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Abstract

This paper introduces an approach to estimation in possibly sparse data sets using
shrinkage priors based upon the class of hypergeometric-beta distributions. These
widely applicable priors turn out to be a four-parameter generalization of the beta
family, and are pseudo-conjugate: they cannot themselves be expressed in closed form,
but they do yield tractable moments and marginal likelihoods when used as priors
for the mean of a normal distribution. These priors are useful in situations where
standard priors are inappropriate or ill-behaved. Non-Bayesians will find these priors
useful for generating easily computable shrinkage estimators that have excellent risk
properties. Bayesians will find them useful for generating computationally tractable
priors for a variance parameter. We illustrate the use of these priors on a variety of
global and local shrinkage problems, and we prove a theorem that characterizes their
risk proprieties when used for estimation of a normal mean under a quadratic loss
function.

Keywords: multiple testing; normal scale mixtures; shrinkage; sparsity

1 Introduction

This paper considers the classic normal-means problem, where y; ~ N(6;,0?), and where
the objective is to estimate 8 = (6y,...,6,). Our goal is to introduce a new flexible
class of priors for € based upon hypergeometric-beta mixtures of normals. This class,
which we will soon define, is of potential interest both to Bayesians and to non-Bayesians.
Non-Bayesians will find these priors useful for the construction of shrinkage estimators
that are easy to compute and that have excellent risk properties under quadratic loss.
Bayesians, on the other hand, will find them useful for the many situations where com-
putationally tractable priors for a variance component are required, but where the usual



conjugate choices are inappropriate or ill-behaved. They are especially useful for modeling
sparse, heavy-tailed signals. The family simultaneously generalizes the robust priors of
Strawderman (1971) and the horseshoe prior of Carvalho et al. (2008).

We build on a long line of previous work on the normal-means problem, with a focus
on two main areas:

Classical shrinkage estimation, where (0; | A\2) ~ N(0,A?). Here the goal is to con-
struct an estimator or prior for the global shrinkage parameter A2 that, in turn,
yields a good estimator for € in terms of quadratic loss (e.g. James and Stein, 1961;
Strawderman, 1971; Stein, 1981; Fourdrinier et al., 1998). The fundamental insight
of this literature is that shared dependence upon a global parameter A2, which is to
be estimated using the data, can yield drastic improvements in risk over traditional
estimators. These formal results, however, do not typically extend to sparse con-
figurations of 6. Indeed, it is known that global-shrinkage estimators can perform
quite poorly in these situations.

Models for sparse signals, where (6; | A?) ~ N(0,?), and where the goal is to con-
struct a prior for the local shrinkage parameters )\?. The fundamental insight of this
literature is that mixing over a set of local variances yields a non-normal density
that substantially improves upon global shrinkage priors when estimating signals
that are sparse, heavy-tailed, or both. Examples can be found in the work of Tib-
shirani (1996), Denison and George (2000), Tipping (2001), Figueiredo (2003), Park
and Casella (2008), Hans (2008), and Carvalho et al. (2008). This literature usually
does not, however, consider global shrinkage to be of central concern; any hyperpa-
rameters that govern the prior distribution of the A;’s are usually treated as nuisance
parameters to be handled by, for example, empirical Bayes or cross-validation.

This paper adopts a combined “global-local” view of shrinkage: we use a new family
of local-shrinkage priors to model sparse signals, but attempt to do so in a way that
pays close attention to the lessons about global shrinkage to be found in the literature on
classical estimation under quadratic loss.

Specifically, we assume an exchangeable mixture prior for 8 of the form

p

p(6r,....0, | T) =[] p(6: | T). (1)

t=1

where I is a vector of common hyperparameters. We assume further that p(6; | I') is itself
a normal scale mixture:
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Our approach is to induce a prior on the local variances )\22 using the transformation
k; = 1/(1 + A?), or equivalently \? = (1 — k;)/k;. This transformed variable has an
interpretation as the amount of shrinkage toward the origin, since the posterior mean for



f; can be expressed as:
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Hence our sparse-estimation approach arises from a random convex combination of the
data and the prior mean of zero, where the random weight placed on the prior mean has
a hypergeometric—beta prior. This family of priors has many advantages for modeling
normal variances: it is conjugate with a normal likelihood, it is highly flexible, and it
yields moments and marginal densities that are easy to compute.

These random weights «;, moreover, share a set of global shrinkage parameters. Indeed,
a fully Bayesian view of (1) makes it clear that additional marginalization is required to
yield the posterior for 6, given the data y = (y1,...,yp):

p
p0r, .0, 1) = [T]ol6: 131 ao(C | 3).
t=1

where p(I" | y) is the marginal posterior for I' under an assumed prior p(I'). Classically,
this can be viewed as a form of Rao-Blackwellization, where

E(0; | y) = E{E®: | 4, 1)}, (2)

the outer expectation being taken with respect to the marginal posterior distribution for
I', given y.

This paper makes three main contributions to the large and growing literature on
the sparse normal-means problem. First, we adopt a pure “global shrinkage” view and
assume that x = 1/(1 + A\?) follows a hypergeometric-beta distribution. Our goal here
is not to consider sparsity per se, but rather to study our approach for handling for the
top-level variance component in a hierarchical model for sparse means. After defining the
family of hypergeometric—beta scale-mixture priors, we construct a decomposition of the
classical risk of the posterior mean that is tractable for all members of the family. This
decomposition is based upon Stein’s approach. We prove a theorem that can be used to
compute the risk Ey9(]|0 — 0]12) as a function of ||@||, and we use this to study the risk
gains near the origin that are possible using hypergeometric—beta priors. These potential
risk gains are particularly important when the underlying signal may be sparse. We also
give conditions for minimaxity in situations where the likelihood is a scale mixture of
normals, using a recent result from Fourdrinier et al. (2008).

