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Summary We consider the problem of semiparametric Bayes joint modeling of predictors
and a response variable, with a particular emphasis on functional predictors. Parametric
models for the predictor and response are coupled through a joint distribution for subject-
specific predictor and response coefficients. This joint distribution is assigned a flexible mix-
ture prior, which allows the response distribution within predictor clusters to be unknown.
Marginalizing out the random atoms and random weights, we obtain a useful closed form
bivariate predictor rule. To avoid label ambiguity and accelerate computation, we propose
a combined sequential updating and Gibbs sampling algorithm for posterior computation.

The methods are applied to data on weight gain during pregnancy and birth weight.
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1. Introduction

This article focuses on flexible inferences on the relationship between a predictor and a
response, with a particular emphasis on functional predictors. The goal is to limit parametric
assumptions, allowing the distributions of the predictor and response to be unknown and to
have a flexible dependence structure. In addition, for ease in interpretation and presentation
of results, it is desirable to estimate predictor clusters along with response distributions
specific to these clusters.

As motivation, we focus on a study relating the functional predictor: weight gain during
pregnancy to the response: gestational age-adjusted birth weight. Clinicians and reproduc-
tive epidemiologists are interested in assessing how the birth weight distribution for full term
pregnancies varies for women having different weight gain trajectories. In order to simplify
clinical recommendations, it is useful to group women into different weight gain trajectory
clusters, with the birth weight distribution possibly differing across clusters. The tails of
the response distribution, corresponding to small and large for gestational age babies, are
particularly important clinically. To capture changes in tail behavior, it is important to
allow the response distribution to change flexibly across weight gain clusters.

Latent class trajectory models have been increasingly used in functional data analysis.
For example, the approach of Jones, Nagin and Roeder (2001) characterizes functional data
using a polynomial curve, with subjects having identical regression coefficients grouped into
clusters. This approach can be implemented in SAS using Proc Traj (Jones and Nagin, 2007).
Muthén (2004) proposes an alternative approach, which allows variability in trajectories
among subjects in a trajectory cluster. James and Sugar (2003) instead characterize curves
as linear combinations of basis functions, with subjects having similar basis coefficients
clustered together. These methods can be used for joint modeling of functional predictors
with a response by including the latent trajectory cluster index as a categorical predictor

in the response model (Jones and Nagin, 2007). To select the number of latent trajectory



classes, the BIC is commonly used.

These approaches are quite appealing in dramatically reducing dimensionality in char-
acterizing the relationship between an infinite dimensional function and a response, while
facilitating inferences. Although a clear simplification of the data, it is nonetheless of interest
to examine the trajectories in the different clusters and to assess how the response distribu-
tion varies across these trajectory clusters. That said, we have encountered an important
pitfall in applying latent class trajectory models in applications relating time-varying pre-
dictors to pregnancy outcomes, such as gestational age and birth weight. The problem arises
when one makes parametric assumptions about the trajectory cluster-specific response dis-
tributions. For example, for a continuous outcome, such as birth weight, a common strategy
would be to assume that the response is normally distributed across subjects within a trajec-
tory cluster, with the mean varying across clusters. As discussed in Section 2.1, we find that
the performance is quite sensitive these assumptions, with violations leading to inflation of
the number of functional clusters and misleading inferences about cluster-specific response
densities.

To address this problem, we propose a Bayesian approach that allows the trajectory
cluster-specific response densities to be unknown and varying flexibly across clusters. For
recent articles on Bayesian functional clustering, refer to Ray and Mallick (2006) and Heard
et al. (2006). Related to the method of Ray and Mallick (2006), Bigelow and Dunson (2007)
proposed to express the curves using a spline basis, with subject-specific basis coefficients
assigned a Dirichlet process (DP) prior (Ferguson, 1973; 1974). This approach automatically
groups the subjects into an unknown number of trajectory clusters, while allowing for uncer-
tainty in the clustering process. For joint modeling, one can instead assign a DP prior to the
joint distribution of the basis coefficients and a location parameter in the response model.
The result is a semiparametric Bayes version of the latent class trajectory methods cited

above. Unfortunately, such an approach still assumes that the trajectory cluster-specific



response distribution follows a parametric form, with only a location parameter varying.
Hence, the results are still quite sensitive to violations of these assumptions.

