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1 Introduction

The importance of dimension reduction for predictive modghand visualization has
a long and central role in statistical graphics and commrtgddcock, 1878; Edeg-
worth, 1884; Fisher, 1922; Hotelling, 1933; Young, 194I)nélpal components anal-
ysis (Hotelling, 1933) is the most used and one of the eartiBsension reduction
methods, however it does not take the response variablaatimount. The idea of su-
pervised dimension reduction (SDR) which has become dénttlhe modern context
of high-dimensional data analysis is to posit that the fiometl dependence between
a response variablg and a large set of explanatory variablése R? is driven by a
low dimensional subspace of thesariables. A variety of methods for SDR have been
proposed to characterize this subspace (Li, 1991; Cook aisbatg, 1991; Li, 1992;
Hastie and Tibshirani, 1996; Vlassis et al., 2001; Xia et 2002; Fukumizu et al.,
2003; Li et al., 2004; Goldberger et al., 2005; Fukumizu et2005; Globerson and
Roweis, 2006; Martin-Mérino and Rdbman, 2006; Mukherjeé Zhou, 2006; Mukher-
jee and Wu, 2006; Nilsson et al., 2007; Sugiyama, 2007; CB0@7; Li et al., 2007,
Mukherjee et al., 2009; Wu et al., 2007; Tokdar et al., 2008).

A strongly related branch of research that has been of greatist in the machine
learning community of late is nonlinear dimension reduttidich can be traced back
to multi-dimensional scaling (Young, 1941). This resedral motivated a variety of
manifold learning algorithms (Tenenbaum et al., 2000; Reward Saul, 2000; Donoho
and Grimes, 2003; Belkin and Niyogi, 2003). Though the af@ationed manifolds
learning methods are unsupervised in that the algorithkes itéo account only the

explanatory variables, this issue can be addressed bydimtetne unsupervised algo-



rithms to use the label or response data (Globerson and Rpo2@0b6). The central
idea in the manifold learning framework is to use local nosttd generate a similarity
graph from the data and then use spectral methods for diorersiluction. This rests
on the observation that properties of the ambient spacewséacally on smooth man-
ifolds. The main problem with these methods is that they daooperate on the space
of the predictor or explanatory variables which can causdlpms if the projective

dimensions need to be interpreted.

In this paper we extend the classic SDR method of sliced se/ergression model
(SIR) by taking into account local structure of the explamavariables conditioned on
the response variable. This integrates the idea of lodahatts from manifold learning
with the sliced inverse framework for SDR. The resultingoaithm allows us to infer
a linear projective subspace that can capture nonlinediqtiee structure, see Figure
1 for an illustration. The method applies to both classiftcaand regression problems
and allows for the inclusion of ancillary unlabeled data @mssupervised learning.
In the context of classification two other methods have beepgsed to exploit local
information for SDR (Hastie and Tibshirani, 1996; Sugiya2207). Comparing with
these two methods, our approach incorporates the locainirafiion at a more direct
way, see Section 2.3 for a comparison.

The paper is arranged as follows. Localized sliced inveggeassion is introduced
in Section 2 for continuous and categorical response asalWe also compare the
method to previous localization procedures in this sectionSection 3 we illustrate
how LSIR can be extended to incorporate unlabeled dataalgtuihe utility of the

method with respect to predictive accuracy as well as eapdoy data analysis via



visualization is demonstrated on a variety of simulated rsradi data in Section 4. We

close with discussions in Section 5.

2 Local SIR

We begin with a brief review of sliced inverse regression. tWen develop LSIR
which incorporates localization ideas from manifold leaginto the SIR framework.
We close by comparing LSIR with related methods for dimemseduction (Hastie

and Tibshirani, 1996; Sugiyama, 2007).