Second, we extend the horseshoe prior of Carvalho et al. (2008) to a much richer
class of local shrinkage rules. The horseshoe prior assumes that x; = 1/(1 + A\?), and
that k; ~ Be(1/2,1/2). We generalize to the case where x; has a hypergeometric-beta
prior HB(a, b, 7, s), and describe how each of the four hyperparameters affects the implied
density for p(6;). We also show how the advantages of global shrinkage can easily be
embedded into a local-shrinkage framework for sparse means.

Finally, we demonstrate how hypergeometric—beta priors can be used to construct flex-



ible, heavy-tailed multiple-testing procedures, generalizing the work of Scott and Berger
(2006) and Johnstone and Silverman (2004).

2 Global Shrinkage with Hypergeometric-Beta Priors

2.1 Overview

In the first part of the paper, we develop shrinkage rules of the form é(y) ={1-9(2)}y
for Z = |ly||?>. This is a form shared by many other similar procedures (e.g. James and
Stein, 1961; Strawderman, 1971; Stein, 1981; Fourdrinier et al., 1998). The central issue
is how to identify “nice” functions g(Z), and how to understand priors for global variance
components in terms of the behavior of the estimators they yield.

The so-called “constraint to rationality” —mnamely, the requirement that there exists a
prior p(k) such that, for all Z, g(Z) = E(k|Z) under the posterior p(k | Z)—rules out a
wide class of potential estimators. The function g(Z) cannot, for example, be a polynomial
of order two or greater. Indeed, the functional form of a g(Z) that respects admissibility
will typically be quite complicated.

It is natural to look in the class of estimators where g(Z) = p(Z)/q(Z), a ratio of
power-series expansions. We construct such a g(Z) by assuming that (8 | A2) ~ N(0, A1),
and then defining é()\Q) = E(0 | A%, y). After removing the dependence upon A\? by
marginalizing, this leads to

0 =By {000} = {1 - E(x| 2)}y,

recalling that x = 1/(1+ A?). We can therefore identify g(Z) with E(x | Z), the posterior
expectation of k, given Z.
Our approach is to define a class of priors for x indexed by (a, b, 7, s) such that

a+p/2 ®i(blia+b+p/2+1;s+2/2,1—1/7%)

Z) = E(k|Z) =
IZ) = ER2) = o 2 0yl lia b+ p/2is + 22,1 —1/72)

3)

where a, b, and 7 are positive real numbers; s is any real number; and ®4 is the degenerate
hypergeometric function of two variables (Gradshteyn and Ryzhik, 1965, 9.261).

This g is a ratio of power series, and can be computed quite rapidly for a given tuple
(a,b,7,s) and a given Z. It leads to a large class of admissible estimators with a wide range
of possible behavior. In particular, it includes many estimators that exhibit robustness to
large values of Z; many estimators that offer significant risk reduction near Z = 0; and
many that do both. This class generalizes the form noted by Maruyama (1999), which
contains the positive-part James—Stein estimator as a limiting (improper) case.

The purpose of this section differs from most of this literature, in that we do not seek
to give general conditions for minimaxity. Rather, we have two different, more modest,
goals—goals that are consistent with our focus on a particular class of priors for variance
components, and not on the far more general theory of estimation under quadratic loss.

First, we will derive simple expressions in terms of ||@|| for the frequentist risk of the es-
timators in (3) arising from hypergeometric-beta scale mixtures. These expressions apply



when o2 is fixed. In this way, users may easily assess which version of the hypergeometric—
beta family is appropriate for use on a given problem, depending upon where potential
risk improvements should be focused. The expressions themselves are new as far as we
are aware, and apply to more general classes of priors, but they are particularly easy to
evalulate for priors in this family.

Second, using these expressions, we will assess the gains near the origin that are possible
when using hypergeometric—beta priors instead of other common shrinkage estimators. We
will also remark on how some recent results in Fourdrinier et al. (2008) can be used to
establish the minimaxity of these estimators when the likelihood is also a scale mixture of
normals. Potential gains near the origin are especially relevant when @ may be sparse, an
issue to which we will return in subsequent sections.

2.2 The proposed prior

Our proposed class of normal scale mixtures arises by placing a hypergeometric—beta prior
on k € [0, 1], the amount of shrinkage toward the origin. This prior’s density function is

p(k) = C 71 (1 — g)PE {712 - (1 - ;) ﬁ}l exp(—sk), (4)

where a,b,7 > 0 and s € R, and where (] is a constant of proportionality. We denote the
prior by k ~ HB(a,b, 1, s).
The normalizing constant,

C= /01 kel (1 = )b {:2 + <1 _ 712) ;@}_1 exp(—s#) dr, (5)

can be computed using hypergeometric series. In Appendix A we give details of this
computation, which yields

C = e * Be(a,b) ®1(b,1,a+b,s,1 —1/7%), (6)

where ®; is the degenerate hypergeometric function of two variables (Gradshteyn and
Ryzhik, 1965, 9.261). This function can be calculated accurately and rapidly by trans-
forming it into a convergent series of o F} functions (§9.2 of Gradshteyn and Ryzhik, 1965;
Gordy, 1998), making evaluation of (6) quite fast for most allowable choices of the param-
eters.

The implied density for A? takes the form

_ _ —(a s 1—7r2)7!
PO =000 e et (P 0

This resembles a modified, tempered version of the inverted-beta distribution, also known
as Pearson’s Type VI distribution. Indeed, it reduces to an inverted beta in the special
case where s = 0,7 = 1, in which case aA?/b will follow an F(2b,2a) density.