A primary limitation of the above latent class trajectory models is the restriction that
predictor (trajectory) and response clusters are fundamentally the same entity, so that a sub-
ject assigned to a particular predictor cluster is automatically assigned to the corresponding
response cluster. We propose an enriched formulation in which predictor and response clus-
ters are separate, with a subject’s allocation to a given predictor cluster informing but not
constraining that subject’s assignment to a response cluster. We develop this approach
by starting with a semiparametric Bayes hierarchical model, which produces a dependent
bivariate clustering structure upon marginalization. Posterior computation relies on a com-
bined sequential updating and greedy search (SUGS) (Wang and Dunson, 2007) and Gibbs
sampling algorithm.

Section 2 proposes the nonparametric joint model and derives the prediction rule. Section
3 describes the algorithm for posterior computation and inferences. Section 4 applies the

methods to the weight gain and birth weight data. Section 5 discusses the results.

2. Semiparametric Joint Modeling

2.1 Dirichlet process mixture model

For subject i (i = 1,...,n), let f; : 7 — R denote a functional predictor and let y; denote
a response variable. In our motivating application, 7 is a Borel subset of R*. However,
the methods apply to very general choices of 7', including continuous and discrete domains
with or without bounds. Our interest focuses on assessing the relationship between f; and
y; using the data {x;,y;}1—,, where x; = (2;1,...,%;0,) and z;; = fi(t;;) + €, with t;; € T
the time (or location) of measurement j on subject i, j = 1,...,n;, and €; ~ N(0,7,").

We focus on the following semiparametric hierarchical model:

Yi ~ N(Mi’Ty_l)v



zij ~ N(filty), 7. "), j=1,...,n,
for i = 1,...,n. Dependence between the functional predictor, f; € €, and the response,

y; € R, is characterized through the probability measure Q. We assume that €2 is the linear

span of the basis functions {b,}?,_;, so that any function f; € 2 has the basis expansion:

P
= Bimbn(t), VteT, (2)

m=1
where 3, = (8i1,...,0ip) are subject-specific basis coefficients. Using this form, we have

fi(tij) = bi;8;, where bi; = (b1, ..., byp)" and bijm, = by (tij).

To characterize heterogeneity among subjects while accommodating dependence between
fi and y;, we let 8; = (3., ;)" ~ P, with P a probability measure on (R?™!, B), where B
is the Borel o-algebra of subsets of #**!. Note that @Q is induced through specification of
P. Bigelow and Dunson (2007) proposed letting P ~ DP(alB,), with DP(aF,) denoting
the Dirichlet process with precision parameter o and base measure Fy. From Blackwell and

MacQueen (1973), the DP prior implies the following prediction rule:

[0
0, ~ P, (9|91,...,91_1)~(a+1_1) 0+Z( +2—1>50 (3)

where §y is a measure concentrated at 6. This results in the n subjects being allocated to
k < n unique values 8" = {07, ...,60;}. Subjects in cluster h have coefficients 8} = (8}, i)',
with f;(t) = b(t)'3], the cluster-specific functional predictor and u} the cluster-specific mean.

Although we obtain a highly flexible model in applying (1)-(2) with a DP prior on the
distribution of the subject-specific parameters 6;, there are drawbacks to this specification,
which requires clusters in the functional predictor and response to be identical. To illustrate
the problems that can arise, first suppose that the functional predictor is not informative
about the response distribution. In this case, clustering will be driven by both variability

in the functional trajectories and lack of fit in the Gaussian distribution for the response. If
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the response is Gaussian, the model will tend to be inefficient in unnecessarily introducing a
different mean for each functional cluster. If the response is non-Gaussian, the tendency will
be to induce more clusters than are necessarily to explain the variability in the functional
predictor. This leads to difficulty in interpretation. In Section 2.2, we propose an alternative

that allows separate, but dependent, clustering in the functional predictor and response.

