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SUMMARY

Several statistical agencies use, or are considering the use of, multiple im-
putation to limit the risk of disclosing respondents’ identities or sensitive at-
tributes in public use data files. For example, agencies can release partially
synthetic datasets, comprising the units originally surveyed with some values,
such as sensitive values at high risk of disclosure or values of key identifiers,
replaced with multiple imputations. This can be coupled with multiple impu-
tation for missing data in a two-stage imputation approach. First the agency
fills in the missing data to generate m completed datasets, then replaces sensi-
tive or identifying values in each completed dataset with n imputed values. In
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this article, we propose significance tests for multicomponent hypotheses with
such multiply-imputed datasets. The performance of these tests is illustrated

with simulation studies.
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sponse; Significance tests; Synthetic Data

1. INTRODUCTION

Many national statistical agencies, survey organizations, and researchers—henceforth all
called agencies—disseminate microdata, i.e. data on individual units, in public use files.
These agencies strive to release files that are (i) safe from attacks by ill-intentioned data
users seeking to learn respondents’ identities or attributes, (i1) informative for a wide range
of statistical analyses, and (iii) easy for users to analyze with standard statistical methods.
Doing this well is a difficult task. The proliferation of publicly available databases and im-
provements in record linkage technologies have increased the risk of disclosure to the point
where most agencies alter microdata before release (Reiter, 2004a). For example, agencies
globally recode variables, such as releasing ages in five year intervals or top-coding in-
comes above 100,000 as “100,000 or more” (Willenborg & de Waal, 2001); they swap data
values for randomly selected units (Dalenius & Reiss, 1982); or, they add random noise to
continuous data values (Fuller, 1993). These strategies can reduce the utility of the released
data, making some analyses impossible and severely distorting the results of others. They

also complicate analyses for users. To analyze perturbed data properly, users should apply



the likelihood-based methods described by Little (1993) or the measurement error models
described by Fuller (1993). These are difficult to use for non-standard estimands and may
require analysts to learn new statistical methods and specialized software programs.

An alternative approach to disseminating public use data was suggested by Rubin
(1993): release multiply-imputed, synthetic datasets. Specifically, he proposed that agen-
cies (i) randomly and independently sample units from the sampling frame to comprise
each synthetic data set, (i1) impute unknown data values for units in the synthetic samples
using models fit with the original survey data, and (iii) release multiple versions of these
datasets to the public. These are called fully synthetic datasets. Releasing fully synthetic
data can protect confidentiality, since identification of units and their sensitive data is nearly
impossible when the values in the released data are not actual, collected values. Further-
more, with appropriate synthetic data generation and the inferential methods developed by
Raghunathan et al. (2003), users can make valid inferences for a variety of estimands us-
ing standard, complete-data statistical methods and software. Other attractive features of
fully synthetic data are described by Rubin (1993), Little (1993), Fienberg et al. (1998),
Raghunathan et al. (2003), Abowd & Lane (2004), and Reiter (2002, 2005a).

While no agencies have released fully synthetic datasets as of this writing, some have
adopted a variant of the multiple imputation approach, suggested by Little (1993): release
datasets comprising the units originally surveyed with some collected values, such as sen-
sitive values at high risk of disclosure or values of key identifiers, replaced with multiple

imputations. These are called partially synthetic datasets. For example, the U.S. Federal



Reserve Board protects data in the U.S. Survey of Consumer Finances by replacing mon-
etary values at high disclosure risk with multiple imputations, releasing a mixture of these
imputed values and the unreplaced, collected values (Kennickell, 1997). The U.S. Bureau
of the Census and Abowd & Woodcock (2001, 2004) protect data in longitudinal, linked
datasets by replacing all values of some sensitive variables with multiple imputations and
leaving other variables at their actual values. Liu & Little (2002) and Little et al. (2004)
present a general algorithm, named SMIKe, for simulating multiple values of key identi-
fiers for selected units. These partially synthetic approaches are appealing because they
promise to maintain the primary benefits of fully synthetic data—protecting confidentiality
while allowing users to make inferences without learning complicated statistical methods
or software—with decreased sensitivity to the specification of imputation models. Valid in-
ferences from partially synthetic datasets can be obtained using the methods developed by
Reiter (2003), whose rules for combining point and variance estimates differ from those
of Rubin (1987) and also from those of Raghunathan et al. (2003). Other illustrations of
partially synthetic data include Reiter (2005¢) and Mitra & Reiter (2006).

