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Abstract

We consider problems involving functional data where westagollection of functions, each viewed
as a process realization, e.g., a random curve or surface. particular process realization, we assume
that the observation at a given location can be allocateceparste groups via a random allocation
process, which we name the Dirichlet labeling process. Wesitigate properties of this process and its
use as a prior in a mixture model. We develop exact and appedgi representations for the labeling
process, analyze the global and local clustering behavidrdevelop efficient inference methods for
models using such priors. Performance is demonstratedsyitthetic data examples, a public-health

application, and an image segmentation task.
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1 Introduction

A recurring theme in the nonparametric Bayes literature has been the deegibpf mixture models based
on Dirichlet processes (DP) (Ferguson, 1973; Sethuraman, 18®4atan and James, 2001). These mod-
els have proved to be useful in applications involving clustering obsen&fitto distinct groups; the
dependence of different groupings can be achieved via the formaligtependent Dirichlet processes
(e.g., MacEachern (2000); Delorio et al. (2004); Gelfand et aD%20Teh et al. (2006)).

In this paper we are interested in mixture modeling for functional data. Frewig¢iwvpoint of functional

data analysis we are given a sample.diinctions (curvesy, . .., Y, overR?, each viewed as a realization
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of a stochastic process. The curves are observed at a common set of locations ., x,, € D, whereD

is a subset oR%.1 This setting is natural in many applications: an image is a surface of light intessity
R2. The ocean temperature at a location is a function of depth. The monthlggiesgne level of a female
subject is a function of time.

The primary objective of this paper is to examine clustering of the set oésuformalizing the notion
of clustering of curves raises several interesting challenges. Firstnwision theY;'s asnoisyversions
of the curved);. Thed;’s are assumed to be smooth (i.e., at least continuous) and clustering idecreds
with regard to these latefits. For instance, it is easy to ensure mean square continuous realiaaiogs
a Gaussian process with a suitable covariance function (see, e.g., &88))(10f course, introducing
noise raises a trade-off issue. With too much noise, boan explain all of thé’;’s - one cluster; with
too little noise, eacly; will require a distinctd; - no clustering. Second, we can envision local clustering,
global clustering, and, possibly, attempt to formalize notions in between,nsotib“partial” clustering.
In particular, one can envision clustering curve realizatins), . . . , 0, (x) at each location: € D into
groups of observations using a DP mixture. With smoothness for thesgofusidhe groupings at locations
close to each other are expected to be more similar than those at distant kchtiother words, there is
an uncountable collection of dependent DP mixtures, one for each locafithrthe dependence regulated
by the inherent spatial structure. Such clustering would be viewed aa"|ddternatively, one can assume
that the spatial dependence is regulated by, say, a Gaussian pré¢@ssn(D. For instance, a simple
approach is to allow random curves to be drawn from a Dirichlet progi#hsa GP base measure (Gelfand
et al., 2005). However, this approach is limited by the discrete nature oé&8lRations: conditional on the
DP atoms, a random curve is either a replicate of one of a countable sgtvesatall locations inD, or
not at all. Evidently, this is “global” clustering.

Our approach assumes that the collection of curve realizations canreserted in terms df “canon-
ical” curves drawn from a stochastic procé&gs but each realization can be expressed as a hybrid species
— random portions of the curve may belong to different species. Caalanicves provide the basis for
representing a curve in terms of disjoint segments with distinct behavior (irstef, e.g., smoothness and
monotonic properties). In certain applications (such as image modeling)paical curve might simply be
a (random) constant function that represents a corresponding &viel the image. The notion of hybrid

species curves has been explored in various contexts, including tdyseasrand genetics (Blei et al., 2003;

The case where some locations are not common to all curves can tledais well through inclusion of additional latent

variables but is not detailed here.



Pritchard et al., 2000), as well as in the context of spatial and functatatal (Duan et al., 2007; Petrone
et al., 2008). In particular, our approach is based on the hybrid Ditiphteess mixture model first intro-
duced by Petrone et al. (2008). Implicit in their modeling is a latent groupadltwt process, which we
shall call theDirichlet labeling processThis labeling process, which we denotegyallows randontocal
allocation to one of a collection of species curves. Operating formally, w& wih finite dimensional
Dirichlet processes (Ishwaran and James, 2001) wheésea random probability measure ¢, . .., k} 7,
which is drawn from a Dirichlet process via a base meaquies.,p ~ DP(aq)), whereq is also a proba-
bility measure o{1, ..., k}7. Explicitly, we mean that for any finite set of locatiods,j, j = 1,2, ...,m},

p andq are probability distributions on 2™ dimensional simplex such thatq ~ Dir(aq). To allow
spatial dependence of random allocatiqns constructed via discretization and copula transformation of a
latent Gaussian process, which essentially regulates the random allotatitimg & — oo, it can be shown
that the marginal distribution of the curve (at each location) tends to the rahdyimwnn from a Dirichlet
process mixture (Petrone et al., 2008).

The novel contributions offered here is the detailed investigation of theHetiabeling process model.
This model provides a random label for egcburve at each location. The labels are dependent within a
realization of a curve and, through the Dirichlet process, can introdlustering of labels across curves. We
illuminate properties of this proposed process, develop both exact gmdxapate representations of the
labeling processes, exact calculation when only two labels are allowegpgmoximate calculation when a
large number of labels are allowed. We also analyze the local and glosgrihg behavior in the overall
mixture model. Statistical inference with the latent labeling process is exgewstty a large number of
local sites and clusters. We offer efficient inference methods by pmog@ model fitting strategy using
Gibbs sampling that employs ideas of pseudo-likelihood and approximatéiamaaiainference in Markov
random fields (Wainwright and Jordan, 2003). We provide applicatiaiutees of progesterone levels of
women during the course of a menstrual cycle and, perhaps surprjsmgly image segmentation setting.

There are several recent approaches that permit random locatalofor functional data. In Fernan-
dez and Green (2002), the authors consider Markov random fiedatdattices with Poisson distributed data
where the weights in the mixture vary with locations. Closer in spirit to our fraonkevg the nonparametric
Bayesian mixtures of Hidden Markov Models (Teh et al., 2006). Our lapgdnocess is arguably more
computationally tractable, especially for high-dimensiobaind largem due to the exploitation of spatial

structure in the model that yields accurate conditional probability approximafi;mumber of recent pa-



pers introduce various constructions based on the Sethuraman’s istadkifiy representation, with varying
weights assigned for different locations (e.qg., Griffin and Steel (2@ son and Park (2008); Duan et al.
(2007); Sudderth et al. (2008)). The work of Griffin and Steel @@hd Dunson and Park (2008) exem-
plify several distinct proposals for constructing spatially dependentnidd®re marginals. In contrast with
our approach, these are somewhat indirect methods for enforcingdtialslependence — while label shar-
ing across the collection of curves is encouraged, label sharingsaweasby locations of theamecurve is
not directly possible.

A number of recent work consider Bayesian models for representingjextion of functions in terms
of kernel basis functions (e.g., Pillai et al. (2006); MacLehose anusbu (2008); Dunson (2008b,a)), i.e.,
f(z) = [ K(z,u)y(u)du, where the coefficient function(-) is endowed with a nonparametric prior. In
particular, Dunson (2008b) and Dunson (2008a) insist on spgrsesentations by modeling the coefficient
covariatesy(-) in terms of a labeling process. In Dunson (2008b), the labeling processdsled by inde-
pendent Dirichlet processes, while Dunson (2008a) uses kemmgtidas to induce the spatial dependency
of labels in a manner similar to that of the Dirichlet labeling process. The kénctisn between these and
our work is that the Dirichlet labeling process allows distributional spetiificaf labeling realizations over
continuous domain without the need for kernel basis specification. Noiksto our approach is the work
of Duan et al. (2007). This work also specifies a generalized DP mixturelnugdhg the view of hybrid
species curves. Their approach requires a labeling process oblgitiee:sholding: latent Gaussian pro-
cesses, resulting in a model which is computationally challenging to fit. By aintnar approach utilizes
only one latent Gaussian process to regulate spatial dependence, Neieglabel sharing through the
use of the Dirichlet process at the next stage. The resultant model is siamplecomputationally more
tractable.

