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Abstract

We formulate a Bayesian non-parametric model for simuttasedimension reduction and regression as
well as inference of graphical models. The proposed modedkifor both the classical setting of Euclidean
subspaces and the Riemannian setting where the margitidbuation is concentrated on a manifold. The
method is designed for the high-dimensional setting whseenumber of variables far exceed the number
of observations. A Markov chain Monte Carlo procedure fdeiance of model parameters is provided.
Properties of the method and its utility are elucidated gisimulations and real data.
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1 Introduction

We formulate a Bayesian non-parametric model for simutbasedimension reduction with regression.
The assumption in our approach is that relevant informatidrigh-dimensional data generated by measur-
ing thousands of variables lies on or near a low-dimensioratifold.

The statistical or mathematical framework we develop isam ideas in manifold learning (Tenen-
baum et al., 2000; Roweis and Saul, 2000; Belkin and Niyo@032 Donoho and Grimes, 2003) as well
as simultaneous dimension reduction and regression (Bil;18ook and Weisberg, 1991; Fukumizu et al.,
2005; Wu et al., 2007; Xia et al., 2002; Mukherjee and Zhow&2Mukherjee and Wu, 2006; Mukherjee
and Zhou, 2006). The Bayesian model and our approach teimferare based on Bayesian non-parametric
kernel models (Pillai et al., 2007; Liang et al., 2006, 200IMe inference of a graphical model of the pre-
dictive variables is based on the ideas in Wu et al. (200%)ehate dimension reduction and Gauss-Markov
graphical models. We will illustrate how our Bayesian moalws for formal inference of uncertainty in
dimension reduction as well as inference the uncertaingoafiitional dependencies in graphical models.

In Section 2 we state a statistical basis for dimension résluand state the learning gradients approach
developed in Mukherjee and Zhou (2006); Mukherjee and W@§20Mukherjee and Zhou (2006). In
Section 3 we develop a fully Bayesian non-parametric moalelefarning gradients and provide a Markov
chain Monte Carlo procedure for inference of model paramet@e Section 4 we illustrate the method and
address questions about mixing of the MCMC using simulagdd dnd present analysis on real data. We
close with a short discussion.

2 Dimension reduction and conditional independence based on gradients

The problem of regression can be summarized as estimatngtiiession function
f(z) = B(Y|X = z)

from dataD = {L; = (Y;, X;)}}_, whereX; is a vector in g»-dimensional compact metric spade
X C RP andY; € R is areal valued output. Typically the data are drawn inddpatly and identically from
a joint distributionp(X,Y’). Even ifp is large the response varialdfeoften depends on a few directions in
RP,

Y =f(X)+e=g01X,....05X) +e, (1)
wheree is noise andB = (b}, ..., V) is the effective dimension reduction (EDR) space. In thieadimen-
sion reduction becomes the central problem in finding anratewegression model.

2.1 Euclidean setting

The central quantity of interest in this paper is the grad@rner product matrix. We first formulate its
properties in the Euclideap-dimensional ambient space. Assume the regression fungtie) is smooth,

/
the gradient is given by f = (%, " %) and the the gradient outer product matffiss ap x p defined
as

I'= Ex [(V/) (V)] @
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The relation between the gradient outer product matrix antedsion reduction is illustrated by the
following observation (Wu et al., 2007). Under the assuomiof the semi-parametric model (1), the
gradient outer product matrik is of rank at most/ and if we denote by{v,...,v4} the eigenvectors
associated to the nonzero eigenvalue§ tien following holds

spar(B) = sparfur, . .., )

Another construction of the gradient outer product matsixn terms of the covariance of the inverse
regression matrif x|y = cov{E(X|Y)] developed in Li (1991). In Wu et al. (2007) it was shown that fo
a linear regression function