When confidential datasets contain missing values, it is natural to use multiple imputa-
tion simultaneously for missing data and disclosure limitation. Reiter (2004b) describes a
two-stage approach for this. First, the agency uses multiple imputation to fill in the missing
data, generating m multiply-imputed datasets. Second, the agency replaces the values at
risk of disclosure in each imputed dataset with n multiple imputations, ultimately releasing

m*n multiply-imputed datasets. This approach is being used to create synthetic public use



files for the U.S. Survey of Income and Program Participation (Abowd et al., 2006). Gener-
ating the imputations in two stages enables users to estimate all sources of uncertainty — the
sampling variability, the variability due to imputing missing data, and the variability due to
replacing sensitive values. The rules of Rubin (1987) and Reiter (2003) do not apply in this
two-stage imputation scheme. Appropriate rules for scalar estimands, similar in nature to
those for nested multiple imputation for missing data (Shen, 2000; Harel & Schafer, 2003;
Rubin, 2003), are presented in Reiter (2004b).

Often users of multiply-imputed data seek to test multicomponent null hypotheses, for
example if several regression coefficients equal zero. Methods for performing such signif-
icance tests exist when multiple imputation is used for missing data only (Rubin, 1987; Li
etal., 1991a,b; Meng & Rubin, 1992; Shen, 2000; Reiter, 2007) and for synthetic data only
(Reiter, 2005b). In this paper, we propose such significance tests when multiple imputation
is used to handle missing data and disclosure limitation simultaneously. The paper is orga-
nized as follows. Section 2 reviews the two-stage procedure of Reiter (2004b) and extends
the appropriate combining rules to multivariate estimands. Section 3 describes a Wald test
and a log-likelihood ratio test for testing multicomponent null hypotheses. Section 4 il-
lustrates the properties of the Wald test using simulation studies. Section 5 provides some

concluding remarks.



2. MULTIPLE IMPUTATION FOR MISSING DATA AND DISCLOSURE LIMITATION

For a finite population of size NV, let [; = 1 if unit [ is included in the survey, and I; = 0
otherwise, where [ = 1,..., N. Let I = (Iy,...,Iy), and let the sample size s = »_ I;.
Let X be the NV x d matrix of sampling design variables, e.g. stratum or cluster indicators
or size measures. We assume that X is known approximately for the entire population,
for example from census records or the sampling frame(s). Let Y be the N x p matrix of
survey data for the population. Let Y;,,. = (Y5, Yonis) be the s x p sub-matrix of Y for all
units with [; = 1, where Y, is the portion of Y;,,. that is observed and Y,,,;; is the portion
of Y;,. that is missing due to nonresponse. Let R be an N X p matrix of indicators such
that R;, = 1 if the response for unit / to item k£ is recorded, and Rj; = 0 otherwise. The
observed data is thus D, = (X, Yo, [, R).

To generate the synthetic data, the agency first fills in values for Y,,,;; with draws from
the conditional distribution of (Y,,;s | D,), or approximations of that distribution such as
those of Raghunathan et al. (2001). These draws are repeated independently ¢ = 1,...,m

times to obtain m completed datasets, D, = {Dgi) = (D,, VAY)

mis

),i =1,...,m}. Having
dealt with the missing data, the agency limits disclosure risks by replacing selected values
in each D" with multiple imputations. For each Dﬁi), imputations are made independently
7 = 1,...,n times to yield n different partially synthetic data sets. Let Z; = 1 if unit
[ is selected to have any of its data replaced with synthetic values, and let Z; = 0 for

those units with all data left unchanged. Let Z = (Z;,...,Z;). Let V.59 be all the

imputed (replaced) values in the jth synthetic dataset associated with Dgi), and let erﬁ)ep be



all unchanged (unreplaced) values of DY, The K«(cfbj ) are generated from the conditional
distribution of ( ey ] DY, Z), or a close approximation of it. Each synthetic dataset,
Dgi’j ), then comprises (X, }ﬁ%,j ), Y,Sfil,,p, I, R, 7). The entire collection of M = mn datasets,
D, = {Dgi’j),z’ =1,...,m;5 = 1,...,n}, with labels indicating the nests, is released to
the public.