The paper is organized as follows. Section 2 provides backgroundeobitithlet labeling process
prior for a mixture model. Section 3 presents properties of the Dirichlet lappliocess. Section 4 briefly
discusses identifiability issues associated with the full hierarchical modelorewith. Section 5 focuses
on approximate estimation methods. Section 6 offers experiment results. Nélede with Section 7. All

proofs and additional computational details can be found in the Appendix.



2 Formalizing the model

As described in the Introduction, we now define a mixture model for cugaéizationsYs,...,Y,, over
RP, which are noisy versions of, respectively, ...,0,. The observations are obtained at local sites
x1,...,Tm € D. Each curve; is described by the label functid; : D — {1,...,k}}, wherek denotes
the number of available labels (species). For any finite set of locations. , z,, € D, we specify the
random distributiorp, . »,, which is such thap,, . .. (l1,...,0n) = P(L(z1) = L, ..., L(zp) = ly).

In particular, the (random) label functioh yields a marginal distribution which is a multinomial with
probabilitiesp, at each siter, i.e., P(L(z) = j) = pa(j) for j = 1,..., k. Below, the collection of
P,z 1S Specified to consistently determine a probability meapwa {1, .. ., k}D, which is randomly
generated by the Dirichlet labeling process that we shall formally definaddition, we need a collection
of k “canonical” specie$y, ..., 0}, which are drawn front7, independently of.. Conditioning on labels
L; and canonical specigs, the curvey; is realized at each locationby associating the value atof the

species indexed by the labg(z), i.e.,0;(z) = 07 (z) if L;(z) = j. Formally:

. iid .
0] Z’Z\‘ GO, 3:1’...,]{7
Lip ~ p,i=1,...,n,

bi(xe)| L6 = 6,

() 1=1,....n;t=1,...,m

Yi(e)| Oie) ~ Ni(z), ).

In addition, depending on application, there may be prior distributiongzfpandr. Also, there may be
covariate information, sa¥; (z;), which can be included in the mean fgr(x; ). Alternatively, we can write

0; 4 Gfori = 1,...,n, whereG is a random measure @& such that

le,...,azm = Z Pzi,....z;m (jly <. )jm)(s(ﬁjl (x1),.-,05, (Tm))* (1)
(G15-m)E{L,. k™
We define the Dirichlet labeling process which generates the random multirdistidoutionp for the label

function L. p is a random probability measure éh, ..., k}”. For locationsry, . .., 2y, Pay....z,, NaS a

k™-dimensional Dirichlet distribution:

(pJ»‘l,---,CI?m(jh o 7]m)7]1 = 17 sy k) ~ Dir<aqx1,---7$m (j17 s 7]TI’L)7]’L = 17 ey k)a (2)

where the base measugés a probability measure oft, ..., k}7.



The base measukg is constructed such thaf has a uniform marginal distribution at every location
z € D,ie,q,(1) = ... = q.(k) = 1/k. Additionally, q inherits the spatial dependence structure
exhibited by a stochastic proceBson R” as we now clarify.

Denote byF;, . ... the finite-dimensional distributions @&. Let (n(x1),...,n(xm)) ~ Fy,... .., @and
consider the random vectQ¥y, (n(z1)),..., Fy,, (n(zm))) € [0,1]™, whereF,, denotes the cumulative
distribution function at locatior; for F'. This vector has uniform marginals and induces a joint distribu-
tion function denoted byir,, . .... The collection of finite-dimensional d.#1r,, . ., characterizes a

probability measurél = on [0, 1]°. Now, let us discretiz¢0, 1]™ into hyper-cubes

-1 n5n Jm — 1 Jm
lew-y]"m :< L ) k:| X X < L ) k:| )

for j; = 1,..., k. Then, the latent labeling procegss defined by:

Qz1,...,xm (jh cee 7]m) = HF,m,...,xm (Cj1 ----- jm)'

Alternatively, for eache € D, letci(x),...,cx(z) be an increasing sequence of threshold values in
R such thatF,(cj(x)) = j/k, for j = 1,...,k — 1. Complement the sequence with{z) = —oo and
cx(z) = co. Conditioning on the realization = (n(z1),...,n(xy)), define functionZ : D — {1,...,k}

such thatforeach=1,...,k,

Z(x) = j < n(x) € (¢j1(2),¢j(2)] & Fu(n(x)) € (5 — 1)/k,j/k].

Hence, am drawn from the stochastic proceBsyields a labelZ ~ q.
It is useful to note that just ag is defined in terms of auxiliary variables ~ F', p can be defined
directly in terms of auxiliary variableg without going through the labeling functiod ~ q. Define a

random functior¢ onR” such that ~ H, whereH ~ DP(aF). For anyz € D, define:

L(z) = j & &(x) € (¢j1(x),¢j(2)] & Fo(€(x)) € (G — 1)/, j/k]. 3)

Marginalizing over¢ and H we obtain a random probability distributighgeneratingZ. It can be shown

thatp < p andL £ L. Indeed, for anyty, . .., 2, € D, the random vectof, = (L(z1), ..., L(zym)) has



to satisfy, due to the definition of the Dirichlet process,

(f)(f/:(jl,...,jm)),ji:1,...,k>

Il

<I3(€(961) € (cj—1(x1), ¢y (T1)], -+, €(@m) € (¢j—1(Tm), ¢, (Tm)]) Ji = 1, - .. k)

~ Dir(aF(n(z1) € (cj—1(x1), ¢ ()]s - - o, 0(@m) € (Cj—1(Tm); i (Tm)]), Ji = 1, .,k:)

= Dir(aqrh...,mm(jlv cee ,]m);]z =1,.. 7k)

This implies thap < p andL < I.

The overall model is characterized by a canonical curve distribdtipand precision parametet as
well as parameters specifying the labeling progesdVe have given equivalent characterizationgpdh
terms of latent process or in terms of latent processand labeling vectoZ. We shall see that the latter

characterization is much more convenient to work with.

3 Properties of the Labeling Process

As is clear form the previous section, we use the label process as avtior the hierarchical model given
at the beginning of Section 2. Here, we examine properties of this pro@esef the random label functions

LandZon{l,...,k}’, whereL ~ pandZ ~ q, as well as that of the hybrid curve realizatidr- G.

Properties of p. From (2),p andq are related by relationp|q ~ DP(aq). As a result, properties
obtained for the labeling procegscan be easily incorporated into that fbr We start with the following

elementary properties fqy:

Proposition 1. (a) Let L ~ p. For anyx € D, the distribution for the label(z) is a k-dimensional
multinomial trial with probabilitiesp, ~ Dir((«/k)1).
(b) LetLq, Lo|p % b. Then, unconditionallyP(Ly(z) = Lo(z)) = ¢ + (1 — 1/l<:)a$1.

(c) LetLq, Lo|p £ p, andxy,...,z, € D. Then, unconditionally,

1 0" . .
P(L(@1 @) = Lo, @n)) = = =5 D o (G- i)
jlv"'vjm

(d) LetL ~pandzy,...,x, € D. Then

P(L(@) = L) = o, D) = ) = St J)
Qza,...,xm (]2) cee 7]m>




Proposition 1 shows how the clustering behavior exhibited by the label a&g8iE; ~ p is driven by
the concentration parameterand the labeling process (In particular, asx — oo, p behaves more like
the base measutg) It is worth noting the distinction between local and global clustering behawialicit

in the labeling procesp. Since the probabilitiesy,, .. ... (-) is of orderO(1/k™) (cf. Prop. 3 and the

1, 1 g

Appendix), part (c) implies the global clustering probabilRyL,; = Ls) ~ %—&—1 + 35 o

m — oo. On the other hand, at each local sitehe probability of clustering is substantially higher:

1 « 1
Pllu(r) = La(@) = o + 57

However, since the probability of global clustering is sgéi{lk, there are evident implications regarding
either the specification af or a prior for it.