2\ 2
I' = 0'32/ <1 — J—§> 2)_(1 QX\Y 2)_(1
Oy
whereo? is the variance of the response variab#g, is the variance of the error afdy = cov(X) is
the covariance matrix of the explanatory variables. A samiksult holds for nonlinear functions that are
smooth (Wu et al., 2007) in this case assuming there eKiptatitions R; of the explanatory variables such
that
f(l’) = ﬁ;l’ +¢;, Ee; =0 forxz € R;, 3)
then
A 2 2
r= prio? (1-%) stess @
i=1 '
wherey; = cov(X € R;) is the covariance matrix of the explanatory variables irtipan R;, 02 =
var(Y'|X € R;) is the variance of the response variables in partifignQ2; = cov{E(X € R;|Y)] is the the

covariance of the inverse regression in partiti®n andp(R;) is the measure of partitioR; with respect to
the marginal distribution.

2.2 Manifold setting

The above statements are formulated with respect to Earligeometry or linear subspaces. The local
nature of the gradient allows for an interpretation of thadignt outer product in the manifold setting
(Wu et al., 2007; Mukherjee et al., 2006). In the manifoldisgt the support of marginal measure of the
explanatory variables is concentrated on a manifbtdof dimensiond, < p. We assume the existence
of an isometric embedding : M — RP and the observed explanatory variables are the image ofgoin
drawn from a distribution concentrated on the manifald= ¢(q;) where(g;)"_, are concentrated on the
manifold. In this case although global statistics suclﬁlggz are not meaningful the gradient outer product
matrix on the manifold can be defined

Cyv=E [(Vm)(Vamf)]

in terms of the gradient on the manifoldy, f. This matrix is adrq x daq and is the analog of the gradient
outer product matrixX' in the ambient space.



We are neither given the manifoli nor the coordinates on the manifold so we cannot compuie
However, the properties df », can be understood in terms Bfand the following relation was derived in
Wu et al. (2007)

I' = E [(de(Vaf)) (de(V k)]

This is due to the following relation from Mukherjee et alO(B)
(dg)*fp — Vmf as  n— oo,

where fp, is a consistent estimator of the gradient in the ambientespad(dy)* is the dual ofdyp.

The result of these observations is that the EDR directiansbe recovered also in the manifold setting
and linear projections can be effective for nonlinear maldsg as long as the gradient outer product matrix
is low rank.

2.3 Conditional independence

The theory of Gauss-Markov graphs (Speed and Kiiveri, 19&&iritzen, 1996) was developed for
multivariate Gaussian densities

1
p(x) < exp <—§$TJX + hTac> ,

where the covariance i$~! and the mean ig. = J~'h. The result of the theory is that the precision
matrix .J, given byJ = 2;(1, provides a measurement of conditional independence. ®animg of this
dependence is highlighted by the partial correlation maltik where each elemenk;; is a measure of
dependence between variableandj conditioned on all other variablesy/’/ andi # j

_ cov(z;, ;|5/") i
Vvar(z;|S7i) Jvar(z;| S/i) Jiidj

Under the assumptions implied by equations (2) and (4) thdignt outer product matrix is a covariance
matrix. So we can apply the theory of Gauss-Markov graphs amd consider the matrir = I'"!. The
advantage of computing this matrix in the regression andsdiaation framework is that it provides an
estimate of the conditional dependence of the explanatmigies with respect to variation of the response
variable. The modeling assumption of our construction & the matrixJr is sparse with respect to the
factors or directiongt!, ..., ;) rather than thep explanatory variables. Under this assumption we use
pseudo-inverses in order to construct the dependence Qesad on the partial correlatid®r.

2.4 Redation to other methods

Dimension reduction based on spectral decomposition ofgthdient outer product was related in
Mukherjee et al. (2006); Wu et al. (2007) to other simultareedimension reduction and regression meth-
ods such as Sliced inverse regression (SIR) (Li, 1991) cipdh Hessian Directions (PHD) (Li, 1992), and
Minimum variance estimation (MAVE) (Xia et al., 2002).



SIR and SAVE use moments of the inverse regression funatioettieve the predictive directions. This
can be problematic when moments are degenerate as reléseritaths are often lost. PHD estimates the
predictive directions using the eigenvectors of the Hessnatrix. This method is constrained due to the
requirement of strong distributional assumptions suchoasality of the explanatory variables to accurately
estimate the Hessian matrix. Another problem with PHD is dlit@ctions that are linearly correlated to the
output variables are lost. Gradient based methods overtioase limitations.