The hypergeometric—beta family contains many well-known sub-families of priors for



k. These include the beta distribution, the generalized beta distribution (McDonald and
Xu, 1995), and the Gauss hypergeometric distribution (Armero and Bayarri, 1994). These
various sub-families are why we call (4) the hypergeometric—beta prior. The family is itself
contained in the class of compound confluent hypergeometric distributions (Gordy, 1998),
which has two extra parameters that are not relevant in this context.

2.3 Expressions for moments and marginals

The family in (4) has one major advantage over other similar priors, one to which we have

already alluded: there exist easily computable expressions for the posterior mean E(0 |y)

and the marginal density m(y) = [N(y | 6,I) p(6) d8. We now derive these expressions.
First, note that the joint distribution for x and y is

: 1 1 R
p(ylv"-aypaH)O(Ha - (1_’%)1)_1 {2+ <1_2) K} e "™ ’
T T

with @’ = a+p/2, and s’ = s+ Z/202. Hence the posterior for x is also a hypergeometric—
beta distribution, with parameters (a’, b, 7, s’).
Next, the moment-generating function of a hypergeometric—beta prior is easily shown
to be
, @1, 1,a+b,s—t,1—1/7%)
®1(b,1,a+b,s,1—1/72)

See, for example, Gordy (1998). Expanding ®; as a sum of 1 F} functions and using the
differentiation rules given in Chapter 15 of Abramowitz and Stegun (1964) yields

M(t)=e

(a)n ®@1(b, 1,0’ +b+mn,s,1—1/7?) (8)
a +0)p 10,1, 0"+ 0,5, 1 — T .
'+ b ®q(b,1,a’ +b,s',1—1/72

E(r" |y) =

Since E(0 | y) ={1—E(x | y)} y, (8) provides all that is needed to compute the posterior
mean for 6.

Similarly, the marginal density m(y) is a simple expression involving the ratio of prior
to posterior normalizing constants:

/ / / - 2
m(y) = (2r0?) P2 exp (_ . ) Bela, ) 2ulb Lo +5,5,1-1/7)

202 ) Be(a,b) ®1(b,1,a+b,s,1—1/72) "’

with @’ and s’ as given.

2.4 Main result

We now provide a result that characterizes the risk of the posterior mean when x has
a hypergeometric-beta prior, and where ¢g(y) = g(Z) = E(k | Z). We assume, without
loss of generality, that 02 = 1. Stein (1981) shows that, under this assumption, the



mean-squared error of an estimator can be written as

p
9
MSE =p+Ey (IIg(y)II2 +2) ayy(.v)) :
i=1 7

where ¢g(y) = VInm(y). In turn this can be written as

v2
MSE = p+4E, Viymy) )
m(y)

We now state our main theorem concerning computation of this quantity.

Theorem 1. Suppose that @ ~ N,(0,\2I), that k = 1/(1 + \?), and that the prior p(k)
is such that lim,_01 k(1 — kK)p(k) = 0. Define

P 4

1
mp(Z) —/0 k2e” 2"p(k) dk.

Then the risk of the Bayes rule under p(k) is

MSE(®) = p+ 20570 { 272545 () - Sa(2?} Q
where g(Z) = E(k | Z) and
mpalZ) _ P
222 (4 24 4)9(2) - 0+2) - Bz {2 - 0B 0
Proof. See Appendix B. O

Theorem 1 is useful because the two important quantities that characterize the risk—
the marginal m,(Z), and the expectation g(Z) = E(x | Z)—are easy to compute under
hypergeometric-beta scale mixtures of normals, since

7z
(k| Z) ~ HB <a+‘;’,b,7,s+2> .

Given ||0]|?, moreover, Z can be easily simulated:

Z = U*+V
U ~ N(l6]*1)
V ~J X}%fl

The risk of estimators arising from hypergeometric—beta scale mixtures is therefore easy
to evaluate as a function of ||@]|? using Monte Carlo sampling.

We have given some examples when p = 7 in Figures 1 and 2, which show how the
classical risk of the Bayes estimator changes as the parameters a, b, 7, and s change. In



both figures, the risk of the maximum-likelihood estimate and the risk of the James-Stein
estimator are plotted for the sake of comparison.
These experiments show that:

e The hypergeometric—beta family provides a large class of Bayes estimators that will
perform no worse than the MLE in the tails, i.e. when [|@]|? is large.

e Major improvements over the James—Stein estimator are possible near the origin.
This can be done in several ways: by choosing a large relative to b, by choosing a
and b both less than 1, by choosing s negative, or by choosing 7 < 1. Each of these
choices involves a compromise somewhere else in the parameter space.

e As other authors have noted (e.g. Berger, 1980), there is a tension between mini-
maxity and risk improvements near the origin. Particularly if there are grounds for
suspecting sparsity in 8, it may be reasonable to give up minimaxity for the sake of
these potential gains.

2.5 Remarks
Three further remarks are in order.
First, when ¢ = 1, it is difficult to assess the minimaxity of hypergeometric-beta

estimators using existing theory. Many priors of this family, despite appearing to yield
minimax rules when Monte Carlo simulations are conducted using Theorem 1, do not meet
the assumptions of available theorems that characterize minimax estimators (e.g., Theorem
1 of Fourdrinier et al., 1998). One example is the above special case of a =b=1/2, s =0,
and 7 = 1. By all indications this estimator is minimax when p > 7 (see Figure 2). Yet the
implied prior for 8 does not meet certain boundedness conditions at the origin necessary to
decide the matter formally using available tools. The construction of new tools along these
lines is, of course, an active area of research. We are investigating possible generalizations
to cases where m(6) may be unbounded at the origin, which is the crucial modification
required of existing theory.