2.1 Sliced inverseregression

Assume the functional dependence between a responseledriand an explanatory

variableX € RP? is given by

Y = f(Bi1X,...,0LX.¢), (1)

where{s,, ..., 81} are unknown orthogonal vectorsli#f ande is noise independent of
X. Let B denote thd.-dimensional subspace spanned{ly, ..., 5., } and Pz denote
the corresponding projection operator onto spBcel'hen Pg X provides a sufficient
summary of the information iX relevant toY” in the sense that” 1l X|PgX. Es-
timating B becomes the central problem in supervised dimension riextucthough
we defineB here via a model assumption (1), a general definition basedmditional
independence betweén and X given Pg X can be found in Cook and Yin (2001).
Following Cook and Yin (2001), we refer tB as the dimension reduction (d.r.) sub-

space andf, ..., 51} as the d.r. directions.



The sliced inverse regression model was introduced in DadrLa(1991) and Li
(1991) to estimate the d.r. directions. Consider a simpée eghereX has an identity
covariance matrix. The conditional expectatiddX|Y = y) is a curve inR? on which
y varies. It is called the inverse regression curve since tsitipn of X andY are
switched as compared to the classical regression settimegrenof interest i€(Y|X =
x). Itis shown in Li (1991) that the inverse regression curvedstained in the d.r.
spaceB under some mild assumptions. According to this result the directions
{p1, ..., 81} correspond to eigenvectors with nonzero eigenvalues otdlariance
matrixI" = Cov[E(X|Y)]. In general when the covariance matrix¥fis ¥, the d.r.

directions can be obtained by solving a generalized eiggomposition problem
I's=A34. (2
The following simple algorithm implements SIR. Given a aloservations (z;, y;) } -, :
1. Compute an empirical estimate Xf
SIS o R
n — 3 K3
wherep = 1 37" | z; is the sample mean.

2. Divide the samples int&f groups (or slices§1, ..., Gy according to the value

of y. Compute an empirical estimate Iof
H n
h T
I = —(an — — .
hE_l — (A = 1) (fon = 1)

where
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is the sample mean for grodp, with n;, being the group size.



3. Estimate the d.r. directions by solving the generalized eigen-decomposition
problem

'3 =\23. (3)

Wheny takes categorical values as in classification problems piatural to divide
the data into different groups by their group labels. In thsecof two groups SIR is
equivalent to Fisher’s linear discriminant analysis (FDAith the caveat that SIR
measures distances with respect to the inverse of the beekariance matrix of the
predictor variables, while FDA uses the inverse of the wittioup covariance matrix.

SIR has been successfully used for dimension reduction inynag@plications.
However, it has some known shortcomings. For example, ia&y éo construct a
function f such thatE(X|Y = y) = 0 and in this case SIR will fail to retrieve any
useful directions (Cook and Weisberg, 1991). The degeye8IR also restricts its
use in binary classification problems since only one diogctian be obtained. The
failure of SIR in these scenario is partly due to the fact thatalgorithm uses only the
mean in each slic&(X|Y = y), to summarize information in the slice. For nonlinear
structures this is clearly not enough information. Geneatibns of SIR such as SAVE
(Cook and Weisberg, 1991), SIR-II (Li, 2000), and covareimverse regression esti-
mation (Cook and Ni, 2006) address this issue by adding seemment information
on the conditional distribution ok givenY. It may not be enough however to use mo-
ments or global summary statistics to characterize therimdtion in each slice. For
example, analogous to the multimodal situation considese8ugiyama (2007), the
data in a slice may form several clusters for which globdisttes such as moments

would not provide a good description of the data. The clusteiters would be good



summary statistics in this case. We now propose a generafiz# SIR that uses local

statistics based on the local structure of the explanatargbles in each slice.

2.2 Localized SIR

A key principle in manifold learning is that Euclidean stiwre around a data point in
RP? is only meaningful locally. Under this principle computiagylobal averagg,, for

a slice is not meaningful since some of the observations lica say be far apart in

the ambient space. Instead we should consider local averagealized SIR (LSIR)

implements this idea.

