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STOCHASTIC EXPANSIONS USING CONTINUOUS
DICTIONARIES: LEVY ADAPTIVE REGRESSION
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This article describes a new class of prior distributions for non-
parametric function estimation. The unknown function is modeled as
a limit of weighted sums of kernels or generator functions indexed
by continuous parameters that control local and global features such
as their translation, dilation, modulation and shape. Lévy random
fields and their stochastic integrals are employed to induce prior dis-
tributions for the unknown functions or, equivalently, for the number
of kernels and for the parameters governing their features. Scaling,
shape, and other features of the generating functions are location-
specific to allow quite different function properties in different parts
of the space, as with wavelet bases and other methods employing
overcomplete dictionaries. We provide conditions under which the
stochastic expansions converge in specified Besov or Sobolev norms.
Under a Gaussian error model this may be viewed as a sparse re-
gression problem, with regularization induced via the Lévy random
field prior distribution. Posterior inference for the unknown functions
is based on a reversible jump Markov chain Monte Carlo algorithm.
We compare the Lévy Adaptive Regression Kernel (LARK) method
to wavelet-based methods using some of the standard test functions,
and illustrate its flexibility and adaptability in non-stationary appli-
cations.

1. Introduction. Popular approaches for nonparametric Bayesian es-
timation of unobserved functions generally employ as prior distributions
either Gaussian processes (or random fields, in two or more dimensions) or
mixtures of Dirichlet processes. In this article we focus attention on a wider
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2 WOLPERT, CLYDE AND TU

class of processes, Lévy random fields and their stochastic integrals. These
include Gaussian random fields as a limiting case, while Dirichlet processes
may be represented as “normalized” variants of the Gamma Lévy random
field; Lévy random fields thus provide an important link between two of
the random processes that form the foundation of Bayesian nonparamet-
ric methods (see Section 6). In this article we construct prior distributions
for the mean function in non-parametric regression as stochastic integrals
of Lévy random fields. Under suitable regularity these can be expressed
as stochastic expansions using continuous dictionaries, permitting tractable
Bayesian inference. While our focus is on nonparametric regression, we hope
that the reader will see the possibilities of using Lévy random fields in other
contexts.

To begin, suppose we have noisy measurements {Y;};c; of an unknown
real-valued function f : X — R observed at points {x; };c; in some complete
separable metric space X, with E[Y;] = f(x;). In nonparametric regression
models, the mean function f(-) is often regarded as an element of some
Hilbert space H of real-valued functions on X, and is expressed as a linear
combination of basis functions {g;} C H:

(1) flx;) = Z gj(ﬂfz')ﬂj

0<j<J

with some (finite or infinite) number J of unknown coefficients {3} }o<j<..
There is a vast literature on classical and Bayesian approaches for estimat-
ing f from noisy data using such methods as regression splines, Fourier
expansions, wavelet expansions, and kernel methods, including kernel re-
gression and support (or relevance) vector machines [see Chu and Marron
1991, Cristianini and Shawe-Taylor 2000, Denison et al. 2002, Vidakovic
1999, Wahba 1992, for background and references]. Many approaches, in-
cluding smoothing splines and support vector machines, use as many basis
elements, J, as there are data points, n = |I|, but employ regularization to
avoid over-fitting. Sparser solutions (using fewer basis elements, J < n) may
be obtained through more stringent regularization penalties, as in the Lasso
[Tibshirani 1996] and Dantzig Selector [Candes and Tao 2007] approaches,
or (often equivalently) in Bayesian methods through choice of prior distri-
butions, as in relevance vector machines [Tipping 2001]. Sparse solutions
may also be achieved by using variable selection techniques to choose a few
well-placed basis functions, perhaps in conjunction with regularization [Chen
et al. 1998, Denison et al. 1998, DiMatteo et al. 2001, Johnstone and Sil-
verman 2005b, Mallat and Zhang 1993, Smith and Kohn 1996, Wolfe et al.
2004].

imsart-aos ver. 2007/12/10 file: lark.tex date: May 4, 2010



LEVY ADAPTIVE REGRESSION KERNELS 3

In most signal processing and other non-stationary applications, no single
(especially orthonormal) basis will lead to a sparse representation [Donoho
and Elad 2003, Wolfe et al. 2004]. Overcomplete dictionaries and frames
[Daubechies 1992, Mallat and Zhang 1993] provide larger collections of gen-
erating elements {g, }uco than would a single basis for H, potentially al-
lowing for more effective signal extraction and data compression. Examples
of overcomplete dictionaries include unions of bases, Gabor frames, non-
decimated or translational invariant wavelets, wavelet packets, or more gen-
eral kernel functions or generating functions g(z,w) where w € € controls
features (local or global) of the generating function, such as translations,
dilations, modulations and shapes. Because of the redundancy inherent in
overcomplete representations, coefficients for expansions using overcomplete
dictionaries are not uniquely determined. This lack of uniqueness is advan-
tageous, permitting more parsimonious representations from the dictionary
than those obtained using any single basis.

In this article, we develop a fully Bayesian method for the sparse regres-
sion problem using stochastic expansions [Abramovich et al. 2000] of contin-
uous dictionaries. We begin in Section 2 by introducing Lévy random fields,
which are used to induce prior distributions for f € H through stochastic
integration of a kernel function with respect to a signed infinitely divisible
random measure. We call the new model class Lévy Adaptive Regression
Kernel or “LARK” models. The LARK framework allows both the num-
ber of kernels and kernel-specific parameters to adapt to any non-stationary
features of f. Both finite and infinite expansions are considered. Exploiting
the construction of Lévy random fields through Poisson random fields, we
develop finite approximations to infinite expansions in Section 3 that permit
tractable inference. In Section 4 we provide conditions under which the func-
tions are almost surely in the same function space as the generating kernel.
We describe the hierarchical representations of LARK models in Section 5
that enable posterior inference for the LARK model using reversible jump
Markov chain Monte Carlo (RJ-MCMC) methods. In Section 6 we discuss
relationships among LARK and other popular parametric and nonparamet-
ric methods. We then compare our LARK method to other procedures using
simulated data in Section 7 and real data in Section 8. In Section 9 we discuss
possible extensions of the LARK model.

2. Stochastic Expansions and Prior Distributions. To make in-
ference about the unknown mean function f € H given noisy observations
Y; of f(x;) for {z;} C X, we must first propose a prior distribution on H
for f. Let €2 be a complete separable metric space and ¢ : X x Q@ — R a
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4 WOLPERT, CLYDE AND TU

Borel measurable function, and set ¢;(z;) = ¢(x;,w;) for some collection
{w;} C Q. As a slight extension of the basis expansion of Equation (1), set

(2) fl@)= Y7 olz,w)) b

0<j<J

for a random number J < oo of randomly drawn pairs (3;,w;) € R x Q.
This is equivalent to specifying a random signed Borel measure L(dw) =
> Bj0u; (dw) on Q, giving the equivalent representation:

3 fa) = [ dla,w)L(de).

The task of assigning prior distributions to functions f(-) of the form Equa-
tion (2) is equivalent to that of specifying prior distributions for the random
measure L(dw) in Equation (3), i.e., to specifying consistent joint probabil-
ity distributions for all random vectors of the form (L(A;),---,L(Ay)) for
disjoint Borel sets A; C €. Lévy random measures, those for which {L(A4;)}
are independent for disjoint {A;}, are ideal for this purpose, since (as we will
see in Section 5.3) they are simple to construct and amenable to posterior
simulation. To make ideas more concrete, we first describe possible choices
for the generating functions g(x,w) used in our stochastic expansions and
then proceed with the presentation of Lévy random measures in Section 2.2.

2.1. Generating Functions. Possible choices for ¢(z,w) include translation-
invariant kernel functions, such as the Gaussian

(4a) oz, w) = exp{—%)\(x —x)%
or the Laplace
(4b) ¢ (7, w) = exp{-Alz — x|}

kernels with w = (x, \) € X x RT = Q. There is no need to restrict attention
to symmetric (e.g., Mercer) kernels, as required in the conventional Sup-
port Vector Machine (SVM) approach [Law and Kwok 2001, Sollich 2002].
Asymmetric kernels, such as the one-sided exponential

(40) (bE(x?w) = eXp{_)‘(x - X)} 1{:(:>x}

are useful, for example, in modeling pollutant dissipation over time. Other
possibilities include piecewise-constant Haar wavelets on X = (0, 1],

(4d) Ou(r,w) = 1jocr@—x)<1}
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LEVY ADAPTIVE REGRESSION KERNELS 5

or continuous rescaling and shifting of other wavelet functions

(4e) (@, w) = A2 (A@ - X))

In each of these examples, €2 is a location-scale space with location parameter
x and parameter \ determining the scale. Higher-dimensional spaces may
be accommodated in a similar way; for example, in Section 8.2 we use space-

time kernel

(4f) dsr(T,W) Eexp{ —L(s—0o)A(s—0) —)\|t—7'|}

for space-time point z = (s,t) € R? x Ry ; here w = (o, 7,A,\) includes
a space-time point (o,7) € R? x R, a positive-definite spatial dispersion
matrix A € 85, and a temporal decay rate A € R.

2.2. Lévy Random Measures. For any v > 0 and any probability dis-
tribution 7(dBdw) on R x Q, let J ~ Po(r™) and let {(8;,w;)}o<j<s i

m(df dw); then the random measure given by

(5) LA)= >0 1alw) B

assigns independent infinitely-divisible (henceforth “ID”) random variables
L(A;) to disjoint Borel sets A; C Q, with characteristic functions

(6) E {eitL(A)} = exp {//RXA (e’w - 1) v(dg dw)}

with v(df dw) = v 7 (dB dw). More generally, the “Lévy measure” v(df3 dw)
need not be finite for the random measure L to be well-defined, so long as
the integral in Equation (6) converges for all ¢ € R; since the integrand is
bounded on all of R x  and is of order O(3) near 3 ~ 0, this will hold for
any measure that satisfies the local L integrability condition

7 | anp)rdsd) <
for each compact K C €. The mean and Variance when they exist, are

given by E[L(A)] = [fy, 4 Bv(df do) and Varl(A)] = [fy, 4 42 v(dBdw).
respectively.
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6 WOLPERT, CLYDE AND TU

Khinchine and Lévy [1936] showed that the most general ID random vari-
ables [and hence the most general ID-valued random measures; see Rajput
and Rosiniski 1989, Prop. 2.1] have characteristic functions of the form

(8)

E [¢*20] = exp { itd(4) — §22(4) + / é (¢ — 1 itho(8)) v(dB dw)
Rx

where ho(3) = 51111 (8), determined uniquely by the characteristic triplet
of sigma-finite measures (9, X, v) consisting of a signed measure d(dw) and
a positive measure 3(dw) on €2, and a positive measure v(df dw) on R x
that satisfies the local Ly integrability condition

9) //RXK(l A B (df dw) < oo

for each compact K C Q and v({0},Q) = 0 (for more details on this
non-stationary version of the classic Lévy-Khinchine formula see Jacod and
Shiryaev [1987, p. 75], Cont and Tankov [2004, pp. 457-459] or Wolpert and
Taqqu [2005]).