Second, and perhaps rather surprisingly, it is possible to provide formal a character-
ization of minimaxity when the sampling variance o2 follows a mixing density g (as is
the case, for example, for a Student-t likelihood). Here we summarize a set of sufficient
conditions for minimaxity, which are given by Theorem 3.1 of Fourdrinier et al. (2008).

1. There exist numbers K > 0, A3 > 0, and « < 1 such that
T(A\?) < KA (11)
for 0 < A2 < A2

2. For some ¢ > 0 and 3 < p/2 — 1,
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Figure 1: Mean-squared error as a function of ||@|]: effect of changing a (top) and b
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3. For the same (3 as above,

o P2
-2 s 5] <P (13)

where all expectations must be assumed finite.
4. The prior g(o?) must have monotone likelihood ratio as a scale family.

5. The prior 7(A\?) must also have monotone likelihood ratio as a scale family.

Conditions 3 and 4 will depend entirely upon the choice of g. Meanwhile, conditions
1 and 2 can be checked using the fact that, under a hypergeometric-beta prior, p(\?)
behaves like (A\2)°~! near the origin, and like (A?)'~® in the upper tail. This gives the
allowable range of values for a and b on a given problem. Crucially, condition 2 allows
priors that whose density 7(6) unbounded at the origin, which will be the case for any
hypergeometric—beta prior in which b < 1/2. Condition 5 is easily verified using Lemma
3.3 of Fourdrinier et al. (2008) for any hypergeometric-beta scale-mixture with s > 0.

Finally, the special case of a = 1/2 and b = 1/2, leading to a half-Cauchy density for
p(A), was recommended by Gelman (2006) as a default prior for variance parameters in
Bayesian hierarchical models. This prior tends to a constant at A = 0 and yet is quite
heavy-tailed, a combination of features that Gelman shows to be quite desirable for a prior
on a global variance parameter in high-dimensional inference. The results of this section
give a quite different, classical justification for this prior in high-dimensional settings:
its excellent mean-squared error risk properties. The fact that two independent lines of
reasoning both lead to the same distribution is a strong argument in its favor as a default
proper prior for a shared variance component. We note that the hypergeometric—beta class
provides a very useful generalization of this prior, in that it allows even greater control
over global shrinkage through 7 and s.

3 Modeling Sparsity with Hypergeometric-Beta Priors

3.1 Local shrinkage priors

We now extend the hypergeometric—beta prior to a local-shrinkage framework, where

p(Oi | 5i) ~ N{0,0°(1 - ki)/ri}
ki ~ HB(a,b,7,s).

The connection with global shrinkage can be made explicit by marginalizing over 6;:
(g | ) ~ N{0,0®(1 + AD)},

or equivalently y; = \in; + €;, where 7;, ¢; ~ N(0,0?) independently. The local shrinkage
factors A; can therefore also be thought of as location parameters. The mathematics will

11



be different from the case of normal means, but the intuition that global shrinkage of the
M.s can offer substantial risk improvements still remains.
Under our hypergeometric—beta model, the joint distribution for y; and k; takes the

’_ o 1 1 —1 o

where now s’ = s+ y?/(20%) and @’ = a + 1/2. As in the global-shrinkage setting, if &;
has a hypergeometric—beta prior, it will also have a hypergeometric—beta posterior once
normal data have been observed.

Using (8), we get

form

a ®(b1,d +b+1,5,1—-1/72)
EG; |y;)=<1- 14
(0: | ) { a+b ®(b1,a +b,s,1-1/72) Y (14)
And by the law of total variance,
Var(0; | y;) = E{Var(0; | yi,k:)} + Var{E(0; | v, ki) } (15)

= 02{1 —E(ki |yi)} + > Var(x; | yi),

will all other posterior moments for 6; following in turn.
As before, there is also a tractable expression for the marginal likelihood of the data:

o, 1 1 -1 /
m(y;) = C’l_l/o Ky -1 (1— K}Z’)bil {7_2 + (1 — 7_2> ﬁi} e ™% dk;, (16)

where again s’ = s +9?/(20?) and @’ = a+1/2. This integral is in the same family as (5),
and so by the same series of arguments we obtain

1 o y? \ Be(d,b) ®1(b,1,d’ +b,s',1—1/7?)
X - .
2 TP\ T2 Be(a,b) ®1(b,1,a+b,s,1—1/72)

m(y:) = (17)

2ro

3.2 Shrinkage profiles

We now turn to the specification of the four hyperparameters, and to the different “local
shrinkage profiles” that are accessible through different choices of these parameters.

All normal scale-mixtures have an implied shrinkage profile p(x;), which describes the
amount of shrinkage toward the origin that is expected a priori. The prior’s behavior near
k; = 0 controls the tail weight of the marginal prior for 8;, while the behavior near x; = 1
controls the strength of shrinkage near zero.

Table 1 lists four common priors, while Figure 3 plots the implied shrinkage profiles for
two of these: the double-exponential and Cauchy priors. Contrast these shrinkage profiles
with the wide range of shapes that accessible through the hypergeometric-beta density,
some of which are shown in Figure 4.

One important special case of the hypergeometric-beta family is the Strawderman
prior (Strawderman, 1971), which corresponds to a = 1/2, b = 1, s = 0, and 7 = 1.

12
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Figure 3: Implied shrinkage profiles for double-exponential and Cauchy priors.

