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Abstract

We formulate a Bayesian non-parametric model for simultaneous dimension reduction and regression as

well as inference of graphical models. The proposed model holds for both the classical setting of Euclidean

subspaces and the Riemannian setting where the marginal distribution is concentrated on a manifold. The

method is designed for the high-dimensional setting where the number of variables far exceed the number

of observations. A Markov chain Monte Carlo procedure for inference of model parameters is provided.

Properties of the method and its utility are elucidated using simulations and real data.

Some Key Words: Bayesian kernel model, dimension reduction, graphical models
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1 Introduction

We formulate a Bayesian non-parametric model for simultaneous dimension reduction with regression.

The assumption in our approach is that relevant informationin high-dimensional data generated by measur-

ing thousands of variables lies on or near a low-dimensionalmanifold.

The statistical or mathematical framework we develop is based on ideas in manifold learning (Tenen-

baum et al., 2000; Roweis and Saul, 2000; Belkin and Niyogi, 2003; Donoho and Grimes, 2003) as well

as simultaneous dimension reduction and regression (Li, 1991; Cook and Weisberg, 1991; Fukumizu et al.,

2005; Wu et al., 2007; Xia et al., 2002; Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006; Mukherjee

and Zhou, 2006). The Bayesian model and our approach to inference are based on Bayesian non-parametric

kernel models (Pillai et al., 2007; Liang et al., 2006, 2007). The inference of a graphical model of the pre-

dictive variables is based on the ideas in Wu et al. (2007) that relate dimension reduction and Gauss-Markov

graphical models. We will illustrate how our Bayesian modelallows for formal inference of uncertainty in

dimension reduction as well as inference the uncertainty ofconditional dependencies in graphical models.

In Section 2 we state a statistical basis for dimension reduction and state the learning gradients approach

developed in Mukherjee and Zhou (2006); Mukherjee and Wu (2006); Mukherjee and Zhou (2006). In

Section 3 we develop a fully Bayesian non-parametric model for learning gradients and provide a Markov

chain Monte Carlo procedure for inference of model parameters. In Section 4 we illustrate the method and

address questions about mixing of the MCMC using simulated data and present analysis on real data. We

close with a short discussion.

2 Dimension reduction and conditional independence based on gradients

The problem of regression can be summarized as estimating the regression function

f(x) = E(Y |X = x)

from dataD = {Li = (Yi,Xi)}
n
i=1 whereXi is a vector in ap-dimensional compact metric spaceX ∈

X ⊂ R
p andYi ∈ R is a real valued output. Typically the data are drawn independently and identically from

a joint distributionρ(X,Y ). Even ifp is large the response variableY often depends on a few directions in

R
p,

Y = f(X) + ε = g(b′1X, . . . , b
′
dX) + ε, (1)

whereε is noise andB = (b′1, ..., b
′
d) is the effective dimension reduction (EDR) space. In this case dimen-

sion reduction becomes the central problem in finding an accurate regression model.

2.1 Euclidean setting

The central quantity of interest in this paper is the gradient outer product matrix. We first formulate its

properties in the Euclideanp-dimensional ambient space. Assume the regression function f(x) is smooth,

the gradient is given by∇f =
(

∂f
∂x1 , ...,

∂f
∂xp

)′
and the the gradient outer product matrixΓ is ap× p defined

as

Γ = EX
[

(∇f) (∇f)′
]

. (2)
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The relation between the gradient outer product matrix and dimension reduction is illustrated by the

following observation (Wu et al., 2007). Under the assumptions of the semi-parametric model (1), the

gradient outer product matrixΓ is of rank at mostd and if we denote by{v1, . . . , vd} the eigenvectors

associated to the nonzero eigenvalues ofΓ then following holds

span(B) = span(v1, . . . , vd)

