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Abstract

We study and develop two Bayesian frameworks for supenvismension reduction that apply to non-
linear manifolds: Bayesian mixtures of inverse regressinmd gradient based methods. Formal probabilistic
models with likelihoods and priors are given for both methadd efficient posterior estimates of the effec-
tive dimension reduction space and predictive factors @anhbiained by a Gibbs sampling procedure. In
the case of the gradient based methods estimates of coraitiependence between covariates predictive
of the response can also be inferred. Relations to maniézching and Bayesian factor models are made

explicit. The utility of the approach is illustrated on sitated and real examples.
Some Key Words: Supervised dimension reduction, graphical models, manifold learning, inverseregression, factor
models



1 Introduction

Simultaneous dimension reduction and regression or siggehdimension reduction (SDR) formulates the prob-
lem of high-dimensional regression as finding a low-dimenai subspace or manifold that contains predictive in-
formation of the response variable (Li, 1991; Vlassis et2001; Xia et al., 2002; Fukumizu et al., 2003; Li et al.,
2004; Goldberger et al., 2005; Fukumizu et al., 2005; Glsbeand Roweis, 2006; Martin-Mérino and Réman, 2006;
Nilsson et al., 2007; Cook, 2007; Wu et al., 2007; Tokdar £t24108; Mukherjee et al., 2009). SDR methods seek to
replace the original predictors with projections onto tleiw dimensional subspace. This low dimensional subspace
is often called the effective dimension reduction (e.dspace. A variety of methods for SDR have been proposed.
They can be subdivided into three categories: methods lmsgchdients of the regression function (Xia et al., 2002;
Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006; Mukhesfesd., 2009), methods based on inverse regression
(Li, 1991; Cook and Weisberg, 1991; Hastie and Tibshira®®6b; Sugiyama, 2007; Cook, 2007), and methods based
on forward regression (Friedman and Stuetzle, 1981; To&tal., 2008).

In this paper we develop Bayesian methodology for two of fg@aches to SDR: the first method called Bayesian
mixtures of inverse regression (BMI) extends the modekbdagpproach of Cook (2007), the second method Bayesian
gradient learning (BAGL) adapts the gradient estimationhods in Xia et al. (2002); Mukherjee and Zhou (2006);
Mukherjee and Wu (2006); Mukherjee et al. (2009) to a Bayesi@del based setting. In both settings parametric
and non-parametric models will be stated or implied. The&esabpoint of both approaches is that they apply to data
generated from distributions where the support of the pted subspace is not a linear subspace of the covariates but
is instead a non-linear manifold. The projection is stilar but it will contain the non-linear manifold that is nedat
to prediction.

The underlying model in supervised dimension reductionvsryp-dimensional covariate’s and a responsg
the following holds

Y:g(bllX7"'ab:iXa€) (1)

where the span of the vectofs = (b4, ..., b4) is referred to as the effective dimension reduction (¢§.dpace and
¢ is noise. One expects << p and the vector$bs, ..., by) to form the basis of what is called the central subspace
S = Sy|x which is defined as the intersection of all subspageS R? having the property that” 1. X | PsX
wherePs X is the orthogonal projection of ontoS. In this framework all the predictive information is corrtad in
the central subspace.

Typically the error is assumed to be additive and given agggjon functiory (z) = E(Y | X = z) the following
model holds

Y =f(X)+e=gbX,...,0,X) +¢, 2

where again the span &f = (by, ..., by) is the e.d.r. space.
There are three approaches to inference of the e.d.r. space

1. Forward regression: The conditional probability X is directly modeled. A classic example of this approach
is Projection Pursuit Regression (PPR) (Friedman and 8&)61981). A modern Bayesian example is proposed
in Tokdar et al. (2008) where a variant of logistic Gaussiastpsses is utilized to mod¥l | Ps X .

2. Inverse regression: The conditional distributi&in| Y is the focus of these approaches. The classic example
is sliced inverse regression (SIR) (Li, 1991) which estesahe inverse regression cur€X | Y') to infer
about the e.d.r. space. This approach is extended to moegajaettings in Principal Fitted Component (PFC)
models (Cook, 2007).

3. Learning gradients: The observation that the gradiethefregression functiory f, lies in the e.d.r. space
motivates this approach. A variety of methods exist foriiafiee of the gradient (Xia et al., 2002; Mukherjee
and Zhou, 2006; Mukherjee and Wu, 2006; Mukherjee et al.92® et al., 2007).
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The Bayesian formulation of the inverse regression frantkwas a natural model-based underpinning based on
distribution theory. In contrast, the Bayesian formulataf the gradient based framework will highlight geometric
considerations and provide a rigorous link to manifold teag.

2 Bayesian mixtures of inverse regression (BMI)

The idea that the conditional distribution of the predigjiven the response can provide useful information in the
reduction of the dimensions was introduced in sliced inveegression (SIR) (Li, 1991) for the regression setting and
reduced rank linear discriminant analysis for the classiiibn setting. SIR proposes the semiparametric model in (1)
and claims that the conditional expectatiBX | Y = y), called the inverse regression curve, is contained in the
(transformed) e.d.r. spade. SIR is not a model based approach in the sense that a saroplitistributional model
is not specified fofX | Y. The idea of specifying a model fof | Y is developed in principal fitted component (PFC)
models (Cook, 2007). Specifically, the PFC model assumefotiogving multivariate form for the inverse regression

Xy=pn+Av, +¢ 3)

whereX, = X | Y = y; p € RPis an interceptg ~ N(0,A) with A € RP*P js a random error termA €
RP>d y, € RP imply that the mean of the (centered), lie in a subspace spanned by the columndoWith v,
the coordinate (similar to a factor model setting withthe factor loading matrix and, the factor score). In this
framework it can be showB = A~! A (Cook, 2007), so that the columnsAf-! A spans the e.d.r. space.