We first provide an intuition of the method. Without loss ohgeality we assume
the data has been standardized to identity empirical caveg. In the original SIR
method we would shift the all the transformed data pointsheydorresponding group
average and then perform a spectral decomposition on th&riaoge matrix of the
shifted data to identify the SIR directions. The rationadtibd this approach is that if
a direction does not differentiate different groups wélg group means projected onto
that direction would be very close and therefore the vagasfche shifted data will be
small in that direction. A natural way to incorporate lozation into this approach is
to shift each transformed data point to the average of a loeighborhood instead of
the average of its global neighborhood (i.e., the whole gyoun manifold learning,
local neighborhoods are often defined by theearest neighborglN) of a point.
Note that the neighborhood selection in LSIR takes into anttocality of points in
the ambient space as well as information about the resp@midhle due to slicing.

Recall that in SIR the group averagg is used in estimatind = Cov[E(X|Y)]



and the estimaté is equivalent to the sample covariance of a data{ge} , with

it; = [, the average of the grou@, to whichx; belongs. In LSIR, we sgi; equal
to a local average of observations in grasip nearz;. We then use the corresponding
sample covariance matrix to replaicén equation (3).

The following algorithm implements LSIR:
1. Compute® as in SIR.

2. Slice the samples intH groups as in SIR. For each sampig, y;) compute
. 1
Hiloc = E Z Zj,
JESi

where
s; = {j : z; belongs to thé nearest neighbors of, in G}, },

andh indexes the grouf), to whichi belongs. Then we compute a localized

version ofl’
. 1< . o .
I‘Ioc = E E (;ui,loc - :u) (;ui,loc - :u)T

i=1

3. Solve the generalized eigen-decomposition problem

f‘locﬁ = )\25 (4)

The neighborhood sizk in LSIR is a tuning parameter specified by users. When
k is large enough, for example larger than the size of any grthgnl’,, = I" and
LSIR recovers the SIR directions. On the other hand, whénsmall, for example
k = 1, thenl,, = > and LSIR keeps alb dimensions. A regularized version of

LSIR, which we introduce in the next section, with= 1 is empirically equivalent to



principal components analysis (PCA), see Appendix A. Ig light by varyingk LSIR
bridges between PCA and SIR and can be expected to retrim@idns lost by SIR
due to degeneracy. Relations between SIR and PCA are alfmredin Cook (2007);
Li et al. (2007).
For classification problems LSIR becomes a localized versioFDA with the
caveat of the covariance metric. Suppose the number ofedass, then the estimate
I from the original FDA is of rank at most — 1, which means FDA can only estimate
at mostC' — 1 directions. This is why FDA is seldom used for binary clasatfion
problems where&® = 2. In LSIR we use more than the centers of the two classes to
describe the data. Mathematically this is reflected by tleeeimse of the rank df,.
which is no longer bounded &y and hence produces more directions. Moreover, if the
data from some classes are composed of several sub-cjusiRscan automatically
identify this subtle structure. We will show in one of our exales that this property of
LSIR is very useful in data analysis such as cancer subtygoedéry in genomic data.
The additional computational complexity in LSIR is the cartgiion of thekNN
for each point. Assuming we use an Euclidean metric for digahis results in an
additional complexity of @p?n?), since we are required to perfonmnearest neigh-
bor searches. The dominating complexity in SIR for the sgttvherep > n is the
eigen-decomposition which is(@*) and dominates the complexity added by kN

searches. In summary for thes> n setting the computational complexity is



2.3 Connection to existing wor k

The idea of localization has been introduced in dimensialuegon for classifica-
tion problems (Hastie and Tibshirani, 1996; Globerson aoddts, 2006; Sugiyama,
2007). We will focus our comparison to two similar localinat methods: local dis-
criminant information (LDI) (Hastie and Tibshirani, 199)d Local Fisher discrimi-
nant analysis (LFDA) (Sugiyama, 2007). In LDI, a betweeatgr covariance matrix
I'; is computed locally over the nearest neighbors at everyt pgiand then averaged,
I = % > I';. The eigenvectors df corresponding to the top eigenvalues provide
estimates of the d.r. directions. LFDA extends LDI by inagting local information

to the within-group covariance matrix. In this case the iratt = 3 — I replaces.

in the eigen-decomposition in equation (2).

