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1 Introduction

Studies in high-throughput genomics often generate multiple gene expression signatures — lists of
genes with associated numerical measures of change in gene expression relative to an experimen-
tal condition or outcome. A biological or environmental design factor in a controlled experiment
generates a signature of response to that factor (Huang et al., 2003; Bild et al., 2006; Chen et al.,
2008), while evaluation of expression related to a specific clinical outcome may generate a signa-
ture of the outcome in disease studies (West et al., 2001; Huang et al., 2003; Rich et al., 2005; Seo
et al., 2007). Indeed, the concept of gene expression signatures as characterizing pathway status
has emerged as central in Bayesian analyses in genomics and emerging systems biology in cancer
and other areas. The development of sparse ANOVA and latent factor models to improve estima-
tion of expression signatures in both experimental (in vitro) and observational (in vivo) contexts
has been substantially motivated by this view (e.g. West, 2003; Lucas et al., 2006; Wang et al.,
2007; Carvalho et al., 2008; Merl et al., 2009). Recent applied studies of deregulated pathways
in cancer as well as other contexts, including basic biological pathway discovery and evaluation
studies, studies of drug responsiveness and prognostic/predictive risk profiling, reflect this (e.g.
Chen et al., 2008; Chang et al., 2009; Lucas et al., 2009; Merl et al., 2009).

Interpretation of identified gene expression signatures relies in part on comparison with bi-
ological databases that contain lists of putatively pathway-specific genes. The gene lists them-
selves, without real-biology connectivities explicitly described, simply represent biological path-
ways through the sets of genes named as participating in the biological processes the pathways
play roles in. A core challenge is to assess the signatures against these databases to suggest poten-
tial pathway interpretations. Our focus here is a formal, novel Bayesian approach to this problem.

Identification of this problem led to the non-Bayesian gene set enrichment analysis (GSEA)
method (Subramanian et al., 2005) and follow-on approaches (Newton et al., 2007). These meth-
ods aim to measure aggregate association between a full list of genes ranked by their association
with an outcome - also referred to as a phenotype - and one or more given sets of genes. The
underlying idea is to assess whether or not a specified “pathway” gene set is enriched with genes
that score highly in association with the experimental outcome. Based on non-Bayesian testing and
(sample or gene) randomization methods, these methods tend to lead to false positives, have diffi-
culties in dealing with small sized gene sets, rely on an assumption that pathway database gene lists
are error-free, and are restricted in applications to simple contexts of genes up/down regulated.
On the latter point, we are particularly interested in understanding potential biological pathways
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underlying estimated latent factors applied to observational data sets (e.g. Lucas et al., 2006; Car-
valho et al., 2008; Lucas et al., 2009; Merl et al., 2009) and these existing methods simply do not
apply to the forms of information summaries produced in such analyses.

Our Bayesian probabilistic pathway annotation (PROPA) model presented here addresses these
broader questions. PROPA provides: (a) probabilistic assessments of phenotype-pathway concor-
dance in terms of marginal likelihoods and posterior probabilities; (b) an ability to assessment
of experimental results against many biological pathways simultaneously and in comparison with
each other; (c) adaptation to uncertainties and potential errors in both experimentally defined
gene-phenotype association measures and in biological databases; and (d) a general theoretical
framework that allows the specific method to be extended to incorporate other forms of genomic
data. Item (c) here also leads to an ability to suggest refinements to pathway gene lists. Simulation
and breast cancer genomics examples illustrate these points. A core component of the annotation
analysis involves evaluation of marginal likelihoods in models with high-dimensional parameters.
For this, we develop a novel extension of variational methods (e.g. Jordan et al., 1999; McGrory
and Titterington, 2007) that, in addition to proving extremely effective in the pathway annotation
analysis, is of broad interest and potential use in Bayesian model evaluation.

2 Context and Models

2.1 Notation and Framework

A biological study investigates the changes in gene expression on p genes due to an experimental
factor. We are interested in (a) which genes are related to this factor in terms of the expression
change, and (b) how does this factor relate to known, published gene lists representing annotation
of biological pathways? The experiment leads to measures of association of the genes, in terms
of expression changes, with the experimental factor; these are inputs to annotation analysis. We
define terminology and notation as follows:

e G={1,...,p}, the full list of genes; in human studies, p ~ 20 — 25, 000.
e A pathway is, simply, any specific subset of genes from G.

e F, an unknown list of genes whose expression changes are truly related to the experimental
factor; we call F the factor pathway to give it a definite name.

o Il = {my, g = 1,...,p}, a set of numerical measures of association of each of the genes, in
terms of the expression change, with the experimental factor pathway F.

e A, a generic label for a biological pathway; A is a simply an unknown list of genes. A;, j =
1,...,m, a full set of known biological pathways.

e A, a generic label for a list of genes in a published, annotated biological database, putatively
linked to a true, unknown biological pathway .A. We call A a reference gene list for pathway
A. Aj, j=1,...,m, the set of reference gene lists corresponding to pathways A;.



