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Abstract. In a spatial data analysis problem, usually we build a hierarchical model with spatial

structure described though random effects using a Gaussian process. If the sample size is very

large, exact likelihood based inference becomes unstable and, eventually, infeasible since it involves

computing quadratic forms and determinants associate with a large covariance matrix. If we wish

to fit a Bayesian model, implementing a suitable MCMC algorithm, the large matrix will make

repeated calculations impractical. A number of strategies for handling large spatial data sets have

been discussed. We propose a finite sum process approximation model which is conceptually simple

and routine to implement. Simulated and real data examples are given to illustrate the method.
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1 Introduction

Spatial and spatio-temporal modelling are enjoying increasing usage in many applied fields, such as

environmental science, ecology, meteorology, and even real estate. For a point referenced data set,

a random surface is assumed over a region D in R2. More specifically, observation Y (si) at location

si ∈ D for i = 1, ..., N , is assumed to have an additive structure

Y (si) = µ(si) +W (si) + ǫ(si), (1)

where µ(si) is the mean of Y (si), typically of the form XT (si)β (X(si) is the vector of explanatory

variables at location si), W (si) are realizations from a mean zero spatial process (typically a sta-

tionary Gaussian process) and ǫ(si) are realizations from a pure error process with mean zero and

variance τ2. As the number of observations N grows large, evaluation of the likelihood will become

unstable and, eventually, infeasible. Likelihood calculation requires evaluating quadratic forms in-

volving the inverse of covariance matrix of size N ×N as well as the determinant of that matrix. If

we wish to fit a Bayesian model, we will need to implement an MCMC algorithm that will include

a Metropolis-Hastings step to update the parameters in the covariance function. In turn, this will

require repeated likelihood evaluation both within and across iterations.

We refer to this computational difficulty informally as the “Large N problem” in spatial data

analysis. Banerjee, Carlin and Gelfand (2004) suggest several possible approaches to the “Large N

problem”. For example, a subsampling strategy can be employed, i.e., taking a subset of size n from

the N sampled locations, resulting in a computationally tractable sample size. One also can approx-

imate the likelihoods following Vecchia’s (1998) idea and reduce the size of the covariance matrix.

Stein et al. (2004) develop this likelihood approximation in more detail. Another approach is though

spectral methods, i.e., in the spectral domain, develop a periodogram and then utilize the Whittle

likelihood (Whittle, 1954). The Whittle likelihood in the spectral domain is an approximation to the

exact likelihood in the spatial domain. Computational benefits arise but the approach must be used
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with caution. Careful tuning of the periodigram is required. Using a Gaussian Markov random field

as an alternative model is also a possibility. Then, the joint distribution is determined through its

full conditional distributions (by Brook’s Lemma) and the inverse matrix emerges explicitly (Besag,

1974). In this spirit, using a Markov random field to approximate a Gaussian process is another

strategy. One can choose a Markov random field which has joint density “close” to the joint density

of Y . However, the approximation is not transparent and requires extrapolation to a regular grid

(see e.g. Rue and Tjelmeland, 2002). Finally, Furrer et al. (2005) propose using a covariance ta-

pering to produce a sparse covariance matrix along with a conjugate gradient algorithm to speed up

calculation.

Our contribution is to investigate the performance of an attack on the problem using a finite sum

kernel mixing approximation model. More specifically, based on a kernel convolution or moving aver-

age representation, a spatial random process can be approximately described as a linear combination

of say M random variables. Thus, no matter how large N is, we only need to handle an M × M

matrix. This dimension reduction idea has been noted in Higdon et al. (1998) but with a perspective

different from ours. They seek a flexible modeling approach, confined to Gaussian kernels, with focus

on achieving certain association structure while we propose a process approximation tool with focus

on approximating a desired stationary model. Furthermore, we clarify the theoretical justification for

the use of the approximation. We formalize the mechanics of the approximation for various classes

of covariance functions. We discuss implementation and illustrate though several examples.

The format of the paper is as follows: Section 2 develops the theoretical basis for our approx-

imation. Section 3 deals with the practical aspects of implementing such approximation. Section

4 clarifies the fitting and inference details within a Bayesian framework. Section 5 illustrates the

use of the approximation approach through several examples. In section 6 we conclude with some

discussion and extensions.
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2 Theoretical preliminaries

In order to develop the approximate model, we first recall Karhunen’s theorem on the generalized

orthogonal representation of random functions (Yaglom, 1987, section 26) which asserts that a ran-

dom function W (s) is representable as W (s) =
∫

A ψ(s, t)Z(dt) where A is a given measurable set, ψ

is a complex valued function of two arguments and Z(·) is an orthogonal random measure on A (see

below).