2.2 Joint partitioning
We start by considering the following hierarchical model for the subject-specific basis coef-

ficients:

H
e’ (67 x 10
B, ~ P1:E 7Th5/62, 7r:(7r1,...,7TH)’~D1r1<H,...,H), hr\qP()l, (4)
h=1

which implies P, ~ DP(aPy;) in the limit as H — oo (Ishwaran and Zarepour, 2002). Note
that this model can be equivalently expressed in hierarchical form as 3, ~ ¢ B with ~; ~
S H  7n6,. Here, v; € {1,..., H} is an integer indexing the predictor cluster membership
of subject 7. In order to allow the response distribution to change flexibly across predictor

clusters, we then let

L ..
(nilvi=h) ~ Py = thléu% i S Poo,
=1

v = (Un1,-- ) ~ (1= )0y + vy,
ii A A
vy i D1r1<L,...,L), h=0,1,...,H, (5)

which implies that Py, ~ (1 — )Py, + ¢ Py, with Pj, ~ DP(APy) independently for
h=0,1,..., H in the limit as L. — co. As L — oo the mixture distribution for the response
model parameters is assigned a mixture of a global DP component, Pj,, and a component
specific to predictor cluster h, P;,. For additional flexibility, we choose a beta hyperprior for
1. This mixture form is related to that proposed by Miiller, Quintana and Rosner (2004) for
borrowing information from related studies. However, in their setting ; was a known study

index instead of an unknown cluster index.



Note that (5) can be expressed in hierarchical form as p; ~ . with (¢ |7 = h) ~
SF  vwé, where ¢; € {1,..., L} is a response cluster index. Clearly, the allocation of
individuals to response clusters will depend in part on the predictor cluster allocation. In
order to obtain insight into this clustering process, we use (4) and (5) as starting points in
deriving a prediction rule, focusing on the limiting case as H, L — oc.

With this goal in mind, we start by introducing some additional notation. In particular,
let B*(0~1 = = {B;};=] denote the r;_; unique values of B3,...,8;_; in the order that they
appear, and similarly let p*( = {u;};=)' denote the s;_; unique values of gy, ..., ;1
in order of appearance. Let v; = h if B, = B} index membership of subject i in predictor
cluster h, ¢; = [ if u; = pj index membership in response cluster [, and §; = h denote that
iy is an atom from Pj,. As will become clear, two subjects ¢ and ' having v; # 7 can have
¢; = ¢ if both subjects are assigned to the same atom within the global component Fs.
Let w,f 2 Z | 1(;,=n) denote the number of subjects among {1,...,i — 1} in predictor
cluster h, and n!"~ - >>"_1 L(g;=1) denote the number of subjects among {1,...,7 — 1} in

response cluster /.

Theorem 1. Assuming (4) and (5), we obtain the prediction rule

ity -y (=i /K) /K +wy Y )
(B: 18 YY) ( ati—1 Po1+hz_:1( po— )618h (6)

noting that B, is conditionally independent of SU=1, p*i=1 =1 In addition,

(13 | SED, =D =D (@) g0y
N { (L= ML = 55 Lis=0)/L | $ML =51 1sl:7i>/L} b
A 25 sy At i smpgnt VS
S (o DlsmnW L0 ") | Pl ML+ ") b7
20 Ay 1<st:om§“” A S0 gt

Expression (6) is a straightforward consequence of model (4) and properties of the Dirichlet

distribution. Closely related forms are well known. Expression (7) follows from expression
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(5) using a similar approach to that used in deriving (6), taking care to keep track of the
component from which each atom is drawn.
Note that in the limiting case as K — oo, expression (6) simplifies to the Blackwell and

MacQueen (1973) Polya urn scheme, while for L — oo (7) becomes

(g | SU7, =D, =) 40, 3
1—Y)A A
~ { s(i,l ¥) —n T si,lw (-1 }P02
A+ 250 Lis=omny A 250 Ls=nm
Si_ i—1 1—1
N Zl{ (1= ) Ls—om) | ! L Pls=n + ) }5 N (8)
DS L™ A S gt T

The prediction rule (6)-(7) provides insight into the joint clustering process for predictors
and response. Due to exchangeability of the subjects, we can obtain a simple form for the
conditional and unconditional probabilities of allocating subjects ¢ and j to the same response
component given their predictor allocation. The conditional prior probability of response

clustering for ¢ and j is

AL+1

ﬁ{@m(m:w) + (1 =)}, (9)