SIR as well as PFC both suffer from the problem that the espace is degenerate when the regression function
is symmetric along certain directions &f, in this case important directions might be lost. The priymaason for this
is that X, for certain values ofy may not be unimodal: there may be two clusters or componaritsei conditional
distribution X | Y = y. An additional drawback of SIR is that the slicing procedarethe response variable is
rigid and not based on a distributional model. Intuitivéte slicing approach should allow for borrowing informatio
across the response variable. Data points with similaramsps tend to have similar conditional distributions yet
because of the rigid nature of the slicing procedure thesa plaints may belong to different bins and are treated
independently.

A direct approach to address the first problem is to develojixéune model, that is, to assume a normal mixture
model rather than a simple normal model 6. This is the approach taken in mixture discriminant analys!DA)
(Hastie and Tibshirani, 1994) which utilizes in the classifion setting a finite Gaussian mixture model for each class

2.1 Model specification

We propose a semiparametric mixture model that generalieeBFC model (3):

X | (Y:yvﬂymaA)NN(,uyzaA) 4)
Pye = p+ Avy, ®)
Vyg ~ Gy (6)

wherep € RP, A € RP*P, A € RP*4 have the same interpretations as in (3); € R? is analogous to, in (3)
except it depends op and the marginal distribution oX’, and it follows a distributiorG,, that depends op. Note
that (3) can be recovered by assumiig = ¢, is a point mass at,, in this case/,, = v,.

However by consideringr,, as a random process hence specifying flexible non-parasmetrilels forX | Y we
can greatly generalize (3). For example a Dirichlet proge&s (DP) (Ferguson, 1973, 1974; Sethuraman, 1994) on
G, leads to a mixture model faK | Y due to its discrete property and alleviates the need to poifypthe number



of mixtures forX | Y. In the setting of a continuous response the dependentiliitiprocess (MacEachern, 1999;
Dunson and Park, 2008) can be used to allow dependence efiyése

Proposition 1. For this model the e.d.r. spaceisthespanof B = A1 4, i.e,
Y| X=Y|(A'A)X.

Proof. Assume in the following distributiond and A are implicitly given. Assume in (5) = 0 w.o.l.g. Letp(y|x)
be the distribution ot” given X. Then

plo | ) = LR PO o A ()

m]%/exp(_
oc%/exp(—

whereP,z denotes the projection of x onto the column spacd aihder theA~! inner product, i.e.,

|

(517 - Nym)/A_l(fE - ,uyz))dﬂ'(.uyz)

N = N

1 _
(Paz — jrye) A (Paz — pye)) dr ()

(x = Paz) A7}z = Paz)) exp (— 5

Paz = AAATA)TAA

So that for anyy; andys,,

p(yl | ,T) _ p(yl) fexp ( - %(PAI B /Lylm)/Ail(PAI - Nylz))dw(ﬂylz)
(Y2 | ) p(yz) fexp ( - %(PA:U - Myzw)lA_l(PAx - Myzw))dﬂ(ﬂyzw)

only depends o4z, thusz comes into play only througd’ A=z, O
Given data{ (x;, y;) }_, the following sampling distribution is specified from (4)6)(

i | (yi,H,Vi,A,A) ~ N(M"’AV“A)

vi ~ Gy,
wherev; := v,,,, and the likelihood is
Lik (data] A, A, v, p) o< det(A™1)2 exp —% Z(CEZ —p— Av)) ANy — p— Avy) |, )
=1
wherev = (v1, - - -, v,,). To fully specify the model we need to specify the distribn8G,,,. The categorical reponse

case is specified in subsection 2.1.1 and the continuousmssase is specified in subsection 2.1.2.

2.1.1 Categorical response

When the response is categorigak- {1, - - - , C}, we can specify the following model fog
vi|(yi=c)~G. fore=1,..,C, ®)

where eaclG,. is an unknown distribution independent with each others hatural to use a Dirichlet process as a
prior for eachG..
Gc ~ DP(O((), Go) (9)

with «y is a weight parameter an@, the base measure. The discrete nature of the DP will ensutigtarerepre-
sentation forGG, and induce a mixture of normal distributions f&r | Y. This allows for multiple clusters in each
class.



2.1.2 Continuous response

In the case of a continuous response variable it is naturekpectG,, andG,, to be dependent if; is close
to yo. We would like to borrow information across the responsealdes. A natural way of doing this is to use a
dependent DP prior, specifically the kernel stick-breakingcess (Dunson and Park, 2008)

Gy => U(y; Vi, L) [ [ (1 = U(y; Vi, Le))6o; (10)
h=1 {<h
U(y; Vi, L) = Va K (y, L1) (11)

where Ly, is a random location in the domain of Vi, ~ Be(v,,vs) is a probability weighty;: is an atom, and
K(y, L) is a kernel function that measures the similarity betwgandZ,;,. Examples of{ are

K(y,Ln) = 1yy—p,j<¢ OF K(y,Ln) = exp(—¢ly — Ln|?). (12)

Dependence on the weighigy; V4, L) in (10) will result in dependence betweéfy, andG,, wheny; andy, are
close.

2.2 Inference

Given data{(x;, y;)}?, we would like to infer the model paramateds A, v = (v4,--- ,v,). FromA andA
we can compute the e.d.r. which is the spamBof= A~!A. The inference will be based on Markov chain Monte
Carlo samples from the posterior distribution given thelilkood function in (7) and suitable prior specificationbeT
inference procedure can be broken into four sampling stegrspling.:,, samplingA, samplingA—!, and sampling.
The fourth step will differ based on whether the responsi&tbée is continuous or categorical.

