the prior for model-specific parameters. These together define,
up to a constant, the posterior probability of a model:

p(Hγ | Y) ∝ p(Hγ)f(Y | Hγ) . (3)

Let Xγ denote the columns of the full design matrix X given by the nonzero
elements of γ, and let X∗γ denote the concatenation (1 Xγ), where 1 is a column of
ones corresponding to the intercept α. For simplicity, assume that all covariates
have been centered so that 1 and Xγ are orthogonal. Also assume that the
common choice π(α) = 1 is made for the parameter α in each model (see Berger
et al., 1998, for a justification of this choice of prior).

Often all models will have small posterior probability, in which case more
useful summaries of the posterior distribution are quantities such as the posterior
inclusion probabilities of the individual variables:

wi = Pr(γi 6= 0 | Y) =
∑

γ

1γi=1 · p(Hγ | Y) . (4)

These quantities also define the median-probability model, which is the model
that includes those covariates having posterior inclusion probability of at least
1/2 (Barbieri and Berger, 2004).

2.2 Choosing Priors for Variable Selection

An extensive body of literature confronts the difficulties of Bayesian model choice
in the face of weak prior information. These difficulties arise due to the obvi-
ous dependence of the marginal likelihoods in (2) upon the choice of priors for
model-specific parameters. In general one cannot use improper priors on these
parameters, since this leaves the resulting Bayes factors defined only up to an
arbitrary multiplicative constant.
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One class of methods for dealing with this issue involves training a nonin-
formative prior using some function of the data, and then using the remaining
data to compute Bayes factors under the induced family of prior distributions.
This class includes the fractional Bayes factors of O’Hagan (1995) and the in-
trinsic Bayes factors of Berger and Pericchi (1996). An extensive discussion can
be found in Berger and Pericchi (2001). Another promising recent method due
to Ray et al. (2007) known as PBIC offers a default specification in terms of the
principal components of the observed information matrix, and seems to offer an
interesting alternative to the well known Bayesian information criterion (Schwarz,
1978), which can also be used to compute a set of pseudo-marginal likelihoods.

Other authors have sidestepped this problem by defining default proper priors
that are appropriate for model selection and that explicitly aim to minimize the
effect of the prior. One such example is the g-prior and its robust variants, where

(βγ | g, φ) ∼ N

{
0,
g

φ
(X t

γXγ)−1

}
,

and where g is either chosen outright, given a prior, or estimated by marginal
maximum likelihood.

The existence of simple expressions for marginal likelihoods has made the use
of g-priors very popular. They can also be defended on foundational Bayesian
grounds, since they automatically adjust the predictive distribution of a model to
account for observed co-linearities in the variables (precisely the kind of behavior
one would expect from a carefully done subjective elicitation).

Additionally, some recent authors have overcome one of the major problems
of g-priors—namely, a type of unsettling behavior known as the “information
paradox.” It turns out that robustifying the g-prior by giving it heavier-than-
normal tails seems to solve this problem. Moreover, it does so in a way that
does not make marginal likelihoods all that much more difficult to compute. Key
references here are Zellner and Siow (1980), Zellner (1986), George and Foster
(2000), and Liang et al. (2008). Another overview of g-type priors can be found
in the appendix of Scott and Berger (2008).

What of the prior probabilities for models themselves? One might reasonably
consider a set of subjective prior model probabilities in smaller problems. But the
complexity of such an elicitation means that default methods must be developed
as a practical matter for high-dimensional problems, or when the appearance
of objectivity is important. In such cases, there seems to be wide agreement
surrounding the use of so-called “variable selection priors,” where the the p-
dimensional vector γ is assumed to arise as a sequence of exchangeable Bernoulli
trials with common success probability w.

In such cases, we find it natural to think of specifying prior model probabilities
as an opportunity to apportion mass across model space in a way that solves the
implicit problem of multiple hypothesis testing posed by variable selection. The
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key intuition when using these priors is to let the data estimate w. This yields
an automatic penalty for multiple testing, in that the introduction of spurious
covariates will cause the posterior mass of w to concentrate near 0, making it
harder for all variables to overcome the increasingly strong prior belief in their ir-
relevance (Scott and Berger, 2006). George and Foster (2000) propose estimating
w by empirical-Bayes methods, but they note that this can prove computation-
ally overwhelming in large problems with nonorthogonal design. Cui and George
(2008) consider the fully Bayesian specification, whereby w is marginalized away
before computing the posterior probability of a model. Finally, Scott and Berger
(2008) offer some theoretical and numerical comparisons of the empirical-Bayes
and fully Bayes approaches. They show that the fully Bayes solution offers an
automatic improvement over empirical Bayes, in that it can avoid a particular
form of degeneracy that arises when the empirical-Bayes solution collapses to the
boundary of the parameter space.

