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For large data sets, it can be difficult or impossible to fit models with random effects
using standard algorithms due to convergence or memory problems. In addition, it would
be advantageous to use the abundant information to relax assumptions, such as normality
of random effects. Motivated by maternal smoking and childhood growth data from the
Collaborative Perinatal Project (CPP), we propose a two-stage clustering procedure for large
longitudinal data sets. In the first stage, we use a multivariate clustering method to identify
G << N groups of subjects whose data have no scientifically important differences, as defined
by subject matter experts. Then, in Stage 2, group-specific random effects are assumed
to come from an unknown distribution, which is assigned a Dirichlet process prior (DPP),
further clustering the groups from Stage 1. Using simulation studies, we demonstrate that
both the clusters and population means generated by our method are accurate. In some cases,
our method performs as well as Dirichlet process mixture models fit to N subjects and can
decrease computation time by days. In applying the approach to the CPP data, we provide
the first random effects analysis of the smoking data. We find evidence that current and
past maternal smoking is associated with a lower birth weight and a higher rate of childhood

growth. We also find heterogeneity in the smoking effect across the study population.
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1. Introduction

When multilevel data are compiled from a large study, multiple centers, or lengthy followups,
the number of observations can become massive. In these situations, it can be difficult to fit
random effect models (Laird and Ware 1982) using standard frequentist (e.g., Wolfinger et
al. 1994) and Bayesian (e.g., Zeger and Karim 1991) methods due to convergence or memory
problems. These difficulties are illustrated by data collected in the Collaborative Perinatal
Project (CPP), a prospective epidemiologic study of pregnant women and their children in
the U.S. from 1959-1974. Recently, Chen et al. (2005) examined the relationship between
maternal smoking habits and childhood obesity within N = 34,866 children in the CPP using
generalized estimating equations, or GEE (Liang and Zeger 1986). Although GEE allowed the
authors to perform inferences on population mean effects, it would have also been interesting
to assess how smoking varied in its effect across the children. In addition, a random effects
model would have relaxed assumptions on missingness by requiring only missing at random
(MAR) instead of missing completely at random (MCAR). Unfortunately, investigators were
unable to fit random effects models to the CPP data using frequentist or Bayesian methods
due, in part, to the large sample size. For example, SAS PROC MIXED (SAS 2002) failed to
converge.

When a data set is large, as in the CPP, it would also be advantageous to use the abundant
information to relax assumptions of models, such as normality of random effects. Bayesian
nonparametric or semiparametric methods are attractive in these settings since the random
effect distribution can be assigned a prior which reflects a priori knowledge about the shape
or location. A common Bayesian semiparametric method for hierarchical models is to assign

a Dirichlet process prior (DPP) to the random effect distribution (see, for example, West et



al. 1994, Bush and MacEachern 1996, Mukhopadhyay and Gelfand 1997, and Kleinman and
Ibrahim 1998), which reduces the number of random effects to a set of K’ < N unique values.
Each of these K clusters represent subjects with common latent traits which may include
interesting genetic or environmental factors worthy of future study. Despite the promise
of the DPP, K increases rapidly with N which can lead to a scientifically implausible and
computationally impractical number of clusters when N is very large.

Unfortunately, few authors have considered adapting the computational methods for the
DPP to handle large data sets. Recently, Blei and Jordan (2005) proposed a variational
inference method for Dirichlet process mixtures (DPM). Although this method can substan-
tially reduce computation time, especially for large N, the approach relies on replacing the
true posterior density with a lower bound having unknown accuracy. As described in Chopin
(2002) and Ridgeway and Madigan (2003), particle filtering methods can make Markov Chain
Monte Carlo (MCMC) feasible in massive databases. In this paper, we consider an alternate
approach which involves scaling-down the size of the data prior to performing MCMC. Exist-
ing methods for data squashing include methods which fit models to both real and generated
data, also known as pseudo-data, which are representative of the complete data. For ex-
ample, DuMouchel et al. (1999) and Madigan et al. (2002) construct pseudo-data using
a moment matching and likelihood-based approach, respectively, while Owen (2003) uses a
random sample of the complete data.

Motivated by the CPP data, we propose a data squashing procedure for fitting semi-
parametric random effects models to large, longitudinal data sets. Our method consists of
two stages. First, a multivariate clustering procedure is used to identify G << N groups
of scientifically indistinguishable subjects, meaning that differences between subjects in each
group are so small that they would not be considered significant by an expert of the subject
matter. In the second stage, we use a DPP to model the G cluster means, further clustering

the groups from the first stage. By applying the DPP to the cluster means instead of the
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complete data, we reduce both the computation time and the number of latent classes. In
addition, our use of expert opinion improves the scientific justification of clustering. For dis-
cussion of the importance of expert elicitation, refer to Kadane and Wolfson (1998), Meyer
and Booker (2001), and Garthwaite et al. (2005).