The role of the compensator function hg(3) is to make the last integrand
in Equation (8) bounded and O(3?) near 8 ~ 0, permitting the replace-
ment of Equation (7) with the weaker condition Equation (9); in this case
L(dw) may have countably-many points of support {w;} C € whose magni-
tudes {3} are not absolutely summable, precluding a representation of the
form Equation (5). The compensator ho(3) may be replaced by any bounded
measurable function satisfying

(10) h(B) =B +0(6%),  B=~0

with a corresponding replacement of d(dw) with 6 (dw) = §(dw) + [z [h(5) —
ho(8)]v(df dw). Whenever Equation (7) is satisfied, we may take h(8) = 0
with the same adjustment to dg.

By Equation (8) the random measure L may be written as the sum of
two independent parts: a Gaussian portion, assigning independent normally-
distributed random variables with mean d5,(A4;) and variance (A4;) to dis-
joint sets A;, and the remaining portion, with characteristic function

(11) E [eitL(A)} = exp {//RXA (eitﬁ —1—it h(ﬂ)) v(dp dw)} .

We call a random signed measure £ with no Gaussian component (i.e., an
ID-valued measure with () = 05(2) = 0, that satisfies Equation (11))
a Lévy random measure. Non-negative Lévy random measures satisfying
Equation (7) were called ‘completely random measures’ by Kingman [1967].
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LEVY ADAPTIVE REGRESSION KERNELS 7

2.3. Lévy Random Fields. A Lévy random measure L satisfying Equa-
tion (11) induces a linear mapping ¢ — L[¢] from functions ¢ : @ — R to
random variables L[¢] = [, ¢(w) L(dw); such a mapping is called a random
field. For simple functions ¢(w) = 3 a;14,(w) with each A; C Q compact
we set L[o] = > a;L(A;) and verify that

(12) E {eitL[(b}} = exp {//]RXQ (eit(b(w)ﬁ — 1 —itp(w) h(ﬂ)) v(dp dw)} .

It is straightforward to extend this by continuity in probability to (at least)
all bounded measurable compactly-supported ¢ : 2 — R. We now present a
general construction based on Poisson random fields, the key to our approach
to tractable posterior Bayesian inference.

2.3.1. Poisson Construction I: Uncompensated. When v(df dw) satisfies
Equation (7) (i.e., | 5] is locally v-integrable) we may take h(3) = 0 in Equa-
tion (12) and construct L as follows. Begin with a Poisson random measure
N(dB dw) ~ Po(v) on (R x ) that assigns independent random variables
with Po(v(C;)) distributions to disjoint Borel sets C; C (R x ), and for
compact A C  and bounded measurable compactly-supported ¢ : Q — R,
set J =N(R x A) and

L= [ oNasde) = O;Ju(w»ﬁj
13)  Lll=[[ BowIN@Id) = ¥ olw) s,
x 0<j<J

where {(f;,w;)} is the (random) set of J < oo support points of N(dj dw).
The integrals and sums in Equations (12, 13) are well-defined for all ¢ for
which ff[—1,1]xQ |8 ¢(w)|v(dfp dw) < oo, which by Equation (7) includes all
bounded measurable compactly-supported functions.

For any Borel sets A C Q and B C R, the Poisson measure N assigns to
the set B x A C R x  the number N(B x A) of L’s support points w; € A
with mass of sizes §; € B. By Equation (7) this is necessarily finite if A has
compact closure and B is bounded away from zero, but if v(R x Q) = oo
then L will have J = oo support points in €2 altogether with (almost surely)
absolutely summable magnitudes > o<, s {I6j] : wj € A} < oo.

2.3.2. Poisson Construction II: Compensated. The situation is more del-
icate in case the Lévy measure does not satisfy Equation (7), but only
the weaker bound in Equation (9) (i.e., if 5% is locally v-integrable but
|8] is not). Begin again with the Poisson measure N ~ Po(r) on R x €,
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8 WOLPERT, CLYDE AND TU
and introduce the compensated or centered Poisson measure N(df dw) =
N(df dw) —v(df dw) with mean zero [Sato 1999, page 38], inducing an isom-

etry from Ly (R x Q,v(dB dw)) to the square-integrable zero-mean random
variables. Following Wolpert and Taqqu [2005] set

L= [ B-nEINdsdy) [ b N d)
(14) clo)= [[ [B-h@lo@N@sd) + [[  hB)owIN(d8 d)

for any measurable ¢ for which Equation (14) converges. If Equation (7)
holds one may simplify Equation (14) to

(15)  Lldl= [[ Bo@IN@sde) ~ [[  h(@)s(w)ridsdo),

showing that the role of the compensator is to add a drift term to Equa-
tion (13). When Equation (7) fails, however, both the uncompensated inte-
gral and the “drift”in Equation (15) will be infinite, while the representation
of Equation (14) remains valid under the following conditions.

THEOREM 1. Let v be a Lévy measure on R x Q satisfying Equation (9).

Then L[¢] is well-defined by Equation (14) with characteristic function given
by Equation (12) for compensator ho(3) = Blyp<1y if ¢ satisfies

(162) / /HQ (1A 186 (w)]) v(dB dw) < oo
(16b) J[ o (BN A6 vidB i) < o
If, in addition, ¢ satisfies

(16c) [ @8 6w vasds) < oo

then L[¢] is well-defined for any compensator h(f3) satisfying Equation (10).

ProOOF. Under these conditions the integrands of the compensated and
uncompensated Poisson integrals in Equation (14) are in the Musielak-Orlicz
spaces for which those integrals are well-defined; see Kwapien and Woy-
czynski [1992], Rajput and Rosinski [1989, p.9].

a
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LEVY ADAPTIVE REGRESSION KERNELS 9
In particular,

COROLLARY 1. L[¢] is well-defined with characteristic function Equa-
tion (12) for any function ¢ satisfying

a7) L @8 (9 v éw) vddde) < oo,

including (by Equation (9)) all bounded measurable compactly-supported ¢.
Thus L(A) = L[14] is always well-defined for any Borel set A C Q with
compact closure A.

Similarly,

PROPOSITION 1. For a Lévy measure v satisfying Equation (7), take
h(B) = 0; then

(13 L= [[ BN = 3 olwn)

Rx€) 0<j<J
(with J = N(R x Q) < 00) is well-defined with characteristic function Equa-
tion (12) for any ¢ satisfying

(18) //RQ (1A 86(w)]) v(dB dw) < oc.

2.4. Constructing Lévy Kernel Integrals. Denote by ® the linear space of
functions ¢ : 2 — R for which L[¢] has been defined; we have seen that this
includes at least all bounded measurable compactly-supported functions ¢.
Denote by G the linear space of measurable functions g : X — @, and simplify
notation by writing “g(x,w)” for [g(z)](w). Each of the generating functions
introduced in Equation (4) lies in §. For any g € G, we can construct a
random function f : X — R by

(19
) = Llg(a)

= [ s -n@Napa) + [[ o) n@)Napa)

- ng;Jg(x,wj) [6; — h(3))] +//RXQg(x,w) h(8) N(dB dw), or
(20)

= Z 9(z,wj) B; if Equation (7) holds so compensation is unneeded.
0<j<J
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10 WOLPERT, CLYDE AND TU

Integer moments of f(z) are easy to compute, when they exist, from the
characteristic function given in Equation (12), e.g.:

(21a) ELf@)} = [[ o) [8=h(@)]dd d)
(21Db) Cov{f(x1), f(z2)} = //]RXQ P(x1,w) p(x2,w) B2 v(dB dw).

2.5. Ezxamples of Lévy Measures. We now consider some specific exam-
ples of Lévy random fields and the corresponding kernel integrals. Familiar
examples include Poisson, Gamma, Cauchy and more generally a-Stable
random fields.

2.5.1. Compound Poisson Processes. The simplest model to consider

would be that of Equation (2), with finite Lévy measure satisfying v =
V(R x Q) < oo, reproduced here:

(2) fl@)= 3 olz,w;) b

0<j<J

This has a Poisson-distributed number J ~ Po(v™") of terms whose locations
w; and magnitudes (3; are i.i.d. with an arbitrary distribution {3;,w;} £
7(dB dw), hence Lévy measure of the form v(df dw) = vtr(dBdw). The

marginal distribution of f(x) at each x € X is compound Poisson.

2.5.2. Gamma Random Fields. The Lévy measure for the Gamma ran-
dom field is infinite but satisfies the strong local L integrability condition
Equation (7), obviating compensation; in the homogeneous case, it is:

(22) v(df dw) = B~ e P11 520y dBy(dw)

for some o-finite measure y(dw) on Q, giving L(A) ~ Ga(y(4),n) (with
mean v(A)/n) for Borel measurable A C Q with v(A4) < oco. Because v
is concentrated on R, the mass ; at each of the Gamma random mea-
sure’s support points w; is positive, so all the coefficients in the expres-
sion f(z) = Y ¢(x,w;) f; are non-negative. With a non-negative generating
function ¢ € G, this provides a direct way to construct non-negative mean
functions f > 0 without having to transform the responses {Y;} as Gaussian
methods would require. The mean E[f(z)] = 7! [ g(z,w)y(dw) is available
from Equation (21a), as is the covariance from Equation (21b).
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LEVY ADAPTIVE REGRESSION KERNELS 11

2.5.3. Symmetric Gamma Random Fields. A symmetric analogue of the
Gamma random field Equation (22) has Lévy measure

(23) v(dfB dw) = |37 eI dB y(dw)

on all of R x Q, leading to random variables L(A) distributed as the differ-
ence of two independent Ga(y(A),n) variables, with characteristic function

E [eitL(A)} = (14 t?/n?)~7). Both the standard positive Gamma random

measure and this symmetric version satisfy the local L1 bound Equation (7),
hence no compensation is required so we may take h(f) = 0 and employ the
simple construction Equation (20) of f(z). The mean E[f(z)] = 0 vanishes
for the symmetric Gamma random field, or for any other Lévy random field
with a symmetric (in +43) Lévy measure satisfying Equation (7). Covariances
are available from Equation (21b). Nearly all of the commonly used isotropic
geostatistical covariance functions [see Chiles and Delfiner 1999, §2.5] may
be achieved by the choice of a suitable generating kernel g(x,-) and Lévy
measure v(df dw); see Clyde and Wolpert [2007] for specific examples.

2.5.4. Symmetric a-Stable Random Fields. Symmetric a-Stable (SaS)
Lévy random fields have Lévy measure

(24) v(df dw) = cqo| |71 dB y(dw)

on R x Q for some 0 < a < 2 and o-finite positive measure y(dw), where
co = (1/m)I'(a) sin(ra/2), giving L(A) ~ St(a,0,v(A),0) [in parametriza-
tion (M) of Zolotarev 1986, p. 11] with infinite variance (and thus no mean-
ingful covariance function for f(z) = L[g(z)]). This infinite Lévy measure
satisfies Equation (9) for all 0<a<2, but satisfies the stronger local L; con-
dition Equation (7) only for 0 < « < 1; thus compensation is required to
construct SaS random fields with 1 < o < 2, including the Cauchy case of
a=1. One can show that f(x) is well defined for any ¢(z,-) € Ly (2, v(dw)),
including the generating functions of Equation (4). The SaS fields have heav-
ier tails than (for example) the symmetric Gamma fields of Section 2.5.3,
and may be more appropriate for problems where one might expect f(-) to
include by a few heavily-weighted kernels.