Pr(p; = pj |7, 75) =

while the marginal prior probability is

ML+ 1{¢2(a/K +1)

Pr(us = py) = G { T (1= 02 (10)

Hence, in the limit as ¢ — 0, Pr(p; = p;) = (A\/L +1)/(A + 1) and predictor and response
clustering occur independently. In the limit as ¢ — 1, Pr(p; = p;) = 0 if subjects i and j
are not in same predictor cluster, and otherwise Pr(y; = pj) = (A\/L +1)/(1 4+ A). In the
limiting case as ¢» — 1 and A — 0, one obtains the same clusters of subjects for the predictor
and response component. Taking ¥ — 1, A — 0, K — oo, we obtain the DP for P described
in Section 2.1.

By allowing within-subject dependence in the allocation to predictor and response clus-

ters, the conditional distribution of the response given predictors is allowed to vary flexibly.
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As noted in Section 1, typical latent class joint models assume a parametric form (e.g., Gaus-
sian) for the conditional distribution of the response given the predictor cluster. In contrast,
our proposed specification characterizes the conditional response distribution within a pre-
dictor cluster as a (potentially infinite) mixture of parametric models, with the mixture

distribution distribution changing flexibly across the predictor clusters.

2.3 Chinese restaurants for famailies

A Chinese restaurant metaphor is often used as an aid in understanding the DP prediction
rule and alternative prediction rules arising from a species sampling sequence. Under the
Chinese restaurant process (CRP) (Aldous, 1985; Pitman, 1996), customers arrive sequen-
tially at a restaurant with infinitely many tables, each of which can seat infinitely many
individuals. The first customer is seated at the first table, and as additional customers
arrive, they are either assigned to an occupied table or to an empty table. For the ith cus-
tomer, the probability of assignment to an empty table is a/(av+ — 1), while the probability
of assignment to the jth occupied table is n;;/(a + ¢ — 1), with n;; denoting the number
of customers at table j when individual ¢ arrives. The CRP allocates customers to tables
according to the DP(aFy) prediction rule in (3), with the individuals at table j sharing a
dish 67 sampled from 7.

This metaphor can be generalized to describe the process of Section 2.2 in the limiting
case as K, L — oo. Suppose families arrive at a Chinese restaurant sequentially and are
assigned to tables by a typical CRP with parameter o, with parents at table j sharing a dish
B; sampled from Fy;. Now, suppose that there are bags containing infinitely many games
at the front of the restaurant and at each of the tables. When a family arrives, the children
choose a game to share, either from the bag at the front (with probability 1 — ) or the bag
at their table (with probability /). The first group of siblings to sample from a bag is given

the first game in the bag, while the ith group of siblings to sample from a bag is given a



new game with probability A/(A+14 — 1) and otherwise joins a game already drawn from the
bag with probability m;;/(A+i— 1), with m;; the number of earlier children assigned to the
same game. Games are generated independently from Fy,.

In our metaphor, the predictors are represented by the parents, with the predictor clus-
ters the tables, and the dishes the parameter values specific to a predictor cluster. In
addition, the responses are represented by the children, with children assigned to the same

game belonging to the same response cluster.

3. Posterior Computation

3.1 Gibbs sampling

For Dirichlet process mixture models, posterior computation typically relies on Gibbs sam-
pling, either marginalizing out the random measure using the Pélya urn scheme (Escobar,
1994; Bush and MacEachern, 1996) or approximating the measure by truncation (Ishwaran
and James, 2001). The efficient Pdlya urn Gibbs sampler proposed by Bush and MacEachern
(1996) can be generalized by relying on the bivariate prediction rule in (6)-(7). However,
we encountered two problems in implementing Gibbs sampling algorithms in our motivating
application. The first is that Gibbs sampling is extremely computationally intensive, with
computation increasing substantially as the number of subjects and observations per sub-
ject increases. The second problem is label switching in which the meaning of the clusters
varies across the samples. We first addressed this problem using the Stephens (2000) post-
processing approach. However, this added considerably to the already substantial computa-
tional burden. In order for the method to be practical to implement routinely, dramatically

faster alternatives are needed.