Compared to these two approaches, LSIR utilizes the lotairmation directly for
each data point rather than in the computation of the betwgeenp and within-group
covariances matrices. There are some advantages to tle aeroach. The first
advantage is with respect to the number of parameters neededestimated. LSIR
computes only: local mean points and one covariance matrix while LDI reggithe
estimate of(n x C') local mean points as well as the local between-class cowaia
matrix. LSIR is also preferred when there is not be enough datinformation to
accurately estimate the local covariance matrix. This xatin also be degenerate,
for example if data points in the neighborhood arourithve the same label théh
will be zero. The local mean provides a more reliable sumroétiye local information
than the second moment (i.e., the local covariance matrix).

Furthermore, this simple localization used in LSIR allowsificorporation of un-

10



labeled data in the semi-supervised setting. Such an éateissless straightforward

for methods that operate on covariance matrices ratherdinectly on the data points.

2.4 Regularization

In many high-dimensional problems the mafxixvill be singular or poorly conditioned
and as a result the generalized eigen-decomposition prof@gle will be unstable. A
common solution to poorly conditioned covariance estimagethe introduction of a
regularization or shrinkage parameter (Schafer and Stemg005; Li and Yin, 2008)

which in this case results in the following generalized eigiecomposition problem
Lol = ME + 1) (5)

wheres > 0 is a regularization parameter and | is the identity matrix.sifilar
adjustment has also been proposed in Hastie and Tibshit886§. In practice, we
recommend trying different values efcoupled with a sensitivity analysis af A
more data driven way to selestis to introduce a criterion measuring the goodness
of dimension reduction such as the ratio of between- groujpnee and within-group

variance and then use cross-validation to chao@hong et al., 2005).

2.5 Localization methods

In Section 2.2 we have suggested uskigearest neighbors to localize data points.
An alternative is to use a kernel-weighted average. Givepsitipge monotonically

decreasing function oR ™ the local mean for each point is computed as

>ica, TiW(llx; — zill)
>iea, Wllzy —ai])

Hiloc =

11



whereG), is the group containing the sample;, y;). Examples of the functioml’

include the Gaussian kernel and a zeroth order spline

W(t) = et/

W(t) = li<r,

wherel is the indicator function. A common localization approacimianifold learn-
ing is to truncate a smooth kernel by multiplying it by the stamt function. The band-
width parameterd or r) plays the same role as the paramétén kNN. Sensitivity

analysis or cross-validation is recommended for the Seledf these parameters.

3 Semi-supervised learning

The idea of semi-supervised learning is to use ancillarplgled data with labeled
data to build more accurate predictive regression or dlagdbn models. There are
two obvious suboptimal approaches for dimension redugtidhis setting: i) ignore
the response variable and apply PCA to the entire data;riprig the unlabeled data
and apply supervised dimension reduction methods suchRatoShis subset. Neither
approach utilizes all of the data.

LSIR can be easily modified to incorporate information frdme unlabeled data
into a supervised analysis of the labeled data. We defineetraf fabeled covariates as
XL and the set of unlabeled covariates¥. The covariance matriX is computed
using all the labeled and unlabeled data. For each samptabrtean is computed by
first computing a local neighborhood for each paintFor the unlabeled points we do

not know the response variable so they can be placed in a@yrsiulting in the neigh-
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borhood seti; = {j : z; € XY are thekNN of z; }. For the labeled points we use the
same criteria as befoige = {j : z; € X are thekNN of z; in the same slicé, }.
The neighborhood set is the union of the two sets= ;| JI;. The local means are

computed from these sets

1
ﬂi,mc = E Z Zj.

JESi

To reduce the influence of the unlabeled data one can weigbtdd and unlabeled

points differently in calculatingi; .

4 Resultson smulated and real data

We compare LSIR with a variety of SDR methods on simulatedraatidata. The sim-
ulated data will be used to illustrate nonlinear dimensieduction, semi-supervised
learning, and the effect of the localization paraméterhe real data highlights the ef-
ficacy of the method in the high-dimensional setting with fdata points. The ability

to capture substructure in the data is also illustrated.