Another construction of the gradient outer product matrix is in terms of the covariance of the inverse

regression matrixΩX|Y = cov[E(X|Y )] developed in Li (1991). In Wu et al. (2007) it was shown that for

a linear regression function

Γ = σ2
Y

(

1 −
σ2
ε

σ2
Y

)2

Σ−1
X ΩX|Y Σ−1

X

whereσ2
Y is the variance of the response variable,σ2

ε is the variance of the error andΣX = cov(X) is

the covariance matrix of the explanatory variables. A similar result holds for nonlinear functions that are

smooth (Wu et al., 2007) in this case assuming there existsI partitionsRi of the explanatory variables such

that

f(x) = β′ix+ εi, Eεi = 0 for x ∈ Ri, (3)

then

Γ =

I
∑

i=1

ρ(Ri)σ
2
i

(

1 −
σ2

εi

σ2

i

)2

Σ−1
i Ω

i
Σ−1
i , (4)

whereΣi = cov(X ∈ Ri) is the covariance matrix of the explanatory variables in partition Ri, σ2
i =

var(Y |X ∈ Ri) is the variance of the response variables in partitionRi, Ωi = cov[E(X ∈ Ri|Y )] is the the

covariance of the inverse regression in partitionRi, andρ(Ri) is the measure of partitionRi with respect to

the marginal distribution.

2.2 Manifold setting

The above statements are formulated with respect to Euclidean geometry or linear subspaces. The local

nature of the gradient allows for an interpretation of the gradient outer product in the manifold setting

(Wu et al., 2007; Mukherjee et al., 2006). In the manifold setting, the support of marginal measure of the

explanatory variables is concentrated on a manifoldM of dimensiondM ≪ p. We assume the existence

of an isometric embeddingϕ : M → R
p and the observed explanatory variables are the image of points

drawn from a distribution concentrated on the manifold,xi = ϕ(qi) where(qi)
n
i=1 are concentrated on the

manifold. In this case although global statistics such asΩ
X|Y

are not meaningful the gradient outer product

matrix on the manifold can be defined

ΓM = E
[

(∇Mf)(∇Mf)′
]

in terms of the gradient on the manifold∇Mf . This matrix is adM × dM and is the analog of the gradient

outer product matrixΓ in the ambient space.
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We are neither given the manifoldM nor the coordinates on the manifold so we cannot computeΓM.

However, the properties ofΓM can be understood in terms ofΓ and the following relation was derived in

Wu et al. (2007)

Γ = E
[

(dϕ(∇Mf)) (dϕ(∇Mf))′
]

.

This is due to the following relation from Mukherjee et al. (2006)

(dϕ)∗ ~fD −→ ∇Mf as n→ ∞,

where~fD is a consistent estimator of the gradient in the ambient space and(dϕ)∗ is the dual ofdϕ.

The result of these observations is that the EDR directions can be recovered also in the manifold setting

and linear projections can be effective for nonlinear manifolds as long as the gradient outer product matrix

is low rank.

2.3 Conditional independence

The theory of Gauss-Markov graphs (Speed and Kiiveri, 1986;Lauritzen, 1996) was developed for

multivariate Gaussian densities

p(x) ∝ exp

(

−
1

2
xTJX + hTx

)

,

where the covariance isJ−1 and the mean isµ = J−1h. The result of the theory is that the precision

matrix J , given byJ = Σ−1
X , provides a measurement of conditional independence. The meaning of this

dependence is highlighted by the partial correlation matrix RX where each elementRij is a measure of

dependence between variablesi andj conditioned on all other variablesS/ij andi 6= j

Rij =
cov(xi, xj |S/ij)

√

var(xi|S/ij)
√

var(xj |S/ij)
= −

Jij
√

JiiJjj
.

Under the assumptions implied by equations (2) and (4) the gradient outer product matrix is a covariance

matrix. So we can apply the theory of Gauss-Markov graphs toΓ and consider the matrixJΓ = Γ−1. The

advantage of computing this matrix in the regression and classification framework is that it provides an

estimate of the conditional dependence of the explanatory variables with respect to variation of the response

variable. The modeling assumption of our construction is that the matrixJΓ is sparse with respect to the

factors or directions(b′1, ..., b
′
d) rather than thep explanatory variables. Under this assumption we use

pseudo-inverses in order to construct the dependence graphbased on the partial correlationRΓ.