Whenk — oo, the distinction between global and local clusters is apparently lost: Tliaatans 7,
and L, are either identical everywhere, or nowhere at all. Although the “heluBtering behavior is lost,

the “soft” clustering behavior remains in play, being drivengohich is in turn regulated by'".

Properties ofq. In the sequel,we assume thais a mean-zero, isotropic Gaussian proa&$¥0, 1, ¢r,)
with covariance function of the fornpia(z1, z2) = cov(n(z1),n(x2)) = exp(—dr||xr1 — x2|) for any
1,9 € D, whereg; > 0 is called the decay parameter. (We can set the process variance to 1 w.l.0.g.)
Under the assumptions adn, the quantile threshold functions(z) are constant with respect toand the
sequencey, . . ., ¢, satisfiesd(c;) = j/k where® is the c.d.f. of the standard normal variable.

To denote the dependence of labeling proegsa ¢, andk, we can writeq(¢, k). Although it is easy
to generate a random sample(df(x1),..., Z(xm)) ~ q, the distribution function fory is generally not
available in closed form. In fact, the next result presents a closed farin£ 2 and for any two locations

but closed form expressions fbr> 2 are not readily available.

Proposition 2. (k= 2). LetZ ~ q(¢r,2) and letp;a = Cov(n(x1),n(x2)). Then

1/2
P(Z(zx1) =1,Z(z2) =2) = P(Z(21) =2, Z(x2) = 1) 1= qgy 2,(1,2) = 7i_arccos(; + p;)

11 1 1/2
P(Z(x1) =1,Z(x2) =1) = P(Z(z1) =2, Z(22) = 2) :=Qgy 2, (1,1) = 3 = arccos<2 + p212> .

It is simple to observe that as either — oo or ||x; — z2|| — oo, p12 — 0 so that both probabilities
Az .20 (1,2) andqy, », (1, 1) tend to 1/4. ThatisZ(x1) andZ(x2) become independent. On the other hand,

as¢r — 0or|z; — x| — 0, Z(x1) andZ(x2) share equal values with increasing probability.



For largek, it is possible to obtain a good approximation to the likelihood function using Riersam

approximation. We have

Proposition 3. (kis large) LetZ ~ q(¢r, k). Foranyi, j < k such thai;; andc; do not diverge to either

400 Or —oo ask — oo, then

1

P(Z(z1) =4, Z(22) = J) = Qu12:(5,7) = 75 (Rij(cis ¢j) +o(1)), (4)
1 —
P(Z(x) =i, Z(x2) > j) = —(1-®( LZ—52) +o(1)). (5)
k 1 —pfy
whereo(1) terms vanish to @niformly for all such(s, j), and
1 (¢ + Dty — 2pracic
Ri;(ci,cj) = ——=exp — J (6)
’ ’ v1-— /)%2 2(1 - 10%2)

Prop. 3 can also be extended to arbitrary number of locatiens. ., z,,, and can be used to obtain
conditional probabilities (see the Appendix).

It is useful to examine the intuitive behavior of theprobabilities for a fixed: as derived by Prop. 3.
As p12 — 0, we haveR;;(c;,cj) — 1, so thatP(Z(zy1) = 4, Z(x2) = j) — 1/k?, i.e., Z(x1) and Z(x2)
become less dependent. On the other hang,as- 1, for any pairi # j, R;j(ci,cj) — 0, i.e., Z(x1)
and Z(x2) take different values and; with probability converging to 0. Accordingly?(z1) = Z(x2)
with probability converging to 1. Now, fixingi2 andc;, considerP(Z(z2)|Z(z1) = i) ~ 1 Rij(ci, ;).
R;;(c;, cj) achieves maximum at = piac;. In particular, whens is nearzy, p12 ~ 1 so thatpiac; = ¢;,
the conditional distributio(Z (x2)|Z (z1) = ) favors values that are nearFor most of the nodes that are
distant so thap,5 ~ 0, the conditional distribution is rather flat even though the made; ~ 0. For nodes
in the middle range so that say,2 ~ 1/2, there is an interesting shrinkage effect pullidgr,) toward
the middle value (betweety2 andi). In addition, variableZ (z2) tends to take values that are farther away
from ¢ with decreasing probabilities.

Turning to the properties of a “hybrid” curve realizati@nvhich is drawn from the random probability

measures (see Eqgn. (1)), we have

Goryooomn = Z P,eeitm (J15 -+ 5 Jm)0(07 (21),08%, (@)
(15 sdm)€{L,.. . k™

where the randomness @fis due to the randomness pfandé*. We posit that the canonicét be smooth

curves by placing a zero-mean Gaussian process @jan 6* with variances? and covariance function



po(z1,72) = 05 exp —p|lz1 — 2|22 Itis simple to obtain the following:

Elf(z)la,Go] = E[0"(z)|Go] =
k
Elf(21)0(z2)[q, Go] = qul 22 (J,7)Cov (0" (21), 0" (22)).
=1

As ||z1 — x2]| — oo, Cov(0*(x1),0%(x2)) — 0, s0Cov(6(x1),0(x2)|q, Go) — 0. As ||z1 — z2|| — 0,
Z;‘f’zl Qo122 (J,7) — 1, s0Cov(0(x1),0(z2)|a,Go) — 3. Formally, it can be shown that the hybrid

specie¥ ~ G is mean square continuous:

Proposition 4. Suppose thatiy has bounded mean and variance functions, &/d) has non-atomic
distribution for anyxz € D. If bothGy and F' are mean square continuous, sads That is, letd ~ G. For
anyz; € D,

lim E(f(z1) — 0(x2))% — 0.

P

Although# is mean square continuous, each realization is almost surely discontirsibis@mposed
of multiple smooth segments of the canonical curves. The discontinuity is sndowtliee Y;'s by the
mixing with the noise or pure error process (also called the nugget roces i.i.d. random variables
at locationse(z) ~ N(0,72)) to obtainY (z) = 6(x) + e(x) for anyz € D.2 The joint density for
Y = (Y(21),...,Y(z)) givenG andr? is

f(Y|G, 1) = /Nm(Y\G, 721,,)G(d6). (7)

It follows thatE(Y |q, Go) = E(6*|Go) and the covariance matrRy |q, Go = 721,,,+X¢, where(2y);; =
Cov(0(z;),0(x;)|a,Go). Finally, depending on applications it is simple to include covariate information

into the mean structure af.

4 Identifiability

The described Dirichlet labeling process provides a highly flexible nampetric prior for modeling col-

lections of curves. As is generally the case with high-dimensional mixture Isyatedel identifiability

’Depending on applications, less smooth canonical curves can bedjesite, using exponential covariance function

po(@1,m2) = 0f exp —¢ollz1 — 22||.
3Alternatively, one could envisiofias the coefficient process of a kernel based representation, cenbyivingd with a kernel

basis function to obtain a rich class of smooth functions. We do not ptin&idirection further in this paper.

10



is an important issue requiring careful prior specification. The prevsegtion has discussed the roles of
the concentration parameterand the labeling decay parametgr on both the global and local clustering
behavior exhibited by the label realizatién~ p. Here we focus on the effects of the priorggf, canonical
curvesf* and the precision parameteon the identifiability of the labelind, and canonical curves'.

Suppose that we are interested in a representation which achieves dimaditsreduction with the goal
to infer about both canonical curvés and labelingl4, ..., L,, for observed replicates, .. .,Y,. In this
scenario the canonical curves can be viewed as basis functions atabéheectorsly, ... L, provides
coefficients with respect to such bases. When the number of canonisa&sé is small, the canonical
curves are expected to represent “canonical” patterns for the whiketion of curves. As noted in the
Introduction, the variance parameteplays an important role in the identifiability of the canonical curve
f*. Whenr is large, the learned canonical curves become very smooth but weakhgdishable. By
contrast, wherr is small, the canonical curves are less smooth and more distinguishabldr asgpective
posteriors cover different regions in the function space spannedelsutive collection. This phenomenon
is illustrated in Section 6.