Table 1: Priors for A; and x; associated with some common local shrinkage rules. Densities
are given up to constant terms.

Prior for 6; Prior for \; Prior for k;
Double-exponential i exp{)\?/2} Ki—2672%i
Cauchy A72 exp(—1/2)2)  w; 2(1— k)" Fe Fom0

Nl

Strawderman-Berger  \; (1 + \2)73/2 K

Horseshoe (1+ %)t Kil/2<1 — k)72

Another special case is the half-Cauchy prior on the scale factor A, studied by Gelman
(2006) and Carvalho et al. (2008). This corresponds to a = b = 1/2, s =0, and 7 = 1.
Yet a third special case is the uniform-shrinkage prior, where a =b =1, s =0, and 7 = 1.
All of these can be seen in the upper-left pane of Figure 4.

Clearly (4) can lead to many standard-looking shapes that are similar to other normal
scale mixtures. Yet it can also produce a wide variety of other densities that are inacces-
sible through other standard families. We now describe the role of each hyperparameter,
recalling that more probability near x = 1 means more aggressive shrinkage.

First, 7 is a global scaling factor, with larger values leading to larger marginal variance
in 6. To see this, suppose that all components of 8 have a common variance component
in addition to their idiosyncratic ones: (y; | 6;) ~ N(0;,02) and 6; ~ N(0,0%272)?). The
form involving 7 in (4) arises from the special case of assuming a half-Cauchy prior for
each \;, as in the horseshoe prior of Carvalho et al. (2008). The generalization of the
scaled half-Cauchy prior to arbitrary a, b, and s then arises quite naturally on the &

13
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Figure 4: Effect of changing the four parameters (a, b, s, 7) on the density for the shrinkage
coefficient k.
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scale. Shifting 7 up and down causes the shrinkage profile to be shifted left and right,
respectively, controlling the overall aggressiveness of shrinkage.

The parameters a and b are analogous to those of beta distribution, to which (4)
reduces when 7 = 1 and s = 0. Smaller values of a encourage heavier tails in (), with
a = 1/2, for example, yielding Cauchy-like tails. Smaller values of b encourage p(6) to
have more mass near the origin, and eventually to become unbounded; b = 1/2 yields, for
example, p(f) ~ log(1 + 1/6%) near 0.

Finally, s is a second global scaling factor, though with a different effect than 7 on
the shape of the density. This parameter might, for example, be usefully construed s as
a vehicle for regressing shrinkage coefficients upon external covariates {x;; };-”:1, since it is
straightforward to let s; = ) x;;3; for some vector 3 of regression coefficients. Values of s
smaller than zero encourage x to be smaller, meaning that a positive regression coefficient
B; is associated with increased shrinkage.

The scale parameters 7 and s do not control the behavior of 7(\) at 0 and co. Specif-

ically, w(\) behaves like )\?bfl near the origin, and like A;(QGH) in the upper tail. Since
m(0) has the same polynomial rate of decay as m(\), a can be chosen to reflect the desired
tail weight of 7(0).

3.3 The effect of adding global shrinkage

The hypergeometric-beta prior allows a combination of global and local shrinkage that
can be both flexible and robust. Figure 5 shows how a very small value of 7, encouraging
strong global shrinkage, can be reinforced by a small observation (y = 1.0), and yet be
almost completely overruled by a large observation (y = 4.0). Meanwhile, the marked
bimodality for an intermediate observation such as y = 2.5 reflects uncertainty about
whether such an observation corresponds to signal or noise, with the posterior mean for
averaging over both possibilities.

This example demonstrates that global shrinkage through 7 can be very effective at
squelching noise in high-dimensional problems. It is crucial, however, that 7 be estimated
from the data, and that the prior for x; grow sufficiently fast near 0 in order to allow x;
to escape the strong “gravitational pull” of a small 7 when y; is large (as in this example
when y; /0 = 4). We recommend setting a = 1/2 in sparse problems involving a normal
likelihood; see Carvalho et al. (2008) for further discussion. In situations with heavier-
tailed sampling models, it may be appropriate to choose a smaller value of a.

When 1 — 1/72 is very close to 1 (or when 1 — 72 is very close to 1 for 7 < 1), the
®; functions in (8) and (17) may become slow to evaluate due to the slow convergence
of the series representations given in the appendix. In our experience, the issue becomes
practically significant in a serial computing environment only when 72 is larger than 1000
or smaller than 1/1000. These frontiers are far more expansive in a parallel computing
environment, and will no doubt expand further as computers grow faster. But for now,
a different approach may be required in situations where the global shrinkage parameter
must be either very large or very small compared to the sample variance of y.

Two such options are available, either of which will avoid any convergence problems
associated with extreme arguments of the ®; function. First, global shrinkage can take
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Figure 5: The left pane shows the prior for kK when 7 = 1/15, s = 0, and a = b = 1/2,
reflecting a prior bias for strong shrinkage. The next three panes show the different

posteriors for k upon observing a single data point: y = 1.0, ¥y = 2.5, or y = 4.0,
respectively.
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Figure 6: The left pane shows the prior for kK when 7 =1, a = b =1/2, and s = —4. The
next three panes show the different posteriors for x upon observing a single data point:
y = 1.0, y = 2.5, or y = 4.0, respectively.

place through s rather than 7 (with 7 being set equal to 1). Then x; ~ HB(a,b,7 = 1, s),
and so
(ki | yi) ~HB(a +1/2,b,7 = 1,5 + y?/20?).