2.1 Representations for stationary process

In the case of a stationary process several representations are available. These include the spectral

representation, kernel mixing (moving average) representation, and the Karhunen- Loève expansion

representation.

Spectral Representation: The spectral representation theorem asserts that for every station-

ary process W (s) on Rd with mean 0 and finite variance there can be assigned a random measure

Z(dω) with orthogonal increments such that for each s we have the representation:

W (s) =

∫

Rd
eiωT sZ(dω). (2)

Orthogonal increments of Z imply that for disjoint measurable sets A and B: (i) E(Z(A)) = 0, (ii)

E(Z(A)Z(B)) = 0, (iii) Z(A ∪ B) = Z(A) + Z(B). If we define E|Z(A)|2 = ν(A) where ν(·) is a

σ-finite measure, this representation produces a spectral representation for the covariance function

C(h) associated with W (s):

C(h) =

∫

Rd
eiωT hν(dω). (3)

If we abandon the orthogonality for the random measure Z(·), we can obtain a nonstationary process.

Kernel mixing: An alternative representation for a large class of mean 0 stationary process on

Rd takes the form:

W (s) =

∫

Rd
K(s− t)Z(dt), (4)
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where Z(·) is orthogonal random measure and K(·) is non-random kernel function. It is straightfor-

ward to show that (4) produces a stationary random process. However, not all stationary random

process can be written using kernel mixing. (See examples in section 2.2.)

Karhunen- Loève (K-L) expansion: For a random process W (s) defined on some compact

set D ∈ Rd with covariance function C(s, t) for s, t ∈ D, under certain conditions for C(·, ·), the K-L

expansion decomposes W (s) into an countable orthogonal series, W (s) =
∑∞

i=1
√
λiφi(s)Zi, where

λi are the eigenvalues for the process, φi(s) are orthonormal eigenfunctions associated with λi, and

Zi = 1√
λi

∫
D W (s)φi(s)ds. We solve

∫

D
C(s, t)φi(t)dt = λiφi(s) and

∫

D
φi(s)φj(s)ds = δij , (5)

where δij = 1 if i = j and δij = 0 otherwise, to obtain λi and φi(s). The covariance function has

the representation C(s, t) =
∑∞

i=1 λiφi(s)φi(t). We can approximate W (s) by truncating the infinite

series, i.e., W (s) ≈
∑M

i=1
√
λiφi(s)Zi.

Performing K-L expansion approximation depends on the ability to solve the integral equation

(5), typically a hard task. (There are numerical methods, for example, the “Galerkin method”, to

find approximate eigenvalues and eigenfunctions.) The K-L expansion can produce both stationary

and nonstationary processes and offers the possibility of an approximation when a process can not

be represented using kernel mixing. However, we do not pursue this path further here.

2.2 Kernel mixing in detail

Here, we elaborate some of the details involved in kernel mixing with a random measure. Let (X,F , ν)

be a σ-finite measure space and (Ω,B,P) be a probability space. Define

W (s) =

∫

X
K(s− t)Z(dt), (6)

where K(·) is a non-random function in L2(X,F , ν) ≡ L2
ν , the space of square integrable functions

defined on (X,F , ν). Z(dt) is a random orthogonal measure as defined below (2).
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Consider the stochastic integral Z[f ] =
∫

X f(t)Z(dt), where we think of Z[f ] as a mapping from

a function f ∈ L2
ν to a random variable in L2(Ω,B,P) ≡ L2

P, the space of random variables with

finite second moment. We define this stochastic integral in the usual fashion, building from simple

functions. For a simple function f(t) =
∑n

i=1 ai1Ai(t), where A1, ..., An are measurable and disjoint,

we define Z[f ] =
∑n

i=1 aiZ(Ai). Then E(Z[f ]) = 0 and Var(Z[f ]) =
∑n

i=1 a
2
i ν(Ai). Omitting details

(see, e.g. Gihman and Skorohod, 1974), since the class of simple functions is dense in L2
ν , for each

f ∈ L2
ν , there exists a sequence of simple function {fn} such that ‖fn − f‖L2

ν
→ 0. Thus we can

define Z[f ] as a mean square limit of Z[fn]. This limit exists and is independent of the sequence

{fn}. It also follows that E(Z[f ]Z[g]) =
∫

X f(t)g(t)ν(dt) for all f, g ∈ L2
ν .