Sampling

A noninformative prior on the intercept parametei.e., . o< 1, combined with the likelihood function (7), leads
to normal full conditional posterior distribution

1 n
| (data A, v) (ﬁ Z — Avy), )

Sampling A

The matrixA € RP*? represents the transformed e.d.r. space and the likelititoidnplies thatA is normally
distributed. We will use the Bayesian factor modeling fraragk developed in Lopes and West (2004) to madeln
this frameworkA is viewed as a factor loading matrix. The key idea in (Lopes Afest, 2004) is to impose special
strucuture orA to ensure identifiability

a1 0 0
; 0
A= aqlr ... Qadd (13)
ap1 ... Qpd

where{au ", are further constrained to be positive.



We specify normal and independent priors for the elementt of

aej ~ N(O,651), £> j, £=2,.p
App ~ N(07¢;1)1(aze>0)7 = 17 "'ada

the hyper-paramete, is specified to take a small value to reflect the vaguenes®qiribr information.

Conjugacy of the likelihood and the prior leads to a normalditonal posterior for each row oft which we
will specify. We first fix notation: the-th row of A is ay; the ¢-th column of the identity matrix id, € R?;
A_, € R—Dx? js the matrixA with the ¢-th row removed;I_, € RP*(~1) s the identity matrix with the/-th
column removed and

Ty = i —p— 1A v,
o . Vv, = (Vﬂ,...,l/id)/, gzd—i—l,,p
b Vﬂ,...,l/ig)/, {= 1,...,d

The conditional for thé-th row of A is calculated to be

ar, | (data A_p, A, v, 1) ~ N (i, 2)
S = (LAY Dy + dala-]

e = 2O D) AL
wherel;- is thed* x d* identity matrix withd* = min(d, £).

Sampling A

A natural choice for a prior foA ! is a Wishart distributioV (df, p, Vo) with df degrees of freedom, and scale
matrix Vp. This results in the following conditional distribution

A7 (data A, v, ) o det(A™H) T exp {—%Tface(%l + > (@i — = Avi) (i — - Am')A‘l)}

=1
Sampling v for categorical responses

Inference for DP mixture models has been extensively deeeldn the literature (Escobar and West, 1995;
MacEachern and Miiller, 1998). We utilize the sampling sehé Escobar and West (1995) which adopts a marginal
approach in sampling from the DP priors. Marginalizing i) {8e unknown distributiorG.. leads to the poly-urn
representation of the prior for;

vi | (yi=cvi)oc > by, +aoGo(w),

J#i,yj=c

whereGy is the base distribution ang, is the base scale parameter. The fact thathould be constrained to have
unit variance to ensure identifiability implies that a natwhoice ofG, is N(0,I;). Combining with the likelihood
(7) the full conditional for; is

vi | (datay; = c,vop, A, A ) o > i g0u, + ¢i0Gi(w)

J#i,yj=c



where
Gi(vi) ~ N (V,AA (@ — p), V3)
gi,j X €xp {—%(mz — - ij)’A_l(:ci — - Auj)}
Gi,0 X OKOVV% exp {—%(fﬂz — ) (AT = ATTAV, A AT (2 — H)}

whereV,, = (A’/A71A +1,;)~! and byx we mean than:yj:yi Gij+qio=1

Sampling v for continuous responses

We follow the sampling scheme for the kernel stick-breakimgcess developed in Dunson and Park (2008).
Inference for the DDP is based on a truncation of (10)

H
Gy = Uy Vi, Ln) [[(1 = U Vi, Ln)d;

h=1 I<h
where H some pre-specified value large integer &ah@); Vi, L) = Vi K (y, L) = Vi, exp(—g¢ly — Ly|?) for h =
1,...,H — 1andU(y; Vi, L) = 1to ensure thad ;" U(y; Vi, L) [T, (1 — U(y; Vi, Ly)) = 1. We denote by
K, the cluster label for sample that is, K; = h means that sampleis assigned to clustér. To facilitate sampling
V,, we introduce latent variableg;;, ~ Ber(V},) andR;;, ~ Ber(K (y;, Ly,)) fori = 1,..,nandh =1, .., K;.

The following iterative procedure provides samples of

1. Sample the cluster membersHip
K;=h|dataA, A, p,v;, Vi, Ly o« exp{— %(xl —p—Avp) A @ — p— Avp)}
< U (y; Vi, Ln) [T (1 = U(y; Ve, Ly)) fori = 1, .., H;

£<h

This is a multinomial distribution. If the sampled indexiisthen sev; = v;..

2. Sample the atomg; with prior v;; ~ N(0,1,)

v, | data A, A, p, ~ N ((nhQ/A_lA + L) TTAAT Y (i — ), (np AATTA 4 Id)_1> ;

i€eChp

whereC}, is the index for thé-th cluster andh, is the the cardinality of’;,.

3. Samplé/}, with prior V}, ~ N (vg, vp)

Vi, | dataQp, K; ~ Be | v, + Z Qin,vp + Z (1—Qin) |, forh < HandVy =1.
:K;>h i:K;>h

4. Sample the latent variablék;,, R;, with prior Q;, ~ Ber(V,,) andR;;, ~ Ber(K (y;, Lp))

V(1 — K(yi, Ln))

1 —ViK(ys, Ln)

(1 = Vu)K (yi, Ln)

1 — VaK (i, Ln)

(1= Vo) = K(yi, Ln))
1 —ViK(ys Ln)

(Qin =1,Rip, =0) | Vi, Ly, K;

(Qin =0,Rir, =1) | Vi, L, K;

(Qin =0,Rip, =0) | Vi, Ly, K;

forh < K; andQ;;, = R;, = 1forh = K.