3 Algorithms for Variable Selection and Shrinkage

3.1 Traditional MCMC

Computational algorithms for variable selection took flight beginning with the
seminal work of George and McCulloch (1993) and followed by, among others,
Geweke (1996), Clyde et al. (1996), and George and McCulloch (1997). These
algorithms construct a Markov chain to simulate a sequence γ(1),γ(2), . . . ,γ(T )

such that
γ(t) D→ p(Hγ | Y)

as t → ∞. The majority of these algorithms assume conjugate prior distribu-
tions to implement a Gibbs sampler (Gelfand and Smith, 1990) over the model
space, since these allow marginal likelihoods to be computed in closed form. Sev-
eral algorithms, however, allow non-conjugate priors to be used by employing
Metropolis proposals (see, e.g., Madigan and York, 1995). In all cases, the inclu-
sion probabilities (4) are estimated using the simulated γ sequence, with,

ŵi =
1

T

T∑
t=1

1
γ
(t)
i =1

. (5)

An eloquent overview of these methods is given in Clyde and George (2004),
which also includes a much more comprehensive list of references.

Due to their intuitive construction and ease of implementation, MCMC tech-
niques for variable selection surged in popularity during the 1990’s and at the
turn of the century. In recent years, however, variable-selection techniques based
upon traditional Markov-chain algorithms have come under scrutiny for a few
reasons. First, for large p, the posterior distribution p(Hγ | Y) is highly multi-
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modal, and there are no trustworthy diagnostics that can effectively recognize a
lack of Markov-chain convergence in such complex situations. The usual “rules
of thumb” for MCMC, as we shall see on the examples later in the paper, can
lead one badly astray when assessing convergence.

Second, many years of testing and implementation of such algorithms have
shown that for a finite (and computationally practical) run time T , the chain
often completely misses large modes in the model space. This potentially renders
(5) a poor estimator of wi. For many researchers that have studied this issue, it
is very difficult to understand how a procedure can correctly estimate marginal
distributions when it misses significant modes of the joint distribution. Even now,
despite years of research on computational approaches for variable selection, it is
simply not known whether the estimated inclusion probabilities that arise from
MCMC on large problems are even approximately correct.

Third, it is very unlikely that the Markov chain will visit any model frequently
enough to allow model probabilities to be estimated by frequency of occurrence
in the Monte Carlo sample. In fact, in large problems, it will almost always
be the case that all models (even the best one) will have posterior probabilities
significantly smaller than 1/T , which is the smallest nonzero model probability
that can arise from an MCMC of length T .

3.2 Stochastic Search Algorithms for Variable Selection

For these and other reasons, some researchers have become skeptical of “vanilla”
MCMC, and the popularity of these techniques as an active research area has
dwindled. These older techniques have, however, paved the way for the emergence
of newer stochastic-search (SS) algorithms, which focus on rapidly discovering
models with high posterior probability. These algorithms use the information
from previously visited models, such as estimated inclusion probabilities, to guide
the search over the model space.

MCMC can, of course, be viewed as a form of stochastic search. But the SS
algorithms discussed here pay little, if any, attention to the goal of converging
to the posterior distribution p(Hγ | Y). Rather, SS algorithms focus on find-
ing the models with the highest posterior probability. Their output is simply
a list of models visited, together with a score for each one—typically an un-
normalized posterior probability. There is no sense which the estimated inclusion
probabilities “converge” to the true ones, unless all of the models are eventually
enumerated.

A simple SS algorithm proposed by Berger and Molina (2005), for example,
uses online estimates of posterior model and inclusion probabilities to orient the
search. Let p(t)(Hγ | Y) and w

(t)
i be the estimates of p(Hγ | Y) and wi at the tth

iteration of the SS algorithm, respectively. At iteration t, the algorithm proceeds
by:
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1. Resampling one of the t − 1 previously sampled models in proportion to
their estimated probabilities p(t)(Hγ | Y), and setting this to be the current
model.

2. Flipping a coin to decide whether to add or delete a variable to the current
model.

3. Adding [removing] variable i with probability (w
(t)
i + ε)/(1 − w(t)

i + ε) [or

(1− w(t)
i + ε)/(w

(t)
i + ε) in the case of a deletion], where ε > 0 is small and

bounds w
(t)
i away from 0 or 1.

Berger and Molina (2005) suggest updating p(t)(Hγ | Y) via a path-based es-
timate of the Bayes factors between models. Certainly the algorithm cannot
explore all 2p models, but the hope is that a majority of visited models will have
high posterior probability.

Many stochastic-search algorithms have this general flavor. The key ingredient
to visiting good models seems to be to use the inclusion probabilities to guide
the search—an approach that also works in far more general classes of models
and features. For example, Scott and Carvalho (2008) propose a SS algorithm
called FINCS (feature-inclusion stochastic search). This algorithm, which builds
upon the insight of Berger and Molina (2005) regarding the importance of the
inclusion probabilities, interweaves local moves (adding or deleting a variable from
γ(t)), resampling moves (selection from among one of γ(1), . . . ,γ(t−1)), and global
moves that attempt to avoid getting stuck in local modes in model space. Their
application of the algorithm is to Gaussian graphical models, but the approach
is in principle quite straightforward to use in linear models, as well.