¢ also plays an important role in the identifiablity of the canonical species £dveWhen ¢y, is
close to 0, as shown by Prop 2 and Prop 3, label switching is discouratfexlmodel essentially insists
on global clustering. If the curve collection can indeed be clustered ffabhaerms of canonical curves,
these are strongly identifiable. On the other hand, if the curve realizatindgdeswitch often among the
canonical curves, corresponding to laggye the canonical curves become more weakly identified. As we
illustrate in Section 6 our model is able to recover segments of locations that athtiitaly few switchings.

In particular, similar locations tend to be (correctly) assigned the same lhlbelis,is possible that whole
segment is incorrectly labeled relatively to some other segments.

Suppose, on the other hand, that we are less interested in inferring thleocanonical curves, but
more about the labeling realizations, . .., L,, as a means for characterizing and clustering the observed
replicatesYy, ..., Y,. In this scenario, strong constraints can be imposed @pdo improve the model
identifiability. In the image segmentation application we present, an image camiezhas being composed
of different objects (grass, plants, buildings, animals, human faces,eeicth of which is associated with
a level set corresponding to a (random) level of light intensity. Thusomigal curveg* can be taken to
be random constant functions. Furthermore, additional order cawtstcan be imposed according to label

values{1,...,k}. The previous discussion on propertiesppind q suggests that for large there is a

11



natural ordering of label valugd, 2, ..., k}. That is, locations near to each other have high probability of
sharing similar labels, i.e., labejs andj. such thatj; — jo| is small. It is natural to assign more extreme
ranges for priors to extreme labels suchlaandk. We could even specify th&(0]) < E(65) < ... <
E(0;). Note that such ordering constraints are not necessary to ensuréidediiability, but they would

be expected to improve the mixing for simulated posterior inference.

5 Model fitting and inference

Using the bracket notation, the joint distribution associated with the modedmteabat the start of Section
2 is given by:

n

K
[Tl 65, 65.7] H 03106, do] X [L1,..., Lnldr, o x [pr] x [a] X [7] X [¢g] X [og].

=1
In this section we develop an algorithm for fitting the model and for infereagarding the parameters of
interest. We use Gibbs sampling to draw fréi, ..., L,,07,...,0;, ¢, o, T, ¢9, 04| Y]. The updates of
parametersy, T, ¢y, o9 are standard, see ,e.g., Duan et al. (2007). For canonical cundsr, a Gaussian
process, the prior for vectdt; = (67 (z1),...,0;(zn)) is normal with mean.; and covariance matrix
29*|09 6o~ L€t I;; be anm x m diagonal matrix whose-th entry is equal td(L;(t) = j). The full

conditional forej has the form:

R _
[03Y1, ..., Y, Lu, ..., Ly, g, 0] ~ N<7_2AZIUY¢ + (Z02(0.69) 1Hj7A>u

whereA = ((Sg:5y,0,) " + 72 271 1) ™!

We now turn our attention to updating label vectérsi = 1,...,n and decay parametey;,. Due to
the alternative characterization of latent labBlsaptured by ( (3)), one simple method is to sample directly
the latent variable§; ~ H, whereH ~ DP(aFy,). The label vectol; is then obtained by thresholding
&. Although the full conditional distribution fof; can in principle be obtained by the standard Polya urn
scheme, it is simple to observe that at each iteration one has to compute atalbracim ofk™ terms.
To overcome this difficulty, a simple heuristic is to introduce an auxiliary varighhich is a perturbed
version of¢ by a small independent nois&: = ¢ + ¢, wheree ~ N(0,~2I,,) andI,, is anm x m identity
matrix. For smalh?2, it is expected thaf; and¢; will belong to the same thresholded hypercubes with high

probability. Thus, the label vectdr; can be obtained by thresholdigginstead ofs;. Vector&; can now
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be updated independently of the data via the Polya urn’s scheme, ghin be updated conditionally
component-by-component via truncated univariate normals. The prokiémthis approach is sensitivity
of the perturbation noise to the varying size of different thresholded hypercubes, especialgnwhs
moderate or large. Moreover, sampling over continuous and high-dinmesadent vectorg and¢ could
be very inefficient and, as we shall see, is unnecessary.

Our approach relies on the characterizatiod.pfh terms of label vectorg; ~ q and the latent vector
n; fori =1,... n. Furthermore, by the virtue of Prop. (3) (and its extension forrangee the Appendix),
the latentn; can be easily marginalized so the overall mixing can be significantly improved. Gibbs
sampling procedure is now straightforward by applying the Polya urn sagngdimeme. Here, we have, for

say curvel at say,r1, that the conditional label distribution is

P(Ly (21)|Ly (22), - ., L1 (2m), the resf oc »
i=2

_*

a+n-—1

I(Ly = L;)

N(Y1l6r,
0 tno1 N Mlf)+

N(Yl‘eLl)qx17__.7x.,,L (L($1)7 M 7L1(xm)‘¢[/7 k)

The likelihood function undeg is obtained via Prop. 3. This likelihood also provides means for updating
¢1, via a standard Metropolis step. One possible issue is that the approximatiom li€elihood function
for q is not expected to be accurate for small valué .ofin particular, the distribution function and relevant
conditional probabilities for the labeling procegsre not available in closed form. For the remainder of
this section we develop approximate inference methods for the latent labetiogsgq for small k. We
illustrate withk = 2.

Turning first to estimation of thé’s, we seek inference faf;, given i.i.d. label realization%, ..., Z,
drawn fromq, observed values at locations, . . ., x,,,. We first consider the point estimation problem for
¢r1. Suppose we have multiple curves, indexed by 1,2, ...,n, observed atn = 2 locationsz; andzx,

only. In this scenario, one can use a maximum likelihood method to obtain a eorigEstimate fop . :

n
1, = argmaxy, 5o [ [ a(Zi(21), Zi(x2)),
=1

where the d.Iq for £ = 2 is available in closed form given in Proposition 2. The more typical scenario
however, is whenn much larger thar2, while the sample size is small. For simplicity of exposition,
suppose that = 1. How can one estimatg;, given asinglerealization of random curve evaluated ain

locationszy, ..., xm: 2 = (2(x1),. .., 2(zy))? An intuitive approach is to maximize a pseudo-likelihood
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for z, which is obtained by taking the product of all pairwise likelihood functi@imulation work indicates

that this is a good estimator (see Table 1 for an illustration). We can showlfgrma

Proposition 5. Suppose thall = (Z(z1), ..., Z (%)) is drawn fromq(¢7, 2) via Fy: for someg; > 0.

Letr,, be the number of pairs @fc;, z;) s.t. [|x; — ;|| < dp for somedy > 0. Then, for

éLZargmaX@o H a(Z(xi), Z(x;5))|9)

1<i<j<m
we have thaté;, — ¢%| = O(y/m/rm) in probability.

Though the proof is provided fdr = 2 it can be easily extended fér> 2.

OneEdge MLE m=4 m = 36 m =100

n=1 N/A | 2.26 + 2.55| 0.60 + 0.35| 0.51 +0.23
n=10 2.03 +8.03| 0.64 +0.43| 0.48 +0.15| 0.51 + 0.06
n=20 2.57 +7.90| 0.63+0.31| 0.51+0.09| 0.50 + 0.04
n =40 0.48 + 0.30| 0.53 +0.19| 0.51 +0.05| 0.51 +0.04
n=60 0.53 +0.20| 0.54 + 0.16| 0.50 + 0.05| 0.51 +0.03
n=380 0.52+0.33| 0.51+0.16| 0.50 + 0.04| 0.50 +0.02
n=100 0.49 +0.16| 0.50 + 0.14| 0.49 + 0.03| 0.50 + 0.02

Table 1. Mean and variance of the maximum likelihood estimate (foe edge) and maximum pseudo-
likelihood estimates fot ;. n denotes sample size; denotes the number of locations in a equally spaced
grid in R2. The data is drawn from(¢y, k) with ¢, = 0.5, k = 2.