3. Approximations for Implementing Kernel Integrals. Computer
simulations of Lévy random measures A — L(A) and random fields ¢ —
L]¢] associated with finite Lévy measures v may be constructed as in Equa-
tions (5, 13), simply by setting v+ = v(R x Q) and drawing J ~ Po(r) and
{(Bj,wj)o<j<s i m(df dw) = v(dBdw)/vT. If v(R x ) = oo however the
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12 WOLPERT, CLYDE AND TU

sums in these equations will include countably infinitely-many terms, and
may not be absolutely summable. We now construct an approximating set
of finite Lévy measures {v.} indexed by € > 0 and show that the approxi-
mate Lévy random fields L [¢] converge to the random field L[¢] given in
Equation (14).

THEOREM 2. Let v be a Lévy measure defined on R x € satisfying Equa-
tion (9) and ¢ € ® satisfying Equation (16). Take {K .} to be any family of
compact sets increasing to 0 as € — 0, and for any Borel sets A C Q and
B C R and let v, be the unique Borel measure on R x € satisfying

(25) ve(Bx A)=v((BN[—e€¢€) x (ANK,))

for BC R, ACQ (note vi = v(R x Q) < o). Let h(-) be any bounded
measurable compensator function on R satisfying h(3) = B + O(3?) for 3
near zero. Then as € — 0, the random variables

(26) / / B (w)N(d dw) — / / h(B)b(w)r(df dw)
[—e,dox Ke [—e,c]ox K

converge in probability to L[p] of Equation (14).

PROOF. The error in approximating L[¢] of Equation (14) by L[¢] of
Equation (26) is:

=//6(5—h(6)) N(dB dw) +// N(dB dw),

where N, = {(B,w) : |8] < eorw € K¢}. The first term in Equation (27)
converges to zero almost surely, and the second in L, as ¢ — 0; see the
Appendix for details. 0

(27)

The approximation L.[¢] is the sum of a Lévy random field with finite
Lévy measure v, (hence with simple representation Equation (13)) and a
deterministic drift term d,[¢] given by the second integral in Equation (26).
The drift vanishes whenever v(df dw) is symmetric in +(3 and h((3) is odd,
SO
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LEVY ADAPTIVE REGRESSION KERNELS 13

COROLLARY 2. If either (a) v(df dw) satisfies Equation (7), or (b) v(df dw)
satisfies Equation (9) and is even in £, and also h(B) is an odd function,
then for each x € X,

(28) fe(l‘)E Z g(:vaj)ﬁj

0<j<Je

with .
Je ~ Po(v), {Bj,wjtocjct. | Je = ve(dB dw) /v

converges to f(x) in probability as e — 0.

PROOF. With f.(z) = L.[g(z)],

fe(x) :/Qg(x,w)ﬁg(dw)
(20) =[] swwpN(asdo) - [[ g@.wih(@r.dsdo)

with Ne(dB dw) ~ Po(ve(df dw)). If v satisfies Equation (7), then without
loss of generality take the compensator function h(5) = 0. In both cases
(a) and (b), the second integral in Equation (29) vanishes, leading to Equa-
tion (28) (cf. Equation (2)).

a

Note that in case (b) the {g(z,w;)3;} are not absolutely summable so

20 g(z,wj) B;” does not converge in the Lebesgue sense. In each of our
applications the conditions of Corollary 2 hold, allowing us to approximate
v by a finite Lévy measure v, (and L by L. ~ Lévy(v,)), and exploit the
resulting Poisson representation for inference.

4. Function Spaces for LARK Models. Theorem 2 and Corollary 2
establish pointwise convergence of f.(z) to f(x) as € — 0; in this section
we provide conditions to ensure that f.(-) — f(-) in appropriate Besov or
Sobolev norms if the generating functions lie in the same space.

For s > 0 and d € N denote by W5(R?) the Sobolev space of real-valued
square-integrable functions f(-) € Ly(R%) (Sobolev 1991, §1.7; Reed and
Simon 1975, p.50) with finite Sobolev norm

. 1/2
(30) s = { gy [, 0+ 16" 7O ae
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14 WOLPERT, CLYDE AND TU

with Fourier transforms defined for f € L;(R%) by

O = [ e fla)do

and by Lo limits for f € Lo(R?); here d¢ and dz denote the Lebesgue volume
element in R, and ¢ - z denotes the Euclidean inner product. Each W5 is a
Banach space, hence complete. By Plancherel’s theorem each f € W5 with
s > 0 has s distributional derivatives in Ly(R), and by Sobolev’s lemma has
k continuous derivatives for each integer 0 < k < s — d/2.

Besov spaces are a very flexible family that includes elements with wide
spatial irregularity. Triebel [1992, p. 140; 2001, p.4] defines the Besov semi-
norm of f € Lp(Rd) for p,¢g > 1 and s > 0 and for any integer m > s
(m =1+ [s] is easiest), as

1/q
f1? = h|7%||A 4 dh/|h|®
’ ’pq (~/|h§1 ‘ ’ H h f”p /’ ‘ )

or, in dimension d = 1,

L 1/q
() 5= (2 1187 £l an)
where A}" denotes the mth forward finite difference,

AP f(x) = f(x)
AR f(w) = [AFT (w4 h) — AP ()]

(32) S (7;) (=1 f(a + kh).
k=0

The Besov space Bj, consists of those f € L, with finite Besov seminorm;
it is a Banach space under norm

(33) 1fllpg = Ifllp =+ 1flg -

For p = q = 2, B}, coincides with the Sobolev space W3.

For fixed w € Q each of the kernel functions g(-,w) in Equation (4) is in
B}, for all p,¢g > 1 and some s > 0, and hence each finite approximation
of the form Equation (28) lies in the same B,,. For example, the Gaussian
kernel of Equation (4a) (along with its d-dimensional generalization) satisfies
ga(-w) € B, for every s < oo and p,q > 1, while in R! the double-sided
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LEVY ADAPTIVE REGRESSION KERNELS 15

Laplace kernel of Equation (4b) satisfies g, (-,w) € B;, for s < 1+1/p < 2 for
integer p and the Haar wavelet of Equation (4d) is in B;, only for s < 1/p.

We now provide conditions for LARK models to be in the same Besov
space as their generating functions.

4.1. Convergence of LARK models in Besov spaces.

THEOREM 3. Fiz g € B} (Rd) for some p,q > 1 and s > 0 and a Lévy
measure v on RxQ with () = (Sd xR?) of translation-invariant product form
v(dfBdw) = v(dBdN)dx (here w = (A, x)) for a o-finite measure v(dS dA)
on R x Si that satisfies the integrability condition Equatz’on (7). Deﬁne a
location-scale LARK model f(-) on X = R by: f(z) = [ ¢(z,w)L(dw)
where ¢(z,w) = g(A(x — X)) satisfies Equation (18) for each fized v € X.
Then f has the almost surely convergent series erpression

(34) Zg —X;))Bj

and f € BS, almost surely if 7 satzsﬁes:

(35a) //Rxsd+ (1A IBIAI7) i(dg dA) <oc
(35D) //Rxsi (1A IBIAF ) (a8 dA) <oo

PRrROOF. Equation (18) ensures that the sum in Equation (34) will con-
verge almost surely for each fixed x € X, with a finite number of terms
] g(Aj(z — X] @‘ > 1 and infinitely many, but absolutely summable, terms
Wlth lg(Aj(xz — x;j)) Bj| < 1. The L, norm of f satisfies the bound

£ 1o < D 19 (A5 ¢ = X)) w1851 = llglls D 145171771551
J J
by the triangle inequality and Proposition2 in Appendix A. This is finite
almost surely by Equation (35a) since g € B}, C Lp. The Besov semi-norm
of f is bounded by:

Zq_Z!BJ\ 9(Aj(z — x;) ‘;q
1/q
=S (o ARl ol an)
j =
1/q
; <
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16 WOLPERT, CLYDE AND TU

by Proposition 2; changing variables h +— t = Ah, this is

1/q
36 = | AP / tIS Y A8 dE |
(36) 21l s <Aj1t<1“ argl
The integral in Equation (36) is bounded by:
[ iaygly de= [ argly de [ Ayl de
R4 lt|<1 It|>1

The first term is just (|g[;,)?, and Equation (32) implies [[A"g|[, < 2™(|gll,,
so:

<o)t [T gl de
[t|>1
d/2 91+mq
— (lal® )4 T q
(o) + Terayes loll
q
< (clgl,)
for some ¢ < 00, SO
(37) Flpg < cllgllng D 1851 141577
J
which is almost surely finite by Equation (35b). 0

Each of the kernels g(-,w) considered in the examples in Sections 7 and
8 may be shown to be in some Besov space By, and each is bounded by
llgllcoc < 1. Corollary 3 establishes that each of our LARK models with a
Lévy measure that satisfies Equation (7) is in the same space Bj, as its
generating function.

COROLLARY 3. Let f(z) = [ ¢(z,w) L(dw) be a one-dimensional LARK
model on a compact set X C R, with product Lévy measure v(df dw) =
vg(dB)ma(dN)dx on R x RT x X satisfying Equation (7) with Gamma prob-
ability measure m\(d\) = Ga(ay,by) and location-scale generator ¢p(z,w) =
g(M(z — X)) with bounded g € B, Then f € By, almost surely if ay > 1/p
for p,q > 1 and s > 0. In particular, if ax > 1 then f € By, if g € By, for
all p,g>1 and s > 0.
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LEVY ADAPTIVE REGRESSION KERNELS 17

PrOOF. Equation (18) holds for bounded g € B;, with Lévy measures of
the form indicated; the conditions on a) ensure that also fR+ APy (d)) <
oo and [p N~1/Pqy (d)N) < oo, so the bounds of Equation (35) hold. 0

4.2. Comparisons with Abramovich et al.. The stochastic wavelet ex-
pansion of Abramovich et al. [2000] may be viewed as a periodic LARK
model using wavelet generator Equation (4e), with (conditionally) Gaussian-
distributed coefficients {3; } |{aj}%d No(0, caj_é) with w = (a,b) € [ag, 00) X
[0,1) and v, (dw) a_fl{@ao} dbda for some ¢,6,£ > 0, § +& > 0 and
aog > 1. The parameters § and & control the size and frequency of wavelet
coefficients and determine whether the expansion will have a well defined
limit. For a finite Lévy measure v, (dw) (§ > 1), the expansion will be in the
corresponding Besov space of the generating wavelet with probability one.
For ¢ <1, the Poisson mean is no longer finite; however, Abramovich et al.
[2000] provide conditions on ¢ and £ so that f falls in the corresponding
Besov space of the generating wavelet.