A SS algorithm of a slightly different nature was proposed by Hans et al.
(2007), and is known as shotgun stochastic search (SSS). Hans et al. (2007)
consider constructing a neighborhood of models around γ(t) denoted by ∂γ(t) =
{γ(t)

+ ,γ
(t)
0 ,γ

(t)
− } where γ

(t)
+ ,γ

(t)
0 ,γ

(t)
− is the set of all models which add, replace,

or remove one element from γ(t), respectively. Each model in ∂γ(t) is given a
“score” (e.g. AIC, BIC, or a posterior probability), and a set S(t) is adapted to
contain the B highest scoring models of {∂γ(t),S(t−1)} such that S(T ) contains
the B best models after T iterations. To iterate the algorithm, γ(t+1) is sampled
from ∂γ(t) proportional to the assigned scores. (Obviously, the SSS algorithm is
computationally demanding and works best in a parallel computing environment,
which it was designed to exploit.)

Clyde et al. (2009) astutely observe that for models with tractable marginal
likelihoods, resampling a model provides no additional information for estimating
posterior model probabilities. They go on to develop a Bayesian adaptive sam-
pling (BAS) algorithm which samples without replacement from the 2p models.
This too is accomplished by sampling models one variable at a time in a manner
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that is guided by the estimated inclusion probabilities. If S(t) is the set of sam-
pled models, then the estimated inclusion probability for the ith variable is given
by

ŵ
(t)
i =

∑
γ∈S(t) p(Y | Hγ)γi∑
γ∈S(t) p(Y | Hγ)

, (6)

and ŵ
(t)
i → wi as t→ 2p because S(t) becomes the set of all 2p models. Sampling

without replacement is ensured by subtracting the mass of model γ(t) from the
total mass of π(γ | Y).

3.3 Adaptive MCMC Algorithms for Variable Selection

Similar to SS algorithms, the key idea of adaptive MCMC (AMCMC) is to inform
and adapt the proposal distribution of a Metropolis-Hastings algorithm using
past draws. Specifically, if X(1:t) = {X(i) : i = 1 . . . , t} is the set of realizations
of the Markov chain X(t) up to time up time t, then AMCMC would adapt the
proposal distribution q(X(t), ·;ψ(t)) iteratively by adapting the parameter vector
ψ(t) = f(X(1:t)) for some function f .

As a simple example, suppose that the proposal density is q(X(t), ·;ψ(t)) =
N(·;X(t), σ(t)). Then an AMCMC algorithm could adapt ψ(t) = σ(t) iteratively
via the update equation ψ(t) =

√
V ar(X(1:t)). While this is a simple example, it

illustrates the appeal of AMCMC in that the tuning of the proposal distribution
is done automatically.

Because AMCMC algorithms use all past states X(1:t) to construct the pro-
posal distribution (i.e. estimate ψ(t)), the resulting algorithms no longer satisfy
the Markov property: the past and future are no longer conditionally indepen-
dent, given the present. Nevertheless, due to the recent theoretical work of,
for example, Haario et al. (2001), Atchade and Rosenthal (2005), Andrieu and
Moulines (2006), Andrieu and Atchadé (2007), Roberts and Rosenthal (2007),
and Atchadé et al. (2009), simple and intuitive conditions have been established
which, if met, guarantee that an AMCMC algorithm will converge to the de-
sired posterior distribution. Using these conditions, practically useful algorithms
have emerged for a variety of models and situations. These include Haario et al.
(2001), Haario et al. (2005), Roberts and Rosenthal (2009), Pasarica and Gelman
(2009), and Craiu et al. (2009).

Recently, some AMCMC methods for variable selection have begun to emerge.
One of the first was proposed by Nott and Kohn (2005), who made clever use of
the fact that Pr(γi = 1 | γiC ,Y) = E(γi | γiC ,Y), where γiC = {γj ∈ γ : j 6= i}.
Specifically, Nott and Kohn (2005) adaptively estimate γ̄(t) = t−1

∑
i γ

(i) and
Γ(t) = Cov(γ | Y) at each step of the AMCMC algorithm. They do so using the
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best linear unbiased estimator of E(γi | γiC ,Y),

Ê(γi | γiC ,Y) = γ̄i + Γ
(t)

i,iC

[
Γ

(t)

iC ,iC

]−1

(γiC − γ̄iC ), (7)

as a proposal distribution in the MCMC algorithm, where Γ
(t)

i,iC
is the ith row of

Γ(t) with the ith column removed, and Γ
(t)

iC ,iC
is Γ(t) with the ith row and column

removed. Using (7) as a proposal distribution, variables with a high conditional
inclusion probabilities are frequently added to the model.