Reiter (2004b) derived an approximate ¢-distribution for inferences for scalar estimands
from data multiply imputed in this manner. These results extend to multivariate estimands
as follows. Let () be a multivariate estimand, such as a vector of population means or
regression coefficients. Let Q) be the estimate of () in data set D , and let U®7) be

the estimate of the variance associated with Q(*7). The following quantities are needed for

inferences.
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Finally, let B, = lim B as m — oo and n — oo, and let W — limW® as n — oco. Let
W =320, WE /m
Assuming the conditions for valid inferences under multiple imputation for missing

data (Rubin, 1987), we have

(Q|D¢, Boo, Wao) ~ N(Q.,U+ (1+1/m)By) (1)
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where Q, = > Qgi) /m and each Qgi) is the estimate of () that would be obtained from

its corresponding D

prior to replacement of confidential values. An implicit assumption
here is that the U(%) have sufficiently low variability so that U@ = U where U is the
variance estimate of Qgi) computed from DY, Similarly, we assume that the U = U , and
hence U = U, where U is the variance that would be obtained from D,,,. = (X, Yine, 1),
i.e., if all the data were observed. These are the usual assumptions in multiple imputation,
motivated by the fact that posterior variances generally have lower order variability than
posterior means (Rubin, 1987, p.89).

Assuming the conditions for valid inferences under partially synthetic data (Reiter,

2003), we have
(QV|Dy, Boo, W)~ N(@QW, W /n). )

Integrating (1) and (2) with respect to the Qgi), we have

(QIDs, Boo, Weo) ~ N(Q,Tw) 3)

where Ty, = U + (1 + 1/m) By + Wa/(mn). We note that the fractional increase in
the variance of () due to missing data is (1 + 1/m) B, U~ and due to replacement data is
{Weo/(mn)}U.

In practice the B, and the W) are not known and must be integrated out of (3).
Extending the theory for scalar quantities in Reiter (2004b), the sampling distribution of

each QU is

(QYDy, Bao, Wao) ~ N(Qo, Boo + Wao/n) 4)
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where (), is the estimate of () that would be obtained from D,. Hence, assuming that
-

W for all i and diffuse prior distributions on all parameters, from (4) and (2), we

have

{B(Boo + Wa/n) Y Ds, Woo} ~ Wi(m —1,1) 5)

{(WOW) D} ~ Wiln—1,1). (6)

For sufficiently large s, m, and n, we can replace B., and W, with their approximate
expected values, resulting in the variance estimate 7' = (1 + 1/m)B — (1/n)W + U;
thus, inferences for () can be based on (Q — Q) ~ N(0,T). The fractional increase in
variance due to missing data can be computed from D; as (1 + 1/m)(B — W /n)U?
and the fractional increase due to replacement data as {WW /(mn)}U~!. For each of these,
the average fractional increase across components of () can be obtained by averaging the

diagonal elements of these matrices.

3. SIGNIFICANCE TESTING

Using the M released datasets, an analyst seeks to test the null hypothesis () = @) for
some k-component estimand (), for example to test if £ regression coefficients equal zero.
Given the normal approximation for inferences about (), it may appear reasonable to use a
Wald test with test statistic (Q — Qo)"T~1(Q — Qy); however, this test is unreliable when k
is large and m and n are moderate, as is frequently the case, because B or W can have large
variability. Estimating B or W in such cases is akin to estimating a covariance matrix using
few observations compared to the number of dimensions. This is a problem for small m
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even when no synthetic data are generated (Rubin, 1987; Li et al., 1991a,b). The instability
in T' can be avoided by making m and n large; however, that is typically impractical.

We propose two approaches to significance testing for multivariate (). The first is a test
based on Wald statistics. This requires access to all elements of the U("/) matrices. The
second is a test based on likelihood ratio statistics, which is most useful when the elements
of the U7 are not available, or when the dimension of U(*/) makes working with Wald
statistics too cumbersome. For both tests, we first present the test statistic and its reference

distribution, followed by the derivation.