We now illustrate how the LARK theory may be used to show that the
resulting expansions lie in B;q([O, 1)) if their generating functions do, using
the Besov norm of Equation (33) (rather than the sequence norm commonly
employed with wavelet expansions). This provides an avenue for continuous
wavelet expansions using non-Gaussian distributions, such as a-Stables for
the coefficients in the expansions. In this section only, all L, and Besov norms
will be taken over [0,1). To simplify the proof, we will use the following
lemma:

LEMMA 1. Let 7,(dz) denote the standard normal distribution, let g €
B2, ([0,1)) with p,q > 1 and s >0, and let r € {0,1}. Then

/// (1 Az g(u)r|)\_“) A7, (dz) dA du < oo
Rx[1,00)x][0,1)
foranya € R ifb> 1, and for alla >1—5bifb<1.

The proof is given in Appendix A.1.

THEOREM 4. Let g € IBB;q([O, 1)) for some p,q > 1 and s > 0 and extend
g(+) to be periodic on all of R. Consider the measure v given by

™

1
v(dBdXdy) = i A3=C 3N ggandy
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18 WOLPERT, CLYDE AND TU

on R x Q for Q = [1,00) x [0,1) with §, > 0. Then the LARK model
(@) = [o M 2g(M(x — X)) L(dw) has an absolutely convergent expansion
(38) =36 M2\ — xy))
j

provided that % >1—( for0< (<1, orforany d >0 if ( > 1. Also
f() € B;,([0,1)) almost surely for 5%1 >s+1—=Cif 0 < (<1 or for any
d>04f ¢ >1.

PRrROOF. The absolute convergence of Equation (38) for each x will follow
from Proposition1 if we can verify the conditions of Equation (18), i.e
finiteness of the integral:

(39) /// LA BN 2g (M@ = X))|) v(dB dAdy).

Rx[1,00)x[0,1)

Applying the change of variables 3 — z = \%/24,

40) = /// (1A A lg(Ma — X))[) A~ ma(dz) dAdx
Rx[1,00)x[0,1)

where 7,(dz) is the standard normal distribution. Since the term in paren-

theses is bounded by one, Equation (40) is finite for all § and g if { > 1. For
0 < ¢ <1, apply another change of variables x — u = A(z — x)

// / (1A zg@IA'Z") dur—"~Carr. (d2)

S/R/l /0 1/\\zg(u)])\%6) du [N CdN T, (d2)

< 2/R/1°° /01 (17 29| A7) dur—<drr.(dz)

where [A] denotes the least integer > A. By Lemma 1 this is finite for 0 <
¢<1if 5 L > 1 - ¢ with g € BS,, so Equation (18) holds and Proposition 1
ensures convergence

For periodic g € B, ([0,1)), the L, norms of the mth forward differences
of g(-) and their scaled translates g(A(-—x)) for x € [0,1) and positive scale
A € [1,00) are related by:

(41) IAR" g (AC =) llp < 2[1A%59llp

pg’
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LEVY ADAPTIVE REGRESSION KERNELS 19

since, by a change of variables z — u = A(z — x),

) A(l—x) m m N p 1/17
A7 9O =)l = A7 { / ( k><—1>’”‘ g+ EAR) du}
—AX k=0
1/p p 1/p
g(@ { (Z‘) 1™ g(u + kAR) du}
0 k=0

- (B 1agial,

while [A]/\ < 2. The Besov semi-norm of f is bounded by:

Flog < 221812 19N = x)
J
1/q
=D 1B A2 ( [ B AR = ) dh)
j |h[<1
1/q
Al 1/p L
< ./\1/2 <L) / pl1—sa AT T ah
_;W A piea 18%nsll,

vige (A1) | v

o =y (B ([ urspag )
(42) I (5 (MH argll )

The integral in Equation (42) is bounded by:

L iarglyde= [ ATl e+ [ ATl
R [t|<1 |t|>1

The first term is just (|g[>,)?, and Equation (32) implies [[A"g|[, < 2™(|gll,,
so:

< (lgl3,)? + [ @ glp)? dt
[t|>1
1+mq
_ S \q q
= (lgI2,) + gl
q
< (clgll3,)
for some ¢ < o0, s0
+1/2
(43) f15, < 2cug||pqz 185 ATV
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20 WOLPERT, CLYDE AND TU

is almost surely finite if and only if

/ (1A 18] A+Y/2) p(dB drdy)
Rx[1,00)x][0,1)

is finite. Applying the change of variables § — z = \%/23,

- / / / (m A2 ) A (dz) dAdy,

is finite byLemmal forall > 0if ¢ > 1 and for &t > s+1—Cif0< ¢ < 1.
A similar argument shows that the L, norm of f satisfies a bound of the
form

1711y < cllgll, 318, A
J

for some ¢ < oo. This is finite almost surely if

///1/\|ﬁ|)\1/2 dﬁd)\dx ///1/\|Z|)\2 ~Cry(dz) dXdy

Rx[1,00)x][0,1)

is finite, Wthh follows from Lemma 1 for all 0>0if ( > 1and,if { <1, for
§ satisfying &1 > 1 — ( since g € B}, C Lp. Combining conditions, the B},

normofflsﬁnltelf5/2—1/2>s+1—Cf0rO§C§landforallézolf
¢>1. 0

The restriction to A > 1 may be relaxed to the more natural A > 0 in the
LARK framework, but may require the use of compensation.

4.3. Compensation. For Lévy measures satisfying only the local-Lo bound
of Equation (9) and not the local-L; bound of Equation (7) we must use the
definition of f(z) in Equation (14) and use Equation (16) to establish condi-
tions that ensure f will be well defined for g € B, . We verify these conditions
for the existence of LARK models under Symmetric a-Stable random fields.

THEOREM 5. For a Symmetric a-Stable random field with Lévy measure
of the form v(dB3,dw) = coa|B|71 = dBw(dA) dx on R x Si x R? for 0 <
o < 2, with w(dA) a probability measure on 8% and g € IBB;q(Rd) N L1 (R%)
for p,qg > 1 and s > 0, the conditions of Equation (16) for f(z) to be well-
defined by Theorem 1 are satisfied for 1 < a < p, a < 2 if E[|A|_1] < 0.
For a = 1, there is the additional requirement that

(44) /]Rd‘ (u)log |g(u)| |du < .
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PRrooF. Fix x € X. By the affine change of variables of x — u = A(x—Y),

// 1A | 6z, w)|)p(dB dw)

—1,1]¢xQ

— %0 / A|" 7 (dA) // (1A Blg(w))3~~*dB du

[1,00)xRR4

o)l .
— % EA! /Rd {/1 B%|g(u)|dB +/g(u)|1 ﬁ‘l‘adﬁ} du

For 1 <a <2,

—2c0ElA ] [ gl =, L %du}

which is finite for 1 < a < p since g € Ly and g € B;, C L. For a = 1,

=200 { [ ~lg(w] log g(a)ldu+ [ Igtu)ldu}.

The first integral exists and is finite by Equation (44) while the second is

finite since g € L.

Similarly, the integral in Equation (16b) is

[ (8otww)] A 18 otw,w) (s de)

[-1,1]x
= 2c00ED [ (890 A 39?5 dpdu
[0,1) x R4
The integral in braces
//ﬁ1 “gPdsde + [ 5 lg(wlds du
[0,1A|g(u)| 1] xR4 [1A]g(u)] =1, 1] x R4

is finite for 1 < a <p, a < 2:

lg(w)[* | [g(w)]* — [g(u)| llgl5
S/Rd a7 ac1 MEETae-D

< 00

imsart-aos ver. 2007/12/10 file: lark.tex date: May 4, 2010



22 WOLPERT, CLYDE AND TU

while for o =1,

< [ Algtw)l+ lgtw1og g(w)]]} du < oc

by Equation (44). Finally, Equation (16¢) holds because

[ @B o) = EAI eaa [[ (1A 51872 lgw)]d3 du

Rx RxRd

— EIAI lglhcaa (11218171 ~d5 < co.
R

All of the generator functions in the examples in Section 7 satisfy the
conditions of the theorem for the Cauchy random field (o = 1), so the LARK
models are well defined as ¢ — 0 and for finite ¢ > 0, the approximations are
in the same Besov space as g. We are able to show that this also holds for
Sobolev W$ spaces (which are equivalent to B3,) even when compensation
is required, but this remains an open question for B;, with general p and q.

4.4. Convergence in W35.

THEOREM 6. Let {¢(z,w)} be a location-scale family of the form ¢(x,w) =
g(A(z—x)) forw = (x,A) with x € R? and non-singular dxd matriz A € 8%
for some function g(-) € W5 with s > 0. Let v be a Lévy measure satisfying
the condition

(45) //RQ A7V [L 4+ p(A)2] (1 A B2) w(dB dw) < oo

where p(A) denotes the spectral radius (largest eigenvalue) of A. Recall

(19)
f@= [[oww) 8- HAINAB )+ [[ 6(e.w) h(B)N(dB do)

RxQ RxQ
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LEVY ADAPTIVE REGRESSION KERNELS 23

and, for e >0, define

z/ é(z,0) [8 — h(B) N(dB dw) + // (. w) h(B) N(df dw)

[—€,e]exQ [—€,e]exQ
(46)
Z o(x,w;)B; / d(z,w) h(B)n(dp dw).
0=5<Je —€,e]°xQ
e<|B5]

Then f(-) — f(-) in W5 almost surely as e — 0.

PRrROOF. First consider the case of compensator functions satisfying h(3) =
G for all |3] < 1. Apply an affine change of variables to see that ¢(x,w) has
Fourier transform (in x)

B(&,w) = e“X|A[T1G(ATLE).

For 0 < ¢ < eg < 1 and # € RY, set A(x) = f., () — fe,(z) and let
A={e <|f] < e} x Q. Then

A= X olww)s, - | d(a.w)Bv(dB dv),
0<j<Jey A
€1<|B;]<e2

is a zero-mean random function of z with Fourier transform

A= 3 T gAT08 — // XA (AT B u(dB dw),
0<j<Je; 4
e1<|Bj|<e2

a zero-mean Lo random function of £ with second moment

(47) EA©] = [[ 1A172a(a O B (ds o).
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24 WOLPERT, CLYDE AND TU

Thus A(+) has expected squared Sobolev norm E|| f,, — feg”%wg

— e [[[ (0 16R)° 1290 €) P 62 v(dp dw)

Rdx A

= [[[ (14 1A02) A g8 v(ds de) d

Rdx A

@0~ [[[ )11+ pa)*]

Rdx A

(18) =GRy [ [ )P A B v(dB d)
{e1<|B|<e2}x

\ﬁz (dB dw) dn

— 0 as €1, €2 — 0 by Equation (45),

so {fe.} is a Cauchy sequence in W3 for any €, — 0 and [|f — fe, [lws — 0.
Since f. is a finite linear combination of scaled translates of g € W3, each
fe (and hence f) lies in W5 almost surely and Theorem 6 is proved for
compensator functions satisfying h(5) = § for |3| < 1.