2.4 Relation to other methods

Dimension reduction based on spectral decomposition of thegradient outer product was related in

Mukherjee et al. (2006); Wu et al. (2007) to other simultaneous dimension reduction and regression meth-

ods such as Sliced inverse regression (SIR) (Li, 1991), Principal Hessian Directions (PHD) (Li, 1992), and

Minimum variance estimation (MAVE) (Xia et al., 2002).
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SIR and SAVE use moments of the inverse regression function to retrieve the predictive directions. This

can be problematic when moments are degenerate as relevant directions are often lost. PHD estimates the

predictive directions using the eigenvectors of the Hessian matrix. This method is constrained due to the

requirement of strong distributional assumptions such as normality of the explanatory variables to accurately

estimate the Hessian matrix. Another problem with PHD is that directions that are linearly correlated to the

output variables are lost. Gradient based methods overcomethese limitations.

MAVE uses the gradient outer product matrix implicitly and Outer Product of Gradients (OPG) (Xia

et al., 2002) shares the same idea of retrieving predictive directions by eigen-decomposition of the gradient

outer product matrix where the gradient is estimated by local polynomial fitting Fan and Gijbels (1996).

Whenp > n, these two methods cannot be used directly due to overfittingand numerical instability. Kernel

gradient learning overcomes by adding a regularization term in the gradient estimate.

3 Inference

Many approaches for the inference of gradients exist including various numerical derivative algorithms,

local linear smoothing (Fan and Gijbels, 1996), and learning gradients by kernel models (Mukherjee and

Zhou, 2006; Mukherjee and Wu, 2006). Our approach will be closely related to the penalized likelihood or

regularization models developed in Mukherjee and Zhou (2006); Mukherjee and Wu (2006).

3.1 The model

The starting point for our gradient estimation procedure isthe first order Taylor series expansion of the

regression functionf(x) around a pointu

f(x) = f(u) + ∇f(x)′(x− u) + εd, (5)

where the deterministic error termεd = O(‖x− u‖2) is a function of the distance betweenx andu and the

model

y = f(x) + ε, (6)

whereε models the stochastic noise. For simplicity we work with a fixed design model with(xi)ni=1 given

(see (Liang et al., 2006) for the development of the random design setting of which this is a special case).

Coupling equations (5) and (6) we can state the following model

yi =
1

n





n
∑

j=1

f(xj) + ~f(xi)
′(xi − xj) + εij



 , for i = 1, · · · , n, (7)

εij = yi − f(xj) − ~f(xi)
′(xi − xj), for i, j = 1, · · · , n (8)

wheref models the regression function,~f models the gradient, andεij has both stochastic and deterministic

components varying monotonically as a function of the distance between two observationsxi andxj. We

will model εij as a random quantity and use a very simple spatial model to specify the covariance structure.

Specifically, we first define an association matrix withwij = exp(−||xi − xj ||
2/2s2) with fixed bandwidth
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parameters. We then defineεij
iid
∼ N(0, (φ/wij)

−1) whereφ will be a random scale parameter. Define

the vectorεi• = (εi1, ..., εin)
′, a joint probability denisty function on this vector can be used to specify a

likelihood function for the data. We specify the following model forεi•

p(εi•) ∝ φ
n
2 exp

{

−
φ

2

(

ε′i•Wi ε
′
i•

)

}

, (9)

where the diagonal matrixWi = diag(wi1, · · · , win).