5. Sample the locationk;, with non-informative priorL;, o 1
A Metropolis-Hastings step is taken with the proposal distion L;, ~ Unif(min;e g,, 1} (¥:), max;e (r,, —13 (¥:))
and the acceptance ratio is calculated to be

H 1/17 l}l(l K(r[/,L’L*))l*Rih
K ylaLh Rin

. 1—-Rin
Ki>h ( K(y17Lh)) !

6. The kernel precision parametgrin K (y, L) = exp(—¢|ly — Lx|?) can be pre-specified or sampled. The
sampling scheme is as follows:
Letp = log(¢). We place a normal prior on, namely,¢ ~ (%, ) which implies a log-normal prior
on ¢, and a proposal distribution a random walk ~ N(q@, o,%rop), W|th I o—&, aprop) pre-specified hyper-
parameters. The acceptance ratio is thus

H *(yi, L) fin (1 — K*(y;, L))~ fin
K(

o K i Ln) T (L= K (ys, Ln)) = Fen

whereK*(y;, L) = exp(—¢*|y — Ly|?) with the proposed* = exp(¢*).

2.3 Thep > n setting

When the number of predictors is much larger than the sanipte;s > n, the above procedure is problematic
due to the curse of dimensionality. Clustering high dimenal data would be prohibitive due to the lack of samples.
This problem can be addressed by slightly adapting comipattaspects of the model specification.

Note in our mixture inverse regression model (4) and (5), is a mean parameter fo¢ | (Y = y), and ifp > n
then it is reasonable to assume thgt lies in the subspace spanned by the sample veetars ., z,, — given the
limited sample size constraining the e.d.r. subspace sostifbspace is reasonable. By this assumptign— p and
Av,,, due to equation (5), will also be contained in the subsppaarsed by the centered sample vectors. Defbte
as then x p centered predictor matrix, then a singular value decontjposon X yields X = Ux Dx Vy with the left
eigenvectord/x € R™*P" and right eigenvectory € RP*?" wherep* < n < p. In practice one can selegt by
the decay of the singular values. By the above argument fostcaints, we can assume= Vyx A with A € RP" x4,

We can also assume that= Vx AV)’( with A € RP"*?" | The effective number of parameters is thus hugely reduced.

2.4 Selectingd

In our analysis the dimension of the e.d.r. subspaceeds to be determined. In a Bayesian paradigm this is
formally a model comparison problem and for two candidataesd; andd, the Bayes factor can be used for model

selection

_ p(data| dy)
BF(dladQ) - p(data| d2)7

with the marginal likelihood

p(datal d) = /p(data| d, 9)ppri0r(9)d9
0

wheref denotes all the relevant model parameters.

The marginal likelihood in our case is obviously not anaigliy available. Various approximation methods are
listed in Lopes and West (2004) yet none of them prove to bepcaionally efficient in our case. We instead adopted
out-of-sample validation to seledt For each candidate valuk we obtain a point estimate (the posterior mean) of
the e.d.r. subspace, project out-of-sample test data bigstibspace, and then use the cross-validation error of a
predictive model (a classification or regression modeldlectd. Empirically this procedure is effective which will
be shown in the data analysis.



2.5 Model comments

The Bayesian mixtures of inverse regression (BMI) modehhgnts a simple flexible generalization of the PFC
framework to a non-parametric setting and addresses the issmultiple clusters for a slice of the response. This
idea of multiple clusters suggests that this approach évagit even when the marginal distribution of the covariates
is not concentrated on a linear subspace. The idea of mgdadin-linear subspaces is central in the area of manifold
learning (Roweis and Saul, 2000; Tenenbaum et al., 2000pBbm@and Grimes, 2003; Belkin and Niyogi, 2004).
BMI is one probabilistic formulation of a supervised maldftearning algorithm. The connection between SDR and
manifold learning will be made explicit in the next section.

3 Bayesian gradient learning (BAGL)

The gradient framework for SDR highlights the geometry & tharginal distribution of the covariates and the
geometric properties of the regression function. Recall tinder the semi-parametric model in (2)

Y =f(X)+e=gbX,....,0,X)+e.

If the error term is i.i.d. then data are drawn i.i.d. from @jdistribution onp(X,Y’). We assume that the marginal
distributionp is concentrated on a manifoltf C R? of dimensiond, < p.

We first state the relevant mathematical concepts and digarttiat we use in our formulation. To fix mathematical
ideas we assume the existence of an isometric embeddingtfrermanifold to the ambient space,: M — RP,
The observed explanatory variables are the image of pomatsrdfrom a distribution concentrated on the manifold,
x; = ¢(q;) where(g;)"_, are points concentrated on the manifold. The gradient omtaeifold V . f is a well
defined mathematical quantity and ig g-dimensional vector. However, since we only obtain obseua in the p-
dimensional ambient space we cannot compute the gradigheananifold. Given data one can estimate the gradient
in the ambient spacq‘?, which is a p-dimensional vector. It was shown in Mukherjeale(2009) that under weak
conditions on the manifold and regression an estimate ofjthdient in the ambient spacﬁ, is consistent in the
following sense

(dp)* f — Vmf &  n— oo,
where(dp)* is the dual ofdyp. This suggests that the gradient estimate in the ambienegpavides information on
the gradient on the manifold, even if the gradient on the amtspacé/ f = (%, vy %)/ is not well defined.