For an arbitrary bounded compensator h(3) satisfying |3 — h(8)| < ¢?
for some ¢ > 0, Equation (47) has the additional nonrandom term

2
< (/ J9AZE] g dﬁdw)>

leading at most to an additional constant factor of [1+c¢ [[p., o (1AB?) v(df dw)]
in Equation (48), leading as before to | f — fe,|lw; — 0 and completing the
proof. 0

iex I 1Y)
}// T (Bh() asas|

COROLLARY 4. If {¢(z,w)} is a location-scale family of the form con-
sidered in Theorem 6 and if a Lévy measure v is of product form v(df dw) =
vg(dp) m,(dw) for some o-finite measure vg(d3) on R and probability mea-
sure 7, (+) on S that for some s > 0 satisfy

(192) [ A 8ws(ds) < oo
(49b) LA (4 p(8)2)m(de) < o0

then v(dBdw) also satisfies Equation (45) and hence fc(-) — f(-) in W}
almost surely as € — 0.
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For example, in one dimension, Equation (49b) is satisfied for all s > 0
if A = X has the x, distribution with v > 1 degrees of freedom, i.e., if
A2 ~ Ga(ay, By) with ay > 1. More generally, for any m > 0 Equation (49b)
is satisfied for all s > 0 if \™ ~ Ga(ay, By\) with ay > 1/m or, for m < 0,
for ay > (1 —2s)/m.

5. Inference for LARK Models. The LARK model introduced in

Section 1 may now be summarized as:

(502) E[Y(2) | £,0] = f(x) = /Q 6, w)L (dw)
(50b) L]0~ Lévy(v)
0 ~ mp(db)

with implicit dependence of the Lévy measure v(dfdw) and conditional
distribution for Y (x) on a hyperparameter vector #. In all of our examples
we take v to be a product measure v(df dw) = vg(8) dB ||, (dw) satisfying
the conditions of Corollary 2, with m,(-) a probability measure on €, |Q] a
measure of the volume of €, and vg(-) > 0 a non-negative density function
on R satisfying [p(1 A 6%)vg(8)dB < oo (so v satisfies Equation (9)), for
which either (a) v also satisfies Equation (7) or (b) v3(f3) is even and h(f3)
is odd in . Thus we have the representation

(51a) 0 ~ mp(db)

(51b) J |6~ Po(v)), v = v (R x Q)

(51c)

{(Br wi)hogjcs | 1.0 % ma(8;) dB; mo(dwy)  wa(B) = Lypsey va(B)IQ /vt
(51d) Yilf ®pe(yl fle))dy  fla)= > élanw;)b;

0<j<J

for sampling model py (- | u) parametrized by p.

5.1. Exzamples of Lévy Random Fields. Motivated by the applications
in Section 8, we now focus on LARK models built on approximations to
Gamma, symmetric Gamma and Symmetric a-Stable (in particular, Cauchy)
Lévy random fields, and quantify the approximation errors to facilitate the
selection of € and other prior hyperparameters.

5.1.1. Gamma LARK Models. The Gamma random field of Section 2.5.2
has vg(dB) = vﬁ_le_ﬁnl{ﬁw} df for some constants v > 0 and n > 0. The
parameter 1 in Equation (22) controls both the Poisson rate of mass points
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26 WOLPERT, CLYDE AND TU

{(Bj,w;)} of magnitude |3| > € and the probability distribution of those
magnitudes {f;}. To facilitate elicitation we disentangle those two roles by
truncating at |Gn| > € (rather than |3| > €); of course the limit as € — 0 is
the same. The distributions of J and {f;} are now given by:

J ~ Po(v}) v =~QE(e)
iid g tefin
B; ~ mp(B)dB;  ma(B;) = jElTl{ﬁjvpe}

where the exponential integral function [Abramowitz and Stegun 1964, p. 228]
is denoted as E1(z) = [°¢t~'e~!dt. With this truncation the expected square
Ly norm of the loss due to truncation for any ¢ € Lo (€, |Q|7,(dw)), such as

d(w) = ¢(x,w), is:
Eleio] -~ Lololl* =[] 6w)10P 1y amic vidddo)

¢/
(52a) e /0 " B2 p(8) dB =y 2|3 [L - (1+€) e,

showing the rate at which L.[¢] — L[¢] in Ly as € — 0. This is used in
Section 5.2 to guide the elicitation of hyperparameters.

5.1.2. Symmetric Gamma LARK Models. The symmetric Gamma ran-
dom field of Section 2.5.3 has Lévy measure vg(d3) = ~|8|"te 1PI"dp for
some constants v > 0 and > 0. Once again truncation at |3n| > € leads to

J ~Po(v) v = 29| QB (¢)
iid NS L || tem Pl
B; ~ m5(B5) dB; m3(B;) = 2E; () 1{Iﬁj77|>6}

and expected squared discrepancy (used for elicitation):
(52b) E[L[8] - Lelgll” = 2yn 2 1613 [1 — (1L + ) e™].

5.1.3. Symmetric a-Stable LARK Models. The SaS Lévy random field
of Section2.5.4 has vg(df) = j;af(a) sin Z2 [8|~*~1 d3 for some constants
4 > 0 and 0 < a < 2. To facilitate elicitation and posterior inference, we
write 4 = yn~® and (again) truncate at |3;n| > €. This leads to:

J ~ Po(v) v = y|Q20 () sin Z2e

iid et o
B; ~ ms(B;)dB;  wa(B) = W!ﬂj! "4, 15}
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with symmetric Pareto distributions for the coefficients {3, }. For the Cauchy
(o = 1), these simplify to v = 2v|Q|/ (7€), with

€ _
ms(8) = 51641 118,156

Although the total variation |£| is almost surely infinite, and even |[L — L]
will be infinite for o > 1, still for ¢ € Lo (9, |27, (dw)) the expected squared
discrepancy is finite:
2
EIl0] — Lelol = [[ 0P8 < vidddo)

MNa+1)
(2 —a)

or 2yn~2||¢||3 [¢/7] for the Cauchy case o = 1.

(52¢) — 272l | simz2 20

5.2. Prior FElicitation of Hyperparameters. We now turn to the selec-
tion of € > 0, the vector # € © of Equation (51), and the Lévy measure
v(df dw). In each of our examples § = (v,n) for rate parameters v and
n governing the frequency and magnitude of jumps {3;}, respectively, and
the expected squared truncation error for L.[¢] for ¢(w)=¢(z,w) is of the
form E|L[¢(x, )] — L[o(, )H2 = yn72||(z, -)||3 c(e) for some c(e) > 0 with
c(e) — 0 as € — 0 (see Equation (52)).

We choose prior distributions to attain three goals: (1) desired range of
number J of terms in the stochastic expansion; (2) desired range of coef-
ficient magnitudes {3;}; and (3) tolerable expected truncation error. We
first select a Lévy family (Gamma, a-Stable, etc.) to meet the needs of
a particular problem for symmetry or positivity, sharp or heavy tails, etc.
Each of our Lévy measures is of the product form v(df dw) = vz(df) 7, (dw)
considered in Theorem 6 and Corollary 4, with location, scale, and perhaps
other location-specific (and hence adaptive) attributes encoded in w € Q in
problem-specific ways.

Hyperparameters in the Lévy measure vg(df3) govern sparseness for LARK
models, i.e., the number J of terms in the stochastic expansion. In each
LARK model J has a Poisson distribution with mean proportional to ~.
The coefficient of variation under the Poisson distribution falls to zero as
the mean increases, overstating the prior certainty for large values of EJ. To
ameliorate this we introduce an additional layer of hierarchy by placing a
Gamma prior distribution on the parameter v ~ Ga(a,, b,), leading to the
overdispersed negative binomial prior distribution for J ~ NB(a,ps). The
parameter 7 governs the scale of the coefficients {3;}, and hence the range

imsart-aos ver. 2007/12/10 file: lark.tex date: May 4, 2010



28 WOLPERT, CLYDE AND TU

of the regression function f(-). We employ a Gamma distribution for the
scale parameter n~ ! ~ Ga(ay, by). Together the hyperparameters €, a-, b,
ay, by determine the prior distributions for J, for the coefficients {3;} (and
hence the range of f(-)), and for the expected mean-square truncation error.
We select values for these five parameters to meet five criteria: attain two
specified quantiles (such as a central 99% interval) for each of J and {3;},
and a specified bound on the expected truncation error Eyn=2||¢(z,-)||3 c(e).
Typically this involves an iterative numerical solution.

As a default choice we take 7(dw) = m,(dx) mA(d)) to be the product of
the uniform distribution for locations y ~ Un(X) and a Gamma distribu-
tion for inverse (distance) scale parameters A ~ Ga(ay,by). The shape and
rate hyperparameters ay and by govern the range of probable values for the
location-specific inverse scale parameters {\;} and hence for the smoothness
of f(x), similar to how bandwidth selection governs smoothness in other ker-
nel methods. A kernel at w; = (x;, A;) will represent a feature located at x;
of width 1/);, so large values of A; are needed to fit a very “spiky” part of
a curve, while a smoother part of a curve may be fit most parsimoniously
using small values of \;. The prior distribution for A\; must support an ade-
quate range of values in order to fit a spatially inhomogeneous curve. Values
of ay > 1 will ensure E[\] < co and a finite covariance function; we choose
(ax, by) to attain two specified quantiles, such as a central 99% interval.

5.3. Posterior Inference. The joint posterior density of all parameters
under the LARK model of Equation (51), given observations Y = {Y;}, is

— V(R xQ
prm B | ¥) oy () gl 2LV BN T )
: 0<j<J

(53) X pr(Yi > ¢(m,~,wj)ﬁj)

il 0<j<J

The posterior (and full conditional) distributions of the parameters are not
available in closed form. Since some of our parameters (3 and w) have vary-
ing dimension, some form of trans-dimensional Markov chain Monte Carlo,
such as a reversible jump (RJ-MCMC) algorithm [Green 1995, Sisson 2005,
Wolpert et al. 2003] must be used to provide samples from Equation (53) for
posterior inference.

A typical RJ-MCMC procedure for sampling varying dimensional param-
eters involves at least three types of moves (Birth, Death and Update); we
use Metropolis-Hastings steps for each of these. Our trans-dimensional up-

date steps entail altering the value (87, w?) of one point (8}, w;). We select

33
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j ~ Un(0 : J—1) for proposed updating, then take Gaussian random walk
steps successively in the coefficient 3;, the location parameter x;, and the
log kernel shape parameter, log A;. Step sizes are chosen to achieve approxi-
mately 30% acceptance rates for each class of updates. One novel feature is
that when the proposed update of some coefficient 3; falls in the truncated
region ﬂj’-kn € (—e€,¢€), the move is treated as a Death, the point (3;,w;) is
removed, and J is decremented. This is advantageous as it automatically
focuses on small magnitude coefficients for removal (rather than a random
selection as in the typical RJ-MCMC Death step). A Birth step entails gen-
erating a new point (5%, w*) to be included among the {(3;,w;)} and incre-
menting J by one. We use a double exponential birth distribution with rate
n/e, conditioned to exceed |B;|n > € so that proposed coefficients are small,
balancing the “Death” of small coefficients in the Update step to attain the
target acceptance rates. The fixed dimensional parameters are sampled using
a conventional Metropolis-Hastings approach [Gilks et al. 1996, §1.3.3]. Each
of these inexpensive update steps requires only O(n) operations (in contrast
to Gaussian methods, which may require O(n?)), so the method scales well
in the number n of observations. Further details of the RJ-MCMC are avail-
able in [Tu 2006, Appendix A.1, pp. 116-117]. An R package [R Development
Core Team 2004] implementing LARK is under development by the authors
and will be made publicly available.