Suppose now thaty, is endowed with a prior distribution(¢,) on a bounded intervab, ¢o]. We are
interested in sampling the posterior distribution gy given values of the label = (z(z1), ..., z(xn)).
We propose to use the aforementioned pseudo-likelihood to obtain whatrwae t&ibbs posterior” distri-

bution (Zhang, 2006) foy;, as follows:

Pa(orlZ) o ] a(Z(xi) = 2(x:), Z(x5) = 2(x5))|é1) 7 (b1). 8)

1<i<j<m
A > 0 is an arbitrary parameter that controls the dispersion of the Gibbs postedan be shown that the

Gibbs posterior is very close to the “true” posterior in the sense of Kullhadfler divergence:

Proposition 6. Suppose that = (Z(z1), ..., Z(zn)) is drawn fromq equivalentlyF,- for somep; > 0;

and thatr(-) puts sufficient mass aroung (i.e., for any sufficiently small neighborhodd, v) of ¢7,
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m(u,v) > |u —v|" for somer > 0), then under the true marginal generatixg

By w573 08(PA(6112)/ PA(612)) = Op(1/m).

Next, we introduce a variational Bayes approach for inference apdatparticular, the proposed sam-
pling method for the decay parameter via the Gibbs posterior provides a direct motivation for approximat-
ing the distributiony using variational inference techniques for Markov random fieldséd., Wainwright
and Jordan (2003)). Léf be a subset of paifgi, j)| 1 <i < j < m}. E could be viewed as a collection of
edges connecting the vertices, . .., z,, € D to form a graphical structure. Our strategy is to approximate
the multivariate distributiowy(Z(x1), ..., Z(x.)) by a graphical model distributiof defined as:

as(Z(@1),. ., Z(wm) o [ a(Z(@), Z())). (9)
(¢,4)eE
Consequentially, the conditional probability distribution for the labels is apprated by
ae(Z(21)|Z(22), ..., Z(wm)) o [1j a(Z(21), Z(x5)).
The following result shows thét is the best possible approximation within a restricted class of graphical

models in the sense of Kullback-Leibler divergerigg||-).

Lemma 7. Consider a class of probability distributions & (x1), ..., Z(xy,)) € {1,2}™:

Qs :{Q:Q<Z<x1>,...,z<xm>>o< 11 qij<z<xi>,z<xj>>},

(i,9)eE

whereg;;'s are any function o1, 2}2. Then the distributioz defined in(9) satisfies:

4r = argmingc o, D(q[|Q).

From the above lemma, the more edges added t& stte better the approximatiaiis for q, but it is

also more difficult to estimate the log-partition function

AE)=1og>  [[ alZ(=:), Z(x)).
Z (ij)ekE
Indeed, for a tree-structured graph(£) is a known constant, while in general, we can only obtain upper

and lower bounds via the following result:

Proposition 8. (a) The marginal distribution undeijz is uniform (i.e., 1/2).

(b) If E forms a spanning tree thet(0r) = —(m—2) log 2. Furthermoreqg(Z(x;), Z(x;)) = a(Z(x;), Z(z;))
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forany(i,j) € E.

(c) Supposé” forms a connected graph, arfd) C denotes corresponds to a spanning tree, then:

—(|E|—1)log2+U < A(0g) < —(|E| —1)log2 + V, where

U = > (QEO(Z(%) # Z(z;))loga(Z(z;) # Z(xj)) + A, (Z(zi) = Z(x;))loga(Z(z;) = Z(%‘)))
(i,j)EE—Eq

Vo= > (QE(Z(%‘) # Z(xj))loga(Z(z;) # Z(x5)) + Ae(Z(x;) = Z(z;)) loga(Z(z;) = Z(Sﬂj)))
(i,j)€EE—Eq

For one dimensional domaif, we conveniently employ a tree-structured approximatiomfiorwhich
the set of(z, z+4+1) pairs form the collection of edges for=1,...,m— 1, assuming that; < z2 < ... <
Zm. FOr domains of two or higher dimensions, we also apply a minimum spanningppeximation,

although more sophisticated methods can be employed (see Wainwrightrdad 2003)).

6 Applications

We demonstrate the behavior of the Dirichlet label process prior using $eduata in section 6.1. Sections

6.2 and 6.3 look at a collection of progesterone curves and a collection gésneespectively.

6.1 Synthetic data

First we illustrate the fitting of our mixture model described in Section 2, wheresplecies samples are
obtained by random switching amokgspecies curves that are drawn from a known Gaussian process on
the real line. In particular, we specify = 20 locations|x1, ..., z,] = [1,3,...,39] while leaving out

20 other locationg, 4, . . . , 40 for validation purposes?; for j = 1,.. ., k are independently drawn from a
Gaussian processP(u;, ¢g, 0¢) at locationsey, . .., z,, wherep; = =14+ 2(5 — 1)/(k — 1). The label
vectorslLq, ..., L, are drawn from label procegg which is drawn by knowrp;. Specied;,..., 6, are
constructed by letting; (z;) = Gzi(t) (z¢). Finally, the data collectionyy, ..., Y, is obtained by mixing

¢; with an independent error process drawn fraf0, 721,,,). We generate, = 100 sample curves using

k = 4 canonical species curves. Parameter values for data generation ar®.01, oy = 1, ¢, = 0.05,

7 = 0.1. For inference, we place an uniform prior on the label switching paramegte- Uni[0.0001, 1],

while keepinggy, o9 andr fixed. Posterior distributions for latent labels and canonical speciesare
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obtained by running the MCMC algorithm for 4000 iterations after a burreniopl of 1000 iterations. An
examination of running traces suggests the sampling algorithm mixes well.

Fig. 1 illustrates the evolution of the posterior distributions (in solid lines) at éhaé-but locations, as
we move from location 2 to 40, the estimated densities obtained from our samftirsyinteresting to
observe how the clusters initially “move” toward each other, then split into miasters, and merge again.
The estimated densities (in dashed lines) approximate the true densities weldepéedence in these
distributions is driven by the smoothness of theanonical species curvés (j = 1, ..., k) serving as the
bases for our curve collection, as well as the label switching paramgter

With ¢y fixed, ¢1, plays a central role in the identifiablity of the canonical species cutyedVhen
¢r, is close to 0, the curves hardly switch their labels, the curve collections egobally clustered by
the canonical curves that are strongly identifiable. On the other hareh syhis large, the curves tend
to switch often among the canonical species curves which become moréy/vudsakified. In general, our
model is able to always recover segments of locations that admit relativelpfdchings. Fig. 2 illustrates
this phenomenon with data generated frbms 2 canonical curves, with the trug, set to be 0.1 (top) and
0.5 (bottom figures). Note the corresponding Gibbs posteriog fowhich is obtained from our sampling
algorithm. In both cases, a uniform distribution prign:[0.0001, 1] is placed on parametef;, while
o9 = 0.005,09 = 1,7 = 0.1 are fixed. For smaller value of trug, (top figures), the posterior is well-
concentrated around the true value. For laggefbottom figures), the posterior mass is shifted to the right,
because the canonical species curve estimates (due to weak identifialnilityy tever-switch between the

modes.