Figure 6 shows that global shrinkage through s can produce results quite similar to global
shrinkage through 7.
Alternatively, one can set adopt a subtly different form of global shrinkage:

2 2
05 | ki) ~ N(o,”;" —02>
R4

ki ~ HB(a,b,1,s),

with the first step following Section 4.7 of Berger (1985) and requiring that the global
shrinkage parameter satisfies n > o.
In either case, the posterior moments of #; and the marginal for y; involve only a single
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1 I evaluation, since
1
/ K1 — k)P e dr = Be(a, b) 1Fi(a,a + b, —s) = Be(a,b) e 1 F1(b,a+b,s).
0

Note that, in the second case, the posterior mean is:

202
E(ez‘ ’ yz‘w‘fz') = {1 - (U2—i-7'2> m}yz'-

We prefer the elegance of the original approach involving the full hypergeometric—beta
family, since both 7 and the A;’s can be interpreted as variance components. But we offer
these alternatives for handling difficulties that may be encountered in evaluating the ®;
function for particular data sets. In practice, we have only encountered these difficulties
in extremely high-dimensional problems.

3.4 Sampling from the hypergeometric—beta distribution

The previous expressions show that posterior means under hypergeometric—beta priors
are easy to compute for fixed values of the hyperparameters. Averaging over uncertainty
with respect to these hyperparameters, however, requires Markov-chain Monte Carlo to
compute posterior means. This, in turn, requires a method to generate random draws
from the hypergeometric—beta distribution.

Luckily this is straightforward using rejection sampling under a beta proposal. Some
algebra yields the required bound on the density function:

' ,%a_l(l _ K)b—l
p(k|a,bs,7) < M {Be(a, D } (18)
2 -5
M o= 7% max(1,e”") < 0. (19)

e s ®y(b,1,b,s,1 —1/72) - min(1,72)

The part of (18) inside braces is the density of a beta random variable. This suggests the
following sampler:

1. Draw a beta random variable, x ~ Be(a, b).
2. Draw u ~ Unif(0, 1).

3. Accept k if
min(1, 72) e

~max(l,e*) 1+ (72— 1)k’

and otherwise return to Step 1.

In practice, this sampler is efficient when a and b are both less than 1, in the sense
that the bound M will be moderate. Better is to sample x ~ Be{min(a, 1), min(b,1)} in
Step 1 of the algorithm, with the obvious modification of the acceptance probability in
Step 2. This will prevent M from being too large in most common situations.
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Figure 7: Electro-cardiogram data used as the “true” function f in the wavelet de-noising
experiment.

Table 2: Results for the wavelet-denoising experiment under three different noise levels
and two different loss functions. The table entries are the average loss across 100 simulated
data sets.

oc=20.1 c=0.2 c=04
Procedure E%,V E% E%V E% E‘Q/V E?p
DWT | 204 20.5 | 81.9 82.0| 328.0 328.2
JS|13.6 13.7]36.3 364 | 87.1 87.3
HB 9.3 9.3 1] 26.7 26.8 72.4 72.6

In rare cases where many draws from a single density are required, it may be most
efficient to minimize M over (a,b) using a numerical optimization routine. But in our
experience, this additional front-end investment does not usually offer a noteworthy payoff.

3.5 Example: wavelet de-noising

Figure 7 represents an electro-cardiogram of approximately one beat of a normal human
heart rhythm. The data set contains 256 millivolt readings sampled at 180 Hz, and is
available from the R package wavelets. The readings have been re-scaled to have a mean
of zero, and their standard deviation is approximately 0.2.

We took these data points to represent the “true” function f sampled at equi-spaced
intervals, and simulated noisy realizations of f by setting y; = f; + €, € ~ N(0,02) for
i =1...,256. We constructed 100 fake data sets each for three different noise levels:
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o =01, 06 =02, and 0 = 0.4. Most of the quite standard details concerning Bayes
and empirical-Bayes inference in the wavelet domain are omitted here, including how
empirical wavelet coefficients should be scaled. For a detailed discussion, see Clyde and
George (2000), whose framework we follow.

Specifically, let dj; represent the kth coefficient of the discrete wavelet transform
(DWT) at resolution level j, appropriately re-scaled as per Clyde and George (2000).
We assume that these coefficients are observed with error according to dji = Bji + vk,
place a hypergeometric-beta scale-mixture prior on j;, and estimate 33 by the posterior
mean. The DWT of the ECG data are assumed to represent the true f;;’s, while the
DWT of the noisy realizations y are treated as raw data.

Our goal is to assess the performance of hypergeometric—beta priors in the wavelet
domain against two benchmarks: the discrete wavelet transform, and the thresholding
procedure for normal means described by Johnstone and Silverman (2004), which has
been proven to have a strong set of asymptotic optimality properties. We measure the
performance of an estimator ¢ by ¢? loss in both the wavelet domain and the time domain:
612,1,(/3) =2 Zk(ﬁjk — Bjk)?, and EQT(B) = Zz(f’i — /)2, where f is the inverse wavelet
transform of the estimated coefficients 3.

Table 2 shows the results for overall best performer in the hypergeometric—beta family
as it compares to the DWT and the Johnstone/Silverman procedure. This corresponded
toa =0b=1/2 and s = 0, with 7 unknown and given a positive-Cauchy hyper-prior.
This “default” specification of hyperparameters gave performance that uniformly beat the
Johnstone/Silverman procedure, which is the recognized gold standard in the literature
on modeling sparse wavelet coefficients.

These results, while preliminary and fairly limited in scope, nonetheless show that
our proposed family of priors can generate shrinkage rules with the potential to yield
substantial risk improvements over other common estimators.