As in Mukherjee and Zhou (2006); Mukherjee and Wu (2006) we use a non-parametric kernel model

which in the fixed design case results in the following representations for the regression function and gradient

f(x) =

n
∑

i=1

αiK(x, xi), ~f(x) =

n
∑

i=1

ciK(x, xi) (10)

whereα = (α1, ...αn)
′ ∈ R

n, C = (c1, ...cn) ∈ R
p×n. Substituting the above representation in equation

(8) results in the following parametrized model

yi =

n
∑

k=1

αkK(xj , xk) +

n
∑

k=1

(c′k(xi − xj))K(xi, xk) + εij , for i, j = 1, · · · , n. (11)

We can rewrite the above in matrix notation where for thei-th observation

yi1 = Kα+DiCKi + εi•,

where1 is then × 1 vector of all1’s, Ki is thei-th column of the gram matrixK whereKij = k(xi, xj),

E is then × p data matrix andDi = 1x′i − E. This model has a huge number of parameters,C itself has

n×p parameters. Many of these parameters are strongly correlated and we can use spectral decompositions

to greatly reduce the number of variables. For example the linearization imposed by the first order Taylor

series expansion in (7) imposes the constraint that the gradient estimate must be in the span of differences

between data points,MX = (x1 − xn, x2 − xn, ..., xn−1 − xn) ∈ R
p×n. The rank of this matrix is

d ≤ min((n − 1), p) and the singular value decomposition yieldsMX = V ΛMU
′ whereV andU are

the left and right eigenvectors andΛM is a matrix of the singular values. For a fixedd∗ corresponding to

large singular values we select the corresponding left eigenvectorsṼ = (v1, ..., vd∗) and define a new set of

parameters̃C = Ṽ ′C and the define the matrixDi = D̃iV
′. A spectral decomposition can also be applied

to the gram matrixK resulting inK = FΛKF
′. Note thatKα = Fβ whereβ = ΛKF

′α. We can again

select columns ofF corresponding to the largest eigenvaluesm. Given the above re-parametrization we

have for thei-th observation

yi1 = Fβ + D̃iC̃Ki + εi•.

Given the probability model for the error vector in (9), the likelihood of our model given observations

D = {(x1, y1), ..., (xn, yn)} is

Lik(D|φ, β, C̃) ∝ φ
n2

2 exp

{

−
φ

2

n
∑

i=1

(

yi1 − Fβ − D̃iC̃Ki

)′
Wi

(

yi1 − Fβ − D̃iC̃Ki

)

}

, (12)

where the diagonal matrixWi = diag(wi1, · · · , win).
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The prior specification for the parameters(φ, β, C̃) are

φ ∝
1

ω
,

β ∼ N(0,∆−1
ψ ) where∆ψ = diag(ψ1, ...ψm) andψi ∼ Gamma(aψ/2, bψ/2),

C̃j ∼ N(0,∆−1
ϕ ) where∆ϕ = diag(ϕ1, ...ϕd∗) andϕi ∼ Gamma(aϕ/2, bϕ/2),

whereC̃j is thej-th column ofC̃ andaψ, bψ , aϕ, bϕ, ω are pre-specified hyper-parameters, and an improper

prior for φ is used.

3.2 Sampling from the posterior

A standard Gibbs sampler can be used to simulate the posterior density, Post(φ, β, C̃ |D), due to the

normal form of the likelihood and conjugacy properties of the prior specifications. The update steps of the

Gibbs sampler given dataD and initial values(φ(0), β(0), C̃(0)) follow:

1. Update∆ψ: ∆
(t+1)
ψ = diag(ψ(t+1)

1 , ..., ψ
(t+1)
m ) with

ψ
(t+1)
i |D,φ(t), β(t), C̃(t) ∼ Gamma

(

aψ + 1

2
,
bψ + (β

(t)
i )2

2

)

, i = 1, · · · ,m

whereβ(t)
i is thei-th element ofβ(t);

2. Update∆ϕ:

∆(t+1)
ϕ = diag(ϕ(t+1)

1 , ..., ϕ
(t+1)
d∗ )

ϕ
(t+1)
i |D,φ(t), β(t), C̃(t) ∼ Gamma





aϕ + 1

2
,
bϕ +

∑n
j=1(C̃ij

(t)
)2

2



 , i = 1, · · · , d∗,

whereC̃ij
(t)

is the(i, j)-th element ofC̃(t);

3. Updateβ:

β(t+1)|D, C̃(t),∆
(t+1)
ψ , φ(t) ∼ N(µβ,Σβ)

with

Σβ =

(

F ′(

n
∑

i=1

φ(t)Wi)F + ∆
(t+1)
ψ

)−1

,

µβ = φ(t)ΣβF
′

n
∑

i=1

Wi(yi1− D̃iC̃
(t)Ki);