6.2 Progesterone modeling

We turn to an application of the Dirichlet labeling process for modeling Ptegase data (cf. Brumback
and Rice (1998)). This data set records the natural logarithm of tigepi@rone metabolite, measured by
urinary hormone assay, during a monthly cycle for 51 female subject d&ate ranges from -8 to 15 (8

days pre-ovulation to 15 days post-ovulation). There are a total of 88x\the first 66 cycles belong to

17



Location2 Locationd Location6 Location8
1.4 1 1.4 1.4

1.2] 1.2 1.2]

0.8]

0.6|

0.4
1 0.2]
S 02

0 1 2 3 -4 -2 0 2 4 -3

Location10 Location12 Location14 Location16

1.2]
0.8

08 08

04 0.6]

0.4

0.2
0.2]

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 -3
Location26 Location28 Location30 Location32

0.7]
0.8
0.6]

06 0.5]

0.4

0.4 03

0.2]
0.2

0.1

3 -2 -1 0 1 2 -3 -2

Location34 Location36 Location3s Location40
14 14 1.4 a 14
12 '.'“‘.‘ 12 12) 12
1 1 1
038 0.8 0.8
056 0.6 0.6
04 0.4 0.4

0.2 0.2 \ - 0.2

9% 1 2 -3 -2 -1 0 1 2 -3 -2 -1 0 1 2 -3 -2 -1 0 1 2

Figure 1. Evolution of posterior distributions at held-out location = 2,4, ...,40. Solid plots are true
distributions. Dashed plots are predictive distributiteaned from the model.

non-contraceptive group, the remaining 22 cycles belong to the coptraegroup. This grouping is of
courseunknownto our analysis. See Fig. 3 for the illustration. This data set is interesting ik@asails to
compare our model to a more simplistic global clustering approach. To agierélee noise and overlap of
the two groups, we also consider a modified data set in which the curveglielthe contraceptive group
are down-shifted by 2 (see Fig. 6).

We focus our analysis to the calse= 2. We envision that there are two canonical curves providing bases
for random label selection (switching). Due to the apparent noise amthpvof the two groups, we place a
prior on the switching parametey, ~ Gam(5,2) so as to allow possible duplication of canonical curves in
certain local segments. Canonical curves are drawn from mean-@i@apsocess with a covariance matrix
using decay parametep = 0.005 andoy = 1. We fix the precision parameters= 1, « = 1. A discussion

of the sensitivity of these parameters is included in the sequel. Samples &rsteripr distribution are
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Figure 2. lllustration of canonical curve samples generated frompibsterior in solid lines with squares.
Figures to the right describe the corresponding Gibbs poster ¢, .

collected from 5000 MCMC iterations (discarding the first 1000). An exation of running traces suggests
very fast mixing. Fig. 3 shows the mean estimate for the canonical curVés. quantiles are not plotted
because the posterior distribution for canonical curves are tightly otnated around their means). It
appears difficult to cluster the data for individual locations without takitmaccount the global smoothness
of the whole curves. With our model the estimated canonical curves afgpesatch the general behavior
of the two groups fairly well. We observe that the two canonical curvesiatually indistinguishable in the
early part of the cycle. In fact, the behavioral patterns between theumwes become more distinguishable
only in the post-ovulation period. Fig. 4 shows the label mean for the wholahtyoperiod for each of
the 88 individual cycles. The last 22 cycles (contraceptive grougister generally higher label means
than the first 66 cycles. This is also demonstrated by heatmaps in Fig. 5, iMhétrate the proportion
of equal labels for pairs of curve replicates. Although global clustdsrapparently not possible, one can
observe local clustering effect by zooming in to the a curve segmergsmonding to the last 5 days of
the menstrual cycle. We also apply our analysis (using the same prior eptiaifiand parameter initial

values) to a modified data set in which the curves belong to the seconday@dpwn-shifted by 2. Global
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Figure 3. Monthly PGD cycle for contraceptive group (solid lines) amzh-contraceptive group (dashed
lines). Solid lines with squares are the mean estimate afrdeal curves.
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Figure 4. Left: Mean of estimated labels during the whole monthly eydRight: label means for pre and
post-ovulation periods for 88 individuals (plots with xisdasquares, resp.).

clustering is now easily achievable (see Fig. 6).

We now turn to a discussion of the effects of several parameters ofshtarehe identifiability of the
canonical curves (see Fig. 7 for illustrative results). We observeabat, gets smaller, the model insists on
increasingly global clusters (and less label switching for each replicgalting separable canonical curves
that do not intersect. For this data set, these separable curve estimataselibecst the behavioral pattern
for each of the two groups, but act rather as a pair of basis curvesgesenting the curve collection. On
the other hand, large;, offers more flexibility by allowing more complex canonical curve interactiaor. F
instance, it is possible to obtain well separated clustering effects in orleskgraent and almost duplicates
in another local segment. Turning t9 ast gets smaller, the canonical curves become more distinct (and

less smooth) to expand the coverage of the function space. On the otiterl&iger results in weakly
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Figure 5. Heatmap illustrating propotion of equal labels for pairseyflicates for the whole curve (left), and
a curve segmerR0, 24] (i.e.,last 5 days of the monitored cycle) (right).
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Figure 6. Analysis applied to the modified PG data set. Left: Mean esttinfor the canonical curves. Right:
Heatmap illustrating proportion of equal labels for paifsaplicates for the whole curve.

distinguishable canonical curves. The rolegpfis to dictate the smoothness of canonical curves. Finally,
the influence ofx (not shown here) on the number of clusters induced by label realizasiteass pronounced

than that ofr and¢, for this data set.

6.3 Image modeling

In this section we demonstrate a possibly surprising application of our modelitnage segmentation task.
Our data set consists of 80 color images from a Microsoft image datadbase €t al., 2005). These images
are of size26 x 40. Although these images can be loosely grouped into different categgress(fields,
plants, buildings, planes, etc) there are often multiple objects of differpastin the same image. Itis thus
very natural to view them as hybrid species curves. Each image is espedsby a surface realizatiaf,

fori = 1,...,80, whereY;(x) is the color intensity of the location € D = {1,...,26} x {1,...,40}
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Figure 7. Top row: effects ofr = .1,1,2. Second row: effects oby = .01,1,2. Third row: effects of

¢p = .001,.005, .02.

Figure 8: Effects of¢;, = 0.5,0.05,0.01 on segmentation for the leftmost image.

in the i-th image. The color intensity consists of three numbers within intéévab5] (corresponding to
the red, green and blue scales). Accordingly, we writer) = [V;}(z), Y(z),Y;3(z)]. We introduce
k = 8 canonical species curves, each of which is represented by thre@nbrandom functions ranging in
[0, 255]. (Introducing more canonical species, which we did for instance kvith12, almost always yields
more than one duplicate canonical species curves). We @it = [67'(-), 67%(-), 63°(-)] for j = 1, k.
The three dimensions are treated independently, by lefjhg:) = zi(x)’"(x) + €2, Wheree;, , is
independent zero-mean normal noise with variariceor anyi = 1,...,n;r = 1,2,3;z € D.

As described in Section 4 we introduce additional constraints into the priaitste for the canonical

curvesf*. In particular, we place a (truncated) normal prior with mgein10 10] and variance 0273 on
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Figure 9: Examples of segmented images (using= 0.1).

1, and a normal prior with meaj240 240 240] and the same variance @}. That is, we anchor the two
extreme labels with the two extremes of the color scale (black and white coldtsgmaining canonical
species are given a relatively non-informative prior; fot 2,...,k — 1, 0;?’" ud (5, 5) - Ijo,255), where
pj = 128, Forallj = 1,...,k, we fix o; = a9, whereo,? ~ Gam(ay,b,). We seta, = 0.4 and
b, = 0.001. For precision parameterwe lett—2 ~ Gam(a,,b,), wherea, = 0.1 andb, = 0.025. We
set the concentration parameter= 1.

To complete the prior specification, let us turn to the latent labeling procesaredq. One possible
approach is to endoy with a single Dirichlet labeling process prior for the entire domain (as in théqusv

applications). For the image data set, global clustering is generally not c#sh{because it is unlikely that
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two images have exactly same labeling everywhere). On the other handsHabieg at smaller scales (not
to mention the pixel-level scale) is much more likely due to the occurrence of siatijacts in similar
scenes. To encourage this sharing we decompose each image into fixéidjaint patches of size x r.
Conditionally onq, the labeling processgs defined for disjoint patches are mutually independent and
follow the Dirichlet labeling process specification as before. We havererpnted with different choices

r = 4,6,8 and received comparable results. Finally, the latent labeling pregess k = 8) is specified

for the whole domain using different choicesq#f = 0.5, 0.1, 0.05, 0.01.