We use the Molecular Signatures database (MSigDB C2 collection) (Broad Institute, 2007) to obtain
m ~ 1000 reference gene sets A;. These are, of course, incomplete and typically error-prone; A;
provides incomplete and noisy information on the pathway A;.

Based on the expression experiment, II is known data to be used in assessing concordance
of the unknown, underlying experimental factor pathway F with candidate biological pathways

A;, 7 =1,...,m. We do this with models that compute the j = 1,..., m posterior probabilities
P’l“(]: = .Aj|H,A1, tet .. ,Am) X P’I"(f == .Aj|A1, ey Am)p(H|A1, e ,Am,}— = AJ) (1)
Focus here on the likelihood terms p(II|Aq, ..., A,,, F = A;) as j moves across all the pathways;

this is the overall measure from the experimental predictions II that underlies pathway assessment,
and can be applied whatever the chosen values of the Pr(F = A;|A1,..., Ap).

Here IT may include essentially any measures, such as test statistics or other summaries of a sta-
tistical analysis of the experimental data. Different measures should be modelled differently within
the overall framework. Here, our example measures are probabilities of differential expression. In
designed experiments, 7, will be a posterior probability of differential expression of gene ¢ related
to an experimental intervention. In observational studies, 7, will be a posterior probability of a
non-zero regression coefficient or loading on a latent factor in a sparse factor model of expression
data (West, 2003; Lucas et al., 2006; Seo et al., 2007; Carvalho et al., 2008). So 7, € [0,1] and
larger values indicate stronger association with F; typically very many of the 7, will be very small,
while those for genes associated with F will be larger.

2.2 Statistical Model

Focus on a single, generic biological pathway A = A; and its reference gene list A = A;, and
consider relevant statistical models for the core component p(II|A4,. .., A, F = A;).

Model for data IT assuming known pathway membership of genes

We first assume that 7,4, given an associated pathway A and its reference gene set A, is independent
of the other {7 };-,. Note that this does not assume lack of interaction or co-regulation among
genes; that dependence should already be accounted for in the analysis that led to the IT. If 7 = A,
then 7, will likely be higher for g € A than for g ¢ A, suggesting models of the form

(mglg € A, F =A) ~ fi(mg) and (mglg ¢ A, F = A) ~ fo(my) 2)

where fj, f1 are densities on [0, 1] with f; favoring high values of 7, and f; favoring lower values.
A natural choice is beta densities: fi(7) = fi(w|a1) = Be(aq, 1) and fo(7) = fo(m|an) = Be(1, ap)
with o, 1 > 1 (Fig. 1(a)). This picture is consistent with histograms of 7, values generated in
sparse factor analyses (e.g. Carvalho et al., 2008; Wang et al., sent); see Figure 1(b) as an example.
We have explored model robustness to the assumed form in other examples, including simulation
examples, and have no major concerns about the beta forms being overly restrictive, though other



forms will be relevant in analyses with other definitions of II. We use independent reference priors
for the o parameters, viz p(a;.) oc o, Y, 1 < ay, (r=0,1).
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Figure 1: (a) f(m,) is a mixture of fi(7|a1) = Be(an,1) and fo(r|ag) = Be(1, ap); in this example, fo(7g)
is very close to f(m,). (b) Histogram of 7, of thousands of genes from a real expression data analysis.

Model for pathway membership of genes

We do not know which genes are in .4; the reference gene set A provides data. If g € A, that
suggests g € A although g may be a false-positive in the published list. Also, reference gene lists
are subject to revision as new biological information arises, so genes g ¢ A may be members in
future; hence, there may be false-negatives, i.e., genes g € A but g ¢ A.

Introduce indicators zi, ..., %, such that, when 7 = A, 2z, = 1if g € A, and 0 otherwise.
Call z, the pathway membership indicator of gene g. We need probabilities over the z,; A provides
relevant information. Assume conditionally independent Bernoulli models Pr(z, = 1|8,) = 3,4, so
that marginalization of equation (2) with respect to z, yields the implied prior data distribution as
a mixture of fi(my|o) and fo(my|ag) weighted by B, and 1 — j34; see Figure 1(a). To complete the
model requires priors for the 3,, which we take as

(Bylg € A, F = A) ~ Be(dara, ¢a(l —ra)),

3
(Bolg & A, F = A) ~ Be(dprs. 65(1 — r5)), ®

with specified means r4,7p € (0,1) and ¢4, ¢p > 0. Marginalizing over the j3,, we see that r4
is the d priori true positive probability for genes g € A, while rp is the false negative probability
for g € A. Specification of 4 should depend on the expectation of the quality of reference gene
sets. In a pathway gene set database, genes sets are curated from a variety of sources. We adopt a
generic view that a published gene set A is a fairly good representation of the true pathway gene
set A but allow for errors, so take r4 relatively large, e.g., 0.7. For rp, note that the number of
genes in A, typically tens to a few hundreds, will usually be small compared to the full gene list G,
and a reasonable value of 5 should be at least less than the ratio of the number of signature genes



(genes with high probabilities of association with F) to the total number of genes, e.g., 0.005. The
specification of 4 and rp is empirical and to some extent allows flexibility. The impact of 4 and
rp specification is demonstrated in an example below. The ¢ 4 and ¢ constrain the variation range
of the prior for the 3, around these means, and relatively small values provide robustness.