The algorithm of Nott and Kohn (2005) uses conjugate prior distributions such
that the coefficients and error precision can be integrated out, allowing a closed-
form expression for f(Y | Hγ). An alternative AMCMC algorithm proposed by
Ji and Schmidler (2009) use a point-mass mixture prior for the coefficients, e.g.

p(βi) = (1− w)δ0(βi) + wN(βi; 0, s2
i ) , (8)

where δ0(·) is the Dirac measure at 0 and s2
i is a known prior variance. Ji and

Schmidler (2009) then consider adapting proposal distributions of the form,

q(β
(t)
i , ·;ψ(t)) = λq0(·; ψ̃) + (1− λ)

[
(1− ω(t))δ0(·) + ω(t)N(·; β̂(t)

i , Σ̂
(t)
i )
]
, (9)

where 0 < λ < 1 is fixed and known, and q0(·; ψ̃) is fixed (non-adaptive) to ensure
that the bounded convergence condition in Theorem 13 of Roberts and Rosenthal
(2007) is satisfied. Ji and Schmidler (2009) then use the stochastic approximation
algorithm of Robbins and Monro (1951) to develop an adaptive scheme for ω(t),

β̂
(t)
j , and Σ̂(t) which minimizes the Kullback-Leibler (KL)-divergence between the

target distribution π(βj | Y) and the proposal distribution (9).
One potential limitation of this algorithm is that it depends upon being able to

write an exchangeable joint prior for the regression coefficients in a given model,
where βi ∼ w·p(βi)+(1−w)·δ0 as in (8). This restriction excludes the possibility of
using g-like priors, since these cannot be expressed using an exchangeable model
for each coefficient. Since there are strong (non-computational) reasons to prefer
g-like priors for variable selection in situations with non-orthogonal designs, this
limitation may be a significant one.

3.4 Shrinkage-based alternatives

All of the models discussed so far place nonzero probability mass upon the hy-
pothesis that each coefficient βi is zero. As we have seen, this results in a com-
binatorial explosion in the number of discrete models that must be considered,
leading to a very difficult problem in stochastic computation.

Recently, many researchers have become interested in an alternative approach
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based upon “pure shrinkage” priors, which do not place positive probability at
zero. There is, of course, an established tradition of evaluating such priors on
foundational Bayesian grounds (see, e.g., Pericchi and Smith, 1992). Yet much
of the more recent activity has arisen as a Bayesian rejoinder to the neo-classical
literature on penalized least squares, which offers a very different perspective
on variable selection. Indeed, many well-studied priors are enjoying newfound
prosperity in their second careers as “penalty functions,” which yield solutions
that can be interpreted as posterior modes.

These priors are often in the family of multivariate scale mixtures of normals,
which is very general and has many nice analytical properties:

(Y | β, σ2) ∼ N(Xβ, σ2I)

(βj | λj, τ, σ2) ∼ N(0, λ2
jτ

2σ2)

λj ∼ g(λj)

τ ∼ h(τ) .

The λj’s are known as the “local” shrinkage parameters, while τ is known as the
“global” shrinkage parameter.

The following list is by no means comprehensive, but gives a sense of the
strong level of activity in this area:

1. The horseshoe prior of Carvalho et al. (2008) assumes a half-Cauchy prior
on the local scales, λj ∼ C+(0, 1), which is equivalent to an F(1, 1) prior on
the local variances λ2

j . Polson and Scott (2009) generalize this prior to a
wider class of hypergeometric–beta mixtures, while Scott (2009) proposes
two methods for fitting models in this family: one based on importance sam-
pling, and an alternative MCMC algorithm that involves a slice-sampling
step for the local shrinkage parameters.

2. The Student-t prior is defined by an inverse-gamma mixing density, λ2
j ∼

IG(ξ/2, ξτ 2/2). Tipping (2001) uses this model for sparsity by finding pos-
terior modes under the assumption that ξ → 0.

3. The double-exponential prior uses an exponential mixing density: p(λ2
j |

τ 2) ∝ exp{λ2
j/2τ

2}. The standard Markov-chain Monte Carlo algorithm for
working with this model is from Carlin and Polson (1991), and uses the fact
that the local variance parameters are conditionally inverse-Gaussian, given
the data and other parameters. More recently, Park and Casella (2008),
along with many others such as Hans (2009) and Gramacy and Pantaleo
(2009), have revitalized interest in this prior as a Bayesian alternative to
the LASSO (Tibshirani, 1996).

4. The normal–Jeffreys prior has been studied by Figueiredo (2003) and Bae
and Mallick (2004). This improper prior is induced by placing Jeffreys’
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prior upon each variance term, p(λ2
j) ∝ 1/λ2

j , leading to p(βj) ∝ |βj|−1

independently.

5. The normal–exponential–gamma family of priors proposed by Griffin and
Brown (2005) is also based upon the exponential mixing density, but uses a
Ga(c, d2) density rather than an inverse-gamma for the global scale term τ .
The two hyperparameters allow control over tail weight (c) and scale (d).
This leads to

p(λ2
j) =

c

d2

(
1 +

λ2
j

d2

)−(c−1)

.