Under this definition, suppose we specify Z(A) to be a Gaussian measure by assuming Z(A) ∼

N(0, ν(A)), where N(a, b) is the normal distribution with mean a, variance b. For the measure space

(R2,F , ν), we can see that W (s) ≡ Z[K(s − ·)] =
∫

R2 K(s − t)Z(dt) defines a Gaussian random

variable for each s since the L2 limit of Gaussian random variables is also Gaussian. In fact, the

collection of W (s) is a Gaussian field because its finite dimensional distributions are multivariate

normal. For completeness, a direct proof is given in Lemma A of the Appendix. Moreover, it is easy

to show that W (s) is stationary with covariance function

C(h) =

∫

R2

K(h+ r)K(r)ν(dr) =

∫

R2

K(u− h)K(u)ν(du). (7)

Define the Fourier transform with respect to measure ν (we assume ν is well behaved to ensure

the existence of the integral) as f̂(ω) =
∫

R2 e
iωT xf(x)ν(dx). Under usual regularity conditions, we

have

Ĉ(ω) =

∫

R2

[ ∫

R2

eiωT hK(u− h)ν(dh)
]
K(u)ν(du)

= K̂(−ω)

∫

R2

eiωT uK(u)ν(du)

= K̂(ω)K̂(ω) = |K̂(ω)|2. (8)

The essence of our approximation approach below is based upon the fact that, using (7) and (8),
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for certain covariance functions C(·), we can obtain an associated kernel K(·) that produces C(·).

Assume ν(dt) = dt, i.e., Lebesgue measure, and K̂(ω) =
∫

R2 e
iωT uK(−u)du =

∫
R2 e

iωT uK(u)du =

K̂(ω) for each ω (if and only if K(u) = K(−u)). We have

Ĉ(ω) = K̂(ω)K̂(ω) = K̂2(ω), (9)

which implies that

K(u) = (2π)−2
∫

R2

e−iωT u
√
Ĉ(ω)dω. (10)

Remark 2.1. Though our primary interest is in R2, all the above discussion can be easily generalized

to the Rd case. For example, in Rd, (10) becomes K(u) = (2π)−d ∫
e−iωT u

√
Ĉ(ω)dω.

Remark 2.2. A rich class of stationary processes can be defined in the kernel mixing form of (6).

Specifically, a stationary random process can be defined by kernel mixing if and only if it has a spectral

density (Yaglom, 1987).

Note that if K(u) depends only on ‖u‖, where ‖ · ‖ indicates the Euclidean distance, then the

covariance function is isotropic and there is a one-to-one relationship between C(·) and K(·). In

general, formula (8) shows that C(·) does not uniquely determine K(·), but it is possible to seek a

K(·) which satisfies equation (8) as the following examples illustrate.

1. Gaussian covariance function on R2: C(h) = σ2e− ‖h‖2

τ2 . It is easy to calculate Ĉ(ω) =

σ2πτ2e− τ2

4
ωT ω. Then K(u) = 2σπ−1/2τ−1e− 2‖u‖2

τ2 .

2. Matérn covariance function on Rd:

Cφ,α,ν(h) =
πd/2φ

2ν−1Γ(ν + d/2)α2ν (α‖h‖)νκν(α‖h‖), (11)

where α is correlation decay parameter, ν is the smoothness parameter (the larger ν is, the smoother

the corresponding process realizations), φ is the variance parameter, i.e., the process variance σ2 ∝

φ/(να2ν), and κν is the modified Bessel function of the second kind of order ν. The Fourier transform
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of the Matérn covariance function is given by, e.g., Stein (1999), Ĉφ,α,ν(ω) = (2π)dφ(α2+‖ω‖2)−ν−d/2.

Thus K̂φ,α,ν(ω) = (2π)
d
2φ1/2(α2 + ‖ω‖2)−ν/2−d/4. Hence, Kφ,α,ν(u) = (2π)− d

2Cφ1/2,α,ν/2−d/4(u) with

the restriction ν > d/2. So, when d = 2 we must have ν > 1. We can not apply our kernel

solving approach to covariance function that are less than mean square differentiable (see Stein, 1999,

Banerjee and Gelfand, 2003). In particular, we can not handle the familiar exponential covariance

function.

3. Suppose C∗(·) is a covariance function associated with geometric anisotropy, i.e., C∗(h) =

C(hTBh) where B is positive definite and C(·) is a valid isotropic covariance function in Rd.

Then straightforward calculation shows that the associated kernel, K∗(u), takes the form K∗(u) =

K(B
1

2u), where K(·) is the kernel associated with C(·).