Assuming that the gradient in the ambient space is well define gradient outer product (GOP) matrix is

I'=Ex[(Vf) (VF)]. (14)

A key observation in Wu et al. (2007) is that under the modet#jed by equation (2) the eigenvectdrs, . .., vq}
corresponding to the largesteigenvalues of' span the e.d.r. space

spariby, ..., bq) = sparfvs, ..., vq)
This observation formalized in (Wu et al., 2007) is the ke Ibetween SDR and learning gradients on manifolds. If
the gradient in the ambient space is not well defined thendbigltrholds asymptotically for an empirical estimate of
the GOP
L= (f) ().
The GOP matrix can also be defined in terms of statistical tifigsof the generative model underlying the data
(Wu et al., 2007). In the setting of linear regression

2 2
=05 (1— ;—S) X Qxy %
Y
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whereQ x|y = coME(X|Y)] is the covariance of the inverse regressief,is the variance of the response variable,
o2 is the variance of the error, agly = cov(X) is the covariance of the explanatory variables. A similauieholds
for non-linear functions that are smooth in this case assgitiiere existg partitionsR; of the explanatory variables
such that

f(x) =Bix+e;, Ee; =0 forz € R;, (15)
then
I 2\ 2
= Zp(Ri)UZ—Q (1 — ;;) DIREE O I (16)

=1
whereX; = cov(X € R;) is the covariance matrix of the explanatory variables irtipan R;, 0? = var(Y|X € R;)
is the variance of the response variables in partifitanQ2; = covV[E(X € R;|Y)] is the the covariance of the inverse
regression in partitio?;, andp(R;) is the measure of partitioR; with respect to the marginal distribution. This
averaging over partitions or mixtures is in the same spgitlacomposing the mixtures of normals proposed in the
BMI model.

This interpretation of the GOP as a covariance matrix allfawshe inference of conditional dependence between
covariates given the response. The theory of Gauss-Mantaphg (Speed and Kiiveri, 1986; Lauritzen, 1996) can be
applied to the GOP. If we consider the GOP maittias a covariance matrix as defined above then the precisiagixmat
J =I'"! provides an estimate of the conditional dependence of thiaeatory variables with respect to the response
variable. The modeling assumption of this constructiorha the matrixJ is sparse with respect to the factors or
directions(b}, ..., b;) rather than the explanatory variables. Givefthe partial correlation matri® is defined as

Jij

Rij:—

3.1 Model specification
Given data{ (x;, y;) } -, we specify the following regression model

n

yi = % Do f@y) + fla) (v —ay) + e |, fori=1,---n, (17)
j=1

where f models the regression functioﬁmodels the gradient, areg; has both stochastic and deterministic compo-
nents varying monotonically as a function of the distandevben two observations; andz;. This model is obtained
by coupling the first order Taylor series expansion of theesgjon functiory («) around a point

flz) = f(u) + Vf(2)' (z - u) +ea, (19)

where the deterministic error tersgp = O( ||z — u|?) is a function of the distance betweemndu with the regression
model specified in (2) with additive independent stochasbise. Specifying a parametric or non-parametric model
for f andfin addition to a model fog;; will define a likelihood model.

We modele;; as a random quantity and use a very simple spatial model wifgftke covariance structure. We
first define an association matrix with;; = exp(—||z; — z;||?/2s%) with fixed bandwidth parameter We then
definee;; d N(0, (¢/wi;)~') whereg will be a random scale parameter. Define the veetor= (g;1,...,&:)’, @
joint probability density function on this vector can be dde specify a likelihood function for the data. We specify
the following model forz;,

p(eie) X ¢ exp {—g (ge Wi 62.)} : (20)

11



where the diagonal matri¥; = diag(w;1, - - - , win ).
We use a kernel model for the regression function and gradien

flz) = Z @ K(z,z;), flz)= ZCZK(%IZ) (21)

wherea = (aq,...a,)’ € R*, C = (cy,...c,) € RP*™, The use of these kernel estimators for Bayesian regres-
sion models was justified in Pillai et al. (2007). Substitgtthe above representation in equation (18) results in the
following parametrized model

n n
yi = ZakK(:zrj,xk) + Z(CZ(% — ;) K (z, 1) + €45, fori,j=1,---,n.
k=1 k=1

We can rewrite the above in matrix notation where for#tk observation
y;1l=Ka+ D;,CK; + ¢;e (22)

wherel is then x 1 vector of alll’s, K; is thei-th column of the gram matriX’ whereK;; = k(x;, z;), Eisthenxp

data matrix andD; = 1z; — E. The matrix the number of parameters in the maffixan be greatly reduced due to
the fact that the linearization imposed by the first orderddageries expansion in (17) imposes the constraint that the
gradient estimate must be in the span of differences betd@&npointsM x = (x1 — x, T2 — Ty, oo, Tp—1 — Tp) €
RP*"_ The rank of this matrix igl < min((n — 1), p) and the singular value decomposition yields, = Va, Ay Uy,
whereVy, = (v1, ..., vp—1) andU,, are the left and right eigenvectors ang; is a matrix of the singular values. For

a fixedd* corresponding to large singular values we select the qporaging left eigenvectorg = (vy, ..., v4- ) and
define a new set of paramete&rs= V'C and the defind); = D;V’. A spectral decomposition can also be applied to
the gram matrixK resulting inK = FAx F’. Note thatK o = F 3 where3 = Ax F’a. We can again select columns
of F' corresponding to the: largest eigenvalues. Given the above re-parametrizateohave for the-th observation

yil :Fﬁ—FDNiéKi-i-Ei.. (23)

Given the probability model for the error vector in (20), tileelihood of our model given observations data
{(xla yl)v a3} (SCn, yn)} is

[CIRSS

Lik (data| ¢, 3,C') x ¢ exp {— Zn: (yil _FB- ﬁiCKi)/ W, (yil _Fg- ﬁiC'Ki)} . (24
=1

where the diagonal matri¥; = diag(w;1, - - - , win ).