4.1 Simulated data

In this section we compare the performance of LSIR to sewdinaénsion reduction
methods such as SIR, SAVE (sliced average variance esbmagiHd (principal Hes-
sian directions), and LFDA (local Fisher discriminant sad). Without loss of gen-

erality we normalize each of thecovariate dimensions to have unit variance.
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4.1.1 Comparison metric

We introduce a metric to measure the accuracy in estimétmg . spacé3. Without
loss of generality assume the vectors in the d.r. spgade be of unit length. Let
B = (B4,..., /) denote an estimate @, the columns3; of B are the (normalize)

estimated d.r. directions. Define

L
1
Accuracy B, B) Z | Pafi||? = ZZ (BBT) ]|,

which is the percentage of the d.r. spaBethat has been accurately estimated by
B. For example, supposB = (e1, e2) wheree; is thei-th coordinator unit vector
andB = (e, %el + %83). Then AccuracyB, B) = 75% which means that the

estimateB recovered 75% of the d.r. spafe

4.1.2 Nonlinear dimension reduction

Example 1. Swiss roll

The first example illustrates how we can capture a nonlineadigtive manifold
using a linear projection. This data set called the “Swi#ls data (Roweis and Saul,
2000) is commonly used in manifold learning. The followingael is used to gen-
erate thel0 dimensional covariates and response variable. The firsetbovariate

dimensions are given by
X1 =tcost, Xo=21h, X3=tsint,

wheret = 3%(1 + 26), 6 ~ Uniform[0, 1] andh ~ Uniform[0, 1]. The remaining’

dimensions ofX are draws from independent standard Gaussian noise.
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To illustrate how a linear projection can caption a nonlmmanifold, let us con-

sider a response variable taking the following form
Y =sin(570) + ¢, (6)

where we set the noise as~ N(0,0.1%). The d.r. space is the two dimensional
subspace spanned B, and X3. Note that the predictive nonlinear manifold is one
dimensional but two coordinates are required to captusedthé dimension. As shown
in Figure 1, the covariates can be projected into the twadétections and still capture
information on the regression function,

To compare the performance of LSIR with SIR, SAVE, and pHd wedua more

complicated regression model
Y = sin(570) + h? +e. (7)

We randomly drewn = {200,400, 600, 800, 1000} samples from the above model.
We computed the d.r. directions for each method and comphtedccuracy using
the comparison metric above. As can be seen in Figure 2, L8tpedorms the other
methods. SAVE and pHd outperform SIR which is not designed&mlinear man-
ifolds. For LSIR and SIR we set the number of slidésand the number of nearest
neighborsk as(5, 5) for n = 200, (10, 10) for n = 400, and(10, 15) for other cases,

all parameter settings were obtained using cross validatio

Example 2. (Tai Chi)
The Tai Chi figure is well known in East Asian culture where ¢bhacepts of Yin-
Yang provide the intellectual framework for much of anci€itinese scientific de-

velopment Ebrey (1993). A 6-dimensional data set for thsngple is generated as
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follows: X; and X, are from the Tai Chi structure as shown in Figure 3(a) wheee th
Yin and Yang regions are assigned class labels —1 andY = 1, respectively. The
remaining dimensiond’s, . .., X4 are independent Gaussian random noise.

The Tai Chi data set was used as a dimension reduction examglé, 2000,
Chapter 14) before. The correct d.r. subspBdeere is spafe;, e2). SIR, SAVE and
pHd are known to fail for this example. By taking the localsture into account, LSIR
can easily retrieve the relevant directions. Following2000), we generate = 1000
samples as the training data, then run LSIR wkits 10 and repeat thi$00 times. The
average accuracy #8.6% and the result from one run is shown in Figure 3.

As a fairer comparison we also applied LFDA to this examplke &verage esti-
mation accuracy i82% which is much better than SIR, SAVE and pHd, but still worse
than LSIR.