Many of these priors are implemented in the R package monomvn (Gramacy,
2009), which we use in later sections to fit the shrinkage-based methods. A
discussion of some general principles to help guide the choice of prior can be
found in Carvalho et al. (2008), who compare many of the above possibilities
at great length. Their conclusion is that, in order to be appropriate for sparse
problems, the prior for λj should have positive density at zero, and should decay
no faster than λ−2

j . (These same guidelines also apply to the prior on τ .)
To be sure, pure-shrinkage solutions can never provide a truly sparse solution,

in the sense that they will never allocate positive posterior probability at zero.
Nonetheless, there is a growing body of empirical evidence to suggest that it is
possible to use pure-shrinkage priors to get estimates and predictions very close
to those that arise under Bayesian model averaging. This is an active and fast-
moving area of research, and the exciting possibility of “BMA mimicry” using
shrinkage priors is just one of many open problems here.

4 Examples

In this section, the approaches described above are evaluated on three exam-
ples: a very simple, simulated orthogonal problem; a data set on the long-term
economic growth rates of 88 countries; and a data set of daily maximum ozone
measurements near Los Angeles. We address four questions that are relevant
to comparing MCMC and stochastic search/adaptive sampling, the two general
classes of variable-selection algorithms that have been considered here:

1. Does either class of methods systematically find better models?

2. Do the classes systematically differ in their estimates of inclusion probabil-
ities?

3. Does either class yield better out-of-sample performance?

4. How do pure-shrinkage solutions compare to full-blown model averaging?
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4.1 Orthogonal Simulation Study

Our first experiment is designed to test the algorithms in a situation where the
model space is too large to enumerate, but where everything else remains as
simple as possible. Hence we construct an orthogonal problem with no unknown
hyper-parameters, where all true inclusion probabilities are known exactly, and
where the identity of the top model is known.

Specifically, we let

Yi
iid∼ N(µiγi, σ

2) (10)

for i = 1, . . . , n. Here γi is either 1 or 0, designating signal or noise. We chose
n = 50 and σ2 = 1, and we assume that the nonzero means follow µi ∼ N(0, 1),
and that Pr(γi = 1) = 0.5 independently for all i. Even though the full model
space has 250 members and is too big to enumerate, the structure of the problem
allows inclusion probabilities to be computed exactly. The marginal likelihood of
the data under a model configuration γ is

f(Y | Hγ) =
∏
i

N(Yi | 0, 1 + γi) ,

where N(x | m, v) is the normal p.d.f. with mean m and variance v evaluated at
x. Meanwhile, under this simple design, the true inclusion probabilities are

wi =
N(Yi | 0, 2)

N(Yi | 0, 1) + N(Yi | 0, 2)
, (11)

and the highest posterior probability model is the median probability model.
We actually simulated three data sets under (10) with low, medium, and high

signal-to-noise (STN) ratios. The low-STN data set takes µi = i for i = 1, . . . , 5;
the medium STN data set takes µi = i/2 for i = 1, . . . , 10; and the high STN
data set takes µi = i/5 for i = 1, . . . , 25. (All other means are set to zero.)

For each simulated data set, we attempted to reconstruct the posterior distri-
bution for γ using the stochastic-search algorithm of Berger and Molina (2005)
(FINCS), the AMCMC algorithm of Nott and Kohn (2005), and the SSVS al-
gorithm of George and McCulloch (1993). Each MCMC was run for T = 5000
iterations after discarding an initial 500 iterations for burn-in, while FINCS was
run for 250, 000 iterations. (These numbers mean that each algorithm evalu-
ated the same number of marginal likelihoods, making the comparison a fair
one.) Table 1 displays the sum of absolute errors for inclusion probabilities
SAEw =

∑
i |wi−ŵi| for the three data sets, and Figure 1 displays corresponding

boxplots of log f(Y | γ) of the top visited models.
Additionally, the full set of inclusion probabilities for the medium STN ex-

periment can be found in Table 2. The table is a bit dense but repays close
inspection, since together with Figure 1 it tells a very interesting story. On the
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Table 1: Sum of absolute error in inclusion probabilities for orthogonal simulation
study.

Data SSVS FINCS AMCMC
Low Density 0.284 12.213 0.384

Medium Density 0.221 10.135 0.394
High Density 0.208 8.391 0.372

one hand, the FINCS algorithm is quite poor at estimating inclusion probabilities
compared to AMCMC or SSVS, even on this simple orthogonal problem. In par-
ticular, it seems to overestimate wi for “good” variables, and to underestimate
wi for “bad” variables. (This was also true for the low- and high-STN data sets,
though these tables are omitted.) This systematic bias is interesting but perhaps
not too surprising: FINCS is not concerned with exploring all models, nor with
re-constructing any marginal distributions.