4. UpdateC̃ = (C̃1, ...C̃n):

For C̃j with j = 1, ..., n

C̃j
(t+1)

|D, C̃
(t)
\ j ,∆

(t+1)
ψ , φ(t) ∼ N(µj,Σj),
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whereC̃(t)
\ j is the matrixC̃(t) with thej-th column removed.

bij = yi1− F β(t+1) − D̃i

∑

k 6=j

C̃k
(t)
Kik

Σj0 =

(

φ(t)
n
∑

i=1

K2
ijD̃

′
iWi D̃i

)−1

,

µj0 = φ(t)Σj

n
∑

i=1

KijD̃i
′
Wi bij

Σj = (Σ−1
j0 + ∆(t+1)

ϕ )−1,

µj = Σj(Σ
−1
j0 µj0).

5. Updateφ:

φ(t+1)|D, C̃(t+1), β(t+1) ∼ Gamma(a, b),

where

a =
n2

2
,

b =
1

2

(

n
∑

i=1

[

yi1− Fβ(t+1) − D̃iC̃
(t+1)Ki

]′
Wi

[

yi1− Fβ(t+1) − D̃iC̃
(t+1)Ki

]

)

.

Given draws{C̃(t)}Tt=1 from the posterior we can compute{C(t)}Tt=1 from the relationC̃ = Ṽ ′C. which

allows use to compute a gradient outer product for each draw

Γ
(t)
D = C(t)KK ′ (C(t))′.

Given these instances of the gradient outer product we can compute the posterior mean gradient outer prod-

uct matrix as well as its variance

µ̂
Γ,D

=
1

T

T
∑

t=1

Γ
(t)
D , σ̂

Γ,D
=

1

T

T
∑

t=1

‖Γ
(t)
D − µ̂

Γ,D
‖2.

A spectral decomposition of̂µ
Γ,D

provides us with an estimate of the EDR spaceB̂ and a spectral decom-

position ofσ̂
Γ,D

provides us with an estimate of the uncertainty of stabilityin our estimate of the EDR. For

inference of conditional independence we first compute the conditional independence and partial correlation

matrices

J (t) = (Γ
(t)
D )−1, R

(t)
ij = −

J
(t)
ij

√

J
(t)
ii J

(t)
jj

,

using using a pseudo-inverse to compute(ΓtD)−1. The mean and variance of the posterior estimates of

conditional independence as well as partial correlations can be computed as above using{J (t)}Tt=1 and

{R(t)}Tt=1

µ̂
J,D

=
1

T

T
∑

t=1

J (t), σ̂
J,D

=
1

T

T
∑

t=1

‖J (t) − µ̂
J,D

‖2,
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µ̂
R,D

=
1

T

T
∑

t=1

R(t), σ̂
R,D

=
1

T

T
∑

t=1

‖R(t) − µ̂
R,D

‖2.

3.3 Binary regression

The extension to classification problems where responses are yi = 1/0 using a probit link function is

implemented using a set of latent variablesZ = (z1, · · · , zn)
′ modeled as a truncated normal distribution

with standard variance. In this settingφ ≡ 1 and the same Gibbs sampler with a step added to sample the

latent variable can be used to sample from the posterior density, Post(β, C̃|D). The update steps of the

Gibbs sampler given dataD and initial values(Z(0), β(0), C̃(0)) follow:

1. Update∆ψ: ∆
(t+1)
ψ = diag(ψ(t+1)

1 , ..., ψ
(t+1)
m ) with

ψ
(t+1)
i |D,Z(t), β(t), C̃(t) ∼ Gamma

(

aψ + 1

2
,
bψ + (β

(t)
i )2

2

)

, i = 1, · · · ,m

2. Update∆ϕ:

∆(t+1)
ϕ = diag(ϕ(t+1)

1 , ..., ϕ
(t+1)
d∗ )