Annotated databases are incomplete and error prone. We can explore this using posterior path-
way membership probabilities for each gene g, namely

T, = Pr(g € Al A, F = A), 4

with respect to the pathway .A. This is exemplified below. In any one example, there may well
be genes known to lie in a specific biological pathway but that are not activated under a specific
experimental condition. Such genes will be treated as false-positive members of a reference gene
set in our model; they may, of course, appear differently under other experimental conditions.

2.3 Marginal Likelihood for Pathway Assessment

We use ag.1, f1:p and z1,, to denote {ag, a1}, {f1,...,0p} and {z1,..., 2}, respectively, extending
the use of this concise notation to other quantities as needed. The full model likelihood p(I1| A, F =
A) can be expressed as

p(II|A, F = A) = / /ﬂ ZE Q0:1, Z1:p) H (24]B9)p(Bg| A, F = A)p(:1)dBrpdegy  (5)
@0:1 g=1

1PZ1

with
p

L(v:1, 21:p) H (mgla1)? fo(mylao)' 2. (6)

We can integrate analytically over 3.y, .1 reducing the computation to summation over the 27
values z1.,; see Section 6.1 where we derive

p(H‘A,j: = A) = ZP(H, zl:p|A>f = -’4) (7)

Z1:p

and where the quantity p(1I, 21.,| A, F = A) can be evaluated at any chosen z;.,. The sum above is
a difficult numerical problem addressed in Section 3.2.

Another reduced form that is theoretically attractive but practically of little value results from
marginalization over zi., and f3;., conditional on «.;, namely

p(IlJA, F = A) 2/ p(Ilag:1, A, F = A)p(ao.1)dag:1 . (8
a0:1

The integrand here can be evaluated, but only practicably when p is small; see Section 6.1.



3 Computation

3.1 MCMC Posterior Simulation

The following conditional distributions are immediate; in each, only the conditioning quantities
required to specify the distribution are mentioned.

First, ap and «; are conditionally independent with truncated gamma conditionals; specifically,
the two distributions are

P P P
Ga a0|z 1—zg), Zl—zg log(1 —my) | , Ga a1|Zzg,—Zzglog7rg ,
g=1 g=1 g=1

subjectto 1 < a,, (r=0:1).

Second, the (3, are conditionally independent with beta distributions Be(ay, b,) depending on
zg. For g € A, aqg = 2y + ¢ara and by = (1 — z5) + ¢pa(1 —ra); for g ¢ A, ay = z4 + ¢prp and
by = (1 — Zg) + (bB(l —7rp).

Third, the z, are conditionally independent with probabilities on z, = 1 of

pg = Bgonmy* [ (Bganmy ~H 4+ (1 = Bylan(l —mg)* ™) .

The posterior pathway membership probability 7 is the posterior mean of p.

Efficient code for this MCMC evidences generally fast mixing and rapid convergence across
many examples. The rather low dependence among the z,, induced by lack of knowledge of the
a1, suggests swift convergence is to be expected even though p &~ 20 — 25, 000.

3.2 Marginal Likelihood Computation: General Strategy

A core methodological issue is the evaluation of the determining marginal likelihood of equation
(5), and sets of such quantities p(Il|Ay,..., A, F = A;j) in the practical context of assessing
evidence for and against 7 = A; for a number or many pathways j = 1,...,m.

In very small, unrealistic examples we can use quadrature methods to compare with other ap-
proximations. We do this in the simulated example in Section 4, simply applying direct quadrature
to the two-dimensional integral form of equation (8). Even with p very small, this method is limited
since it requires evaluation of integrands on the density scale and quickly runs into floating-point
overflow problem. Quadrature is simply not relevant for real applications.

The reduced version of equation (7) has a closed form but involves summing over all 27 val-
ues of z;., so that numerical approximations are needed. Since we use MCMC, then methods of
marginal likelihood computation using MCMC outputs are attractive. Having experimented with
multiple such methods (Newton and Raftery, 1994; Chib, 1995), all found to be inapplicable due to
either the floating-point overflow problem or difficulties in proposing good density functions to ap-
proximate the joint posterior distribution of model parameters, we adapted mean-field variational
methods (VM) (Jordan et al., 1999; Corduneanu and Bishop, 2001; McGrory and Titterington,



2007). The VM approach naturally solves the floating-point overflow problem by using a sum-
mation of logarithmic terms to approximate the log marginal likelihood. Our studies confirm the
utility of this approach, especially in this high-dimensional context. A VM method yields a lower
bound on the target value of the marginal likelihood; our extensions include an upper bound so we
can bracket the actual value.