4. If C(·) is a valid covariance function in Rd, then convolution of C(·) with itself produces a

valid covariance function in Rd. That is, C⋆C(h) =
∫

Rd C(h−u)C(u)du is valid (see, e.g., Majumdar

and Gelfand, 2005). But then, following (7), immediately we can associate C ⋆C(h) with the process

W (s) =
∫

Rd C(s− t)Z(dt), i.e., K(u) = C(u).

5. An example in which a stationary Gaussian random process cannot be written as a ker-

nel mixing form can be constructed as follows (R. Wolpert, personal communication). In R1, let

Z1, Z2
i.i.d.∼ N(0, 1) and set X(t) = Z1 cos(t) + Z2 sin(t). It is easy to see that E(X(t)) = 0 and

Cov(X(t1),X(t2)) = cos(t1 − t2). So X(t) is a stationary Gaussian process. But C(h) = cos(h) =

∫ ∞
−∞ eiωh 1

2 [δ(ω − 1) + δ(ω + 1)]dω, where δ(x) = 1 if x = 0 and δ(x) = 0 otherwise, so its spectral

density is a dirac delta function and it does not have a square root. Thus it does not admit a kernel

mixing representation.
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3 Finite sum approximation for kernel mixing

The two subsections here explicitly detail the finite sum kernel mixing process approximation as well

as approaches to access its accuracy.

3.1 Approximation using bounded region Dr

In practice, once we have associated K(·) with C(·), we introduce two approximations to work with

the process W (s) =
∫

R2 K(s − t)Z(dt). We restrict the integration to a bounded region Dr and we

replace the integral by a finite sum. We look at the details a bit more closely. In particular, we

consider M grid locations tj, j = 1, · · · ,M , regardless of the number of sampled locations s1, · · · , sN .

As shown in the rest of the article, random effects at a relative small number of those grid locations

will capture most of the variation and association structure of the process W (s). Let Dr be a square

region (i.e. [a, b] × [a, b] for a, b ∈ R) in R2 and D1 ⊂ D2 · · · ⊂ Dr ⊂ · · · → R2 as r → ∞. Let Brj ,

j = 1, · · · ,M be a uniform partition of Dr, i.e., each is a square with edge length

√
|Dr|
M , where |Dr|

is the area of Dr. We proceed with the following approximation:

∫

R2

K(s− t)Z(dt) = lim
r→∞

∫

Dr

K(s− t)Z(dt)

= lim
r→∞

M∑

j=1

∫

Brj

K(s− t)Z(dt)

≈ lim
r→∞

M∑

j=1

K(s− trj)

∫

Brj

Z(dt)

= lim
r→∞

M∑

j=1

K(s− trj)Z(Brj)

≈
M∑

j=1

K(s− trj)Vj

√
|Brj|. (12)

Here, we envision the trj as grid points, e.g., the centroids of Brj . M is the number of the grid points

and the Vj are independent normal random variables with mean 0 and variance σ2. Introducing σ2 as

the variance for the V ’s implies that K becomes the kernel associated with the correlation function
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of the process.

Remark 3.1. Note that letting Dr be a square, making Brj a uniform partition of Dr, and choosing

trj as the centroid of Brj are just convenient choices to make the limiting argument easier. In

practice, one can determine Dr and Brj according to the distribution of locations where the data was

collected. For example, if a subset of sample locations {si, i = 1, · · · , N} is densely clustered in some

area, one might want to make Brj small in that area in order to better approximate W (s) for s in

that subset.

If we define

W̃r,M(s) ≡
M∑

j=1

√
|Brj |K(s− trj)Vj , (13)

it can be shown that W̃r,M(s) converges to W (s) in the L2 sense for every s as M → ∞ and r → ∞.

(See appendix B for a proof.) The covariance matrix of W̃r,M(s) also converges to the covariance

matrix of W (s). To assess the accuracy of the approximation, we have to specify some distance

notion for two measures corresponding to the exact and the approximate processes respectively. See

subsection 3.2 for further discussion.

Remark 3.2. For a process that can not be written as a kernel mixing form, we could attempt to

use a partial sum approximation to the K-L expansion, i.e. W̃ (s) =
∑M

i=1
√
λiφi(s)Zi. Note that

here K-L expansion approximation only involves one step of approximation while the kernel mixing

approximation involves two. However, solving the integral equation (5) for the eigenfunctions φi(s)

is far more challenging than implementing the approximation in (13).