ϕ
(t+1)
i |D,Z(t), β(t), C̃(t) ∼ Gamma





aϕ + 1

2
,
bϕ +

∑n
j=1(C̃ij

(t)
)2

2



 , i = 1, · · · , d∗,

whereC̃ij
(t)

is the(i, j)-th element ofC̃(t);

3. Updateβ:

β(t+1)|D, C̃(t),∆
(t+1)
ψ , Z(t) ∼ N(µβ,Σβ)

with

Σβ =

(

F ′(
n
∑

i=1

Wi)F + ∆
(t+1)
ψ

)−1

,

µβ = ΣβF
′

n
∑

i=1

Wi(z
(t)
i 1− D̃iC̃

(t)Ki);

4. UpdateC̃ = (C̃1, ...C̃n):

For C̃j with j = 1, ..., n

C̃j
(t+1)

|D, C̃
(t)
\ j ,∆

(t+1)
ψ , Z(t) ∼ N(µj,Σj),
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whereC̃(t)
\ j is the matrixC̃(t) with thej-th column removed.

bij = z
(t)
i 1− F β(t) − D̃i

∑

k 6=j

C̃k
(t)
Kik

Σj0 =

(

n
∑

i=1

K2
ijD̃

′
iWi D̃i

)−1

,

µj0 = Σj

n
∑

i=1

KijD̃i
′
Wi bij

Σj = (Σ−1
j0 + ∆(t+1)

ϕ )−1,

µj = Σj(Σ
−1
j0 µj0).

5. UpdateZ:

For i = 1, .., n

z
(t+1)
i |D,β(t+1), C̃(t+1) ∼

{

N+(ηi, 1) for yi = 1

N−(ηi, 1) for yi = 0

whereN+ andN− denote the positive and negative truncated normal distributions and(η1, · · · , ηn)
′ =

Fβ(t+1).

3.4 Modeling comments

Many of the modeling decisions made in this paper were for simplicity and efficiency. In this paper we

have fixedd∗ andm rather than allow them to be random quantities. This was doneto avoid having to use

a reversible jump Markov chain Monte Carlo method. We also did not discuss how to decide how many of

the EDR dimensions to keep in our analysis. In theory this canbe done from posterior distribution of the

eigenvalues of the gradient outer product matrix drawn by simulating from the posterior. We simply use the

inflection point of the decay of the posterior mean gradient outer product to select the number of directions.

The greatest simplification with respect to modeling assumptions is the model we used for the covariance

structure of the noise,εij . We currently model the covariance as an independent randomvariable that is a

function of the distance between two points,d(xi, xj). A more natural approach would be to use a more

sophisticated model of the covariance that would respect the fact thatεij andvik should covary forj 6= k

again as a function of the distance betweenxj andxk. One can either use models on covariance matrices

such as Wishart distributions or use ideas from Gauss-Markov graphical models such as given a covariance

on all the variables,ΣS, computing the covariance matrix marginalizing variablei, ΣS\i . We implemented

this second approach and found that the results were comparable.

Another approach to model the covariation is to use Wishart distributions. ConsiderΣε as the following

block diagonal matrixΣε = diag(Σ1, · · · ,Σn) whereΣi is ann × n matrix. DenoteWi = Σ−1
i as the

precision matrix and place a Wishart prior on eachWi with a suitable scale matrixΛi that reflects the

positive association between the error scale and the distance. One such scale matrixΛi can be constructed

by diagonalizing thei-th row of the similarity matrixW . In this setting we allow correlations betweenεij
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andεik – those pairs with the share an explanatory variable. Based on this construction we can propose a

full spatial model with

Σε = σ2
sρ(φs, d(ij),(i′j′)) + diag(σ2/wij),

where the first “spatial” term has a variance parameterσ2
s and a specified covariogram with some parameter

φs and a suitable distance measure between data pairs, and the second “nugget” effect is the diagonal matrix

in the model we currently use in practice.

4 Simulated and real data examples

We illustrate the ideas developed and the efficacy of the method on real and simulated data. We first

focus on simulated data to ground our argument. We then illustrate the utility of our approach using real

data.