For any two densities qr,(z21.p), qu(21:p) With the same support as p(z1.p|II, A, F = A), manipu-
lating Jensen’s inequality easily yields

L(qr) <log(p(Il|A, F = A)) < U(qu)

where, for any such density ¢(21.), the quantities

L(Q) = Z Q(lep) 10g[p(n, Zl:p‘Av F = A)/Q(lep)} (9)
and
U(Q) = Zp(zl:p|ﬂ» A7 F = A) log[p(H, Zl:p|A’f = ‘A)/Q(zlsp)] (10)

bound the log marginal likelihood; see Section 6.2 for technical details.

The VM concept is to choose parametric variational densities qr,(z1.,) and qy(21.p) to optimize
these bounds. If each depends on a free parameter that can be varied, the computational problem is
optimizing these variational parameters. The closer a variational density is to p(z1,|II, A, F = A),
the better will be the bound. Mean-field VM methods use factorized variational densities. This is
natural here since the z, have low dependence under the posterior. Thus we use ¢y, i of the form

p
q(21p|71p) = H ’7;9(1 - ’Yg)l_Zg (11)
g=1
where the ~,., are vectors of variational parameters to be chosen.

3.3 Marginal Likelihood Computation: A Variational Method

We refer to the implementation of the above ideas that rely on the MCMC analysis as Monte Carlo
variational approximation. Full details appear in Ji et al. (2009); essential results for the PROPA
model are noted here, with more details in Section 6.2

Upper Bound Optimization: = With ¢y of the form in equation (11), it is trivially seen that
the global minimum value of the upper bound in equation (10) is achieved at vy, = Z1;, =
E(z1,5|I1, A, F = A), i.e., by setting the latent indicators z;., equal to their posterior means. These
means are estimated at values Z;., based on the MCMC output {Zi:]ﬂ i=1,...,1} and the Monte



Carlo approximation to the optimal upper bound is simply

1
U=1") {logp(IL, 2}, |4, F = A) ~logq(+,|71,)}.
=1

This is easily computed and, assuming MCMC convergence, U converges almost surely to the true
global minimum upper bound of the log marginal likelihood.

Lower Bound Optimization:  Existing mean-field, lower bound variational methods typically
build on the Monte Carlo EM algorithm (Celeux and Diebolt, 1992; Chan and Ledolter, 1995).
By combining with a stochastic approximation step, convergence of a stochastic version of EM
was established under mild conditions in Delyon et al. (1999). This inspired the novel variational
method (Ji et al., 2009) that is applied here; full algorithmic details are in Section 6.3.

The global optimizing value of 7., satisfies the set of p equations f,(v1.,) = 0, where for each

g:17""p’

fg(’Yl:p) = Z(zg - ’yg) [1 + log Q(Zl:p|’71:p) - IOgP(H, Zl:p|A7f = A)] . (12)

Z1:p

An iterative procedure successively approximates the solution to these equations using Monte Carlo
and stochastic approximation; the former allows us to estimate f,(vi.,) by Monte Carlo over z;., at
any value of ~1.,, while the latter applies to successively update estimates of the optimizing vector
71:p- As detailed in the Appendix, an iterative algorithm uses these ideas to define a sequence of 71,
vectors that converges with probability one to ~7,, satisfying f,(+7,,) =0, g = 1, ..., p; a finite run of
the algorithm provides an iterative approximation to this optimizing value. By further Monte Carlo
sampling z{ﬁp ~ q(z1p|71)s (h =1,..., H), we can then also evaluate a consistent estimate of the
optimal lower bound,

I
L=H"Y {logp(Il, 2}, |A, F = A) —log q(=1, [77.,)} (13)
h=1

4 Evaluation and Illustrations

A “Small” Simulated Example (p = 18, m = 17) :  In a synthetic example to fix ideas and
demonstrate the marginal likelihood approximation, association probabilities on p = 18 genes (Fig.
2) show that the first five genes are likely members of F, several genes with very low 7, are not
likely to be in F, while four genes with 7, near 0.5 are uncertain. Consider m = 17 biological
pathway reference gene sets, Aq,. .., Aj7, constructed as in Figure 2(a); reference set A; is the first
j genes in the ordered list of 18 genes. Analyses use 74 = 0.8, rg = 0.1 and ¢4 = ¢ = 8.

The log marginal likelihood (shifted and scaled to [0, 1] in Figure 2(b)) increases over j; =
1,...,5 to a peak at j = 5, suggesting pathways A4 and A5 are supported by the data II. This is
consistent with the simulation design in that the first few genes are the signature genes of F, having
high 7, values. The marginal likelihood across the remaining reference gene sets is also reasonable

8
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Figure 2: (a) 7, in the simulated data set with p = 18. Genes in reference set A; are genes 1,..
j=1,...,17. (b) Log marginal likelihood for each of the 17 pathways A;.