As pointed out by Li (2000), the major difference between &firdl Yang is roughly
along the directior; + es. The difference along the second directign- e; is subtle.

Li (2000) suggested using SIR to identify the first directaord then using SIR-1I to
identify the second direction by slicing the data based envtidue of bothy and the

projection onto the first direction. LSIR recovers the twiedtions directly.

4.1.3 Semi-supervised learning

We illustrate the efficacy of the semi-supervised settinty aiclassification problem
with ten dimensions where the d.r. directions are the firgt dimensions and the
remaining eight dimensions are Gaussian noise. The dakeifirst two relevant di-

mensions have the structure of an exclusive-or, see Figale # this example SIR
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cannot identify the two d.r. directions because the growgrames of the two groups
are roughly the same for the first two dimensions, due to sytmymsing local aver-
ages instead of group average, LSIR can find both directamesFigure 4(c). In this
case SAVE and pHd can also capture the two groups since therhigder moments
capture differences between the groups.

We generated a semi-supervised data set by drawidgamples, see Figure 4(a),
and labelin@20 of the400 samples]0 from each group. The projection of the data us-
ing the top two principal components computed using al thia daes not separate the
classes, see Figure 4(b). Including label information &hpwovide this information.
To illustrate the advantage of a semi-supervised approakevaluate the accuracy
of the semi-supervised version of LSIR with two supervisedtinds SAVE and pHd
which use only the labeled data. In Table 1 we report the gesaiacuracy and standard
error of twenty independent draws of the data using the phaeestated above. For
one draw of the data we plot the labeled points in Figure 4fd)the projection onto
the top two LSIR directions in Figure 4(c). These resultadieindicate that LSIR

out-performs the other two supervised dimension reductiethods.

4.1.4 Regression: theeffect of k&

The following regression model is used to illustrate theetfbfk and to compare SIR

and LSIR. Consider a regression model
Y= X3 —ae’i/2 45, Xq,..., X0 2 N(0,1), e~ N(0,0.1).
The d.r. direction is the first coordinatg. SIR can easily identify this direction when

a is very small. However agincreases, the second term which is a symmetric function
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becomes dominant and the performance of SIR deteriorates.

We first study the effect of the choicelbfvhena varies. We draw = 400 samples
that are split intcv = 10 slices with each slice containidg samples. We measure the
error by the angle between the true d.r. direction and thmatg 3, which is denoted
by a(B, e1), smaller angles correspond to lower error. The averagedssinom1000
runs are shown in Figure 5 (a-c) whéreanges froml to 40 anda = {0, 1,2}. When
k > 1, the estimates} from LSIR are very close to the true d.r. direction. When
a = 0 which is the case favoring SIR, we can see the errors from ldgiftease ak
increases since LSIR with = 40 is identical to SIR. Whem = 1, the results from
SIR and LSIR agree for a wide rangefafBut whena = 2, LSIR outperforms SIR.

Next we study how the choice @f influences the estimate of the number of d.r.
directions. In Figure 5 (d-f) we plot the change of the meathefsmallesty{ — L)

eigenvalues (theoretically this should e

p
Ap-L = ﬁ 2N

with respect to the choice éfasa varies. Recall thatin SIR,,_ 1, is asymptoticallyy?
and can be used to test the number of d.r. directions (Li, 1981 SIR the smallest
eigenvalues may not b@and \,_;, no longer follows a scaleg? distribution due
localization. We do not consider this as a serious drawb8tice cross-validation or
permutation procedures can be used to infer the number.afidections. Also, most
learning algorithms are sensitive to the accuracy of thedit&ctions but very stable to

the addition ofl or 2 noisy directions.
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4.2 Real data

4.2.1 Digit recognition

The MNIST data set (Y. LeCurhttp://yann.lecun.com/exdb/mnist/), contains60, 000
images of handwritten digit§0, 1, 2, ..., 9} as training data antld, 000 images as test
data. Each image consistsmpf= 28 x 28 = 784 gray-scale pixel intensities. This data
set is commonly believed to have strong nonlinear strusture

In our analysis, we randomly sampl@f00 images {00 samples for each digit)
as training data. We applied LSIR and compudee: 20 e.d.r. directions. We then
projected the training data ai000 sample test data onto these directions. Using a
k-nearest neighbor classifier with= 5 to classify the test data, we report the classi-
fication error overl 00 iterations in Table 2. For comparison we also report thesclas
fication error rate using SIR. Increasing the number of dreations improves classi-
fication accuracy for almost all digits. The improvementdaits 2, 3, 5, 8 is rather
significant. The overall average accuracy for LSIR is corapkrwith many nonlinear

methods.