3.1. Wald test

The key idea in the derivation of the Wald test statistic is to reduce the number of unknown
parameters in B, and the W by assuming (i) equal fractions of missing information on
each component of (), and (ii) equal fractions of replaced information on each component
of (). Equivalently, the B,, and W, are proportional to U. Similar proportionality as-
sumptions are used in multiple imputation for missing data only (Rubin, 1987; Li et al.,
1991a,b; Shen, 2000) and for synthetic data only (Reiter, 2005b). We derive a reference
F-distribution for the test statistic following the moment-matching approach proposed by
Lietal. (1991b).

The statistic for the Wald test is

S = (Qo— QYT (Qu— Q1+ — )}
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where

r® = (1+1/m)tr(BUY)/k (7N

r@ = (1/n) e (WU /k. (8)

The reference distribution is approximated by an F'-distribution with £ degrees of freedom

in the numerator and w, degrees of freedom in the denominator, where

(b) (w) 2 (6),,)2 (w),, \2
w8:4+{1+7’ v, T Vw} /{( (r®w,) N (r™u,,) } ©)

Vo —2 V2 v — 22y —4) | (v — 2)2(1 — 4)
for v, > 4 and v,, > 4, and v, = k(m — 1) and v, = km(n — 1). The approximate p-value
for testing Q@ = Qo is given by pr(Fj..,, > S). When n is large, or when W is small, S
and wg approximately equal the test statistic and degrees of freedom developed by Li et al.
(1991b) for multiple imputation for missing data only.
When v, < 4 or v,, < 4, w, is not defined. This can occur for small £ when m = 2,
a choice for m that is not recommended due to the potentially high probability of 7" < 0

(Reiter, 2006). In such cases, we suggest an alternate denominator degrees of freedom,

(b))2 (w))2 -1
Up(1 4 7® — @2 7y (1 4 70 — p@)2

which is a generalization of the degrees of freedom used in the ¢-distribution of Reiter
(2004b) for inferences for scalar ().

We next present the derivation of S and its reference F'-distribution. Conditional on

T, and using (3), the p-value for testing Q = Qg is pr(x2 > (Qo — Q)T (Qo — Q)),

where 7 is a chi-squared random variable on k degrees of freedom. Since T, is generally
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not known, we obtain the p-value by averaging over the distributions of (B, |Ds, W) and

(Wso|Dy) in (5) and (6), resulting in
/pT{X% > (Qo — Q)/ToZ1<QO - Q)|st B, Woo}pr(BOO|st Woo)pT(WOO|DS)dBOOdWOO.

This integral can be evaluated numerically, but it is desirable to have a closed-form

approximation. We assume that B, = =l U and W& = r{v U for all ¢, where i)

and r{Y) are scalar quantities. Assuming U, = U, and that W) = W, for all i, we have

By, = r0 and Wy = r&0. Using those assumptions, the p-value is
e /_71 e
/p?“ Xﬁ > (QO Q) (Qo(w)Q) |Dsa 007 <(>1>U) X
14+ (14 1/m)r® + v /(mn)
pr(rQ| Dy, r&)pr(rl| D, )drdr e

1+ (1+ 1/m)rl) + r)
=/pr{(xi/k> ( 7 f;fzﬁ ) [mn) - §1p,,1®), 5:5’} x

pr(rQ|Ds, ri)pr(ri | Dy)drQ dry).

The conditional distributions of rc(fé) and rf};’ ) can be obtained from (2), (4), (5), and (6).

Applying multivariate normal theory, we obtain:

k(m — Dtr(BU!
{ s )+:<“’>/n MEip, e } ~ X (12)
km(n — Dae(WUY) /k
{ ( 7),<w(> J |Ds} Xim(n—1)- (13)

Substituting (12) and (13) into (11), after some algebra we obtain

L+ vyr® /x2 — v, r®) /x?
pr{(xi/k) ; £>S0. (14)

14+ 7r® — p)
We approximate the random variable in (14) as proportional to a F'-distributed random
variable, F} ., so that the p-value is pr(dFy.,, > S). The approximation is obtained by
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matching the first two moments of d Fy, ,,, to those of the left-hand side of the inequality
in (14). Equivalently, we approximate (1 + x, Zupr®) — X;fvwr(“’)) as proportional to an
inverse chi-square distributed random variable with degrees of freedom w, by matching the

first two moments to the distribution nx;?. Using iterated expectations and variances, we

have
(b) (w)
_ n wr VT
FE 2y = ~ 1 —
(xw.) = 573 L7 Ry
and
2\2 772
E - =
{(anS) } (ws_z)(ws_4>
Q(Vwr(“’))2 Q(Vbr(b))z