., j for each

given the values of the w,. Figure 2(b) shows that the Monte Carlo variational upper and lower
bounds agree well with the exact marginal likelihood values and quadrature based approximations
using equation (8). In this “tiny p” example, exact and quadrature computations are feasible, and
demonstrate the accuracy of the upper and lower bound approximations. The spread between
upper and lower bounds are small on the log likelihood scale (~ 0.05 — 0.2) and certainly good
enough to distinguish the different pathways/models.
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Figure 3: Pathway .As membership evidence for each gene g, in terms of log base 10 Bayes’ factors
for:against g € Ag, in analysis of simulated data with p = 18.

The MCMC provides estimates of posterior pathway membership probabilities 7 of equation
(4) to aid false-positive/false-negative assessments. Focus on pathway .As; reference set Ag is
exactly the first 8 genes. For each g and each reference gene set, compute 7; and convert to the
corresponding evidence dB scale, i.e., the log base 10 Bayes’ factors on g € Ag versus g ¢ As; see
Figure 3. Genes in Ag but with low 7,, and genes not in Ag but with high 7,, might be regarded
as false positives and false negatives, respectively. Gene ¢ = 6, a member of gene set Ag, has



membership evidence close to —20dB, strongly suggesting it is not a member of the true pathway
As (false positive). Gene 13 is not a member of Ag, but it has membership evidence greater than
10dB, which is substantial evidence that this gene is in fact a member of Ag (false negative).

Marginal Likelihood Approximation with Real Data: “Large” p = 19,645: With realistically
large p, the convergence of the iterative lower bound optimization can be slow. A slight modifi-
cation of the bounding approach to address this is a compromise strategy with a pseudo-optimal
lower bound; specifically, a bound as in equation (13) but now with ~7, , replaced by z1.,, the MCMC
posterior mean of z1.,,. This uses the same variational density as in the optimal upper bound ap-
proximation. The rationale is that, when the factorized density ¢ is a good approximation of the
posterior for z.,, the optimal variational densities for upper and lower bounding will be similar;
this has been seen in multiple examples. The pseudo-optimal lower bound is always less than the
optimal, but is massively more attractive computationally when p is large.

We demonstrate this with real data on p = 19,645 genes and with m = 15 pathways whose
reference gene sets come from the MSigDB C2 collection. The II are probabilities of association
between genes and a gene expression signature representing genes related to the responses of
human mammary epithelial cells to lactic acidosis (Chen et al., 2008; Merl et al., 2009) . Analysis
assumes r4 = 0.7, rg = 0.005, p4 = 8 and ¢p = 3. Figure 4(a) shows upper and pseudo-optimal
lower bounds of log marginal likelihoods for the 15 pathway gene sets. The distances between
pairs of bounds are clearly small enough for practical usage; see Figure 4(b).
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Figure 4: (a) Upper and quasi-lower bounds of log marginal likelihoods for each pathway j = 1:m,m = 15
in study with p = 19,645 genes. (b) Upper minus lower bound for each pathway j = 1: 15.

5 Applications to Hormonal Pathways in Breast Cancer Genomics

5.1 ER Pathway

About two-thirds of diagnosed breast cancers show over-expression of ER, the estrogen-receptor
gene. ER status (high/low) is a key prognostic factor in breast cancer (Deroo and Korach, 2006;

10



Moggs and Orphanieds, 2001). Our prior study of 153 primary breast tumor samples (Carvalho
et al., 2008) records expression data and protein assay-based ER+/— status from immunohisto-
chemical (THC) staining. Analysis using BFRM (Wang et al., 2007) generated association probabili-
ties IT = 7., as well as the sign of association between expression and ER+/— status for p = 8, 764
genes (unique Entrez gene IDs). The 74, displayed in Figure 5(a), show that a substantial num-
ber of genes apparently associate with the experimental factor pathway F, here known to be ER
related. Figure 5(b) shows PROPA upper and pseudo-optimal lower bounds on log marginal likeli-
hoods for the m = 956 MSigDB pathway gene sets. For some pathways, the distance between upper
and lower bound is too large to reliably estimate the log marginal likelihood; for most of the top 20
or so pathways, however, the difference is very small and hence the evidence is reliably evaluated.
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Figure 5: Breast cancer ER status study. (a) Histogram of association probabilities 7,. (b) Log marginal
likelihood upper (o) and lower (x) bounds for pathway gene lists j = 1 : 956 sorted in decreasing order; the
line demarks the “top 20” pathways.
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Figure 6: Breast cancer ER status study. Histograms of 7, for g € A; and g € A;s of Table 1. Gray/white
indicates genes whose expression levels are positively/negatively correlated with ER status, respectively.
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RANK  PATHWAY SIZE Log(ML): UB Log(ML): LB UB-LB