The MCMC algorithm is run for 200 iterations. Sample obtained from the I3 ttébations are used
for image segmentation. The segmented images are obtained by assigniniy itm&ge location the light
intensity of the MAP estimate of the canonical curve at the same location. Figpvédps examples of
representative segmentation results. Fig. 8 illustrates the effegis of the segmentation results. R
large, the group allocation at each location is highly independent, resultfregimented segmentation. As
¢, decreases, the segments become increasingly coherent, Bescomes too small, however, nearby lo-
cations are forced to share the same group. Furthermore, patchedifienent images are also encouraged

to cluster resulting in increasingly “abstract” segments.

7 Conclusions

The Dirichlet labeling process provides a highly flexible prior for modelioiections of functions (curves,
surfaces). Though driven by just a few parameters, the inter-retiios between these parameters are
complex with regard to process behavior. We are currently exploring ratitite extensions of the labeling
process, the modeling of label clustering at random spatial scales]laswecorporating prior knowledge

of canonical curves.
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A Proofs

Proof of Prop. 1. This result is straightforward using standard properties of Dirichletibigton.

Proof of Prop. 2. We derive the result for stochastic procdss- GP(0,01, ¢1) (the Proposition states
the result foro;, = 1). From the definition,q,, »,(1,1) = P(n(x1) > 0,n(x2) > 0). Note that

0.2
(n(@1),n(x2)) ~ N([0 0], [ L P12 })_ By a change of variables, i.€.,—= \}5[ _11 1 :|[77(1'1) n(z2)]",

2
P12 Oy,

A
we obtain thatj ~ N ([0 0], [ ! }), where\; = o2 + p1p andy = 0% — p12. We obtain:
0 Ao
1
P(yfar) > 0nfaz) > 0) = 5t exp— (7 / A1 + 7/ \a) /2
2y A1 A2 n(z1),m(z2)>0 ! 2

Another change of variablegj( = rv/ A1 cos a andj, = rv/ A9 sin &) and some elementary calculus yields

the desired result.
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Proof of Prop. 3 We derive the result for stochastic procdssw GP(0,0;, ¢1.) (the Proposition states
the result foro;, = 1). The proposition is concerned with an arbitrary collection of indicgssuch that
i, € (auk, azk) for given0 < ay < a < 1. By definition,c; = o, ®1(j/k). By Taylor approximation,

it is simple to obtain that:

¢ = ¢ty w moLe/?7h 4 o(1)) (10)
Cj = —Ck_j (11)
cy2 = 0if kiseven (12)

Approximating integrals by a Riemann sum, we have:

P(Zi=1i,Zo=j) = P(me (Cz 1,¢i), 12 € (¢j— 1763))
(0t +772) 2p12m17)2
dmmne
2( gy, 0%2)

27r\/UL 912/ /
o7 (¢} +c3) — 2p1acic;
= (el — g e R
27T1/UL Pl or — P12

exp —

2 2 2y.2 2.

@w 1 o (¢ +¢5)pty — 2p1207 Cic;

= 5 L exp —— 2] 53 (14 o(1)).
— p2y (07 — pfa)ot

Next, by standard properties of multivariate Gaussian distributigsig; = w1 ~ N(ujpi2 /a,%,a% —
piy/0%). As aresult,

ci —u1/20L i — U1012/02
Pln =i, >j) = / 1—®(L—=L >du
m=imzi = [ (1w Jan

2 2
e=Ci/%0L cj — cip12/o2
= e (1- (SR )
T oo )

1 L 2
1 2 <1 - @(CJQ C”QQ/JQL) + 0(1)>.
k o7 — pia/o7

The above result can be used to obtain conditional probabilities (e.g.tépdlation). For instance, for
i,J1,J2 € {1,..., k}, there holds:
. . Cjy — Cz'p12/(7% Cjy — CiPIQ/U%
P(2lar) € (o Z(o0) = ) = 0 L5258 ) +o().
of = P/l of — ply/0}
Finally, it is worth mentioning that as — oo, o(1) — 0 uniformly for all 7, j in the specified intervab(1)

does depend omy, and¢y,.
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Extension of Prop. 3 tom > 2 locations. Letting k — oo, we obtain stochastic proceqéo;, ¢r,, >0)
generating integer-valued random functign D — Z. This process converges to the continuous copula

process in the following sense: For any collections of locatians. . , z,, and lettingZ; = Z(z;):

(oL ® Y Z(x1)/k),. ..o Y Z(xm)/k)) = N(0,01,61).

The results of Prop. 2 can be easily extended to an arbitrary collectiorcatidoszx,...,z,,. Let A
denote the inverse covariance matrix for random vegtor, ), . . ., n(x,,)). Foranym-tuple(ji, ..., jm) €
{1,...,k}™ such that none af;, diverges taxo or —oo, there holds:
PZ@) = i, o Z(m) = ) = 1o (R (€500 4) - 0(1), a3)
whereo(1) — 0 uniformlyfor all such tuple(ji, ..., j»), and
Rj jm(Cirsensc,) = o (det A)l/2 expi C?"(%i% — %) - Z Cj Cj, Ast. (14)
i=1 s<t

Given the d.f. forq, it is simple to obtain conditional probabilities, e.g., for laigl:;) at location
x1 given remaining label€ (z5), ..., Z(zy). Letting A denote the inverse of the covariance matrix for

Z(x2),...,Z(xy), We have:

P(Z(z1) = j1lZ(x2) = j2, - - -, Z(Tm) = Jjm) =

o (det A)Y/? 9 5 1 N
W X exp{cjl(l/(ZaL) —A11/2) — ¢y, chtAlt — §[cj2 ... cjm]T(A —A)eja ... cjm]} +o(1/k).

t£1

Cci1 — o pimlAlcio .. cim]T
PZ0) > 3202 = o L) = ) = 1= 8 G P2l o)

Proof of Prop. 4 Sincef* andL are independent, we have:

E(0(z1) = 0(22)* = E D Prya(in,52) (05, (21) — 05, (22))?

j17j2:17""k:

= > Epry (i1, 2)E(0 (x1) — 05, (22))?
J1,ge=1,....k

= Y eyl 2)E(, (21) — 0 (22))?
J1.g2=1,....k



Combining with properties gb,
E(0(z1) = 0(22))° = > Ay (1, 52) (B (1) + EO* (22)” — BO* (1) EO* (22))
J17J2

Y oy (3 B0 (1) — 0% (2))°.
j=1

The second summand goes to 0 becaise mean square continuous. It remains to show that forjanjs

such thatj; # j,
q$17$2(j1aj2) — 0aszy — x1.

Note that if F' is a Gaussian processP (0,0, ¢r) andk = 2, this probability is available in closed from

given by Prop. 2: Foy; # ja,

+2p%—>0a8x2—x1—>0

.. 1 1
Az 29 (117]2) = - arccos B =

More generally, suppose that < jo. Recall the construction df via auxiliary random functiom ~ F.
Fix arbitrarye > 0. P(Z(z1) = j1, Z(x2) = jo|n(z1) < ¢j, —€) < P(n(z2) — n(x1) > €) < E(n(x) —
n(z2))?/e? — 0 aszs — x1 due to the mean square continuity xaf Now lettinge — 0, we obtain

P(n(x1) € [¢j, —€,¢5,]) — 0. This yields

Qa2 (1, J2) < P(n(x1) € [c; — €,¢4,]) + P(Z(2x1) = j1, Z(x2) = ja|n(w1) < cj, —€) =0

asry — I1.

Proof of Prop. 5. LetD = {||z; — z;||1 < ¢, <m} and

1
pe(d) = — arccos \/1/2 +e%4/2.