+ +(1+ vr® _ var® )
(Vo — 2)2 (v —4) (v — 2)%(1y, — 4) vp—2 v,—2)

Solving yields the expression in (9) for w, and § = {(w, — 2)/wsH1 + vyr® /(v — 2) —
Ver ™ /(v — 2)}/ (1 +r® — 7)) When v, and v, are sufficiently large, 6 = 1, and the

approximate p-value is pr(Fy ,,, > 5).

3.2.  Log-likelihood ratio test

Meng & Rubin (1992) developed an alternative test for conventional multiple imputation
for missing data, based on the set of log-likelihood ratio test statistics from the completed
datasets. This was extended to nested multiple imputation for missing data only by Shen
(2000) and to synthetic data only by Reiter (2005b). In this section, we extend this test to
the case of missing and synthetic data handled simultaneously.

Following the notation in Schafer (1997), let ¢ be the vector of parameters in the ana-
lyst’s model. Let %i’j ) and 1/;("7j ) be the maximum likelihood estimates of ) computed with
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D" under the null and alternative hypotheses, respectively. Let ¢ = >y D) I
) = >y S Iny = SO 0@ Jms and, gy = ST, 48 /m. We write the log-
likelihood ratio statistic evaluated at any two values a and b for any dataset D) as

d'(a,b| DY) = 2log f(DS?|a) — 21og £(DS9|b).

The test statistic is
S = L/{kQ1+7Y -7} (15)

where 70 = {(m + 1)(L, — L)}/{k(m — 1)}, #) = ([ = Ly)/{k(n - D} L =
S Sy d' (o, D) f(mn), Ly = I S0, d (867, 0D DEY) [ (mn), and T =
> 12; 1 d' (Y Pl z])|D” )/ (mn).

The reference distribution for S is an F-distribution with & degrees of freedom in the
numerator and w; degrees of freedom in the denominator, where w; is the expression in (9)
with the terms 7 and ) replaced by #* and #*). When v, < 4 or v, < 4, we use the
denominator degrees of freedom in (10), substituting in #(*) and #*) as above.

The derivation parallels the strategy of Meng & Rubin (1992), namely (i) find a statistic
asymptotically equivalent to .S based only the Wald statistics from each synthetic dataset;
(i1) use the asymptotic equivalence of Wald and log-likelihood ratio test statistics for indi-
vidual datasets to define the test statistic S ; and, (iii) find a reference F' distribution as in
the Wald tests.

To begin, let d(Q(), U)) = (QUWI) — Qo) UGI=HQW) — Q) for all (7,7). Be-
cause of the asymptotic equivalence of Wald and log-likelihood ratio test statistics, each
d(QU9), U9)) is asymptotically equivalent to its corresponding d’ (1%” ) (@) |D§i’j )). Fur-
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thermore, because of the low-order variability in the U we can interchange the U ()
with U in any of d(Q"?), U®)), d(QW, U)), or d(Q, U)),

Letd = 7 >0 d(QW), UCD) /(mn); let d¥ = Y77 d(QW,UD) /n; and, let
d=3", >, d(Q,U)) /(mn). Then S is equivalent to

4 (n—1)r® —(m—1)r®/(m+1)

5= 1+ 70 — p@w

(16)

where 7 and r(*) are defined in (7) and (8). To show this, we assume without loss of
generality that Qo = 0 and U is a k x k identity matrix, as in Rubin (1987, p. 100). Then,

S =Q'Q/{k(1+r® —r®)} and, using a sums of squares decomposition,

‘_Lmn (i) _ 0 Lmn G0 _ 5
d_mn;“ QW) —Ql +mn;]21 )(QY - Q)+ @Q

_ k(n—l)r(w)—l—k(mm—_i__lw ®+QQ.

Substituting the above expression into (16) yields S.