4 Multiple hypothesis testing with heavy-tailed priors

Hypergeometric-beta scale mixtures of normals are an especially useful class of priors for
building discrete mixture models for 6;, due to the existence of closed form moments and
marginals under the hypothesis that 6; is nonzero:

0; | k) ~ w-NO,x " =1)+ (1 —w) - (20)
k; ~ HB(a,b,T,s), (21)

where §g indicates a degenerate distribution at 0. The posterior mean under this model is
a natural estimator for @ = (61,...,6,), since it averages over uncertainty about whether
each component is zero or nonzero. Estimators of this form are explored in Scott and
Berger (2006) and Bogdan et al. (2008).

Tables 3 and 4 shows the results of an extensive simulation study where p = 1000. We
benchmarked a variety of hypergeometric—beta scale mixtures against the procedure from
Johnstone and Silverman (2004), where 6; is estimated by the posterior median under a
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mixture of a point mass and a double-exponential (Laplace) prior.

Table 3 summarizes an experiment in which the nonzero means were randomly drawn
from a heavy-tailed ¢ distribution with 3 degrees of freedom and scale parameter c. We
investigated 12 configurations of different sparsity patterns (40, 100, 500, and 900 nonzero
means) and different scales (¢ = 1,2, 3).

Table 4 then recapitulates the study reported in Table 1 of Johnstone and Silverman
(2004). This experiment also involved 12 configurations of different sparsity patterns (5,
50, and 500 nonzero means) and different scales (all nonzero means equal to 3, 4, 5, or 7).

The table entries are the average sum of squared errors in estimating 6 over 1000
independent data sets. For all hypergeometric—beta priors, we set 7 = 1, while w and
s were estimated by marginal maximum likelihood. We also include hard-thresholded
versions of the hypergeometric—beta estimators, where 6; is estimated to be zero if it has
less than 50% probability of being nonzero a posteriori. These thresholded versions are
denoted by a (T) in the tables.

In Experiment 1 (random coefficients), the “conditional uniform shrinkage” prior,
where k; ~ HB(1,1,1, s), outperforms all alternatives when s is estimated by maximum
likelihood. The advantages of global shrinkage through s come through quite clearly here.
We also note that thresholded versions of the estimators rarely equal, and never improve
upon, the performance of the straight estimators. In Experiment 2 (fixed coefficients),
Johnstone and Silverman’s procedure performs best overall, though its advantage does
not hold for all cases. Thresholding seems to yield slight improvements in some of the
configurations.

We attribute these differences to the relative tail weight of the two priors. The double-
exponential prior has tails that are heavier than the Gaussian likelihood, but not as heavy
as those of the hypergeometric—beta priors we studied. This difference in tail weight
becomes much more significant in the experiment with random coefficients, since draws
from a t3 density produce some very large signals—much larger than signals of size 7
in the “fixed coefficients” study. In Experiment 2, however, the heavier-tailed priors are
wasting some of their mass in areas of the parameter space far from the origin. Since these
areas are pre-destined to be unimportant by the particular choices of fixed signals, it is
no surprise that a lighter-tailed prior such as the double-exponential will yield superior
results.

These experiments speak to the fact that hypergeometric—beta priors provide a broad
class of densities for the alternative hypothesis in Bayesian model selection and hypothesis
testing. Default versions of the prior seem to perform at least as well as existing gold-
standard techniques.

We note in passing that similar expressions involving hypergeometric—functions appear
in a study of mixtures of g-priors for Bayesian variable selection by Liang et al. (2008).
We conjecture that hypergeometric—beta priors may offer a useful way of constructing new
g-like priors for regression, where g/(1 + g) follows a hypergeometric—beta distribution.

20



Table 3: Simulation study, random coeflicients. Bold entries are the best in the column.
Thresholded estimators are denoted by a (T).

Number nonzero 40 100 500 900
Signal-to-noise ratio 1 2 3 1 2 3 1 2 3 1 2 3
a=1,b=1 62 88 91 126 184 194 404 604 657 619 837 912
a=1/2,b=1 63 89 91 128 188 197 409 611 669 642 860 929
a=1/2,b=1/2 63 89 91 127 188 197 415 611 668 658 867 930
a=1/4,b=1/2 64 90 93 130 192 203 435 638 676 709 930 983
a=1,b=1(T) 64 96 100 133 198 211 404 605 682 619 837 912
a=1/2,b=1(T) 65 95 98 132 193 207 409 611 669 642 860 929
a=1/2,b=1/2(T) 64 94 98 129 190 206 415 611 668 658 867 930
a=1/4,b=1/2(T) 65 93 96 130 193 204 435 638 676 709 930 983
Laplace (median) 65 98 100 143 210 208 530 672 676 832 843 927

Table 4: Simulation study, fixed coefficients. Bold entries are the best in the column.
Thresholded estimators are denoted by a (T).

Number nonzero 5 50 500
Value 3 4 5 7 3 4 5 7 3 4 5 7
a=1,b=1 35 30 21 10 210 171 119 80 882 909 925 941
a=1/2,b=1 37 33 21 10 220 182 121 79 931 901 801 684
a=1/2,b=1/2 37 33 21 10 218 182 121 79 930 886 805 668
a=1/4,b=1/2 38 36 23 10 228 198 126 76 1032 895 808 658
a=1,b=1(T) 37 32 19 9 209 164 104 68 882 908 925 940
a=1/2,b=1(T) 38 34 20 8 220 174 108 68 931 902 801 656
a=1/2,b=1/2(T) 38 34 21 8 218 177 108 68 930 887 805 637
a=1/4,b=1/2(T) 39 37 23 8 228 198 118 67 1032 895 808 631
Laplace (median) 36 31 18 9 212 155 101 73 855 873 782 657

5 Final Discussion

We conclude with three final remarks about hypergeometric-beta scale mixtures.