Remark 3.3. If the process W̃r,M (·) is “close” to the process W (·), then one would expect that

g(W (·)) and g(W̃r,M (·)) should also be “close” for “nice” functions g(·). For example, based on

Proposition B in the appendix, we immediately obtain E[Y (s) − Ỹ (s)]2 → 0 as M , r → ∞ for every

s, where Y (s) = X(s)Tβ +W (s) + ǫ(s) and Ỹ (s) = X(s)Tβ + W̃r,M (s) + ǫ(s).
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3.2 Choice of Dr and M

For the finite sum approximation to the spatial process as given in the formula (13), assuming uniform

partitioning and centroid approximation, how shall we choose the “cover” region Dr and the number

of grid points M? Informally, Dr should cover the study region while M should be as large as is

computationally feasible. Conceptually, we want to encourage the approximate process to be close to

the exact process. For example, after defining a suitable distance (or closeness measure) between the

true process and its approximation, we may seek to make that distance small under some constraints.

Specifically, suppose ̺(W,W̃r,M ) is some distance (or closeness) between two processes W and W̃r,M .

If we fix M , we can find arg supDr∈D ̺(W,W̃r,M ) for some class of D (for example, the class of all

square areas). Or if we want to control the accuracy of the approximation, for a fixed small positive

number ǫ, we can find a Dr ∈ D with M as small as possible such that ̺(W,W̃r,M ) < ǫ.

From practical point of view, since the Vj in (13) are Gaussian, the Kullback-Leibler divergence

between the joint distribution fw of a set of random variables {W (si), i = 1, · · · , n} and the joint

distribution fw̃ of the set of random variables {W̃r(si)} for the same set of si is easy to compute.

We have

KL(fw, fw̃) = −
1

2
log |Σ−1

w̃ Σw| +
1

2
tr(Σ−1

w̃ Σw − I), (14)

where Σw and Σw̃ are the covariance matrices of W (si) and W̃r,M(si), respectively, I is an n × n

identity matrix. One could imagine increasingly dense si and attempt to compute the limiting

Kullback-Leibler divergence. Instead, for a fixed M and n, we can find (at least empirically) the Dr

such that KL(fw, fw̃) is minimized.

Another easy calculation is to find the covariance matrix Σw−w̃ for the vector of W (si) −

W̃r,M(si), i = 1, · · · , n, and roughly minimize its determinant or its trace. A natural choice for

the set of {si} would be a subset of the N data locations. The diagonal terms of Σw−w̃ can be
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calculated as follows,

Var(W (s) − W̃r,M (s))

= σ2
[ ∫

R2

K2(s − t)dt+
|Dr|
M

M∑

j=1

K2(s − trj) − 2

M∑

j=1

(K(s− trj)

∫

Brj

K(s− t)dt)
]
. (15)

To illustrate, we consider the simulation example in Section 5 below. Observations are taken on a

[0, 10] × [0, 10] square and then we fix the set of data locations at the “center” of Dr while we slowly

expand Dr and adjust trj accordingly. Figure 1 shows how the Kullback-Leibler divergence changes

as we change the cover region (four expansions are marked on the x-axis) using three different

range parameters. The good news is that to some extent the approximation performance seems

fairly “robust” over a range of choices for Dr. We also see that the stronger the spatial correlation

is, the less sensitive the performance of the approximation is to the choice of Dr. In Figure 2

the upper graph (A) shows the true Gaussian correlation function as well as the approximated

correlation function. The lower graph (B) shows the histogram of the entries in (Σw − Σw̃)/σ2 for

Dr = [−2.5, 12.5] × [−2.5, 12.5]. The performance of the approximation is satisfying.

4 Formalizing the analysis in a Bayesian framework

Returning to the model in (1), we have W (s) a mean 0 Gaussian process with covariance function

σ2ρ(·, θ) where θ denotes the parameters in ρ, hence in the kernel K(·). For example, if we started

with a Matérn correlation function, θ would include a scale parameter α and a smoothness parameter

ν. With samples from N locations we obtain

Y = Xβ +W + ǫ, (16)

where W ∼ N(0, σ2R(θ)) with R(θ)ij = ρ(si − sj, θ). If we use W̃r,M(s) as in (13) to approximate

W (s), the approximate model becomes

Y = Xβ + W̃ + ǫ, (17)
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where, suppressing the subscript r and M , W̃ = H(θ)V , H(θ)ij = K(si − tj ; θ)
√

|Bj| (i = 1, · · · , N ,

j = 1, · · · ,M), and V ∼ N(0, σ2I). We have W̃ ∼ N(0, Σ̃) and Σ̃ = σ2H(θ)H(θ)T where, for clarity,

Σ̃ij = σ2
M∑

k=1

K(si − tk; θ)K(sj − tk; θ)|Bk|. (18)

The parameters are (β, σ2, τ2, θ). Fitting the approximate model in a Bayesian framework is straight-

forward using MCMC methods. In particular, we work in the space of the latent V ’s updating V in

addition to β, σ2, τ2, θ. We omit the full conditional distribution calculations.