4.1 Linear regression and dimension reduction

This simple simulation based on binary linear regression model fixes the modeling ideas we have pro-

posed with respect to dimension reduction.

The following data set was used in Mukherjee and Wu (2006). Data was generated by draws from the

following two classes of samples:

Xj=1,...,10|y = 0 ∼ N(1.5, 1), Xj=41,...,50|y = 1 ∼ N(1.5, 1),

Xj=11,...,20|y = 0 ∼ N(−3, 1), Xj=51,...,60|y = 1 ∼ N(−3, 1),

Xj=21,...,80|y = 0 ∼ N(0, 0.1), Xj=1,..,40,61,..,80|y = 1 ∼ N(0, 0.1),

whereXj is thej-th coordinate of the80 dimension random vectorX.

Twenty samples were drawn from each class for the analysis and the data matrix is displayed in Figure

1(a). The posterior mean of the RKHS norm for each of the eighty components is displayed in Figure 1(b)

and the expected dimensions (1 to 20 and41 to 60) have large norms. The posterior mean gradient outer

product matrix as well as the uncertainty in the estimates for this are displayed in Figures 1(c) and 1(d). The

blocking structure reflects the expected covariance of the predictive variables. In this example there is one

effective dimension reduction direction and an estimate ofthe posterior mean and standard deviation of this

is plotted in Figure 1(e).

To illustrate mixing of the Markov chain proposed by our model we examined the mixing of the eigen-

vector corresponding to the largest eigenvalue of the gradient outer product from each draw from the chain,

v(t) is the eigenvector for thet-th draw. We examined trace plots of these eigenvectors,a(t) = v′(t)v(t+1).

Where the scalar valuea(t) is the projection of the previous eigenvector drawn onto thecurrent direction.

Figure 1(f) suggests that the chain is mixing and seems to be convergent.

4.2 Linear regression and graphical models

A simple linear regression model is used ti illustrate inference of conditional dependencies of explana-

tory variables relevant to prediction.
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The explanatory variables are correspond to a five dimensionrandom vector drawn from the following

model

X1 = θ1,X2 = θ1 + θ2,X3 = θ3 + θ4,X4 = θ4,X5 = θ5 − θ4,

whereθ ∼ N(0, 1). The regression model is

Y = X1 +
X3 +X5

2
+ ε,

whereε ∼ N(0, 0.25).

One hundred samples were drawn from this model and we estimated to mean and standard deviation of

the gradient outer product matrix, see Figure 2(b). The partial correlation matrix and its standard deviation

are also displayed in Figure 2(b). The inference consistentwith the estimate of the partial correlation struc-

ture is thatX1,X3,X5 are negatively correlated with respect to variation in the response andX2 andX4 are

not correlated with respect to variation of the response. This relation is displayed in the graphical model in

Figure 2(a) in addition to the graphical model inferred based on the partial correlations corresponding to the

covariance of the explanatory variables alone.

4.3 Digits analysis

The MNIST digits data (http://yann.lecun.com/exdb/mnist/) is commonly used in the machine learning

literature to compare algorithms for classification and dimension reduction. The data set consists of60, 000

images of handwritten digits0, 1, · · · , 9 where each image is considered as a vector of28 × 28 = 784

gray-scale pixel intensities. The utility of the digits data is that the effective dimension reduction directions

have a visually intuitive interpretation.

For the digits data the following pairs were the most difficult to classify 3 versus 8, 2 versus 7, 4 versus

9. We examined two classification problems 3 versus 8 and 5 versus 8. For both classification problems

we found that almost all of the predictive information was contained in the eigenvector corresponding to

the top eigenvalue. The vector can be thought of as a28 × 28 image of what is different between 3 and

8 or 5 and 8 respectively. In Figure 4 we display these images for 3 vs 8 and 5 vs 8, left and right upper

panels respectively. These images were computed by applying our model to random draws of200 samples

for the two classification problems and computing posteriorestimates of the top eigenvector. We see in the

left panel that the upper and lower left regions are the pixels that differentiate a 3 from an 8. Similarly, for

the 5 versus 8 example the diagonal from the lower left to the upper right differentiates these digits.