MAVE uses the gradient outer product matrix implicitly anditer Product of Gradients (OPG) (Xia
et al., 2002) shares the same idea of retrieving predicireztibns by eigen-decomposition of the gradient
outer product matrix where the gradient is estimated byllpoctynomial fitting Fan and Gijbels (1996).
Whenp > n, these two methods cannot be used directly due to overftimgnumerical instability. Kernel
gradient learning overcomes by adding a regularizatiom taerthe gradient estimate.

3 Inference

Many approaches for the inference of gradients exist inolyglarious numerical derivative algorithms,
local linear smoothing (Fan and Gijbels, 1996), and legrrgradients by kernel models (Mukherjee and
Zhou, 2006; Mukherjee and Wu, 2006). Our approach will bealprelated to the penalized likelihood or
regularization models developed in Mukherjee and Zhou §20@ukherjee and Wu (2006).

3.1 The modd

The starting point for our gradient estimation procedurthésfirst order Taylor series expansion of the
regression functiorf (z) around a point

fl@) = f(w) + Vf(2)(z —u) +eq, (5)

where the deterministic error terey = O(||z — u/|?) is a function of the distance betweerandu and the
model

y=f(z)+e, (6)

wheree models the stochastic noise. For simplicity we work with @dixlesign model witliz;)?_, given
(see (Liang et al., 2006) for the development of the randosigdesetting of which this is a special case).
Coupling equations (5) and (6) we can state the following ehod

Yi = % Zf(wj) + fl) (- zj) +eij|, fori=1,--- ,n, (7)
j=1
gij = yl_f(wj)_f(wl),(wl_x])7 foriaj: 17 ,n (8)

where f models the regression functioﬁmodels the gradient, ang; has both stochastic and deterministic
components varying monotonically as a function of the distabetween two observations andx;. We
will model ¢;; as a random quantity and use a very simple spatial model tifgplee covariance structure.
Specifically, we first define an association matrix with) = exp(—||z; — x;||>/2s%) with fixed bandwidth
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parameters. We then define;; i N(0, (¢/w;j)~') whereg will be a random scale parameter. Define

the vectors;e = (41, ...,&in), @ joint probability denisty function on this vector can beed to specify a
likelihood function for the data. We specify the followingpatel fore;,

pleiw) o 6% exp {5 (caWich) | ©

where the diagonal matri¥/; = diag(w;1, - -+ , wip ).
As in Mukherjee and Zhou (2006); Mukherjee and Wu (2006) we ai;mon-parametric kernel model
which in the fixed design case results in the following reprgations for the regression function and gradient

i=1 =1

wherea = (a1, ...ap,) € R", C = (¢q,...c,) € RP*™, Substituting the above representation in equation
(8) results in the following parametrized model

n n
Yi = Z OékK(ﬂjj,ZEk) + Z(c;f(ml - :L']))K(xlvl'k’) + Eijs for Za] = 17 s, M. (11)
k=1 k=1

We can rewrite the above in matrix notation where for #tk observation
;1= Ka+ D;CK; + €je,

wherel is then x 1 vector of all1’s, K is thei-th column of the gram matri¥X’ where K;; = k(x;, x;),
E is then x p data matrix andD; = 12, — E. This model has a huge number of parametétitself has
n X p parameters. Many of these parameters are strongly cardetatd we can use spectral decompositions
to greatly reduce the number of variables. For example tlealization imposed by the first order Taylor
series expansion in (7) imposes the constraint that thdegradstimate must be in the span of differences
between data points/x = (z1 — Zn, T2 — Tpy oo, Tn1 — Tp) € RP*™. The rank of this matrix is
d < min((n — 1),p) and the singular value decomposition yieltisy = VAU’ whereV andU are
the left and right eigenvectors ard,; is a matrix of the singular values. For a fixétl corresponding to
large singular values we select the corresponding leftreigietorst = (v1, ..., vg« ) and define a new set of
parameters’ = V’C and the define the matrik; = D;V’. A spectral decomposition can also be applied
to the gram matrixk resulting inK = FAxF’. Note thatK o = F3 where3 = A F'o. We can again
select columns of” corresponding to the largest eigenvalues Given the above re-parametrization we
have for thei-th observation

yil = FB+ D;CK; + €js.