3.2 Combined sequential updating and Gibbs sampling
For DPMs a variety of alternatives to MCMC have been proposed, including iid sequen-

tial importance sampling (SIS) (MacEachern, Clyde and Liu, 1999; Quintana and Newton,
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2000; Ishwaran and James, 2003), partial predictive recursion (PPR) (Newton and Zhang,
1999; Tao et al., 1999), variational Bayes (VB) (Blei and Jordan, 2006) and sequential
updating with greedy search (SUGS) (Wang and Dunson, 2007). The SIS approaches are
still computationally expensive, so will not be considered further. Both PPR and VB rely
on approximations to the posterior having unknown accuracy, and there is evidence that
VB results in underestimation of posterior uncertainty for mixture models (Wang and Tit-
terington, 2005). In addition, we have observed VB results for DP mixture models to be
highly sensitive to starting values due to the use of an EM algorithm in approximating the
multimodal posterior.

The SUGS algorithm sequentially updates the prior by adding subjects one at a time,
selecting the cluster that maximizes the conditional posterior model probability. This results
in a greedy stepwise search for a good partition of subjects into clusters, while only requiring
a single cycle of computation for each subject. For conjugate priors, the exact joint posterior
distribution under the selected partition model is available in closed form. An unappealing
property of the SUGS algorithm, which is shared by most stepwise selection procedures and
by PPR, is order dependence. However, order dependence can be removed by repeating
the procedure for random reorderings and choosing the partition resulting in the highest
predictive likelihood (Wang and Dunson, 2007).

We propose a combined SUGS and Gibbs sampling algorithm, with sequential updating
used to choose the partition of subjects into functional predictor clusters and Gibbs sampling
used for posterior computation of the predictor cluster-specific response densities. We start

by introducing an infinite sequence of predictor clusters, {3, }7° ;. The posterior distribution

of the parameters in predictor cluster h, conditionally on the data for subjects 1,...,7 and
on predictor cluster allocation v = (v1,...,7i_1), is
* (l) A ! oax _—1 l(wj:h)
(851X, 7) o P(87) H [] N GsbyBym ) (1)
j=1 ‘=1
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which is simply Fy; updated with the likelihood for those subjects in predictor cluster h
among subjects {1,...,i}. Using the updating equations in the Appendix, (11) is available
in closed form for conjugate FPp;.

Due to the well known label ambiguity problem (Stephens, 2000), the index values in ~
are inherently arbitrary, and the important information is simply which subjects are grouped
together. For example, v = 1 could be a cluster of women with rapid weight gain and v = 2
could be a cluster with no weight gain in the first trimester followed by slow weight gain. The
label v = 1 for the rapid weight gain cluster is arbitrary, and one could obtain an identical
marginal likelihood switching the labels to let v = 2 for the women in the rapid weight gain
cluster and v = 1 for the women in the slow weight gain cluster. Hence, without restriction
we let 73 = 1 to assign subject i = 1 to the first predictor cluster. The SUGS algorithm

proceeds as follows:
1. Let 74 = 1 and calculate (37| x1,71 = 1) using (11).
2. Fori=2,...,n,
(a) Choose v; € {1,...,m]_; + 1} to maximize the conditional probability of ~; = h:
Pr(y = h| X®,yD 4070 ¢l 7)) =
wi, J T2, N(zyg; bi; 85, 7, 1)d(B | b e )

m]_+1

=1 Uy fH;L;1 N($ij§b§j5?>751>d<ﬁ7 ’X(Fl),’?’(i*l))

for h=1,...,ric1+1 up = (/K +wl N /(a+i—1),for h=1,... 1,1, and

wip = a(ri /K —1)/(a+i—1) for h=r;_1+ 1.
(b) Update (3, | X1 ~(=1)) using the data x; for subject i.
Note that the conditional probability of allocating subject ¢ to predictor cluster h in step

2 (a) does not depend on unknowns in the response component model, so the allocation of

subjects to predictor clusters can proceed via this fast sequential updating algorithm in a
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first stage. No approximations are needed in the sequential updating for conjugate Fy;. The
procedure selects a single partition, -y, instead of model averaging across possible partitions.
Model averaging is appealing for prediction, but does not address our interest in inference
on changes in the response distribution as the functional predictor changes or in obtaining
results that are easily interpretable to a subject matter audience.