3.2 Inference

Given data{ (z;,v;)}"_, we would like to infer the GOR" which we can use to estimate the e.d.r. as well as
the conditional independence mattix The inference will be based on Markov chain Monte Carlo demfrom
the posterior distribution given the likelihood functiam (24) and suitable prior specifications. We first provide the
procedure for a continuous response and then the settinginbay response.

Continuous response

We adapt the prior specification developed in West (2003fdotor models in high dimensional regression to
provide an efficient sampling scheme for posterior infeeemicthe model parameters. Normal priors are placed on the
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elements of3 as well as the columns @f without losing the covariance structure in the data due ¢ootithogonality
of the columns o’ andD; in (23). The prior specification for these parameters are
1
X =,
P35
B~ N(0,A,") whereA,, = diag(¢s, ...¢bm) andy; ~ Gammday /2, by/2),
Cj ~ N(0,A,") whereA,, = diag(¢1, ...pq4+) andy; ~ Gammda,, /2, b,/2),
Whereéj is thej-th column ofC anday, by, a,, b, w are pre-specified hyper-parameters, and an improper fior f
¢ is used. These independent priors induce generalizedbgsgdr o andC' in (22).
A standard Gibbs sampler can be used to simulate the pastensity, Posi, 3, C | D), due to the normal form

of the likelihood and conjugacy properties of the prior sfieations. The update steps of the Gibbs sampler given
data and initial value&y(®, 5, C©) follow:

1. UpdateA,: Ay = diag(¢1, ..., ¥m) With

_ N2
;| data,gb,ﬁ,C’NGamma(aw;l,bw+2(61) ), i=1,---,m

whereg; is thei-th element ofs;

2. UpdateA
A, = diag(es, ..., pa-)

. by + 37 (Cy)?
©i | data¢,6,C~Gamma<a¢+1 e+ 205=1(C) )7 i=1,---,d*

2 2
whereC; is the(i, j)-th element of’;
3. Updates:
| dataC, Ay, ¢ ~ N(ug, Sp)
with

i=1

ps = ¢NsF' Y Wiyl — DiCK;);
i=1
4. UpdateC' = (C4,...C,,):
ForCjwithj=1,...n
Cj | datac\jaA’l/Ja(b ~ N(Mj7zj)7

whereC\ ; is the matrixC' with the j-th column removed.

bij = yil—Fﬁ—ﬁiZékKik
k#j
N ~1
Yjo = <¢ZK%1~7§W¢131'> ;
i1
n ~
Hjo = ¢2jZKijDi Wi bij
i1
¥, = (B +A,)!
io= (Z +Ag),
pi = E5(E50 1o)-

13



5. Updatep:
¢ | dataC, 3 ~ Gammda,b),

where

2
a = )

v

b =

N~

(Zn: [yil —-Fp- LIC“KZ}/ w; {yil —FB— ﬁiéKiD _

i=1

Given draws{CV}T_, from the posterior we can compufe’®)}7_, from the relationC' = V'C. which allows
use to compute a gradient outer product for each draw

i —c® KK (c®y.

Given these instances of the gradient outer product we caapate the posterior mean gradient outer product matrix

as well as its variance
L= ) L )
N N ~ 2
Hr p :TzrDv Or.p :TZHFD _/’LF,DH .
t=1 t=1

An eigen-decomposition gf,. ,, provides us with an estimate of the e.d.r. spatand v, provides us with an
estimate of the uncertainty of stability in our estimateha £.d.r. For inference of conditional independence we first

compute the conditional independence and partial coroglaatrices

g
J(t) _ (I\g))—l’ RS) — _ i

AT

using a pseudo-inverse to comp(&,)~!. The mean and variance of the posterior estimates of conditindepen-
dence as well as partial correlations can be computed agalsing{.J®}~_, and{ R®}]_,

1 & 1 &
I&J,D = T Z J(t)7 6.7,13 = T Z HJ(t) - ﬂ./‘,D ”2’
t=1

t=1
1 — 1 —
Porp = TZR(t)v Opp = TZHR“) _ﬂR,DH2'
t=1 t=1

Binary response

The extension to classification problems where responses ar 1,/0 using a probit link function is implemented
using a set of latent variablgs = (z1,-- - , z,,)’ modeled as a truncated normal distribution with standarimae.
In this settingy = 1 and almost the same Gibbs sampler as above applies with=all andy; replaced by; and a
step added to sample the latent variable:

UpdateZ:

Fori=1,..,n
NJF(’I]l,l) foryizl

i dat ,C’N
z | dataf {N‘(m,l) for g = 0

where N+ (N ™) denotes the positive (negative) truncated normal distidms and»;, - - - ,1,)" = F.
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3.3 Selectingd

The decision of how many of the e.d.r. dimensions to keep rahdory rely upon the posterior distribution of
the eigenvalues of the gradient outer product matrices nikawnsimulating from the posterior. In practice we used the
cross-validation procedure outlined in the BMI case.

3.4 Modeling comments

Many of the modeling decisions made were for simplicity affitiency, for instance, we have fixett andm
rather than allow them to be random quantities. This was timagoid having to use a reversible jump Markov chain
Monte Carlo method.

Another simplification with respect to modeling assumpgigsmthe model we used for the covariance mattix
of the noiseg;;, (1,5 = 1,...,n). We currently modet;; as an independent random variable that is a function of
the distance between two point&;;, z;). A more natural approach would be to use a more sophisticatetkl of
the covariance that would respect the fact thatande;;, should covary forj # k again as a function of the distance
betweenr; andz;. A full spatial model can be proposed

Se = 02p(ds, dgijy, 1) + diago? /wg;),

where the first “spatial” term has a variance parameteand a specified covariogram with some parameéteand a
suitable distance measure between data pairs, and thedséuagget” effect is the diagonal matrix in the model we
currently use in practice. Sampling using such a model ispdationally difficult.