Given the probability model for the error vector in (9), thieelihood of our model given observations
D= {(xh y1)7 ooy (xna yn)} is

Lik(D6, 6, C) ox 6% exp {—% S (51— F5 - BOKS) Wi (yid - B3 - HOK)) } . @2

1=1

where the diagonal matri¥/; = diag(w;1, -+ , wip ).
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The prior specification for the parametdts 3, C) are

6o .
w
B~ N(0,A,") whereA,, = diag(¢)1, ..
C; ~ N(0,A,") whereA,, = diag(¢, ..

3.2 Sampling from the posterior

) ANy ~ Gammday /2, b, /2),
«pg+) andy; ~ Gammda,, /2, b, /2),

whereC*j is the j-th column ofC anday, by, a,, by, w are pre-specified hyper-parameters, and an improper
prior for ¢ is used.

A standard Gibbs sampler can be used to simulate the pasteisity, Posi, 3, C\D), due to the

1. UpdateA;: A" = diagw{™", .., pit") with

©)) follow:

H|D, g0 g0 G0 Gamma(

’ 2

2 ) - 7

wheres" is thei-th element of3(*

2. UpdateA:
Ag+1)

— diag(p{"™™,

’(pétjl))

9

n Nu(t) 2
(t+1 1D, s, 3O, GO NGamma(%;l by +225=1(Ciyj ))7 P= 1.

AUY 6O ~ N(ug, 5p)

— D,CVK;);

wheredj(t) is the (i, j)-th element ofC'®);
3. Updateg:
with
-1
Eﬁ — ( (Z ¢(t )F +A(t+1)> ’
i=1
ps = WSgF Z Wi(yil
=1
4. UpdateC = (C1,...C,,):
ForCjwithj =1,...,n

t+1 |DC

t+1)7 ¢(t) ~ N(/J‘]v E])v

normal form of the likelihood and conjugacy properties of firior specifications. The update steps of the
Gibbs sampler given dat& and initial valueg ¢, 3, C

*
7d7



WhereC'{? is the matrixC') with the j-th column removed.

by = yl-FpUY - D,y Gk,
k#j

n -1
Yjo = <¢(t)ZKi2jD§Wil§z> ;
i=1

" ~
rjo = ¢(t)2jZKijDi Wi bij
i=1

E] — (Ej_ol—i_Ag(oH_l))_l»
pi = (550 mjo)-
5. Updatep:
¢(t+1)|D, Cf(t-l-l)’ﬁ(t-i-l) ~ Gamm&a, b),
where
a — n_2
= o
1 (& - - / .
- = 1 _ (t+1) _ . O+ g a1 — (t+1) _ . O+ g
b 2(; [y,1 F3 D;C K] Wi [%1 F3 D;C K])

Given draws{C)}T_, from the posterior we can compuf€' 1| from the relationC' = V'C. which
allows use to compute a gradient outer product for each draw

) = c® KK (VY.

Given these instances of the gradient outer product we aapgte the posterior mean gradient outer prod-
uct matrix as well as its variance

L LS )

. t R t) . 9

/‘F,DZTZFD> UF,D:TZHFD _IU’FA,DH'
t=1 t=1

A spectral decomposition gf.. , provides us with an estimate of the EDR spatand a spectral decom-
position ofé. , provides us with an estimate of the uncertainty of stabititpur estimate of the EDR. For
inference of conditional independence we first compute ¢imglitional independence and partial correlation

matrices

g

J(t) _ (F%))_l, R(t-) _ ij ’
“ g 5@

(2]
using using a pseudo-inverse to comp(ﬂﬂffl))—l. The mean and variance of the posterior estimates of
conditional independence as well as partial correlaticens lse computed as above usifig®}”_, and
{RO},

T

) 1 R 1 .