In the second stage, we apply a Gibbs sampling algorithm with the steps:

1. Update the allocation of subjects to response clusters, ¢, by sampling from the multi-
nomial full conditional posterior distribution of ¢; given y, X, v, ¥, v*, u* and 7, for

1=1,...,n.

2. Update v}, for h = 0,1,..., K, by sampling from the conjugate Dirichlet conditional

posterior distribution.

3. Update the cluster-specific means p* from their normal full conditional posterior dis-

tribution.
4. Update the precision parameter 7, from its gamma full conditional.
5. Update 1 from its beta full conditional posterior distribution.

Each of these steps is simple to implement rapidly, involving direct sampling from standard
distributions. In cases we have considered, the algorithm is quite efficient, with rapid appar-
ent convergence and good rates of mixing. Note that, unlike for the predictor component,
we are model averaging across partitions ¢ of subjects into response clusters. This results
in more realistic measures of uncertainty in estimates of the conditional response densities,

without leading to any difficulties in interpretation, as we illustrate in Section 4.

4. Weight Gain During Pregnancy and Birth Weight

4.1 Description of data and scientific problem
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There is considerable interest in assessing the relationship between maternal weight gain
during pregnancy and health outcomes. Insufficient or excessive weight gain during critical
stages of pregnancy may indicate or even contribute to problems of both the developing
child and the mother. For normal weight women, the Institute of Medicine (IOM) recom-
mends gaining 4-6 1bs in the first trimester and 11b/week during the 2nd to 3rd trimester, a
recommendation motivated by the desire to avoid low birth weight.

Using data from the Pregnancy, Infection and Nutrition (PIN) study (Savitz et al.,
1999), our goal is to relate trajectories in weight gain during pregnancy to the distribution
of gestational age at delivery-adjusted birth weight. The PIN study enrolled women during
the second trimester of the pregnancy. The woman’s height was measured, she was asked her
weight prior to pregnancy at the first prenatal visit or the time of recruitment, and weight
was collected from each clinic visit during pregnancy. There were n = 1, 888 women having a
baseline BMI in the [19.8, 26] range, corresponding to normal weight in the IOM guidelines.
The number of weight measurements per woman ranged from 1 to 29 with a mean of 10.9,
discarding weights that were clearly misrecorded.

To characterize the weight gain trajectories, we used a cubic spline model with knots at

the trimesters, motivated by recommendations for weight gain, which are trimester-specific:
fi(t) = Bt + Biot® + Bist® + Bu(t — 13)% + Bis(t — 26)7,

where ¢ is time of gestation in weeks with ¢ = 0 at the time of the last menstrual period.
As upper bounds on the number of clusters per component, we let K = 5 and L = 4. This
value of K was motivated by interpretability and computational efficiency. Repeating the
analysis for K = 25, we obtained essentially the same five common trajectory clusters, but
with several additional outlying trajectory clusters containing less than 3% of the subjects.
The Jones and Nagin (2007) approach selected K = 5 as the number of trajectory clusters

based on the BIC criteria. The value of L = 4 was motivated by the observation that a
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mixture of 4 normal densities is sufficiently flexible to capture a broad variety of densities.
In addition, very similar results were obtained for larger values of L.

To complete a Bayesian specification, we choose Py; as N(8;; By, V7, )G (72; s, b,) and
Poz as N(ui; 7, )G (7y; ay, by), with G(a,b) the gamma distribution having mean a/b and
variance a/b?. We use a default specification with 3, = (b’b) 'b’x (global least squares
estimate of the basis coefficients), ¥ = n(b’b)™! (a unit information prior covariance),
to = 7 (global mean of y), K = 1 (unit information), &« = A = 1 (a widely used default
value for the DP precision), a, = 2, b, = 2var(z;; — b};8,), a, = 2 and b, = 2var(y;). In
addition, we choose a uniform(0,1) hyperprior for ¢. Results were robust to local changes

in the hyperparameter values.