4 Application to simulated and real data

To illustrate the efficacy of BMI and BAGL we apply them to silatied and real data. The first simulation
illustrates how these two methods capture information onlimear manifolds. The second data set is used to compare
these two methods to a variety other supervised dimensiunctsan methods in the classification setting. The third
data set illustrates that the methods can be used in higbrdiimnal data. The fourth example highlights the graphical
modeling or inference of conditional independence usiadjaad simulated data.

4.1 Regression on a non-linear manifold

A popular data set used in the manifold learning literatgreéhie swiss roll data, see Figure 1. We used the
following generative model
X1 = tCOS(t), X2 = h, X3 = tSiIl(t), X47m,10 l"z\id N(O, 1)
wheret = 2T (1 + 26), § ~ Unif(0,1), h ~ Unif(0,1) and
Y =sin(570) + h? +¢, &~ N(0,0.01).

X, and X3 form an interesting “Swiss roll” shape as illustrated in tig 1(b) and the nonlinear relationship between
Y and X, X», X3 isillustrated in Figure 1 (a). In this case an efficient disien reduction method should be able to
find the first3 dimensions.

We used the following metric proposed in Wu et al. (2008) t@muge the accuracy in estimating the e.d.r. space.
LetB = (Gl, e 7Bd) denote the estimate &, then the accuracy can be measure by

d

1 .

3 ) " ||Psfil|* =
1=1

Ul

d
> BB)GI
=1
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whereP denotes the orthogonal projection onto the column spaé& &or BMI and BAGL B are the orthonormal-
ized posterior mean aB.

We draw five data sets with sample size= 200, 300, 400, 500, 600 from the generative model. We run BAGL
and BMI on these data sets and compare their performance &vietywof SDR methods: SIR (Li, 1991), sliced
average variance estimation (SAVE) (Cook and Weisbergl),9@incipal Hessian directions (pHd) (Li, 1992), and
local sliced inverse regression LSIR (Wu et al., 2008). Fell Bnd BAGL we ran10000 MCMC iterations and used
a burn-in of5000. For BMI we setd = 3 and for BAGL we used the Gaussian kernel in (12) with fixed jsien
parametep) = 4 and setn = d* = p = 10.

The accuracy for the various methods using the above defirgdgcnis shown in Figure 2. BAGL and BMI have
the best accuracy, especially when sample size is smallR isSthe most competitive of the other methods as one
would expect since it shares with BMI the idea of localizihg thverse regression around a mixture or patrtition.

To illustrate that BMI is borrowing of information acrossethesponse variables we plot in Figure 3 the cluster
labels for all the samples as ordered in terms of the magaitddesponse for the last MCMC iteration. Samples with
similar responses tend to be clustered and have similarrlyimlg clustering distributions which change "gradually”
with increasing response instead of "rigidly” as what wobé&lobtained by the slicing procedure in SIR.

Figure 4 shows for the BMI and BAGL the posterior mean aaé credible intervals for the estimateéde.d.r.
directions for a sample size = 200. The noise dimensions have posterior mean at nearly 0 wigtively high
certainty indicated by the credible intervals. The firsti&tsignal dimensions, on the other hand, are clearly verified

We utilized cross-validation to select the number of e.directionsd for both BAGL and BMI in the case of
sample sizex = 200. We used, for each value dfe {1,--- , 10}, BMI and BAGL to project out-of-sample data onto
the d-dimensional space and a non-parametric kernel regressimiel to predict the response. The error reported is
the mean square prediction error. The error v.s. differantiiddate values af is depicted in Figure 5. For both BAGL
and BMI the smallest error correspondsite- 3, the true number of e.d.r. directions.

4.2 Classification

In Sugiyama (2007) a variety of SDR methods were comparet@iris data set available from the UCI machine
learning repository, originally from Fisher (1936). The data consists of 3 absswith 50 instances of each class.
Each class refers to a type of Iris plant (“Setosa”, “Virgaii and “Versicolour”), and has 4 predictors describing the
length and width of the sepal and petal. The methods compa®dgiyama (2007) were Fisher’s linear discriminant
analysis (FDA), local Fisher discriminant analysis (LFD@®ugiyama, 2007), locality preserving projections (LPP)
(He and Niyogi, 2004), LDI (Hastie and Tibshirani, 1996aighbourhood component analysis (NCA) (Goldberger
et al., 2005), and metric learning by collapsing classes NI (Globerson and Roweis, 2006).

To demonstrate that BMI and BAGL can find multiple clustersmerge “Setosa”, “Virginica” into a single class
and examine whether we are able to separate them.

In Figures 6 (a) and (b) we plot the projection of the data @#alimensional e.d.r. subspace by BMI and BAGL,
respectively. For BMI we sety = 1in (9) and for BAGLm = d* = p = 4. For both methods the classes are
separated as are the two clusters in the merged “Setosayifii¢a” class. BMI is able to further embed the data into
a1l dimensional e.d.r. subspace while still preserving theas®jon structure (Figure 6 (c)). Figure 7 is a copy of
Figure 6 in Sugiyama (2007) and provides a comparison of ADZ/A, LPP, LDI, NCA, and MCML. Comparing
Figure 6 with Figure 7 we see that BMI and NCA are similar wiélspect to performance and BAGL and LPP are
similar. Both BAGL and LPP highlight the manifold perspeetfor dimension reduction.

http://archive.ics.uci.edu/ml/datasets/Iris
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4.3 High-dimensional data: digits