Hyp = T Z J(t)a Os5p = T Z HJ(t) - NJ,D||2>
t=1
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1 <& 1 &
ﬂR,D = f ZR(t)7 &R,D - f Z HR(t) - ﬂR,DH2'
t=1 t=1

3.3 Binary regression

The extension to classification problems where responseg; ar 1,/0 using a probit link function is
implemented using a set of latent variablés= (z1,--- , 2z,)’ modeled as a truncated normal distribution
with standard variance. In this settidig= 1 and the same Gibbs sampler with a step added to sample the
latent variable can be used to sample from the posterioritgef®st;3, C|D). The update steps of the
Gibbs sampler given dat@ and initial valueg Z(®, 5 C(0) follow:

1. Updated;: ALY = diagw{™, ..., vit") with

(®)y2
¢i(t+1)|sz(t)>ﬁ(t)aé(t) ~ Gamma<a¢2+ 1’ bw +(262 ) ) ’ P = 17"' , M

2. UpdateA :
: t+1 t+1
ASH) = d|ag(<,p§Jr ),...,cp((if ))

n f_(t) 2
soEt“’D,z@,ﬁ“’,é@)Neamma<“”2+ L 2t 2y )), =1

Where@j(t) is the (i, )-th element ofC'®);
3. Updateg:
BUHDID, O AT 20 & N (g, 55)
with

=1
Nﬁ = EgFl Z Wi(zi(t)l — ﬁzé(t)Kl),
i=1

n -1
Sy = (F’(ZWi)F+A$+1)> ,

4. UpdateC = (C1,...C,,):
ForCjwithj =1,...,n

C‘j““)ID,C*{?’Afﬁ“),Z@ ~ N(pj; %5),
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WhereC'{? is the matrixC*) with the j-th column removed.

bij = 2'1-FpY - D > Y K
py

n ~1
EjO = (ZK%D;WZEZ> y
=1

fjo = Xj Z Kijlii,Wi bij
i=1
EJ — (2]—01 +Ag+1))—17

pi = (50 10)-

5. UpdateZ:
Fori=1,..,n
+ (1, _
z§t+1)|D,ﬁ(t+1),C~’(t+1) N N7*(n,1) fory, =1
N_(’I’]i, 1) for Y; = 0
whereN* andN ~ denote the positive and negative truncated normal distobsiand, - - - ,7,) =
Fﬂ(t—i—l)_

3.4 Modding comments

Many of the modeling decisions made in this paper were fopBaity and efficiency. In this paper we
have fixedd* andm rather than allow them to be random quantities. This was dom&oid having to use
a reversible jump Markov chain Monte Carlo method. We alsbrdit discuss how to decide how many of
the EDR dimensions to keep in our analysis. In theory thistmadone from posterior distribution of the
eigenvalues of the gradient outer product matrix drawn byiting from the posterior. We simply use the
inflection point of the decay of the posterior mean gradienepproduct to select the number of directions.

The greatest simplification with respect to modeling asgiong is the model we used for the covariance
structure of the noises;;. We currently model the covariance as an independent randoiable that is a
function of the distance between two poin#§y;, z;). A more natural approach would be to use a more
sophisticated model of the covariance that would respectétt thats;; andv;, should covary forj # k
again as a function of the distance betwegrandz;. One can either use models on covariance matrices
such as Wishart distributions or use ideas from Gauss-Magkaphical models such as given a covariance
on all the variablesY. g, computing the covariance matrix marginalizing variabl& ¢\;. We implemented
this second approach and found that the results were cotripara

Another approach to model the covariation is to use Wishattidutions. ConsideE. as the following
block diagonal matrix>. = diag(X,--- ,%,) whereX; is ann x n matrix. DenotelV; = Ei‘l as the
precision matrix and place a Wishart prior on edéh with a suitable scale matrid; that reflects the
positive association between the error scale and the distabne such scale matriy can be constructed
by diagonalizing the-th row of the similarity matrixi?. In this setting we allow correlations betweep
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ande;;, — those pairs with the share an explanatory variable. Basdtis construction we can propose a
full spatial model with

Se = 02p(s, dgij) 1)) + diag(o? /wij),
where the first “spatial” term has a variance parameteand a specified covariogram with some parameter
¢s and a suitable distance measure between data pairs, aretthads'nugget” effect is the diagonal matrix
in the model we currently use in practice.