6. Relation of LARK to Other Models.

6.1. Gaussian Processes or Random Fields. For any positive Borel mea-
sure Y (dw) on a complete separable metric space €2 there exists a Gaussian
random measure Z(dw) on € that assigns to disjoint Borel sets A; C Q of
finite measure ¥(A4;) < oo independent mean-zero Gaussian random vari-
ables Z(A;) ~ No(0,%(A;)) of variance EZ(4;)? = %(A;). For any kernel
function g on X x Q with ¢(z, ) € La(Q, X(dw)) for each z € X, this induces
a mean-zero Gaussian random field through the Wiener stochastic integral

fla) = /Q b(, w) Z(dw),

with covariance C(z,y) = E[f(z) f(y)] = [q ¢(z,w) ¢(y,w) X(dw). The Gaus-
sian random measure Z(dw) is the special case of a Lévy random measure
L(dw) defined earlier in Equation (8) with §(dw) = 0 and v(dfdw) = 0.

A wide variety of Gaussian processes are available in this form. For ex-
ample, those with stationary covariance C'(z,y) = c¢(z — y) may be written
in the above form if the spectral measure has a density function ¢(w) =
[y e c(z) dz whose square root is Lebesgue integrable, e.g., the Matérn
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class [Stein 1999, p.31] in R? with smoothness parameter v > d/2. The
Gaussian random field model above may also be obtained as the limit as
a — 2 of the symmetric a-Stable LARK models considered herein, provid-
ing an alternative method for inference that avoids the need for large matrix
inversions. To maintain a unified computational approach we have limited
our attention in this article to LARK models with pure-jump Lévy random
measures, i.e., %(-) = 0.

6.2. Compound Poissons and Miztures of Gaussian Random Fields. Mix-
tures of Gaussian random fields may be constructed as LARK models with
Lévy measure of the form

(54) v(dB dw) = (2m02) Y2129 43y, (dw)

leading to mean functions of the form f(z;) = > o< ¢(x,w;)B; with
normally-distributed coefficients 3;j|w ~ No(p,, 02). For finite measures v,
the expansion has a Poisson-distributed number of terms, hence, is a Poisson
mixture of Gaussian processes (or for hierarchical models with a Gamma
distributed Poisson mean, a Negative Binomial mixture of Gaussian pro-
cesses). In Section4.2 we showed that the stochastic wavelet expansion of
Abramovich et al. [2000], an example of Equation (54), may be viewed as
a LARK model. Chu et al. [2009] extend the compound Poisson (or LARK
with finite ) model to include mixtures of normals distributions for /3, and
develop methods for Bayesian inference for such OverComplete Wavelet ex-
pansions (OCW); we compare the OCW method to other LARK models in
the simulation study of Section 7.

For automatic curve fitting using splines and wavelets, Denison et al.
[2002, Chapter 3] used a similar hierarchical model with common o, = o, but
truncated the (Poisson-distributed) number of terms in the basis expansions
at some fixed upper bound J,,. Taking J,, — oo leads to the Gaussian LARK
model of Equation (54) with a common variance. Gaussian processes have
sharp tails, of course, leading to concerns about robustness when they are
used as prior distributions in problems with likelihood functions that fall
off more slowly. Specifying variances for Gaussian prior distributions is non-
trivial, with large “non-informative” choices leading to the so-called Lindley
paradox. Denison et al. recommend an inverse Gamma prior on o to avoid
this well-known problem. This leads to a multivariate Student ¢ distribution
on the expansion coefficients and, since the prior now has bounded influence,
provides robustness. The limiting model (as J, — o0) may be viewed as a
mixture of Lévy random fields.

Rather than using a multivariate Student ¢ for the coefficients, one might
use “ridge” priors and model the uncertain function f(-) = > o< 3 ¢(-; w;)
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as the sum of a Poisson (or Negative Binomial)-distributed number J of ker-

nel functions ¢(-;w;) with coefficients 3; %i C(0,7) drawn from a centered
Cauchy distributions with scale 7. To accommodate rough functions f(-)
one must be willing to consider large numbers of terms, most of which will
have small coefficients— under these priors, one must consider large E.J and
small 7. But how small? And what happens if 7 is made a bit smaller and
EJ a bit larger? As 7 — 0, if one scales the expected number E.J of terms
(as a function of 7) properly, this model converges to a LARK model with
infinite Lévy measure (and so is not sensitive to the cut-off €, which merely
quantifies how close is this approximation). If EJ is not scaled properly to
converge to a LARK model, the limiting results may depend critically on
arbitrary and unintentional choices.

This may be implemented explicitly in LARK form by placing indepen-
dent Ga(a/2,¢/2) prior distributions on o2 in Equation (54) to achieve in-
dependent univariate Student t,(0,€) distributions for the coefficients {/3;}
and (approximately, as the parameter ¢ — 0) the heavy-tailed Symmetric
a-Stable process for f(x) of Sections2.5.4 and 5.1.3 (this also illustrates
that truncating the support of (., is not the only way to construct suit-
able approximating sequences of finite Lévy measures v, (df dw) = v(df dw)
for which the integrals in Equation (27) converge). An important feature
of our infinitely divisible construction (in contrast to a compound Poisson
approach from other distributional families) is that in each case, as € — 0
the approximating model converges to one with a well-defined prior (with
infinite Lévy measure) and a proper posterior distribution.

6.3. Finite Dimensional Frames. LARK may be viewed as a limit of
Bayesian variable selection methods with finite frames or dictionaries. Wolfe
et al. [2004] consider frames based on discretizing € as a fine grid with
|G| elements. They place i.i.d. prior distributions 7 (5)d3 on the non-zero
coefficients and i.i.d. Bernoulli kernel inclusion indicators with inclusion
probability pg. If |G|pa 7(8) — v(B) as |G| — oo, then the result converges
to a LARK model on the infinite-dimensional frame. The representation in
[Wolfe et al. 2004] uses a point mass at zero to provide sparsity. Similarly, one
may view the prior distributions in LARK under the e-truncation approach
as assigning zero mass to a neighborhood around zero, also leading to sparse
representations. One benefit of LARK is its provision of a formal method
for coherent prior specification for continuous dictionaries; a second is its
provision of a proper prior specification in the limit as ¢ — 0, ensuring
insensitivity to the choice of e.

Standard stochastic search algorithms using finite-dimensional frames may
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exhibit poor mixing when the correlations between grid elements tend to 1.
To illustrate, suppose that two possible kernel parameters wy and wy are close
in parameter space, leading to two highly correlated columns in the design
matrix. In addition, assume that inclusion of either column leads to nearly-
maximal likelihood. With the standard one-at-a-time deletion or addition
moves in many stochastic search algorithms, to move from a model includ-
ing a kernel indexed by wg to one indexed by w; would require an extremely
unlikely deletion followed by an addition (or unlikely addition followed by a
deletion). LARK avoids this difficulty by allowing the continuous parameter
w indexing dictionary elements to move incrementally from wg to w; by a
series of update steps, avoiding some of the poor mixing problems associated
with highly correlated frame elements in a fine-grid based method.

6.4. Dirichlet Processes. The Dirichlet process [Antoniak 1974, Ferguson
1973, 1974] has received widespread use as a prior distribution on probability
distribution functions. Its popularity is due in large part to its analytic
tractability in many problems; simulation is straightforward, and Bayesian
MCMC inference methods are available [Escobar 1994, Escobar and West
1995, MacEachern 1994, 1998, Miiller and Quintana 2004]. Liang et al. [2007]
consider nonlinear regression and classification models E[Y; | X;] = f(X})
for data {(Y;, X;)} using kernel expansions of the form

(55) flx) = /k:(:z:,u)v(du) = /k‘(az,u)w(u)F(du)

with random signed measure 7(du) expressed as the integral of a weight
function w(u) with respect to a probability distribution F', modeled as a
Dirichlet process F' ~ DP(Fp, «) with base measure Fj and scale o > 0. If
observed points {X;} are viewed as a random sample from F', then updating
the posterior for F solely on the basis of the observed {X;} would lead in the
limit as @ — 0 to a degenerate posterior for F' concentrated at the empirical
distribution for X, justifying the finite dimensional expansion

n

fle) =" k(w,z)w(z;)

i=1
with kernels evaluated only at the observed data locations. The generalized
g-prior of West [2003] for the coefficients {w; = w(x;)} leads to dependent
Cauchy distributions for the {f(x;)}. This approach (like the SVM, RVM,
and related approaches) has as many coefficients as there are data points,
but avoids over-fitting through shrinkage. Asymptotic properties of f(x) as
n — oo are difficult to study in the absence of a limiting structure such as
that provided by LARK.
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The Dirichlet measure F'(du) does not assign independent random vari-
ables to disjoint sets and so Equation (55) is not a LARK model, but it can
be constructed from one. In fact it is exactly the normalized LARK model

(56) fa) = [ ke, wpwl) L(du)/L@)
=D k@, uj)w; B/ By
J

with F'(du) = L(du)/L(Q) for a Gamma random field £(du) with infinite

Lévy measure

v(dBdu) = af e " 115-0ydB Fo(du)

where 34 := 3" (3; (note that w(u) could be absorbed into k(z,u)).

Well-known disadvantages of Dirichlet process models include their inflex-
ibility (the single parameter o determines the prior dispersion everywhere,
precluding prior specifications with more uncertainty in some regions than
in others), their discreteness, and the limited variability of the masses as-
signed to the countably-many support points. The normalized Gamma rep-
resentation (56) of DP’s offers the opportunity to overcome some of these
disadvantages— for example, the Gamma process may be given a variable
rate parameter b(u) by taking

v(dB du) = g~ e W8 1(3>01dp Fo(du)

leading to a precision that can vary with location u € €2, or the Gamma
random field may be replaced with another nonnegative Lévy random field
with wider dispersion, such as the fully-skewed Stable process of index o < 1.
Other nonnegative Lévy random fields are beginning to be used in machine
learning [Jordan 2010] and other fields.

7. Simulation Study. We now turn our attention to simulated and
real examples to illustrate the performance of LARK models in practice.
We conducted a simulation study using four spatially varying functions in-
troduced by Donoho and Johnstone [1994] that are now standard in the
wavelet literature: Blocks, Bumps, Doppler and Heavysine. Data were gen-
erated for each test function by adding independent Gaussian random noise
No(0,0?) to the true target function f(-) at n = 1024 equally-spaced points
on X = [0,10]. As in [Abramovich et al. 1998], the value of o was chosen to

attain a root signal-to-noise ratio (RSNR) of \/fx(f(a:) — f)2dz/o? =170,
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Test Function | Kernel ¢(xs; x5, Aj)

Blocks Lrocn; (@i—xj)<1}

Bumps e Ml
202

Doppler e 0PN i)

e—o.sA?(erj

X 2
Heavysine ) 1{jzi—x;1<2.0)

TABLE 1
Kernel functions used for four test functions

where f = ‘—qu J f(z) dx. Each target function f(-) has a range of approx-
imately 0 < f(z) < 25. For each function we generated 100 replicate data
sets to evaluate the performance of LARK and other methods on the basis
of mean squared error

(57) MSE = n~! i (@ - f(:pl))2

i=1

7.1. Hyperparameters. In Table 1 we report the kernel functions used for
the four simulation examples, chosen to illustrate the flexibility of LARK
to use a wide range of kernels that may be adapted to anticipated features
(smoothness, spikiness, jumps, curvature, covariation, etc.) of applications.
In each case we take Q@ = [0,10] x R4 (and |2| = 10), with elements denoted
w = (x,A), comprising a location parameter y € X = [0,10] and a shape
parameter A > 0. As described in Section 5.2 we take {x;} d Un(Q2) and

A} i Ga(ay,by) with ay, by chosen (see Table2) to achieve a 95% prior
interval of [0.20,20.0] for A to attain dilated kernels covering from half a
percent up to fifty percent of X.