Meanwhile, both SSVS and AMCMC get the inclusion probabilities essentially
correct. Yet paradoxically, the explored models under FINCS have a higher
marginal likelihood than those found under either AMCMC or FINCS. Indeed,
FINCS finds dozens of models that are better than the single best one discovered
by either SSVS or AMCMC. This fact is much harder to understand: how is
it that, at least in this case, both MCMC methods are able to reconstruct the
correct marginal distributions while missing large pockets of probability in the
joint distribution from which all these marginals are derived?

4.2 GDP Growth Data

We next ran a similar experiment on a real data set that was collected in an
attempt to understand the determinants of long-term economic growth. Here
Y is annualized GPD growth since 1960 for 88 countries, and X represents a
battery of 67 possible socio-economic, political, and geographical predictors of
growth. This data set has been previously analyzed by Fernandez et al. (2001),
Sala-i Martin et al. (2004), and Ley and Steel (2007). We assume g-priors for the
coefficients; unlike in the orthogonal problem, the true inclusion probabilities are
unknown.

Surprisingly, a very different pattern emerged. Before, SSVS and AMCMC
agreed (both with each other and with the truth), while FINCS disagreed despite
visiting better models. On this problem, however, FINCS and AMCMC tend to
agree with each other—though not perfectly—while SSVS disagrees with both
of them. As Table 3 shows, this disagreement can be stark. For example, SSVS
estimates the inclusion probability of the East Asian dummy variable to be 50%,
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Table 2: True inclusion probabilities for the 50 simulated coefficients in the
medium signal-to-noise-ratio configuration, along with estimates arising from
three algorithms: stochastic search using inclusion probabilities (FINCS), Gibbs
sampling over models (SSVS), and adaptive Markov-chain Monte Carlo (AM-
CMC). The results are rounded to two decimal places and are ordered by the
absolute value of the observation Yi.

Rank Y True wi FINCS SSVS AMCMC

1 5.98 1.00 1.00 1.00 1.00
2 4.94 1.00 1.00 1.00 1.00
3 4.30 1.00 1.00 1.00 1.00
4 3.80 0.99 1.00 0.99 0.99
5 3.38 0.97 1.00 0.97 0.97
6 3.10 0.95 1.00 0.94 0.95
7 2.75 0.90 0.99 0.90 0.90
8 -2.71 0.89 0.99 0.89 0.89
9 -2.14 0.74 0.95 0.75 0.74

10 -1.87 0.65 0.92 0.65 0.66
11 1.67 0.59 0.86 0.59 0.59
12 -1.63 0.58 0.75 0.57 0.58
13 -1.60 0.57 0.74 0.57 0.58
14 1.57 0.56 0.75 0.55 0.55
15 -1.55 0.55 0.69 0.55 0.55
16 1.44 0.52 0.55 0.52 0.53
17 1.42 0.52 0.69 0.51 0.52
18 -1.29 0.48 0.36 0.48 0.49
19 1.28 0.48 0.70 0.48 0.49
20 1.26 0.48 0.49 0.48 0.48
21 1.23 0.47 0.31 0.46 0.48
22 -1.23 0.47 0.43 0.46 0.48
23 1.13 0.45 0.22 0.44 0.44
24 1.03 0.43 0.14 0.42 0.42
25 -0.85 0.40 0.18 0.40 0.39
26 0.74 0.38 0.09 0.39 0.36
27 0.71 0.38 0.08 0.38 0.36
28 -0.69 0.37 0.08 0.38 0.37
29 -0.66 0.37 0.08 0.37 0.37
30 0.65 0.37 0.07 0.36 0.36
31 0.61 0.36 0.09 0.36 0.35
32 0.59 0.36 0.08 0.37 0.35
33 0.58 0.36 0.07 0.35 0.34
34 0.57 0.36 0.08 0.36 0.35
35 -0.55 0.36 0.16 0.35 0.35
36 0.50 0.36 0.06 0.36 0.35
37 -0.50 0.36 0.08 0.36 0.37
38 -0.46 0.35 0.07 0.34 0.35
39 0.42 0.35 0.10 0.36 0.34
40 -0.36 0.34 0.07 0.35 0.33
41 -0.33 0.34 0.06 0.34 0.34
42 0.26 0.34 0.06 0.33 0.32
43 0.22 0.34 0.07 0.34 0.33
44 -0.21 0.34 0.06 0.33 0.32
45 0.19 0.34 0.06 0.34 0.32
46 -0.18 0.34 0.07 0.33 0.32
47 -0.14 0.34 0.06 0.34 0.34
48 -0.07 0.33 0.06 0.34 0.31
49 0.02 0.33 0.05 0.33 0.33
50 -0.01 0.33 0.06 0.33 0.32
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Table 3: Estimated inclusion probabilities for the top 50 (out of 67) variables in
the GDP growth data set. Results are given for SSVS, FINCS, and AMCMC.
AMCMC was replicated three times to ensure stability, with results displayed for
all three runs.