1 BRCAER NEG 692 1120.36 1120.01 0.35
2 BRCAERPOS 380 1001.61 1001.35 0.26
3  FLECHNER KIDNEY TRANSPLANT REJ/UP 81 785.59 785.51 0.08
4  LEE TCELLS2 UP 712 779.05 778.95 0.10
5 CARIES PULP UP 186 771.46 771.0 0.46
6  BRCA PROGNOSIS NEG 69 769.95 769.85 0.10
7  SERUM FIBROBLAST CELLCYCLE 83 763.65 763.51 0.13
8  CANCER UNDIFFERENTIATED META UP 65 760.71 760.57 0.14
9  VANTVEER BREAST OUTCOME/DOWN 58 758.1 757.98 0.12
10 FRASORER UP 29 757.88 757.85 0.03
11  CARIES PULP HIGH UP 83 757.51 757.32 0.20
12 IRITANI ADPROX VASC 146 755.68 704.48  51.20
13  UVB NHEK3 C7 50 753.38 753.35 0.03
14 LIFETAL VS WT KIDNEY DN 157 753.0 752.43 0.56
15 VANTVEER BREAST OUTCOME/UP 20 752.86 752.8 0.06
16 ZHAN MM CD138 PR VS REST 26 752.31 752.26 0.08
17 GREENBAUM E2A UP 25 752.31 752.23 0.05
18 BREASTCA TWO CLASSES 122 752.01 710.08  41.92
19 BRCA PROGNOSIS POS 26 751.88 751.85 0.04
20 MIDDLEAGE DN 13 751.5 751.47 0.04

Table 1: Summary of top ER-related pathways identified by PROPA

Table 1 summarises the top 20 pathway gene sets. The first two are breast tumor ER—/+
signatures defined by experimental microarray studies in Van’t Veer et al. (2002), clearly validating
the PROPA results. PROPA identifies several other pathway gene sets with defined links to breast
tumor ER status. Patients with ER— tumors generally have poorer prognoses than those with
ER+ tumors, and there are several well-known risk-related signatures linked to this that involve
intersecting gene sets (Van't Veer et al., 2002; Maynard et al., 1978); these are well-represented
among the highly scoring pathway gene sets, including Ag, Ag, A15 and A9 in Table 1. Further,
ER— breast tumors tend to be less well differentiated that ER+s, consistent with the novel PROPA
identification of the undifferentiated cancer signature Ag. Figure 6 shows histograms of the 7,
for g € Ay and g € A;s. Genes in A; have expression associations with ER that are generally
concordant, while those in A;g are heterogeneous. Unlike PROPA, existing annotation methods
such as GSEA have difficulty dealing with the latter cases. Gene set A;g is clearly ER related, linked
to a signature that discriminate between BRCA1 and BRCA2 forms of hereditary cancers (Hedenfalk
et al., 2001). The relationships between ER and BRCA are complex and as yet poorly understood;
the heterogeneity of the 7, in this case are symptomatic of this.

5.2 ErbB2 Pathway

ErbB2 is an epidermal growth factor receptor for which high levels of activity represents a substan-
tial cancer risk factor. About 20-25% of breast cancers have over-expression of ErbB2, primarily
due to gene amplification; this is the major cause of ErbB2 pathway deregulation in breast cancers
(Ménard et al., 2003; Badache and Goncalves, 2006). Immunohistochemistry assays of protein
levels measure ErbB2 status (+/—) on 146 of the primary breast tumor samples in (Carvalho et al.,
2008) together with expression data. Analysis using Bayesian factor regression modelling method
(BFRM) (Wang et al., 2007) generated posterior probabilities II = .,, as well as the sign of
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association between gene expression and ErbB2 status for the set of p = 8, 764 unique genes cor-
responding to Entrez gene IDs. The 7, are displayed in Figure 7(a) and show rather few genes are
associated with the experimental factor pathway F, here known to be the ErbB2 related. We re-
curated the MSigDB gene lists to align with gene names based on the Entrez human gene database.
Since the database does not include signatures explicitly linked to ErbB2, we curated two addi-
tional gene sets from the literature: first, a molecular portrait set of several genes in chromosome
17 linked to ErbB2 over-expression related to amplification (Perou et al., 2000; Sgrlie et al., 2001);
second, genes differentially expressed with-versus-without over-expression of the ErbB2 protein
measured in data from tumors and cell lines, from Bertucci et al. (2004).
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Figure 7: Breast cancer ErbB2 status study. (a) Histogram of association probabilities 7. (b) Log marginal
likelihood upper (o) and lower bounds (x); pathways are sorted in order of decreasing upper bound and the
vertical line indicates the top 6 pathways.