Computing 7®) and () requires access to U, which we do not want these tests to
depend on. Expressions that rely only on Wald statistics are obtained by using sums of
squares decompositions. Under the canonical conditions, and without loss of generality,

for r®) we have

T(b) _ M Z(Q(i) . Q)/(Q(i) o Q) — m—+1)1){Z(Q(i)/Q(i)) _ mQ/Q}

km(m — 1) < km(m —1) =

since 7 | d¥ /m is asymptotically equivalent to " (Q®W'Q®), and d is asymptotically

15

‘Q



equivalent to Q'Q. For (), we have

w _ id) _ AV (@) _ A
"= T o @ - @@ - @)
_ L (w S (1) H()
- kmm_l{; 1j§j 1}@ SO SCALL)

Using d to approximate the numerator of S, and rq(f ) and rq(l,w) to approximate 7*) and ()

in the denominator of .S, we obtain the asymptotically equivalent statistic S™.

We next utilize the asymptotic equivalence between the Wald statistics and the log-
likelihood ratio statistic to show that S in (15) is asymptotically equivalent to S*. The
equivalence of [ and d follows directly from the asymptotic equivalence of the d((Q7), Uij)
and their corresponding d’ (1)@, )\ | D{*")). The equivalence of L and d, and of d,,, =
Yo d® /m and L,,, is more subtle. Using arguments similar to those of Meng & Rubin

(1992) and Shen (2000), for quadratic complete-data log-likelihood functions, we have

& (0, BIDED) = d(QU, U6 — d(QU) — Q)

d’(@éi)ﬂzj(i”l)gi,j)) ~ d(@(m‘), U(i»j)) _ d(@(m Q(Z (4,9) ).

Thus, we have

S 1 - - L
L= 33 d(Wo g|Di) = — 373 Q) U) —d(Q™) - Q,Ut)}
i=1 j=1 i=1 j=1
1 & — R _
= > {dQU).0) - d@Q") — Q. 0)}
i=1 j=1

_ 1 & . .
=~ d(Q,U) = m—gg (Q,U)) =d.
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Similar reasoning shows that >_"  d) /m is asymptotically equivalent to L,,. Thus, we
can replace [ with d, L with cZ and L,, with d,, to obtain the test statistic S and reference

F’ distribution.

4. SIMULATION STUDIES

In this section, we evaluate the performance of the Wald test for multicomponent estimands
using simulations. Since the likelihood ratio test is asymptotically equivalent to the Wald
test, for large samples it should have similar performance.

For sample size s = 1000, we simulate the complete data {Yp, Y7, ..., Y} from in-
dependent normal distributions with E(Y;) = 0 for all 4, var(Yy) = 1, and var(Y;) = 2
for ¢ > 0. To simulate missing data, for computational simplicity we make 30% of the ob-
servations have {Y7, ..., Y50} missing completely at random and Yj always fully observed.
We obtain the set of completed datasets, D., by drawing values of the missing data from
f(Y1,...,Yy|D,), using a multivariate normal distribution with an unrestricted covariance
matrix. To simulate partial synthesis, we replace all values of Y. The replacement impu-
tations for each D/ are drawn independently from f (Y()|D£i)). We vary the number of
imputations according to m € (4,8) and r € (2,4, 8). By design, this simulation satisfies
both proportionality assumptions.

The hypothesis that we test is Hy : Q = 0, where () is the vector of coefficients for
the regression of Yy on Vi, ..., Y%, excluding the intercept, for k € (5, 10, 20). As this null

hypothesis is true, we expect that for a given significance level « that H, will be rejected
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100a% of the time. Table 1 summarizes the simulated nominal significance levels of the
Wald test using 10000 runs of the simulation for each combination of m, n, and k, for
a € (.01,.05,.10). The simulated significance levels are close the desired significance
levels. The rates are low when r = 2, suggesting the tests may be conservative in these
cases. The conventional Wald test using covariance matrix 7' = (1+1/m)B—(1/n)W +U
requires a much larger number of imputations to yield correct levels. As shown in Table 2,
this test has dramatically high rejection rates for the more realistic values of m and n used.