In Section 2, we discuss the CPP data and previous results. In Section 3, we propose the
method. Section 4 contains a series of simulation examples, Section 5 applies the approach

to the CPP data, and Section 6 discusses the results.

2. Maternal Smoking and Childhood Growth Data

As described by Broman (1984), the Collaborative Perinatal Project (CPP) was a large
prospective study of pregnancy and childhood development. The study consisted of 55,043
pregnant mothers enrolled at 12 study centers in the U.S. between 1959 to 1965 and included
measurements obtained from children starting at birth and concluding at age 8. The inves-
tigators targeted 20 different outcomes in the study including the presence of mental and
communicative disorders in the children and physical growth.

The CPP measured smoking during pregnancy and child height and weight at followup
visits. Chen et al. (2005) used the measurements at birth and at years 1, 3, 4, 7, and 8
to determine the effects of maternal smoking on childhood growth amongst 34,866 children
(17,348 boys and 17,518 girls). Categories of smoking exposure included (1) never smoked,
(2) ex-smokers, and (3) currently smoking based on questionnaire data at registration or
subsequent prenatal visits. Being unable to implement random effects models due to the
large sample size, the authors used GEE to demonstrate that mothers who smoked during
pregnancy had infants with lower birth weight, but by age 8, these children had a greater risk
of being overweight.

As mentioned in Section 1, mixed effects models have several advantages including their

ability to assess heterogeneity across subjects and relaxed assumptions on missingness. In



exploratory analyses of the data, we found that the heavier children at age 4 were more likely
to miss followups at ages 7 and 8. Thus, the MCAR assumption of GEE may be violated. In
this paper, we wish to address these concerns by fitting a random effects model to the CPP
data. We focus on the effects of smoking on weight in females to illustrate the approach as

Chen et al. found the largest effect in this group.

3. Methods
3.1  General Motivation

Fori =1,...,N, let y; = (Vi1,---,¥in,) denote a set of n; longitudinal measurements
on subject i. Letting X; = (X1, ...,X;p) denote a set of predictors, we focus on the linear

random effects model
[yi | by, Xz] ~ N(Xibi7 T_lIni)> (1)

where L, is an n; x n; identify matrix and b; = (b;1,...,b;,) ~ H, an unknown distribution
with mean 3 and covariance V.

As N becomes very large and both n; and p remain modest, many subjects have essentially
identical values with y; ~y; and X; ~ X; for many different pairs ¢, j. Outcomes, such as
weight, that are treated as continuous are often truncated or rounded when recorded, limiting
the number of unique values in the data. In addition, values which are so close that a subject
matter expert would consider them scientifically indistinguishable can be grouped together
without loss of important information. Under these circumstances, the data are adequately

summarized by values for G << N clusters. For an observation ¢ in cluster g let

ygi = yg + €gi
Xgi = Xg + Ay by = by + ¢gi (2)
where y Xg, and Bg are the cluster-specific means of the response, predictors, and random

effects, €, and ¢, are random variables, and Ag; is a matrix of constants. When the G
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clusters adequately represent the heterogeneity in the data, the observed values of €4, ¢,

and A, are all approximately zero. Thus, 3 = E(b;) can be reasonably estimated by

. 1 X 1 L
ﬁzN;bi ZZ ot Boi) B 5 D mgby = B, (3)

g 1 i€g g=1
where m, is the number of subjects in cluster g.

Instead of fitting models to all N subjects, we propose an alternative approach in which
we fit our model to the pseudo-sample, (y7, X7), ..., (¥&, Xg), where (y;, X7) represents the
typical subject in cluster g (i.e., y; =y, and X = X,). In Section 3.2, we recommend a
strategy for initial clustering of the IV subjects in G groups. In Section 3.3, we propose a
flexible Stage 2 clustering procedure which uses a DPP to avoid restrictions on H. Section

3.4 describes the MCMC algorithm and in Section 3.5 we discuss our approach to inference.