Finally, to implement spatial prediction (kriging), we would again use the approximate model in

(17). That is, even if we have fitted the original model, fully Bayesian kriging requires conditional

distributions for new locations given the sampled locations, again bringing in the “Large N problem”

(see, e.g., Banerjee et al., 2004, Chapter 5 for details). Based on the approximate model, the

prediction of the response Y (s0) at a new location s0 is

f(y(s0)|Y,X,X(s0)) =

∫
f(y(s0)|Y,X,X(s0), β, V, τ

2, θ)f(β, V, τ2, θ|Y,X)dβdV dτ2dθ, (19)

where Y is the vector of observed responses, X is the associated matrix of covariates, and X(s0) is

the covariate vector at new location s0. Obviously we can extend (19) to simultaneously prediction at

a collection of new locations. In practice, Monte Carlo methods are used to obtain estimates of (19)

based on the posterior draws of the parameters. Note that, conditioned on V , Y (s0) is independent

of Y (s). So, under the approximation model, there is no “Large N problem” in prediction.

5 Examples

In order to appreciate the computational advantage of our approximate model and examine its

performance, we illustrate with a simulated data set and a real data set of single family house prices.
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5.1 Simulation examples

In this simulation study, we generated 10050 data points in a [0, 10] × [0, 10] square from a Gaussian

random field with constant mean µ and covariance matrix σ2R(φ2) + τ2I, where R(φ2) = e
− ‖h‖2

φ2 ,

resulting in a Gaussian kernel K(·). The true values of the parameters are µ = 0, σ2 = 5, φ2 = 15,

and τ2 = 1. Figure 3 gives the plot of 10050 data locations with an illustrative choice of 100 grid

locations (empty circles).

We left out 50 data points for the purpose of prediction. Then we fitted the finite sum approx-

imation model using 100 grid points to the remaining 10000 data points. We choose [−2.5, 12.5] ×

[−2.5, 12.5] as the cover region. Also, for comparison, we randomly subsampled n=100 data points

from the set of 10000 data points and estimated the parameter values by fitting the exact model

without approximation to these 100 points. (One could attempt to introduce sampling design con-

sideration in the selection of this subsample of locations but we have not pursued this here.) The

results are shown in Table 1, where µ̂M=100 denotes the estimation for µ under the approximation

model with M = 100 and µ̂n=100 is under the subsampling model with n = 100. It can be seen that

the approximate model recovers the parameters very well. The posterior mean and median of the

parameters are fairly close to the true values. On the other hand, the estimation based on the exact

model with subsampling is not as good as that based on the full data with the approximate model.

For the latter, the point estimators are closer to the true values and the credible intervals tends to

be shorter.

In this regard, we note that the 95% credible intervals for µ, for φ2, and for σ2 are quite wide even

when the sample size is relatively large. In fact, the parameter µ cannot be consistently estimated as

long as the sampling locations are restricted to a bounded region. See Xia et al. (2005) for details.

Also it is well known that, for customary covariance functions, σ2 and the decay parameters φ2 are

not well-identified. See Stein (1999, chapter 4), Zhang (2004), and Xia et al. (2005) for extensive
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discussions.

Figure 4 turns to the 50 held out points and shows the predictive median and the 95% predictive

intervals using these two analysis. Most of the predictive intervals based on the approximate model

are tighter than those based on the subsampling model. In both cases, 2 out of 50 true values fall out

of the 95% predictive intervals. We also computed the value of mean square predictive error (MSPE)

∑50
i=1[(Ŷi,l −Y obs

i )2], l = 1, 2, where l=1 refers to the approximate model and l=2 to the subsampling

model. Y obs
i are true values of the left out data and Ŷi,l are their predictions under the respective

models. The MSPE under l=1 is 50.1 while under l=2 the MSPE is 58.0. In both ceases, we have

100 latent random effects but the approximation strategy is 15% better with respect to MSPE.