Our choice of the remaining hyperparameters was guided by three objec-
tives: to achieve a 95% prior predictive interval of [5,100] for J, to achieve
a 95% prior predictive interval of [—25,25] for the {3;}, and to achieve a
limit on the mean squared truncation error of ||L[¢] — L¢[¢]||2 = (E|L[¢] —

L€[¢]|2)1/2 < 0.05 - ||¢|l2 (see Section 5.2). While these objectives could be
met for the LARK model with symmetric Gamma prior with the values
given in Table 2, they are not quite attainable for the Cauchy model— the
competing goals of an extremely wide distribution for the {3;} and a low
mean squared truncation error cannot be reconciled. Upon relaxing the prior
predictive distribution requirement on {3;} to a 99.9% interval of [—33, 33],
adequate for this problem with a flat Pareto-tailed distribution for {3;}, the
remaining objectives for the distribution of J and the mean square trunca-
tion error were attained using the values given in Table 2.
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Lévy Measure € G~y b~ an by ax ba

Symmetric Gamma | 0.0041 | 2.53 6.45 | 13.01 0.71 | 1.117 0.1965

Cauchy 0.0029 | 2.53 14.2 0.50 1.00 | 1.117 0.1965
TABLE 2

Hyperparameters used in examples of Section 7.1

7.1.1. Performance. We compared LARK with two of the best wavelet
methods currently available for inhomogeneous function estimation using
overcomplete representations: the empirical Bayes approach (“EBayesThresh”)
of Johnstone and Silverman [2004, 2005a,b] using translational-invariant
wavelets, and the continuous over-complete wavelet (“OCW?”) approach of
Chu et al. [2009] based on the stochastic wavelet expansions of Abramovich
et al. [2000]. We replicated the results of Johnstone and Silverman [2005b]
under the beta-Laplace prior using their R package EBayesThresh [Johnstone
and Silverman 2005a] with Daubechies’ “least asymmetric” (1a8) wavelets
(see §4 of Daubechies 1988 or §6.4 of Daubechies 1992). OCW uses the same
1a8 wavelet as EBayesThresh except for the Blocks example, where both
LARK and OCW use the Haar wavelet. The OCW method may be viewed
as a special case of LARK with a finite non-separable Lévy measure, where
coefficients (3; have independent Laplace distributions conditional on scale
parameters \j, which in turn have truncated Pareto distributions. As in
LARK, OCW assigns independent uniform locations, with a negative bino-
mial distribution for the number of terms in the expansion.

The performance of each method was measured by its average mean
square error (AMSE), defined as the average value of the MSE given in
Equation (57) over the 100 replicated simulations. Overall, the performance
of the LARK model is excellent (Table3). Both LARK versions generated
lower AMSE values than did EBayesThresh for all four test functions. LARK
also has smaller AMSE than OCW, except for Doppler, where the methods
are comparable. For Blocks, both LARK and OCW use the Haar wavelet,
thus any difference in results is due to the prior distribution on the function;
LARK leads to a 50% reduction in AMSE compared to OCW. For the other
examples, both OCW and EBayesThresh uses a Laplace prior distribution
for each coefficient in the expansion and the same wavelet; in all cases it is
clear that using a continuous dictionary is better than the finite dimensional
dictionary (frame) with the non-decimated wavelets.

8. Applications.

8.1. Motorcycle Crash Data. To further illustrate the method, we ex-
plore the motorcycle crash experiment data of Schmidt et al. [1981] consid-
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Fi1c 1. Comparison of fitted functions using EBayesThresh beta. laplace [Johnstone and
Silverman 2005a] (left column) and Lévy Adaptive Regression Kernels (LARK-Gamma)
(right column) for the four test functions. From top to bottom, the test functions are Blocks,
Bumps, Doppler and Heavysine, respectively.
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Method Blocks Bumps HeavySine Doppler
LARK-Gamma | 0.030 (0.0013 0.111 (0.0019 0.038 (0.0010) 0.152 (0.0030
LARK-Cauchy | 0.026 (0.0011 0.105 (0.0017) | 0.036 (0.0010) 0.157 (0.0028

OCwW 0.060 (0.0023 0.285 (0.0025 0.082 (0.0010) 0.152 (0.0019
EBayesThresh | 0.096 (0.0013 0.307 (0.0032 0.118 (0.00098) | 0.202 (0.0027

N2 ANENG
T
—_—

TABLE 3
Average and (standard errors) over 100 replications of mean square errors of the four
test functions using the Lévy Adaptive Regression Kernels (LARK) using the symmetric
Gamma and Cauchy priors, the OCW approach using a Laplace prior [Chu et al. 2009],
and the EBayesThresh approach using a Laplace prior [Johnstone and Silverman 2005a].

ered by Silverman [1985], shown in Figure 2. The 133 observations are un-
equally spaced, with repeated observations at some time points. Our focus
in this example is to illustrate how a single wide class of generating functions
may be used in LARK, with the data (through the likelihood) influencing
the choice of kernels present in the posterior distribution. We use the power
exponential family of kernel functions ¢(z; x, A, p) = exp{—A|z — x|”}, but
here (in contrast with the examples in Section 7) we treat p as an uncertain
parameter and make inference about it from the data. We take the power
p to be common for all kernels, and use a relatively concentrated Gamma
prior distribution p ~ Ga(2.0,0.75) with a 50% HPD interval of [0.58, 2.56]
which comfortably includes both the Laplace (p = 1) and Gaussian (p = 2)
kernels as special cases.

The results are summarized in Figure 2. It is apparent that the fitted mean
captures the general trend of the data very well, with minimal boundary
effects. The model is parsimonious in the sense we only need 4 kernels on
average to fit the data. The posterior mean for p is approximately 3 with
most of the posterior mass well above the values (p = 1, 2) for the Laplace
and Gaussian kernels.

8.2. Spatial Temporal Model. In this section we explore the performance
of the LARK approach for modeling hourly SO concentration levels (mea-
sured in ppm) in Pennsylvania, New Jersey, Delaware and Maryland [U. S. EPA
2007]. The locations of the 33 monitoring stations are shown in Figure 3; the
study region 8, delineated by a rectangle in the figure, covers a 310 km X
310 km area. We used rescaled coordinates from a Lambert (conformal conic)
projection to reduce the distortion caused by the earth’s curvature. For
demonstration purposes we restrict analysis to measurements taken during
a 144 hour period T from September of 2002. About 5% of SOs readings
are missing (at random) from the data set, which is not a problem for the
LARK model. While Gaussian random field models are popular for modeling
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spatial-temporal data, the log transformation typically used in the Gaussian
approach (because the mean function is strictly positive) eliminates many of
the (important) spiky features of the data. Our Gamma random field prior
distribution allows us to model the data in the original units.

The model can be written in the same simple form as Equation (51),
but now the SOy concentration Y (x) is indexed by points x € X = 8 x T in
space-time and the Lévy random measure L (dw) assigns Gamma-distributed
random variables to Borel sets of a space 2 of points w = (0,7, A, \) that
include a location (o, 7) € § x T in space-time, a positive-definite 2 x 2 spatial
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F1G 2. On top: Results of the LARK model for the motorcycle crash data. Circles represent
the observations; solid line is the posterior mean; dotted lines are pointwise 90% Bayesian
credible interval for the mean function. Bottom: Histogram of posterior samples of the
exponential power parameter p, with prior density (solid line) for comparison.
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dispersion matrix A € 8; , and a temporal decay rate A > 0. We employ a
separable kernel of the form:

d(z,w) =exp{—(s—0)A(s—0)/2 =Nt — 1|}

and in the spirit of [Higdon 1998, §3.2] and [Higdon et al. 1999, §2.2], we
employ a novel parametrization for A in terms of its eigenvalues and the
orientation of its major axis [see Tu 2006, Sect. 4.2.6, for details on prior
specifications|. In variations also described in [Tu 2006, Chap. 4] accommo-
dation is made for partial periodicity (due to diurnal patterns associated
with daily variation in ambient temperature, traffic levels, etc.), still within
the framework described by Equation (50) but now with more elaborate
choices for Q and ¢(z,w).

(a) (b)

240
|

Latitude
180

Northing (km)

120
|

60

Longitude

Easting (km)

F1a 3. (a) Thirty-three monitors used by EPA to measure hourly SOz concentration in year
2002. The inverted triangle denotes Site 81. The study area is delineated by a rectangle
that includes parts of Pennsylvania, Maryland, New Jersey and Delaware, and is blown
up in (b) which illustrates locations of kernels from a draw from the posterior distribution.
The blue circles represent aperiodic points and the red circles represent daily periodic point
sources. Circle areas are proportional to the magnitudes of the point sources they represent.

The locations of latent point sources from one iteration of the RJ-MCMC
algorithm are presented in Figure3 (b). Larger latent points appear to be
clustered in the Baltimore metropolitan area and near the New Jersey/
Pennsylvania border. The model’s support points are more than a mere mod-
eling device— they can help analysts identify possible underlying sources of
pollution, or support future decisions on monitor locations.
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The predictive power of the model is validated through out-of-sample
prediction. The model was fit excluding data from Site 31 (the inverted tri-
angle in Figure3(a)), and then its predictions were compared with reported
measurements from that site for the entire 144 hours. The result shown
in Figure4 is promising. The major peak was captured clearly, and 90%
pointwise Bayesian credible intervals cover in excess of 80% of the true ob-
servations. This was a challenging out-of-sample prediction problem due to
low cross-correlations among sites. We are currently refining features of the
prior distributions to incorporate known point sources.

leave-one-out prediction

50

- obs
—— predictive mean
5% quantile
95% quantile

40
1

30
1

coverage = 80.3%, rmse = 2.94

SO2 (ppm)

20
1

hours

Fic 4. Out-of-sample predictions for Site 31. Dashed line represents observed time se-
ries, solid line represents predictive mean curve. Gray lines are 90% posterior predictive
intervals.

9. Discussion. In this article, we have developed a fully Bayesian adap-
tive kernel method, LARK, for nonparametric function estimation. The
LARK model is based on a stochastic expansion of functions in a continuous
overcomplete dictionary, and may be expressed as a stochastic integral of
a kernel or other generating function with respect to a Lévy random field.
When Equation (7) is satisfied (so compensation is unnecessary), the Lévy
field is a random signed measure. By using a positive random measure and
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positive kernel family, LARK models provide natural constructions for non-
negative functions (as in Section 8.2); with signed measures, unconstrained
functions may be modeled (as in Sections 7 and 8.1). The kernel parameters
are location-specific and thus adapt to local features of the data. As with
wavelets, the adaptive smoothing using LARK preserves local features such
as discontinuities and high peaks and is especially useful for modeling inho-
mogeneous functions. The LARK approach does not require that the data
be equally-spaced without missing observations nor that the sample size be
a dyadic power as is a commonly required of many wavelet methods.