Variable SSVS FINCS AMCMC 1 AMCMC 2 AMCMC 3

Investment Price 0.98 1.00 1.00 1.00 1.00
GDP in 1960 (log) 0.97 1.00 1.00 1.00 1.00
Primary Schooling in 1960 0.94 0.99 1.00 1.00 1.00
Fraction Confucian 0.73 1.00 1.00 1.00 0.99
Fraction GDP in Mining 0.72 1.00 0.99 0.99 0.99
Public Investment Share 0.64 0.99 0.98 0.98 0.98
African Dummy 0.55 1.00 0.96 0.97 0.98
Fraction Buddhist 0.52 0.93 0.94 0.96 0.95
East Asian Dummy 0.50 0.02 0.04 0.03 0.03
Fraction Speaking Foreign Language 0.48 0.85 0.83 0.81 0.84
Life Expectancy in 1960 0.47 0.51 0.59 0.56 0.56
Fraction Muslim 0.43 0.12 0.16 0.14 0.13
Fraction of Tropical Area 0.41 0.13 0.13 0.16 0.12
Latin American Dummy 0.41 1.00 0.96 0.96 0.98
Population Density Coastal in 1960s 0.39 0.09 0.11 0.12 0.10
Population Density 1960 0.37 0.05 0.03 0.03 0.03
Real Exchange Rate Distortions 0.34 0.07 0.07 0.06 0.05
Nominal Gov. GDP Share 1960s 0.33 0.10 0.09 0.09 0.07
Gov. Consumption Share 1960s 0.31 0.30 0.24 0.35 0.29
Real Gov. GDP Share in 1960s 0.30 0.54 0.54 0.42 0.52
Revolutions and Coups 0.28 0.40 0.26 0.29 0.31
Fraction Catholic 0.27 0.07 0.04 0.05 0.04
Openess measure 1965-74 0.27 0.10 0.07 0.08 0.06
Fertility in 1960s 0.25 0.14 0.09 0.07 0.09
Hydrocarbon Deposits in 1993 0.24 0.04 0.02 0.03 0.02
Fraction Hindus 0.24 0.04 0.05 0.04 0.04
European Dummy 0.22 0.03 0.04 0.03 0.02
Ethnolinguistic Fractionalization 0.21 0.02 0.01 0.01 0.02
Outward Orientation 0.20 0.17 0.08 0.07 0.09
Fraction Protestants 0.20 0.02 0.01 0.01 0.01
Spanish Colony 0.02 0.03 0.03 0.03 0.02
Fraction Population In Tropics 0.20 0.06 0.05 0.04 0.04
Political Rights 0.20 0.02 0.01 0.01 0.01
Civil Liberties 0.20 0.04 0.02 0.02 0.02
Years Open 1950-94 0.20 0.02 0.01 0.01 0.01
Primary Exports 1970 0.20 0.05 0.03 0.03 0.03
Fraction Population Over 65 0.19 0.03 0.03 0.03 0.02
Colony Dummy 0.17 0.02 0.01 0.01 0.01
Air Distance to Big Cities 0.17 0.02 0.01 0.01 0.01
Higher Education 1960 0.17 0.02 0.01 0.01 0.01
Education Spending Share, 1960s 0.17 0.05 0.02 0.02 0.02
Socialist Dummy 0.17 0.06 0.02 0.03 0.03
Malaria Prevalence in 1960s 0.17 0.05 0.03 0.03 0.03
Capitalism 0.16 0.04 0.02 0.02 0.02
Population in 1960 0.16 0.03 0.01 0.01 0.01
Absolute Latitude 0.16 0.02 0.01 0.01 0.01
Fraction Land Near Navigable Water 0.16 0.03 0.01 0.02 0.01
Fraction Population Less than 15 0.16 0.03 0.01 0.01 0.01
British Colony Dummy 0.16 0.03 0.01 0.01 0.01
Landlocked Country Dummy 0.14 0.02 0.01 0.01 0.01
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Figure 1: log f(Y | Hγ) of the explored models using FINCS, SSVS, and AMCMC
for the low, medium, and high STN data sets.

while neither of the other methods estimate this probability to be larger than
4%.

Given a sufficient burn-in period, both SSVS and AMCMC are fairly stable
from run to run. (The burn period tends to be quite long for AMCMC, but not
untenably so.) This creates the illusion that each has independently converged
to the posterior distribution. Yet at least one of them certainly has not, and it
is impossible to know which one it is using existing tools.

A final fact worth noting is that, as before, SSVS fails to visit many high-
probability models (Figure 2). Indeed, the cumulative posterior probability of all
models discovered by SSVS is only 0.6% that of the top 10, 000 models visited
by FINCS.

4.3 Ozone Data and Out-of-Sample Performance

The ozone data set consists of n = 178 daily measurements of the maximum
ozone concentration near Los Angeles. This data set has become a standard
benchmark in the regression literature, and has been recently analyzed by, among
others, Casella and Moreno (2005), Berger and Molina (2005), and Liang et al.