4.2 Analysis and results

We applied the combined sequential updating and Gibbs sampling algorithm proposed in
Section 3, taking 50,000 Gibbs samples. The 1,888 women were clustered into 5 weight gain
trajectory clusters, with the following number in each cluster: (1, blue) 617 (32.7%), (2,
black) 774 (41.0%), (3, green) 224 (11.9%), (4, magenta) 98 (5.2%), (5, cyan) 175 (9.3%),
with the clusters listed in order of appearance.

Figure 1 shows the estimated weight gain trajectory clusters along with pointwise 95%
credible intervals. These trajectories are quite reasonable, with most having a slower rate
of gain in the first trimester and an approximately linear rate of gain during the second to
third trimester. The blue cluster, which closely corresponds to the IOM recommendations,
contains approximately one third of the women. Most of the remaining women are in the
black cluster, which corresponds to a moderate increase in the rate of gain over the blue
cluster. Twenty percent of women have an even higher rate of weight gain, falling in the
cyan and green clusters, while 5% are in the magenta cluster corresponding to an unusually

low rate of weight gain. Repeating the analysis for a random reordering of the women in the
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data set, we obtained similar results. To illustrate the extent to which the real data mimic
these trajectories, we plot the raw data for 25 randomly selected women in each cluster in
Figure 2.

Figure 3 shows the estimated birth weight densities and cumulative distribution functions
(adjusted linearly for gestational age at delivery) for women in each weight gain trajectory
cluster. From this figure, the women in the magenta cluster had significantly lighter ba-
bies than women in the other clusters, which is consistent with the lower weight gain for
these women. In addition, the women in the blue cluster had significantly lighter babies
than women in the three higher weight gain clusters. Although the estimated birth weight
distributions are unimodal, there was clear evidence of non-normality with heavy tails and
a tendency towards a left skew. Figure 4 plots estimated posterior densities for different
percentiles of the birth weight distribution specific to each trajectory cluster. Interestingly,
although there were significantly more low birth weight babies in the magenta cluster, the
difference between the blue cluster and the higher weight gain clusters was more appar-
ent for normal and high birth weight babies. Table 1 provides posterior probabilities for
quantile-specific contrasts.

Applying the Jones and Nagin (2007) approach in SAS, we obtained similar trajectories
to those shown in Figure 1, though the Jones and Nagin estimates were less smooth early
and late in gestation due to edge effects. As in our analysis, the Jones and Nagin approach
concluded that women in the two lowest weight gain trajectory clusters had babies with sig-
nificantly lower birth weight adjusting for gestational age at delivery. However, by assuming
normality of the birth weight distribution for women within a trajectory cluster, with only
the means varying across trajectory clusters, the Jones and Nagin approach does not allow
separate inferences on different quantiles of the birth weight distribution. Such inferences
are of primary importance in assessing effects of maternal weight gain on risk of small and

large for gestational age babies.
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A simple alternative is to use frequentist kernel smoothing to obtain estimated birth
weight densities within each trajectory class produced by the Jones and Nagin approach.
Such an analysis produces similar, but less smooth, estimates to those shown in Figure
3. Our proposed approach has the advantage of borrowing information across the latent
classes in performing density estimation. In addition, our approach automatically produces
measures of uncertainty, while also allowing calculation of posterior probabilities for quantile

contrasts.

5. Discussion

This article proposes a method for semiparametric joint modeling of a functional predictor
with a response variable. Motivated by label ambiguity problems and difficulties in perform-
ing efficient computation, we allocate subjects into predictor clusters using a fast sequential
updating and greedy search procedure, with Gibbs sampling used to obtain samples from
the conditional posterior for the predictor cluster-specific response densities.

Our view is that clustering of the predictor data is useful as a dimensionality reduction
technique and as an aid in interpretation of the complex relationship between a high di-
mensional predictor and a response having an unknown distribution. However, we do not in
general recommend interpreting such clusters as corresponding to biologically or clinically
distinct groups of individuals, because the formation of clusters is necessarily dependent on
parametric assumptions. In addition, there is typically substantial uncertainty involved in
clustering, as the number of partitions is enormous and it is difficult to search efficiently over
the space of all possible partitions. For this reason and because there are typically many
competing partitions that are difficult to distinguish based on the data alone, it is important
to avoid over-interpretation.