4 Simulated and real data examples

We illustrate the ideas developed and the efficacy of the odetin real and simulated data. We first
focus on simulated data to ground our argument. We thertrditesthe utility of our approach using real
data.

4.1 Linear regression and dimension reduction

This simple simulation based on binary linear regressionl@hfixes the modeling ideas we have pro-
posed with respect to dimension reduction.

The following data set was used in Mukherjee and Wu (2006}a R&s generated by draws from the
following two classes of samples:

Xj=1,..,00ly =0~ N(151),  Xj—a1 .50y =1~ N(151),
Xi—i1,..20y =0~ N(=3,1),  Xj=s1,...60ly =1~ N(=3,1),
Xj—o1,..80ly =0~ N(0,0.1), X;—1, 4061,.80y =1~ N(0,0.1),

where X is the j-th coordinate of th&0 dimension random vectoX.

Twenty samples were drawn from each class for the analysigrendata matrix is displayed in Figure
1(a). The posterior mean of the RKHS norm for each of the gighimponents is displayed in Figure 1(b)
and the expected dimensionstp 20 and41 to 60) have large norms. The posterior mean gradient outer
product matrix as well as the uncertainty in the estimateshis are displayed in Figures 1(c) and 1(d). The
blocking structure reflects the expected covariance of tedigtive variables. In this example there is one
effective dimension reduction direction and an estimatiefposterior mean and standard deviation of this
is plotted in Figure 1(e).

To illustrate mixing of the Markov chain proposed by our mioge examined the mixing of the eigen-
vector corresponding to the largest eigenvalue of the gradiuter product from each draw from the chain,
v(y) Is the eigenvector for theth draw. We examined trace plots of these eigenvectgys,= vgt)v(tﬂ).
Where the scalar value ) is the projection of the previous eigenvector drawn ontodheent direction.
Figure 1(f) suggests that the chain is mixing and seems toinecgent.

4.2 Linear regression and graphical models

A simple linear regression model is used ti illustrate iefare of conditional dependencies of explana-
tory variables relevant to prediction.

12



The explanatory variables are correspond to a five dimensindom vector drawn from the following
model

X1 =101, X0 =01+ 02, X3 =03+ 04, X4 =04, X5 =05 — 04,
wheref ~ N(0,1). The regression model is

X3+ X
Y:X1+%+s,

wheree ~ N(0,0.25).

One hundred samples were drawn from this model and we esiihtatmean and standard deviation of
the gradient outer product matrix, see Figure 2(b). Thegdarorrelation matrix and its standard deviation
are also displayed in Figure 2(b). The inference consistéthtthe estimate of the partial correlation struc-
ture is thatX, X3, X5 are negatively correlated with respect to variation in #&ponse and’, and X, are
not correlated with respect to variation of the responsas fdlation is displayed in the graphical model in
Figure 2(a) in addition to the graphical model inferred lohse the partial correlations corresponding to the
covariance of the explanatory variables alone.

4.3 Digitsanalysis

The MNIST digits data (http://yann.lecun.com/exdb/mfigt commonly used in the machine learning
literature to compare algorithms for classification andension reduction. The data set consist§®@000
images of handwritten digit8, 1,--- ,9 where each image is considered as a vecta28k 28 = 784
gray-scale pixel intensities. The utility of the digits ads that the effective dimension reduction directions
have a visually intuitive interpretation.