The RJ-MCMC algorithm developed for fitting LARK provides an au-
tomatic stochastic search mechanism for finding sparse representations of a
function. The algorithm is computationally efficient (requiring only O(n-M)
operations for data including n observations and an MCMC stream of length
M), as dictionary elements are calculated only when needed. Kernel methods
such as Support Vector Machines (SVMs) and Bayesian Relevance Vector
Machines [or RVMs, Tipping 2001] employ all data points as kernel locations,
but shrink coefficients to zero. LARK provides additional flexibility by not
restricting kernel locations. Many competing sparse methods, including the
Dantzig Selector and Lasso, require the a priori selection of a pre-specified
number of dictionary elements. Evaluating these kernels on a sufficiently fine
grid will exceed the computational cost of LARK. Fine grids also lead to ex-
treme multicollinearity in these approaches, that may lead both to numerical
instability and violation of the conditions needed for sparse solutions.

9.1. Eztensions. It is straightforward to implement LARK with wide
classes of generating functions including wavelets, structural elements in tex-
ture analysis, and splines. Unlike support vector machines or other methods
based on Mercer kernels [Pillai et al. 2007], the LARK approach does not
require symmetry, continuity or simple functional forms. While it is often
convenient to use kernels based on some distance metric, arbitrary generat-
ing functions may be tailored to the problem at hand as illustrated in the
space-time example of Section 8.2. The LARK modeling approach adapts
readily to problems in any number of dimensions.

In Section4 we present conditions for LARK models to belong to the
same Besov space as their generating functions, for Lévy measures and gen-
erating functions that satisfy the stringent local Li-bound of Equation (18).
In the more general case, where Equation (18) fails and compensation is re-
quired, we are able to establish similar results only for By with p =¢ =2
(equivalent to W3). We are exploring extensions to the general case, but the
additional drift term that arises in compensation complicates confirming the
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convergence of fe to f in Bj, for general p, q.

Work is also on-going in establishing conditions for posterior consistency
for function estimation. Extending methods of Choudhuri et al. [2004] and
Choi and Schervish [2007], Pillai and Wolpert [2008] have verified posterior
consistency for certain LARK models with Gaussian measurement errors.

APPENDIX A: DETAILS OF PROOFS
PROPOSITION 2. For a function g(-) € L,(R?) and its scaled translate
g(A(- — x)) with x € R? and positive definite matriz A € Si, the L, norm
of g(A(- = x)) and the Ly, norm of its mth forward differences are given by:
(38)  [lg(AC =)y = AP llglp | AT g(AC =)l = AP ARRgllp

where |A| denotes the determinant of A.

PROOF. By a change of variables y — u = A(z — x),
1/p
IAR9(AC =0l = { [ 18794 ~ ) da}
- { > (7};) (1) Fg(Ae + b~ x)

k=0
i @) (—1)™*g(u + kAR)

— |A]7V/P {/
k=0

= A7V ARl

P 1/p
dx}

P 1/p
du}

The proof for the L, norm of g(A(- — x)) follows by the same change of
variables. 0

A.1. Proof of Lemma 1.

PRrROOF. First consider the case b > 1 and a € R. Then

/// 1/\|Zg u)"|AT )>\ 7, (dz) d\ du < /// A7, (dz) d)\ du

Rx[1,00)x[0,1) Rx[1,00)x][0,1)

Th—1 -
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Next consider the case of b < 1 and @ > 1 — b (which imply a > 0):

/// (1A [2g(w)" A=) A", (dz) dA du

Rx[1,00)x][0,1)
eotuy Ve
_ / / / Abd\ . (d2) du
zg(uyrl>1 1

- / / |zg(u)"| / A" dA . (dz) du
[0,1) 1V|zg(u)r|t/e

)\l—b A=z (u)r|1/a
= / ! 7. (dz) du
lzg(u)

[>1 1—>blx=1
)\(1 a—b) A=oco 1) d
+//[R><01 a—b A=1V|zg(u)7|1/® ™ (dz) du
1—Jzg(u)[@ |zg(u)"| ™=
/ b—1 (dz) du + // a+b—1 m=(dz) du
|zg(u)T|>1 |zg(u)T|>1
zg(w)|
// a—l—b—l 7. (dz) du
lzg(u)"|<1
1-b a
< —+// a . (dz) du
Rx[Ol (a+b—1)(1—b) (d2)
1—b
= “a "I d
S s / 2|7 /m l9(w)" |’ du
< 0

fora+b>1ifr =0, and for ap+b > 1if r = 1 (since g € B}, C L), which
is implied by a > 1 — 0.
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Now consider the case of b =1 and a > 0:

/// (LA |zg(w)" [N A b7, (d2) dA du
% [1,00)%[0,1)

(u r|l/a

|zg(u)"| 1
= / / AT dA T, (dz) du
lzg(w)"[>1 /1
+ / / |zg(u)"| / A a7, (dz) du
Rx[0,1) 1V|zg(u)r|t/a
A=[zg(u)| M
= // log )\’ ! 7. (dz) du
lzg(u)"|>1 A=l
A% | A=00
// 7. (dz) du
Rx[0,1) A=1V/|zg(u)" |1/

// —log |zg(w)"| 7, (dz) du + // —dez

|zg(u)T|>1 |zg(u)T|>1

lzg(u)"|

_|_
lzg(u)"[<1

1 1
< - 1 "7, (dz) du + —
o L o 0 () du

< o0

7. (dz) du

since log, (zg") = (0Vlog|zg"|) < |z|+|g|" and g € B;, C L1[[0,1)]. i

A.2. Proof of Theorem 2. For any compensator function h(f3) satis-
fying Equation (10) there are numbers ¢; € (0,00) such that

h(B) <co  1B—h(B)|<ca(BIAB)  |hB)] <ca(lA]A])

for all 8 € R. Fix 0 < € < 1 and a function ¢ : R x 2 — R satisfying Equa-
tion (16); let B,, B, and B, be the values of the integrals from Equations
(16a—16¢), respectively. To complete the proof of Theorem2 it suffices to
show that each of the two terms from Equation (27),

X = // E(ﬁ —h(B)p(w)N(dBdw) and Y = /Ne h(ﬁ)(ﬁ(w)f\f(dﬁ dw),
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converges to zero in probability as ¢ — 0. Write the first integral in Equa-
tion (59) as the sum of two parts:

X = / (8 — h(B)) $(w)N(dB dw) = X1 + Xa, with

X = // (8- h(E) oINS dw) Xo=  [[ (8= h(B) olw)N(df d)

NeN[|Bol<1] NeN[|Bo>1]
Then
el <a [[ (1808 6@ v(ddd)
Nen[|B¢|<1]
—a [[ AP @iv@sds) e [[ 0 A180) vdsd)
Nen[|BI<1]N[1B¢| < 1] Nen[|B|1>1]N[|B¢| < 1]

<c¢1(Be+ By) <

so X1 — 0in L; as ¢ — 0 by Lebesgue’s dominated convergence theorem
since the indicator function 1;x.1(3,w) tends to zero a.e.(v) as e — 0. Now
consider Xo:

v({(Bw) : 180w)] > 1)) = [[ 1w(dBdw) + [[ wias )
[18I<1N[|B¢| > 1] (1B81>1N(I8¢| > 1]
[ (86)] MBo)P) vidsdw) + [[ (L7180 wasdo)
(18I<1N([|B¢| > 1] (1B81>1)N(I8¢| > 1]
S;l?b —%13a*< o0,

so almost surely the random support of N(df dw) in [ |5¢] > 1] is a finite
set disjoint from NesoNe; it follows that N(Ne N [|Bp(w)] > 1]) — 0 and
hence X9 — 0 almost surely as e — 0.

Similarly we write the second integral in Equation (59) as the sum of four
parts:

YE// N(dB dw) = Yi + Ya + Ys + Y1, with

vi= / MPo@NEsd) o= [[ hswNEs )
Nen[181<1]n[|8gl<1] Nen[181<1]n[|8g]>1]

n= [ W@eeNEsd) vi= / [ @swN@sd)
Nen|[|81>1]n[1661<1] n[181>1]n[18¢|>1]
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Now
EMP= [[ @Pew v(dsd) <3
Nen[lgI<1]n]|Bel<1] Nen[Ig1<1]n[|8¢l<1]
=3 [ (@I AP de) <GBy <,
Nen[lgI<1]n]iel<1]
so Y} — 01in Ly (and hence also in Ly) as € — 0 by LDCT.
¥, = / [ @swN@sd)
n[1sI<t]n[|8|>1]
- [ s ) - / [ s i)
Nen[lgi<1]n[1sg1>1] nlisi<1]n[isel>1]
evl<2 [[ IOl s )

so Yo

Nen[181<1]n[18¢/>1]

<2 [ 1Bs@Ivasd)

Nen[|81<t]n[|8g/>1]

=2 [[ (50 A IBsPIvds )
Nen[1gI<1]n[|Bgl>1]
< 2¢ By < o0,

— 0 in L; as € — 0 by dominated convergence.
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v= [ B8 )
N [181>1]n[I8¢l<1]
- [ N ) - / [ semdsd)
Nen[181>1]n[18¢1<1] n[isI>1]n[18gI<1]

Evi<z [ @)1ew)]vds )

Nen[|81>1]n[18gI<1]

<2 [ IBe)vdsdw)

Nen[I1>1]n[|Bgl<1]

~ 20, // (1A 86(w)])(dB dw)
Nen[181>1]n[|8g|<>1]
< 2¢y B, < o0,

so Y3 — 0in L as € — 0. Finally, for Yy,

Yy = / [ @swN@sd)
n[181>1]n[|86|>1]
_ / / h(B8)d(w)N(dB dw) - / / h(B3)p(w)v(dB dw)
Nen[lg>1]n[15g1>1] Nen[18>1]n[18¢1>1]

evii<2 [[ B

Nen[181>1]n[|8g1>1]

<2 [ b@lvdsd)

Nen[|81>1]n[188/>1]

< 2 / / (1182 |6(w)| v(dB dw)
Nen[181>1]n[|8¢]>1]
< 2¢o B, < 00

so Yy — 0in Ly as € — 0, completing the proof of Theorem 2.
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APPENDIX B: EXAMPLES OF LARK PRIOR REALIZATIONS

(a) (b)

Symmetric Gamma LARK Sample Path with Blocks kernel Gamma LARK Sample Path with Bumps kernel

f(x)
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F1G 5. Four realizations from LARK prior distribution with (a) Blocks kernel and Sym-
metric Gamma Lévy measure; (b) Bumps kernel and Gamma Lévy measure; (c,d) Doppler
kernel and Cauchy Lévy measure, with J = 1000 for (a—c) and J = 10 for (d) components.
Hyperparameters ax, by, a~, by, ayn, by, and € are given in Table 2.
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