Li et al. (1991a) show for multiple imputation for missing data only, that similar Wald
tests based on the proportionality assumption are robust in cases of practical interest even
when the proportionality assumption fails. To evaluate the robustness of the test to viola-
tions of the proportionality assumption in the synthetic data, we next perform a simulation
in which the proportionality assumption is not met for the synthetic replacement data. In
this second simulation, Yj, ..., Yo are replaced in entirety, and Yiy,..., Y5 are left in-
tact. The imputations are generated from D, by taking draws from (Yio|Y11,. .., Y20),
(Yo|Yi0,---,Y20),. -, (Yo|Y1,...,Ya). Weset k = 20 and test Hy : Q = 0, where @ is the
vector of coefficients from the regression of Y5 on Yy, ..., Yi9. Table 3 gives the nominal

rejection rates for this scenario, which are seen to be similar to those in Table 1.

5. CONCLUDING REMARKS

Popular software packages contain routines for obtaining confidence intervals for scalar

quantities and p-values for multicomponent tests from multiply-imputed datasets. These

18



routines can be easily modified to perform the tests proposed here. We recommend that
analysts use the Wald test when possible, because the likelihood ratio test involves further
approximations. Software distributed with partially synthetic datasets can make the Wald
test the default option.

The simulations suggest that the Wald tests have appropriate rejection rates when the
null hypothesis is true. To get a sense of the power properties of these tests, we can turn
to the results of Li et al. (1991b), who examined the power properties of large sample
significance tests for multiple imputation of missing data only. These tests are derived
from similar assumptions and approximations as the Wald test proposed here. Based on
extensive simulation studies, Li et al. (1991b) report that power curves for their tests are
similar to the power curves for Wald tests based on the observed data. The greatest losses
in power occur when the data deviate substantially from the proportionality assumption.
The losses are largest when m is small, and mostly disappear for large m. Shen (2000)
reported similar findings for nested imputation, with greatest power loss for small m and n
and for large deviations from proportionality. The tests proposed here are expected to have
similar properties.

As resources available to malicious data users continue to expand, the alterations needed
to protect data with traditional disclosure limitation techniques—such as swapping, adding
noise, or microaggregation—may become so extreme that, for many analyses, the released
data are no longer useful. Synthetic data, on the other hand, has the potential to enable

data dissemination while preserving data utility. The methods in this paper enable analysts
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of multiply-imputed, partially synthetic public-use data to obtain closer to nominal levels
when testing multicomponent null hypotheses than previously possible, thereby increasing

the utility of synthetic data approaches.
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k=5 k=10 k=20

a=.01

k=5 k=10 k=20

a = .05

o = .

E=5 k=10 k=20

n=2| 0.1 0.3 0.6 1.8 3.0 4.2 5.1 7.3 9.2
m=4 n=4| 0.7 1.0 1.2 3.9 5.1 5.3 8.7 10.2 10.7

n=-~y 1.0 1.2 1.0 4.7 5.0 5.4 9.4 10.3 10.5

n=2| 04 0.7 09 3.1 4.2 5.1 7.2 9.1 10.3
m=2_8

n=41| 0.8 1.2 1.2 5.1 5.3 5.6 10.3 10.7 10.9

Table 1: Nominal rejection rates for given significance level o using pr(Fy.,, > S) when

proportionality assumptions are satisfied

a=.01

k=5 k=10 k=20

k=5 k=10 k=20

a=.05

a =.

k=5 k=10 k=20

n=21| 10.0 11.3 21.8 16.0 21.3 38.6 20.7 28.2 49.1
m=4 n=4| 26.0 32.4 333 37.1 40.9 40.0 43.9 45.6 43.7

n=8| 8.0 21.1 54.1 19.4 37.7 72.0 27.6 48.1 79.8

n=2| 118 10.7 10.2 17.2 15.1 16.8 21.0 18.7 22.8
m =8

n=41| 11.7 36.0 39.3 22.2 48.0 45.9 30.0 55.1 49.8

Table 2: Nominal rejection rates for given significance level o using Wald test based on

covariance matrix T' when proportionality assumptions are satisfied



a=.01 a=.05 a=.10
n=2 1.1 5.3 104
m=4 n=4 1.2 5.8 10.6
n=3~8 1.5 5.3 10.4
n=2 1.2 5.7 10.9
m=2_8
n=+4 1.3 5.5 10.5

Table 3: Nominal rejection rates for k = 20 and given significance level o using pr(Fy, ,, >

S) when the synthetic data proportionality assumption is not satisfied
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