For the digits data the following pairs were the most diffi¢alclassify 3 versus 8, 2 versus 7, 4 versus
9. We examined two classification problems 3 versus 8 and §use8. For both classification problems
we found that almost all of the predictive information wasit@ined in the eigenvector corresponding to
the top eigenvalue. The vector can be thought of a8 a 28 image of what is different between 3 and
8 or 5 and 8 respectively. In Figure 4 we display these image8 s 8 and 5 vs 8, left and right upper
panels respectively. These images were computed by agpbyinmodel to random draws @b0 samples
for the two classification problems and computing postegiiimates of the top eigenvector. We see in the
left panel that the upper and lower left regions are the pikieat differentiate a 3 from an 8. Similarly, for
the 5 versus 8 example the diagonal from the lower left to fheuright differentiates these digits.

4.4 Inference of graphical modelsfor cancer progression

The last example is to illustrate the utility of our model ipractical problem in cancer genetics, mod-
eling tumorigenesis. Genetic models of cancer progresaienof great interest to better understand the
initiation of cancer as well as the progression of diseat® rimetastatic states. In Edelman et al. (2008) a
models of tumor progression in prostate cancer as well asmoata were developed. One fundamental idea
in this paper were that the explanatory variables were sumstatistics that assayed the differential en-
richment of a priori defined sets of genes in individual saagEdelman et al., 2006, 2008). These a priori
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defined gene sets correspond to genes known to be in signplithways or have functional relations. The
other fundamental idea is an inference of the interactidwéen pathways as the disease progresses across
stages.

A variation of the analysis in Edelman et al. (2008) is depebbin this section. The data consists of
22 benign prostate samples aB2l malignant prostate samples (Tomlins et al., 2007). For saatple we
compute the enrichment with respecti22 candidate gene sets or pathways (Mukherjee and Wu, 2006).
Each sample corresponds tdh22 dimensional vector of pathway enrichment. We applied oudehdo
this data set and inferred a mean posterior conditionalpaeddence matrix as well as the uncertainty in
the estimates of these elements. For visualization pugpasefocused on th&6 pathways most relevant
with respect to predicting progression, thiepathways corresponding to coordinates with the largest BKH
norm. For these pathways we plot the conditional indepetelenatrix and the variance of the elements
in the matrix in Figure 5. Red edges correspond to positivégdaorrelations and blue for negative. The
width of the edges correspond to the degree of uncertaidgge®we are more sure of are thicker. This graph
offers a great deal of interesting biology to explore some/bich is known, see Edelman et al. (2008) for
more details. One particularly interesting aspect of tHferied network is the interaction between the
ErbB (ERBB) or epidermal growth factor signalling pathwaydahe the mitogen-activated protein kinase
(MAPC) pathway.

5 Discussion

We propose a Bayesian non-parametric model for simultasmédauension reduction and regression as
well as inference of graphical models. This approach apptiethe classical Euclidean setting as well as
nonlinear manifolds. We illustrate the efficacy and utildlthis model on real and simulated data. An
implication of our model is that there are fascinating canioss between spatial statistics and manifold
and nonlinear dimension reduction methods that should lgesatt interest to the statistics community.
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Figure 1: (a) The data matrix with rows corresponding to samples armghwos to variables (dimensions); (b)The
posterior mean and 2.5% and 97.5% quantiles of the RKHS négnThe posterior mean of the gradient outer
product matrix; (d) The posterior standard deviation ofdih@dient outer product matrix; (e) The posterior mean and
posterior standard deviation of the top eigenvector of ttaglignt outer product matrix — the top edr direction; (f) The
trace plot for the inner product of two consecutive drawsheftop eigenvector.
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Figure 3: Graphical models inferred from the (a) the gradient outedpct matrix and (b) the covariance matrix
of the explanatory variables. Each node represents a Varedn each edge indicates conditional dependence. The
distance of the edge is inversely proportional to the amofidependence, the thickness of the edge is proportional to
the certainty of the inference and blue edges are negatiile veldl edges are positive.
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Figure 5:The association graph for the progression of prostate cdrora benign to malignant based on the inferred
partial correlation. Red edges correspond to positivaglambrrelations and blue for negative. The width of the exige
correspond to the degree of uncertainty, edges we are mar®sare thicker.
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