Following Quintana (2006) we view partitioning as a model selection problem. From

this viewpoint, our sequential updating and greedy search algorithm is a type of stepwise

17



selection procedure to rapidly partition the subjects into clusters based on their predictor
data. Our proposed prediction rule and the associated joint clustering prior should be useful
in other applications in which allocation of a subject to a cluster for one task predicts cluster
allocation for another distinct task. In addition, even when clustering is not of interest, the
method can be used to generate flexible joint partition models. Joint partitioning extends
current Bayesian partition models (Barry and Hartigan, 1992; Quintana and Iglesias, 2003;
Holmes et al., 2005; Quintana 2006) to allow flexible joint modeling of data from different
sources. Related problems have been considered in the machine learning literature, but from

a different perspective (Barnard et al., 2003).
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Appendix A: Posterior Updating

A.1 Predictor component

Assuming (8|7.) ~ Ny(By, V7, ') and 7, ~ G(a,,b,) and updating with the likelihood
172, Nz )8, 7,1, we obtain (8| 7,,%;) ~ N,(B,¥r;!) and (7, |x;) ~ G(ay,b,), where

U= (Ut bi;bl;) 7, B =TT '8, + S bijai), Gp = a, + n;/2 and

1 uli BUPN
b, = b, + 5{66\11‘160 + foj —-BY 1B}
j=1

In addition, the marginal likelihood of x; obtained in integrating out (3, 7,) is

_ (v +n4)/2) (x; — ,u,z)’z_l(xi —u,) —(vtn;)/2
f(Xz) = (7rl/)”i/2‘022|1/21—‘(y/2) <1 + = )

where v = 2a,, ¥ = (I, — bi\flb;)_l, wn, = E(bi@@_lﬂo), b, = (bj1,...,bi,) and
1 ~
o = (2, g v BB, - S ).
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A.2 Response component

Assuming (u|7,) ~ N(uo,s7,"') and 7, ~ G(ay,b,) and updating with the likelihood
N(ys; p, 7,7 1), we obtain (u|7y,3:) ~ N(@, &7, ") and (7, [y;) ~ G(ay,b,), where & = (k™' +
1)~ i =Rk o + %), @y = ay +1/2 and b, = b, + 1/2(k ' + y2 — &' fi2). In addition,
the marginal likelihood of y; obtained in integrating out (u,7,) is

o F(<V + 1)/2) (yz _ My)Q —(v+1)/2
S i) = (7)) 20T (v/]2) (1 P )

Y

where v = 2a,,, 1, = po and o® = 2b,(1 + k) /v.
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Estimated Trajectories
\

Weight Gain (Ibs)

Week of Gestation

Figure 1. Estimated weight gain trajectory clusters (solid lines) and 95% credible intervals
(dashed lines). The proportions of women in each cluster were: (1, blue) 32.7%, (2, black)

41.0%, (3, green) 11.9%, (4, magenta) 5.2%, and (5, cyan) 9.3%.
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Figure 2. Raw data for 25 randomly selected women in each identified trajectory cluster.
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Figure 3. Estimated density and cumulative distribution function for birth weight at 40

weeks for women in each weight gain trajectory cluster.
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Figure 4. Estimated posterior densities of selected percentiles of the birth weight distri-

bution within each weight gain trajectory cluster.
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Table 1. Posterior probabilities of orderings in selected quantiles of the birth weight

distribution between weight gain trajectory clusters.

Percentile of distribution

Contrast 2.5th oth 10th 25th  50th  75th  90th  95th  97.5th

magenta < blue 0.998 > 0.999 1.000 1.000 1.000 0.999 0.995 0.988 0.976
blue < black  0.815 0.992 > 0.999 1.000 1.000 1.000 1.000 1.000 > 0.999
black < cyan  0.185  0.309 0.370  0.505 0.444 0.579 0.497 0.518 0.501
black < green  0.127  0.271 0.394 0.648 0.732 0.859 0.875 0.901  0.875
cyan < green  0.141  0.231 0.292  0.365 0.507 0.607 0.650 0.644  0.650
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