5.2 Baton Rouge housing data example

There is expected to be the spatial pattern in selling prices of houses adjusting for various physical

characteristics such as square feet of the living area, age of the house, number of bathrooms, etc. So,

spatial modeling for house price data is natural (see e.g. Gelfand et al. 2004). Here we consider a

real estate data set with observations at 8774 locations in the city of Baton Rouge, Louisiana. Figure

5 shows the data locations (defined by latitude and longitude) as well as 96 grid points used for the

approximate spatial model. It is customary to model the response Y (s) as log-selling price of the

property at location s. Illustratively, we use age, living area, other area (e.g. patios, garages, and

carports), and number of bathrooms as covariates in our analysis.

We fit the Bayesian model described in Section 4 for this data set. We use a Matérn covariance

function specified in (11), resulting in a four-parameter variance-covariance specification. With nearly

9000 sales, fitting the exact model in (16) is infeasible. Using the approximate model in (17), the

run time is about 1.2 hours per 1000 iterations using C code on a Linux machine with a 3.4 GHz

Intel Pentium 4 processor. Table 2 provides the posterior summaries for the coefficients of house

characteristics as well as the parameters in the covariance structure. It can be seen that all covariates
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are significent. The proportion of spatial variation (σ2) to total variation (σ2 + τ2) is around 74%.

The range is around 23% of the maximum distance.

6 Discussion and Extensions

In this paper, we have developed a conceptually simple and computationally straightforward process

approximation approach for fitting spatial models to data observed at a very large number of loca-

tions. We have implemented the approximation within a Bayesian framework, achieving relatively

short run times and satisfying performance. It is important to note the generality of our process

approximation idea. Specifically, with a finite sum approximation for the process W (s) similar to

(13), all of the discussion in Section 4 will apply. For example, as mentioned in subsection 2.1, we

could use the K-L expansion to approximate W (s). The process W (s) also could be represented

using other forms of basis functions, e.g., wavelets or splines.

Developing analogues of our approximation strategy for spatio-temporal (and multivariate re-

sponse) data is a natural extension. We can envision dimension reduction in both space and time.

For a very large number of spatial locations and time points, an additive approximation in space and

time may provide the only feasible implementation. Extension to a spatial model with a nonGaus-

sian first stage (i.e. the response Y may be binary or a count) is obvious. For example, if Y takes

only 0 or 1 values, the first stage of the model might be that Y (si) are conditionally independent

Bernoulli random variables given W (si), covariates and other parameters. In the second stage, we

could approximate W (si) using (13).
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Appendices:

Lemma A.

Define W (s) ≡ Z[K(s − ·)] =
∫

R2 K(s − t)Z(dt), where Z(dt) is an orthogonal random measure

satisfying the three conditions below formula (2). Assume Z(dt) ∼ N(0, ν(dt)). Then W (s) defines

a Gaussian process with mean 0 and covariance function in (7).

Proof. We first assume K(· − t) is a simple function. We will prove that the distribution of W (s1)

and W (s2) is jointly normal. Then we generalize two dimensional distribution case to the finite

dimensional distribution case. Finally, we relax the simple function assumption. For a simple

function K(· − t), according to the definition of Z[K] for simple functions K in subsection 2.2,

suppose W (s1) =
∑I

i=1 aiZ(Ai) and W (s2) =
∑J

j=1 bjZ(Bj), we can make a finer partition Ck (k =

1, · · · , r) such that W (s1) =
∑I′

i=1 a
′
iZ(Cni) and W (s2) =

∑J ′

j=1 b
′
jZ(Cmj ), where Cni , Cmj ∈ {Ck},

(
⋃I′

i=1 Cni)
⋃

(
⋃J ′

j=1Cmj ) =
⋃r

k=1Ck, and Ck are disjoint to each other. By our construction, Z(Ck)

are independent normal with mean zero and variance ν(Ck). Denote the vector Z(Ck) as Z, then the

distribution of Z is a multivariate normal with mean zero and covariance matrix Σ (Σij = ν(Ci)1i=j)

since any linear combinations of Z(Ck) are univariate normal random variables. Standard normal

theory says thatHZ+µ, whereH is any q×r matrix and µ is any non-random q-vector, has a q-variate

normal distribution with mean µ and the covariance matrix HΣHT . Here we choose an appropriate

2 × r matrix H such that HZ is




W (s1)

W (s2)



. This shows that W (s1) and W (s2) are bivariate

normal. The same argument applies when finding the joint distribution of W (s1), · · · ,W (sn). As

a result, it is an n-variate normal distribution. Finally, for a general K(·) ∈ L2(ν), there exists a

sequence of simple functions {K1,K2, · · · } which converges to K(·). Then we have a sequence of

associated normal vectors {W1,W2, · · · } with corresponding distribution functions F1, F2, · · · and

characteristic functions φ1(t), φ2(t), · · · . It is easy to see that limi→∞ φi(t) exists, denoted as φ(t),

for all t. φ(t) is continuous at 0 and it is the characteristic function of a multivariate normal vectors.
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Thus by the continuity theorem, the distribution function F for the limiting random vector W is

also multivariate normal.