PROPA generated upper and pseudo-optimal lower bounds on log marginal likelihoods for each
of the 958 gene sets appear in Figure 7(b). The decrease in marginal likelihoods notably diminishes
after the first four or five pathways, suggesting stronger evidence of association between these few
pathways and ErbB2. These pathways (Table 2) include the two ErbB2 signatures, ranked 1 and 4.
These two curated gene sets are also identified by GSEA in the top “up-regulated” list but are ranked
4 and 6 by GSEA. Random set-based methods just fail to identify these two gene sets. The small
numbers of genes in these sets limits GSEA and random set methods. In contrast, PROPA generally
demonstrates good sensitivity and specificity when transcriptional evidence of phenotype-pathway
association is relatively weak in the sense of small numbers of genes in the reference gene lists.

Table 3 gives information on the ErbB2 molecular portrait reference gene set A;. This includes
pathway membership inference via the 7 values and their corresponding log Bayes’ factors as well
as the initial 7,. Six genes in the chromosomal regions 17q11-q12 and 17q21 have relatively high
probabilities 7, of positive association with the experimental breast tumor ErbB2 factor pathway F.
The posterior membership probabilities of these genes confirm their membership in the molecular
portrait biological pathway .A;. The other three genes with relatively low association probabilities
are inferred by PROPA as false positive genes. Notably, gene MMP15 is located at 16q13-q21. It
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RANK  PATHWAY SIZE Log(ML): UB Log(ML): LB UB-LB
1  ERBB2 overexpression cluster genes 9 3026.53 3026.29 0.24
2  HUMAN TISSUE KIDNEY 11 3014.87 3012.41 2.46
3 CROONQUIST IL6 STARVE UP 31 3012.64 3012.59 0.05
4  ERBB2 gene expression signature 24 3009.77 3009.73 0.04
5 HDACI COLON CUR16HRS DN 8 3008.42 3007.66 0.76
6 MMS HUMAN LYMPH LOW 4HRS DN 16 3007.84 3007.81 0.03

Table 2: Summary of top ErbB2-related pathways identified by PROPA

was included in the ErbB2 portrait gene set by a gene clustering analysis based on microarray
data; we conclude that MMP15 should not be designated a member of the ErbB2 pathway. Several
others genes not listed (G6PC, ERAL1, OMG, RPL19, CRKRS) are located in the regions 17q11-q12
and 17qg21, and each has positive correlation with ErbB2 status. The Bayes’ factors for pathway

membership on these genes are greater than 34 dBs, indicating very strong if not decisive evidence

for these genes being false negatives, i.e. they are members of the ErbB2 pathway:.

g SYMBOL DESCRIPTION GENEID CHR. LOC. g n; Log(BF) CORR.
1 STARD3 START domain containing 3 10948 17qll-ql2 0.99 1.00 10.07 +
GRB7 growth factor receptor-bound pro- 2886 17ql2 0.99 1.00 10.07 +
tein 7
3 THRAP4 thyroid hormone receptor associ- 9862 17q21.1 0.96 0.99 6.09 +
ated protein 4
4  ERBB2 v-erb-b2 oncogene homolog 2 2064 17ql1l.2-q12 094 0.99 4.34 +
5 TRAF4 TNF receptor-associated factor 4 9618 17ql1l-q12 0.90 0.92 1.60 +
6 FLOT2 flotillin 2 2319 17qll-q12 0.88 0.72 0.12 +
7  PCGF2 polycomb group ring finger 2 7703 17ql2 0.57 0.00 —16.19 +
8 MMP15 matrix metallopeptidase 15 4324 16ql3-q21 0.34 0.00 —30.78 +
9 SMARCE1 SWI/SNF related regulator of 6605 17q21.2 0.21 0.00 —42.19 —

chromatin

Table 3: Genes in the ErbB2 molecular portrait gene set

6 Theoretical and Algorithmic Details

6.1 PROPA Model Marginal Likelihood

Refer to the marginal likelihood function shown in (5). Integrating out 3;., and «g.; results in

)

Tg

1—my

P Zg /1 — 1—2z4
P(IL, 21| A, F = A) = (I, 21,) [ (7“,4) <m>
g=1

where

-1

C(H’ Zl:p) = ’Yl:p(Vl)’)/l:p(VO))‘l
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P P P P

withvy = 3 25, 0= > (1 —29), M = — > (2glogmg), Ao = — > (1 — 24) log(1 — m,), and where
g=1 g=1 g=1 g=1

U are gamma cdfs. Then the marginal likelihood is

p(IA,F = A) =) p(IT, 21| A4, F = A),

Z1:p

where each summand can be evaluated.
The alternative expression derived by summation over the z;., and integration over (3., condi-
tional on ag.1 is

p(IA, F = A) / p(Iaga, A, F = Ayp(aos )daos

@0:1

where

p
p(H‘QOZLAaf - A) = Hp(ﬂg‘QO:l,A,f = .A)
g=1

The terms here are

rafi(mglar) + (1 —7ra) fo(mglan), g€ A,

p(7T9|Oéo:1,A,f: .A) =
rpfi(mglar) + (1 —rp)fo(mglaw), g ¢ A.