17



GDP Growth Models Discovered: FINCS vs. SSVS vs. AMCMC

Log Posterior Probability (Best 10,000 Models Discovered)

● ●●● ● ●●●● ●● ●● ●● ●● ●●●● ●● ●● ●● ● ●● ● ● ●● ● ●● ●●● ●● ●●●● ● ● ●●● ●●● ●●●● ● ●● ● ●●●● ●●● ● ● ●●●● ● ●●● ●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●● ●● ●● ●● ●● ● ●●● ●●● ●●● ●● ●●●● ●●●●● ●● ●●● ●●● ● ●● ●● ●● ●●● ●●●●● ● ●●●● ● ●● ●●● ●●● ●● ●●●●●● ●●● ●●● ●●● ●●● ●●● ●●●●●●●●●●● ●●●●● ●●● ●●● ●●● ●● ●●● ●● ●●● ●●●●● ●● ●● ●●●●●●●● ●●●●●● ●●●●●●● ● ●●●● ●● ●●● ●●● ●●●●● ●●●● ● ●●●● ●●●●●●●● ●●● ●●●●●●●●●●

30 40 50 60 70

SSVS

FINCS

AMCMC

Figure 2: Log marginal likelihoods of models discovered by the three algorithms
on the GDP growth example.

(2008). For this study, 10 atmospheric predictor variables are considered (see
Casella and Moreno 2005 for a description), along with all squared terms and all
45 second-order interactions. This yields p = 65 potential variables that could be
included in the model. Enumerating all 265 models is impossible—to store all of
the binary vectors on a computer would require 300 million terabytes of memory.

For this study, we performed 100 different “train–test” splits of the data set: a
random sample of 134 data points were used to fit the model, with the remaining
44 used to compare out of sample predictive performance. The test subjects
were: the AMCMC algorithm of Nott and Kohn (2005), the SSVS algorithm of
George and McCulloch (1993), the BAS algorithm of Clyde et al. (2009), the
horseshoe (HS) method of Carvalho et al. (2008), the Bayesian lasso, and the
classical lasso. Zellner’s g-prior was used with g = n for the AMCMC, BAS, and
SSVS algorithms.

Figure 3 displays box plots of the sum of predictive squared errors for the 100
repetitions,

SPSE =
∑
i∈V

(Yi − Ŷi)2 ,

where V is set of indices of the 44 data points in the test data set, and Ŷi is one of
either the model-averaged estimate of Yi when using AMCMC, BAS, and SSVS;
the posterior predictive mean when using the Bayesian lasso and the horseshoe;
or the posterior predictive mode when using the lasso.

Each of the methods performed very similarly in terms of prediction, with
median SPSE’s of 833.99 for AMCMC, 794.50 for SSVS, 847.27 for BAS, 837.51
for the Bayesian lasso, 821.56 for the HS, and 898.58 for the classical lasso. Clearly
the between-sample variation is much larger than the between-method variation.

While the methods were similar at predicting, however, they differed greatly in
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Figure 3: Box plots of sum of predictive squared errors for ozone cross-validation
study.

average model size. Adaptive MCMC, with an average model size of 6.46, found
the most parsimonious models; SSVS, with an average model size of 16.18, found
the most complex models. Bayesian adaptive sampling and the classical lasso were
intermediate, yielding average model sizes of 11.56 and 11.84, respectively. Thus,
while each method is performing similarly in terms of SPSE, the models being
chosen are quite different. It is particularly difficult to explain why this is the
case for AMCMC and SSVS, since both algorithms are theoretically converging
to the same posterior distribution.

Also noteworthy is that the pure-shrinkage solutions are competitive with
Bayesian model-averaging in terms of out-of-sample predictions. It is not at all
clear, however, how one would select a model or construct a measure of variable
importance under pure-shrinkage priors. Sparse solutions based on the posterior
mode are clearly dubious from a Bayesian point of view; except for the very rare
case of a true “0–1” loss function, there is no deeper justification for choosing
any point in Rp with zero posterior probability, beyond a simple desire to induce
sparsity.
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5 Final Remarks

Where do these results leave those interested in fitting a Bayesian linear model?
We cannot, unfortunately, give an unqualified recommendation for any algorithm.
We can only point to specific areas in which each one fails.

First, it is clear that if one’s goal is to find models with high posterior probabil-
ity, then stochastic search is preferred to either AMCMC or SSVS. This message
emerges again and again from our simulation studies, and from those of other au-
thors: existing MCMC methods in γ space simply miss too many good models.

Second, as a general matter, it remains unclear how one should compute
posterior inclusion probabilities. Gibbs and AMCMC seem to reconstruct these
probabilities in orthogonal settings, but no one knows whether this fidelity of
reconstruction holds in high-dimensional, nonorthogonal problems. The experi-
ment on the GDP-growth data suggests that it may not. Perhaps the best we can
hope for at present is to estimate a set of conditional inclusion probabilities—
conditioning on the set of models actually visited, and working hard to ensure
that this set is a good one.
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