4.4 Inference of graphical models for cancer progression

The last example is to illustrate the utility of our model in apractical problem in cancer genetics, mod-

eling tumorigenesis. Genetic models of cancer progressionare of great interest to better understand the

initiation of cancer as well as the progression of disease into metastatic states. In Edelman et al. (2008) a

models of tumor progression in prostate cancer as well as melanoma were developed. One fundamental idea

in this paper were that the explanatory variables were summary statistics that assayed the differential en-

richment of a priori defined sets of genes in individual samples (Edelman et al., 2006, 2008). These a priori
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defined gene sets correspond to genes known to be in signalling pathways or have functional relations. The

other fundamental idea is an inference of the interaction between pathways as the disease progresses across

stages.

A variation of the analysis in Edelman et al. (2008) is developed in this section. The data consists of

22 benign prostate samples and32 malignant prostate samples (Tomlins et al., 2007). For eachsample we

compute the enrichment with respect to522 candidate gene sets or pathways (Mukherjee and Wu, 2006).

Each sample corresponds to a522 dimensional vector of pathway enrichment. We applied our model to

this data set and inferred a mean posterior conditional independence matrix as well as the uncertainty in

the estimates of these elements. For visualization purposes we focused on the16 pathways most relevant

with respect to predicting progression, the15 pathways corresponding to coordinates with the largest RKHS

norm. For these pathways we plot the conditional independence matrix and the variance of the elements

in the matrix in Figure 5. Red edges correspond to positive partial correlations and blue for negative. The

width of the edges correspond to the degree of uncertainty, edges we are more sure of are thicker. This graph

offers a great deal of interesting biology to explore some ofwhich is known, see Edelman et al. (2008) for

more details. One particularly interesting aspect of the inferred network is the interaction between the

ErbB (ERBB) or epidermal growth factor signalling pathway and the the mitogen-activated protein kinase

(MAPC) pathway.

5 Discussion

We propose a Bayesian non-parametric model for simultaneous dimension reduction and regression as

well as inference of graphical models. This approach applies to the classical Euclidean setting as well as

nonlinear manifolds. We illustrate the efficacy and utilityof this model on real and simulated data. An

implication of our model is that there are fascinating connections between spatial statistics and manifold

and nonlinear dimension reduction methods that should be ofgreat interest to the statistics community.
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Figure 1: (a) The data matrix with rows corresponding to samples and columns to variables (dimensions); (b)The

posterior mean and 2.5% and 97.5% quantiles of the RKHS norm;(c) The posterior mean of the gradient outer

product matrix; (d) The posterior standard deviation of thegradient outer product matrix; (e) The posterior mean and

posterior standard deviation of the top eigenvector of the gradient outer product matrix – the top edr direction; (f) The

trace plot for the inner product of two consecutive draws of the top eigenvector.
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Figure 2: (a) and (b) are the posterior mean and standard deviation forthe GOP, respectively; (c) and (d) are the

posterior mean and standard deviation for the partial correlation matrix, respectively.
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(a) (b)

Figure 3: Graphical models inferred from the (a) the gradient outer product matrix and (b) the covariance matrix

of the explanatory variables. Each node represents a variable and each edge indicates conditional dependence. The

distance of the edge is inversely proportional to the amountof dependence, the thickness of the edge is proportional to

the certainty of the inference and blue edges are negative while red edges are positive.
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Figure 4:(a) The posterior mean of the top feature for 3 versus 8, shownin a28 × 28 pixel format. (b) The standard

deviation of the top top feature. (a) The posterior mean of the top feature for 5 versus 8, shown in a28 × 28 pixel

format. (b) The standard deviation of the top top feature.
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Figure 5:The association graph for the progression of prostate cancer from benign to malignant based on the inferred

partial correlation. Red edges correspond to positive partial correlations and blue for negative. The width of the edges

correspond to the degree of uncertainty, edges we are more sure of are thicker.
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