6.2 Marginal Likelihood Upper and Lower Bound Theory

For model M and data D, marginal likelihood in a general form is
p(DI) = [ (0. DIM)a0,

with 0 = {6,,...,0x} € © representing model parameters. In PROPA, data D is II, model M is
specified with A, 7 = A, and parameters are z;., in the reduced form.

For any density function ¢(6;~) parameterized by v = {v1,...,7s} € I' and with the same
support as the posterior for 8, p(6|D, M), Jensen’s inequality

p(0, D|M)
q(0;7)

provides a lower bound for log marginal likelihood. Maximization of this lower bound corresponds

log p(D| M) > / 4(6:7) log a0
(C]

to minimization of the Kullback-Leibler divergence of model parameter posterior density p(0|D, M)
from the variational density ¢(6; ).
If q(0;~v) = p(0| D, M), we can rewrite

logp(DIAM) = | p(6]D. M) logp(D,6M1)d0 ~ | p(6]D. M) Lo p(6]D. )<
(C] C]
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Combining this expression with Gibbs’ inequality

- / p(8]D, M) log (8D, M)d6 < — / p(81D, M) log g(6; 7)d6
(S] (C]

leads to

(6, DIM)

p
log p(D|M S/pHD,Mlo de,
ep(DIM) < [ p(oip a0 100 2

which provides an upper bound on the log marginal likelihood.

6.3

Monte Carlo Variational Algorithm

The Monte Carlo variational method using stochastic approximation to generate estimates of the
lower bound of marginal likelihoods in the PROPA model has the key steps below. The resulting
algorithm is easy to implement, and its convergence can be guaranteed as described, in more
general contexts, in Ji et al. (2009). In essentials here, it is first easy to see that the global,

lower bound optimizing value of ~,., satisfies fy(v1,,) =0, g = 1,...,p for the function defined in
equation (12). The method is based on the observations that:

1.

fe(v1p), g = 1,...,p is an expectation with respect to 21, ~ ¢(21:p|71:p). Monte Carlo aver-
aging can efficiently estimate this expectation at any value of v;.,; in our model this simply
involves generating repeat Monte Carlo sample of p independent Bernoulli variates; and

. the resulting Monte Carlo estimate of f;(y1.), g = 1,...,p can be used to derive updated

values of 71, using stochastic approximation (Robbins and Monro, 1951).

The algorithmic implementation of these ideas is as follows:

Begin at iterate ¢ = 0 with values of 1., = Z.,, the approximate posterior means from the

MCMC posterior sample.
At any later iterate ¢ > 1 based on current values fyi
t—l)).

p )

t=1) t d le of
- R genera € a random samp eo Zl;p

from q(z1|
Compute the implied Monte Carlo estimate of fét_l)(vﬁg 1)), g = 1,...,p replacing the sum
in equation (12) with the Monte Carlo average over the samples of z.;

Update via the stochastic approximation form

1D =AY 4 sO D ()

where s(*) is a chosen sequence of weights whose sum over ¢ > 1 diverges but for which the
sum of squared values is finite, e.g., s) = ¢/t for some constant ¢ > 0.

This is an example of a general algorithm for which it can be shown (Robbins and Monro, 1951;
Ji et al., 2009) that ’y&)) converges with probability one to +7,, satisfying fy(+7,) =0,9=1,...,p,
providing an iterative approximation of the lower bound optimizing value. Terminate the iterates
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at some finite step assuming 73, ~ fyg

from q(21,5|77,,), and then evaluate the Monte Carlo estimate of lower bound

, draw a final, large Monte Carlo sample z{ﬁp, (i=1,...,H),

I
L=H"Y {logp(IL, 2], |A, F = A) —log q(z},|77,,) }-
h=1

This is a consistent estimate of the optimal lower bound assuming the stochastic approximation
estimate has converged (Ji et al., 2009).

7 Summary Comments

PROPA is a formal, fully Bayesian framework for matching experimental signatures of structure or
outcomes in gene expression — represented in terms of weighted gene lists — to multiple biological
pathway gene sets from curated databases. In the setting here, gene weights are explicit gene-factor
phenotype association probabilities. The analysis delivers estimated marginal likelihood values over
pathways for each factor phenotype, allowing quantitative assessment and ranking of pathways
putatively linked to the phenotype as well as gene-specific posterior membership probabilities. We
develop a novel Monte Carlo variational method for estimating marginal likelihoods for model
comparisons, and evaluate and illustrate the model with simulated and cancer genomic data.

For the future, there is a key need for improved quality of biological pathway databases, an
area that PROPA can contribute to as we have exemplified. Open methodological issues include
specification of model priors across pathways, and the use of alternative, multiple numerical sum-
maries of the relationships between genes and experimental phenotypes. Advances in these areas
will enhance the contributions of Bayesian reasoning in biological pathway studies. Software for
practitioners is also key; current PROPA code, with examples, is freely available at the url below.
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