Proposition B.

Assume the conditions about Dr, Brj and trj described in subsection 3.1 are satisfied, then W̃r,M (s)
L2

→

W (s) as M → ∞ and r → ∞ for ever s. Moreover, Cov(W̃r,M (s), W̃r,M (s′)) → Cov(W (s),W (s′))

as M → ∞ and r → ∞ for ever s and s′.

Proof. Note E(W (s)) = 0 and E(W̃r,M(s)) = 0. We have

E(W (s) − W̃r,M(s))2 = σ2
[ ∫

R2

K2(s− t)dt +

M∑

j=1

K2(s− trj)|Brj | − 2

M∑

j=1

(
K(s− trj)

∫

Brj

K(s− t)dt
)]
.(20)

We first consider the middle term of (20). Since K(·) is “nice” (i.e. square integrable on R2 and

it decays to 0 at ∞) and Brj is a square, using familiar arguments as in the Riemann integration

theory, for a fixed r,

lim
M→∞

M∑

j=1

K2(s− trj)|Brj | =

∫

Dr

K2(s− t)dt.

Also it is easy to see limr→∞
∫

Dr
K2(s− t)dt =

∫
R2 K

2(s − t)dt.

For the third term in (20), similarly,

lim
M→∞

2
M∑

j=1

(
K(s− trj)

∫

Brj

K(s− t)dt
)

= 2
M∑

j=1

∫

Brj

K2(s− t)dt =

∫

Dr

K2(s− t)dt.

So limr→∞ limM→∞ E(W (s) − W̃r,M (s))2 = 0.

Next, it is easy to calculate that Cov(W̃r,M(s), W̃r,M (s′)) = σ2 ∑M
j=1K(s − trj)K(s′ − trj)|Brj |

which converges to
∫

Dr
K(s− t)K(s′ − t)dt for a fixed r when M → ∞. So

lim
r→∞

lim
M→∞

Cov(W̃r,M (s), W̃r,M (s′)) =

∫

R2

K(s− t)K(s′ − t)dt = Cov(W (s),W (s′)).
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Table 1: Posterior summaries for the simulated data example.

Parameter Median Mean 95% interval

µ̂M=100 0.36 0.44 (-0.54 , 1.60)

µ̂n=100 0.70 0.74 (-0.88 , 2.58)

φ̂2
M=100 14.71 14.75 (12.04 , 17.98)

φ̂2
n=100 11.60 12.05 (6.24 , 20.36)

σ̂2
M=100 5.23 5.65 (2.95 , 10.01)

σ̂2
n=100 3.46 3.92 (1.67 , 9.06)

τ̂2
M=100 0.996 0.997 (0.97 , 1.02)

τ̂2
n=100 0.994 0.995 (0.79 , 1.48)

N=10000, µ = 0, φ2 = 15, σ2 = 5, τ2 = 1
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Table 2: Posterior summaries for Baton Rouge housing data.

Variable Parameter Median Mean 95% interval

Intercept β̂0 10.18 10.18 (10.08 , 10.29)

Age β̂1 -0.0020 -0.0020 (-0.0024 , -0.0015 )

Bathrooms β̂2 0.069 0.069 (0.054 , 0.085)

Living area β̂3 0.00038 0.00038 (0.00036 , 0.00039 )

Other area β̂4 0.00023 0.00023 (0.00021 , 0.00025 )

Smoothness parameter ν̂ 1.90 1.89 (1.80 , 1.99)

Decay parameter α̂ 0.50 0.49 (0.44 , 0.54)

Spatial variance parameter φ̂ 0.0086 0.0087 (0.006 , 0.014 )

Nugget parameter τ̂2 0.068 0.068 (0.066 , 0.070 )
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Figure 1: The effect of choice of Dr.
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Figure 2: Performance of the approximation.
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Figure 3: 10050 data points in a [0, 10] × [0, 10] square with 100 grid points(◦).
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Figure 4: Prediction at 50 locations.

−91.25 −91.20 −91.15 −91.10 −91.05 −91.00 −90.95

30
.3

30
.4

30
.5

30
.6

30
.7

House locations in the city of Baton Rouge, Louisiana

Longitude

La
tit

ud
e

Figure 5: Baton Rouge house locations (◦ denotes the grid points).
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