Let nt(d) (n~(d), resp.) be the number ¢k;, z;) pairs such thafx; — z;|| = d andn(z1)n(z2) > 0
(n(z1)n(z2) < 0, resp.) Letn(d) = n™(d) + n~(d). Note thatn(d) is independent of. The maximum
pseudo-likelihood estimator can be written as
g1 = argmax s > 0 (d) log pe(d) +n (d)log(1/2 — py(d)).
deD
For anye, d > 0, 0 < p,(d) < 1/4. From the definition of,,

Zn )logpy, (d) +n”(d)log(1/2 —py (d Zn )log pyr (d) +n™(d) log(1/2 — py: (d)).
deD deD
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Due to the concavity of logarithnipg “3* > (log u + log v)/2 by Jensen's inequality. This implies:

(d) + pyr (d
St (d) log 2 (2;* (]Z;;L( ) (d)log

deD

1—pg (d) — pg; (d)
1 — 2py (d)

> 0. (15)

d)+p.* (d
Itis simple to see that botlbg % andlog
L

M > 0 forany¢ > 0. From Prop. 2,

1-pg(d)—pgx (d)

=%y (@ are absolutely bounded by some constant

En*(d) = 2n(d)ps:(d)

En~(d) = 2n(d)(1/2 - ps;(d)).

Applying McDiarmid’s inequality, for any > 0 we obtain:

su nt(d) —2n x 0 p—¢(d) RLAC)
P sup ;}( (@)~ 20()s; (@) ) o
1 — py(d) — pgr (d 4
+<n_(d) —2n(d)(1/2 — p¢z(d)> log fdi( 21)(]522(?;;( ) ’ > e) < 2exp m(mill)]\/[? (16)
Combining (16) and (15), we obtain:
pg, (d) + pe; (d)
P( d;—%(d)p@(d) o 2pg; (d)
1—pg, (d) — pg; (d) —4¢?
—2n(d)(1/2 — pyz (d) log ) ’ > e) < 2exp Py pe—YyVER
In other words,
2p¢}: (d) 1-— 2p¢z (d) .
> ni@ (posrem gy + 112 =i @) ow B ) = Optm)

in g-probability.
Note that forlog z < 2(y/x — 1), so

2pg; (d) 1 —2py; (d)
Pg, (d) + pg; (d) 1 =pg, (d) = pg; (d)

_2p¢>*L(d) (J Dy (d) +p¢AL(d) _ 1> (12— po: @) <\/1 — Dy, (d) — p¢*L(d) B 1)

Ppy; (d) log +(1/2 — py: (d)) log

v

2pg, (d) 1 —2pg; (d)

_ <\/p¢z(d) ;Lm;(d) - p¢2(d)>2+<\/1 —%L(d;—pqsz(d) _ \/W)Q
1

(b, (@) = py (d)°.

v
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For any¢ € [0, ¢o] andd < dy, it is simple to verify that there exists a constéht > 0 that depends only

on ¢y anddy such that
[Py (d) — pgs (d)| > Cole — @7 |-

As aresult)¢;, — ¢%| = Op(\/m/ry), wherer,, is the number of pairéz;, z;) such that|z; — z;|| < do.

Proof of Prop. 6. LetZ = (z(x1),...,z(z)). Denote byP* the the joint distributionP; x P\, where
P, denotes the Gibbs posterior givelh and Pz the “true” distribution generating (i.e., under truep; ).

By Markov's inequality, for any,,, > 0:

Py(log P1(¢112) —log P1(¢]Z) > €m)

= Pr(exp(A(log P1(¢1|2) — log P1(4]Z)) > exp(Aem)))

Pi(¢5]12)\*
< exp(—AemmpA( e qf‘Z)>

o [(PGUDN TG, 2,
= o Am)/(a 012) ) Tl a(=(e0), 2(x
A <x3>\¢L> [elon)in
= () T T e, 2P (0)d0
late <xj>|¢L>Acl
TG (), =) = (3)d8"

whereC; = [(m(¢%)/m(¢)) dg is a constant. Define the following set:

) (¢)do
)7 (@)de
) do

)
(¢

= exp(—Aepy)

Am(e) ={Z : sup
P>¢1

log [T a(z(x:), 2(x;)) — Ez log [ [ a(z(x2), 2(x;))

> €}

By McDiarmid’s inequality,Pz (A, (€)) < 2exp 0

W for some constant/ > 0. Applying union

bounds, under joint distributioff* we have, for any,,, > 0:

P*(log P1(¢1|Z) —log P1(¢]Z) = €n)
Ch HQ( ( i), 2(5)|¢p)
Pz (An(6m/4)) —HEZ[eXp —Xem) qu (@) (0)d9
Cl exp —A(€m — 0m)
m(¢ : log [T a(z(xi), 2(x;)) > log [T a(z(z:), 2(z;)[¢7) — m)
Cyexp —A(€m — Om)
(6 By logITa(z(@1), 2(23)) = Bz log [T a(z(@1), 2(#)16%) — 6n/2)
Crexp —Aem — Om)
(8 h{(B) = W) — 6mf?)’

IN

A0/

IN

Pr(Am(6m/4)) + E [

A6/

IN

PZ(Am(5m/4)) +
= PZ(Am((Sm/4)) +
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where we definéi(¢) := Ezlog[[q(z(x;), 2(x;)). Letng be the number of pairgr;,z;) such that
|z; — x;|| = d, andD be the set of suctl. For anyy > ¢; andd > d;,
h($7) = h($)] < Calép — 67| > nad
deD

for some constanfs > 0 that depends oy, d;. From the assumption on priat,

* . * 57’)’1 5m '
(¢ : h(¢}) — h(p) < 6, /2) > 7T<¢' [ — oL < 205 Zd”dd) Z(202 Zdndd> '

Thus we obtain,
P*(log P1(¢7|Z) —log P1(#|Z) > €m)

_572n i Cl exp(—/\(em — 5m>)(202 Zd ndd)r
4m(m — 1) M? or

< 2exp

Letd,, = €,/2 ande,, ~ m, it follows that undetP*, log P (¢} |Z) — log P1(¢|Z) = Op(m), which

P63 ]2
m(—:‘ansm(mlfl)/2 log ;1(35\'2)) = Op(1/m).

Proof of Lem. 7. (sketch) Using standard calculations for exponential families, for each pair oksgalu
(u,v) € {1,...,k}?, taking the derivative of(q||Q) with respect toy;;(Z(z1) = u, Z(x2) = v) and

setting to 0 we can easily obtain the desired result.

Proof of Prop. 8. (sketch) (a) The proof proceeds by induction. The result clearly holdsrfoe 2. For
m > 2, assume that, corresponds to a leaf node and I8t = E — {x(}. It is simple to show that the

marginal distribution generating the remainimg— 1 nodes follow the form:

M

ar (Z(x2), ..., Z(xm)) = ae(Z(x1),..., Z(zm))

Z(z1)=1
X H qij(Z(xi)vz(xj))’
(i,7)ERE’

so (by induction) it has uniform marginal at each single node correlpgrno x-, ..., z,,. Applying the
same step to another subtree to obtain that the marginal(for) is also uniform.
(b) The proof for the first result is straightforward by induction bagedhe following fact: A(E) =

A(E") 4 log 2. The second result is a known fact for tree-structured graphicaéteod
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(c) To understand the behavior 4f it is useful to interpret it as a function of paramefigland denote

it by A(#) from now on) via the following relations:

R ACOERACD)

0i; og aZ (@) = Z(z)) for (i,7) € E ; 0 otherwise

0p = {(04) |1 <i,j<mj
a(2) = eo{ 3 0120 # 2(e) - Be0)}

(3,7)EE
B(0g) = logZeXp{ Y 0512 #Z(x]))}
(i,J)eE
A(bp) = + > log & SA(Z(wi) = Z(z)).
(i,5)EE

As a standard fact of exponential familigs,: R™("~1)/2 _, R is a convex function with respect ;. In

addition,Vy, B(0r) = qr(Z(x;) # Z(x;)). Due to the convexity, we have:

B(0g) > B(9g,)+ (9 — 08,)Ve,B(0g,)
B(HEO) > B(HE) + (0E0 - GE)V9EB(9E)7

and, using the above relationships, yields the desired result.
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