4.2.2 Geneexpression data

We use a common gene expression classification data set fptappmethod in the
largep smalln setting and illustrate that the method can capture strecoimespond-
ing to subclasses. The leukemia data in Golub et al. (19983ists of gene expres-
sion assays frori, 129 genes or expressed sequence tags (ests)raveatients with
leukemia. This data has been used extensively to evaluatgetyof machine learning

and statistical methods and was explored in the contexnoédsion reduction in Bura
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and Pfeiffer (2005); Chiaromonte and Martinelli (2002)iSTtlata was split into a test
set 0f34 samples and a training set3#f samples. In this problem= 7129 and for the
training set, = 34. Each patient had one of two types of leukemia acute lymztsicl
leukemia (ALL) or acute myeloid leukemia (AML). Lymphobtasleukemia is char-
acterized by excess of lymphoblasts and myeloid leukeméaiiger of the myeloid
blood cell lines. The ALL category can be further subdividetb two subsets: the
B-cell ALL and T-cell ALL samples. We used only the ALL-AML tegorization in
our analysis. The relevance of this data was to illustraa¢ tie two types of caner
can be accurately predicted using machine learning appesaa problem of practical
clinical relevance. Error rates on the test set using commachine learning methods
such as support vector machines (SVMs) range from zero to two

LSIR and SIR were run on the training data with no preproogssihe shrinkage
approach described in Section 2.4 was used for both SIR atid d&e to rank defi-
ciency. A wide range of values for the regularization par@meresulted in a test error
of zero or one on the test data using a variety of classifiexd) askNN, and one or
two d.r. directions. The projected subspace for LSIR wasrisgive to the regulariza-
tion parameter as was the projective subspace for SIR ovétenange of parameter
settings. LSIR is able to capture subclass structure whiRei$Snot. In Figure 6 we
show the projection of the training data onto the first twoR$lirections. The AML
samples all collapse to nearly one point. Of #T6ALL samplesl9 form one clusterg
form another cluster, and two samples do not not fall intbezitThel9 sample cluster
are all B-cell AML cases, thé sample cluster are all T-cell AML cases, and the two

unclustered samples are T-cell ALL.
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This is a small data set and the reason the accuracy of LSIFSHR@re similar
is that there are not enough samples such that the nonlinfamiation captured by
LSIR offers a predictive advantage. However, it is intdresthat even is such an
underpowered data set LSIR is able to suggest subclastusguthis suggests the use

of LSIR as a discovery tool.

5 Discussion

LSIR incorporates local information to extend the clasdiR rocedure alleviating
many of the degeneracy problems in SIR and increasing aogwespecially when the
data has underlying nonlinear structure. LSIR can alsotifyesub-cluster structure.
LSIR extends naturally to the semi-supervised setting. dullaization parameter is
added for computational stability.

LSIR allows us to bridge PCA and SIR by varying the degree cdliaation, con-
trolled by the number of nearest neighbors. The influence of the choick isfsubtle.
In cases where SIR works wel,should be chosen to be large so that LSIR performs
similar to SIR. Conversely, in case where SIR does not worlk wmall values ofk
result in better results. A better theoretical understapdif the method is of interest
including a rigorous analysis of the effect/af

Recently there has been an increasing interest in extelidesy dimension reduc-
tion methods to kernel models (Wu, 2008; Fukumizu et al. 8 @0 realize nonlinear
dimension reduction. Since the computation of LSIR invslealy inner products be-

tween data points, it is straightforward to extend LSIR t@rape on a reproducing
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kernel Hilbert space with the inner product replaced by a&efunctionK (z;, z;).
This may also be of computational advantage even in the d¢dle tinear kernel since
the eigen-decomposition will be on matrices thatrasen rather tharp x p. However,
from the perspective of inference we are skeptical of antanidil advantage a kernel
offers since the LSIR directions already extract local infation on a nonlinear man-
ifold. In addition, using a nonlinear kernel results in lagsnterpretation of the d.r.

directions in terms of the explanatory variables.