First, it is known that only certain functions of the data y can be admissible estimators
of #. If one specifies an estimator by some functional § = f (y) for all y, then in general
6 will not be admissible, and will not correspond to any distribution m(0) that might
have described one’s prior uncertainty. (This class of inadmissible estimators includes,
for example, fractional powers of y and polynomials in y of order two or greater.) The
estimator in (3) is interesting because it represents a broad class of nonlinear functions
that satisfy this “constraint to rationality,” in that they arise from proper priors.

Second, we note that the use of heavy-tailed priors for constructing robust shrinkage
estimators has a long history, with prominent examples to be found in Strawderman (1971)
and Berger (1980). Jeffreys, meanwhile, observed as early as 1939 that heavy-tailed priors
play an important role in Bayesian hypothesis testing (see Jeffreys, 1961, a later edition).
His arguments have been recapitulated in the context of linear models by Zellner and Siow
(1980) and, more recently, Liang et al. (2008). The practical issue in both problems is
roughly the same: that heavy-tailed priors lead to a desirably mild rate of tail decay in
the marginal likelihood m(y), but that very few known priors are both heavy-tailed and
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analytically tractable. Any prior that possesses both properties, as our proposed family
has to potential to do with certain hyperparameter choices, is therefore of great potential
interest to Bayesians and non-Bayesians alike.

Third, it is known that a wide class of stochastic processes can be generated by subordi-
nating Brownian motion to a random clock. This construction is the continuous-time ana-
logue of local scale mixtures of normals; prominent examples include the variance-gamma
process and the normal-inverse-Gaussian process. The modified, tempered inverted-beta
density in (7) yields many possible distributions for the random clock, and can therefore
generate a wide range of stochastic processes. This as-yet-unexplored area represents a
interesting set of possibilities for future research.

A Details of hypergeometric—beta integrals

Theorem 2. The hypergeometric—beta density is proper for all a,b,7 > 0 and s € R.

Proof. The normalizing constant in (4) is

C= / (1—r)*1 {712 - <1 - 712> F.;}l exp(—sk) dk. (22)

Let n = 1 — k. Using the identity that e® = )" 2™ /ml, we obtain

m

o0 1

_ _-—s s B+m—171 _  Na—lgq (1 _ 2y -1

M G (B (R e
m=0

Using properties of the hypergeometric function 9F} (Abramowitz and Stegun, 1964,

§15.1.1 and §15.3.1), this becomes, after some straightforward algebra,

m+n m 2\m
C = e * Be(a, ) ZOZ% a+6m+nm'n' (1—1/7%)™, (23)

where Be(:,-) is the beta function and (a), is the rising factorial. Appendix C of Gordy
(1998) proves that, for all @ > 0, 8 > 0, and 1/72 > 0, the nested series in (23) converges
to a positive real number, yielding

C =e* Be(a, ) ®1(8,1,a+ f,5,1 — 1/72), (24)

where ®; is the degenerate hypergeometric function of two variables (Gradshteyn and
Ryzhik, 1965, 9.261). O

The &1 function can be written as a double hypergeometric series,

@1 (a, B;7;2,y) Z Z (DminBln . (25)

ll
m=0n=0 ’Ym—i-nmn
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where (c¢), is the rising factorial. We use three different representations of ®;(«, 3,7, x,y)
for handling different combinations of arguments, all from Gordy (1998). When 0 <y < 1
and x > 0,

o0

@y (e, 8,7, 7, y) znzo E:;:f: 2F1(B,a+n;y +niy). (26)
When 0 <y <1 and x <0,
(e, 8,7, m,y) =€ i (7(_ O (~2)" 2F1 (B, a7 + nsy).- (27)
n=0 Vn m
Finally, when y < 0,
Oy (a, 8,7, m,y) = € (1—y) ™ ®1(a, 8,7, —,7), (28)

where & =y —a and § = y/(y —1). Then either (26) or (27) may be used to evaluate the
righthand side of (28), depending on the sign of z.

Alternative representations for ®; involving 1 F; functions are also available. In our
experience, however, these take longer to converge than those given above.

B Proof of Theorem 1

Proof. Begin with Stein’s decomposition of risk. Following Equation (10) of Fourdrinier
et al. (1998), we have

1
p 7£H
vaww=ﬂWﬂArw“MMe2 dr

The score can be written as

() mp(lyl) — YIEGR12).

And the Laplacian term is Am(y) = fol (Zk —p) /{gﬂp(/{)e_%” dk. Combining these
terms, we have,

Am(y) _ fol (Zk —p) k5 p(k)e= 3% dx
m(y) fol ﬁ%p(/{)e*%” drk

_ ompia(Z)  mpya(2)

= D@ )
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The risk term Ay/m(y)/+/m(y) is then computed using the identity

VEVmly) _1{Amly) 1 {nwmn}
m(y) 2| mly) 21 m(y) ’
which reduces to ) 2 p
3 {7 iz~ 2y

for g(Z) = E(k | Z).
Secondly, note that

1 A
Z{mpsa(2) = mpa(2)} =2 [ K51 = () (e ) (29)

Therefore,

A

mpia(Z)  mpia(2)) [ o PR e Er)
Z{mp<z> mp(Z)}_/o{(p+2)(1 ) =2k 26(1 ’pw)} () O

Then under the assumption that lim,_.o 1 (1 — k)p(k) = 0, integration by parts gives
(10). Therefore we get

MSE =p+2Eg, [(Z+4)g(Z) —(p+2) — gg(Z)Q — B,z {21%(1 B H)p’(n) }] .
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