The MNIST digits datais commonly used in the machine learning literature to campégorithms for classifica-
tion and dimension reduction. The data set consist 000 images of handwritten digit§0, 1, ..., 9} where each
image is considered as a vector2sf x 28 = 784 gray-scale pixel intensities. The utility of the digits das that the
e.d.r. directions have a visually intuitive interpretatio

We apply both BMI and BAGL to two binary classification taskifgits 3 v.s. 8, and digits 5 v.s. 8. In each task
we randomly selec200 images,100 for each digit. Since the number of predictors is far gretitan the sample size
(p > n), we used the modification of BMI described in Section 2.3 ghd= 30 eigenvectors are selected. We run
both BMI and BMAGL for10000 iterations with the first a§000 burn-in. We chooséd = 1. The posterior means
of the top e.d.r. direction, depicted in2& x 28 pixel format, are displayed in Figures 8 and 9. We see thatdpe
e.d.r. directions precisely capture the difference betwgigits 3 and 8, an upper left and a lower left region, and the
different between digits 5 and 8, an upper right and lowerrkgjion.

4.4 Inference of conditional depenedence

We illustrate how BAGL can be used to infer conditional degemce of variables relevant in predicting the re-
sponse.
The following linear regression model is specified

X1 =01,X0 =01+ 02, X3 =03+ 04, X4 =04, X5 =05 — 04,

wheref ~ N(0,1) and
X3+ X5

Y = X1 + T + g,
wheree ~ N(0,0.25). One hundred samples were drawn from this model and we dstihtiae mean and standard
deviation of the gradient outer product matrix, see Figuréa) and (b). The partial correlation matrix and its staddar
deviation are also displayed in Figure 10(c) and (d). Therirfice consistent with the estimate of the partial coioalat
structure is thafX;, X3, X5 are negatively correlated with respect to variation in thgponse and’, and X, are not
correlated with respect to variation in the response. Télstion is displayed in the graphical model in Figure 11(b).
The graphical model corresponding to the covariance of Xptaeatory variables alone is displayed in Figure 11(a).

4.4.1 Tumorigenesis example

We further consider a practical problem in cancer genetigseling tumorigenesis. Genetic models of cancer
progression are of great interest to better understandhthiation of cancer as well as the progression of disease int
metastatic states. In Edelman et al. (2008) models of tumagrpssion in prostate cancer as well as melanoma were
developed. Instead of using gene expression measurenseths predictor variables a summary statistic that assayed
the differential enrichment of a priori defined sets of geimemdividual samples (Edelman et al., 2006, 2008) was
used. These a priori defined gene sets correspond to genes kade in signalling pathways or have functional
relations.

This idea was applied to a data set consisting2benign prostate samples aB2 malignant prostate samples
(Tomlins et al., 2007). Th20, 000 dimensional expression profile for each sample was reducadpace of differen-
tial enrichment 06522 gene sets or pathways (Edelman et al., 2008) for each saffipieis a classification problem
to which we applied BAGL to infer a mean posterior conditibndependence matrix as well as the uncertainty in de-
pendence inferences. For visualization purposes we fattised 6 pathways most relevant with respect to predicting

2http://yann.lecun.com/exdb/mnist/
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progression, thé6 pathways corresponding to predictors for which the pad@lvative is large. For these gene sets
we plot the conditional independence matrix and the vagafdhe elements in the matrix in Figure 12. Red edges
correspond to positive partial correlations and blue fayatve. The width of the edges correspond to the degree of
uncertainty, edges we are more sure of are thicker. Thisygpéprs a great deal of interesting biology to explore some
of which is known, see Edelman et al. (2008) for details ortilbéogy.

5 Discussion

We develop two Bayesian models for SDR. The first model BMépsls model based approaches for inverse re-
gression to the mixture models. The second model BAGL stians a manifold perspective to develop a probabilistic
model. Both approaches apply to the setting where the malrdistribution of the predictors lie on a manifold.
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Figure 1: Swiss Roll data: lllustration.
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(a) BMI: Embedded ir2 dimensional e.d.r. subspace (b) BAGL: Embedded ir2 dimensional e.d.r. subspace
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(c) BMI: Embedded irl dimensional e.d.r. subspace

Figure 6:Visualization of the embeddddis data.
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Figure 7:Visualization of thdris data for different methods. (see also Sugiyama (2007) Eigyr
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(a) Posterior mean of 3vs 8 (b) Posterior mean of 5vs 8
Figure 8: BMI: (a) The posterior mean of the top e.d.r. direction foredsus 8, shown in a8 x 28 pixel format.

(b) The posterior mean of the top e.d.r. direction for 5 veBushown in 28 x 28 pixel format. Difference between
digits is reflected by the red color.
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(a) Posterior mean of 3vs 8 (b) Posterior mean of 5vs 8

Figure 9:BAGL: (a) The posterior mean of the top feature for 3 versushi®wn in a28 x 28 pixel format. (b) The

posterior mean of the top feature for 5 versus 8, showrtiga 28 pixel format. Difference between digits is reflected
by the red color.
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Figure 10:(a) and (b) are the posterior mean and standard deviatiothé6&OP, respectively; (c) and (d) are the
posterior mean and standard deviation for the partial ¢aticaen matrix, respectively.
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(a) (b)

Figure 11: Graphical models inferred from the (a) the covariance matfithe explanatory variables and (b) the
gradient outer product matrix. Each node represents ablarand each edge indicates conditional dependence. The
distance of the edge is inversely proportional to the amofidependence, the thickness of the edge is proportional to
the certainty of the inference and blue edges are negatiile vedl edges are positive.
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Figure 12:The association graph for the progression of prostate cdirmeg benign to malignant based on the inferred
partial correlation. Red edges correspond to positivaglambrrelations and blue for negative. The width of the exige
correspond to the degree of uncertainty, edges we are mar®sare thicker.
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