Appendix. LSIR and PCA

Here we show that the regularized version of LSIR realizeA R@h £ = 1. Recall
thatl,, = 3 whenk = 1. The generalized eigen-decomposition problem for LSIR
becomes

26 = A + s1)B. (8)

Denote the singular decomposition®by U DUT whereD = diag(d;)?_,. Then (8)
becomes

UDUTB = U(D + s)U* 3,

which is equivalent to solve

Dy = XD +sl)y
with v = UT 3. Sinced/(d + s) is increasing with respect téfor anys > 0, it is
easy to see that theth eigenvectop; is given by theith column ofU which is theith

principal component.
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Figure 1: (a) The first three dimensions of the "Swiss rolltadaith the colormap rep-

resenting the value of the response variable This is for thealspecified by equation

(6). (b) Projection of the data onto the two relevant d.redlions.
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Figure 2: Comparison of SIR, LSIR, SAVE, and pHd, for the setéSwiss roll”

example, model specified by equation (7).
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Figure 3: Result for Tai Chi example. (a) The training datéirst two dimensions; (b)
The training data projected onto the first two LSIR direcsiofc) An independent test

set projected onto the first two LSIR directions.

30



Method SAVE pHd LSIR (k = 20) | LSIR (k = 40)

Accuracy | 0.35(+0.20) | 0.35(£0.20) | 0.95(+£.00) 0.90(=.00)

Table 1: Average accuracy (and standard error) of variomgdsion reduction meth-

ods for semi-supervised learning of the exclusive-or data.
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Figure 4: Result for Example 1. (a) Plot of data in the first tlumensions, where ‘+’
corresponds tg = 1 while ‘0’ corresponds tay = —1. The data points in black are
labeled and the ones in gray are unlabeled in case of thesgervised setting. (b)
Projection of data to the first two PCA directions. (c) Prtiat of data to the first two
LSIR directions when all the = 400 data points are labeled. (d) Projection of the data

to the first two LSIR directions when onf}0 points as indicated in (a) are labeled.
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Figure 5: Comparison of LSIR and SIR for the regression examphe blue curve
is the result for SIR, the baseline comparison. In this eXarhffIR with & = 40 is
recovering SIR. In the upper plots the y-axis is the erroe est defined by the angle

between the true d.r. and estimated d.r. In the lower plas/thxis is the average of

the . — p eigenvalues.
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Table 2: Average classification error rate and standardatiewi on the digits data for

SIR and LSIR.

digit LSIR SIR
0 0.04(0.01) | 0.05 @ 0.01)
1 0.01(+ 0.003)| 0.03 @ 0.01)
2 0.14(0.02) | 0.19 @& 0.02)
3 0.110.01) | 0.17 & 0.03)
4 0.13¢:0.02) | 0.13 @ 0.03)
5 0.12(:0.02) | 0.21 @ 0.03)
6 0.04(@ 0.01) | 0.0816 (- 0.02)
7 0.11¢:0.01) | 0.14 & 0.02)
8 0.14(#0.02) | 0.20 # 0.03)
9 0.110.02) | 0.15@* 0.02)
average 0.09 0.14
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Figure 6: The38 training samples in the leukemia data projected onto thetfirs
LSIR directions. The AML samples all collapse to nearly on@f the blue cluster.
19 of the AML samples cluster, the lower circled red cluster.e3# are all B-cell
ALL samples. 6 of the T-cell samples cluster, the upper circled red clustée two

unclustered samples are both T-cell ALL samples.
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