3.2 Stage 1 Clustering

We propose a stratified methodology to generate the first stage clusters. Although related
to the data-sphere method used by DuMouchel et al. (1999), our procedure is geared to
the random effects problem and incorporates knowledge of subject matter experts. Subject-
specific data are first divided into ¢ strata based on categorical predictors. For example, if
there are two categorical predictors, one dichotomous and one with three levels, ¢ should
equal 6. Within each stratum, we wish to develop clusters of scientifically indistinguishable
subjects based on the values of the continuous variables, i.e., the longitudinal responses and
continuous predictors. For subject ¢ in stratum j, we denote the values of these variables
as Wj; = (Wji1, ..., Wjip,,)'. For ease in exposition, we will temporarily assume that p;; = p;
for i = 1,..., M;, where p; is the number of continuous variables for each subject subject
in stratum j and M; is the stratum frequency. Prior to clustering, we transform wj to
zji = (Zji1, - - -, Zjip,)', Where

(Wjik — Wjk)

Zjik = —
Swi



and W5, and s, denote the mean and standard deviation, respectively, of the kth continuous
variable in stratum j.

Let the z-scores in stratum j be divided into G; clusters whose location in pj-space are
represented by a set of data points or seeds, c;i,...,cjq,, where c;; = (cju,...,cjp,) and
c;ir is the average value of the kth standardized variable in cluster [. We assume that both
the number of clusters and locations are unknown a priori, but through expert elicitation, we

define a threshold r such that

Pj
d(zji,cji) = Z(Zjik —cw)t <r (4)
k=1
for subject 7,7 in cluster j,1. Thus, in a cluster of scientifically indistinguishable subjects, r
is the elicited maximum distance between the data of a single subject and the cluster seed,
or the maximum radius of a cluster.

To elicit r, we recommend performing a set of exploratory cluster analyses and presenting
the results to one or more subject matter experts. These analyses may be performed using a
set of historical data, or alternatively, one stratum of the current data. In the latter method,
the data used to elicit r will also be used in the second stage of the analysis, thus creating a
sort of an empirical Bayes approach. In our analysis of the CPP data, we treated the data on
male children of never smokers as our historical data, and we used it to choose an appropriate
r for the female subjects. In our exploratory analyses, we used a range of r values to cluster
the longitudinal weight of males with complete data (i.e., with followups at ages 0, 1, 3, 4,
7, and 8). Following each analysis, we plotted the growth curves from subjects in the cluster
with largest radius (see Figure 1). Using these plots, we asked a panel of experts on body
weight research to tell us which clusters (each indexed by a radius, r) contain curves with
potentially significant differences. In our example, 3 out of 4 panel members agreed that when
r < 2.14, the growth curves in each cluster were not significantly different. Thus, r = 2.14 was
the obvious choice for the CPP. In other applications where there is substantial disagreement
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across the experts, the average elicited value could be used instead. Our method for choosing
r is similar to the use of opinion pools to combine probability distributions elicited by several

experts; for a recent example see Cooke and Goossens (2000).
[Figure 1 about here.|

Once we have specified r, we apply the following three-step methodology to cluster the

continuous data in stratum j:

Step 1. Initialize cluster seeds.

Initialize G; at 1 and let cg) = zj1. Fori=2,..., My, if dj; = min; d(z;, cg?)) > r, then

increment G by 1 and define a new seed, cg(gj = Zj;.

Step 2. Iteratively update the seeds. Initialize an index variable, ¢, at 1 and perform

the following steps:

2.1 Fori=1,..., My, if d}; <r assign z;; to the cluster with the closest seed.

2.2 Forl=1...,G; compute
w_ 1
cy =— i
it myji Z %
€4,
where m; is the number of subjects currently in cluster j,{. Let 0 < v < 1 denote

a pre-specified convergence criterion such that changes in the cluster seeds less

than or equal to v - dj, are permissible, where d}, denotes the minimum distance

between the initial seeds. If max; d(cg?, CS*D) > v~ dj, then increment ¢ by 1 and

repeat Steps 2.1 and 2.2, otherwise proceed to Step 3.

Step 3. Construct final clusters.

N0

j].""’ ]GJ'

3.1 Repeat Step 2.1 using ¢

3.2 For all i : d}; > r, assign zj; to its own cluster and update the value of G; accord-

ingly.



Step 1 of our method is related to the leader algorithm (Hartigan 1974), while Step 2 can
be thought of as a form of k-means clustering (MacQueen 1967) since the cluster seeds are
the means of the observations assigned to each cluster when the algorithm is iterated until
complete convergence (i.e., v = 0). A proof of convergence of our algorithm is provided
in Appendix A. After completing Steps 1-3 for j = 1,...,q, we compute the means of the
untransformed variables in each cluster, w; = Zie(j,l) w,i;. As mentioned in Section 3.1,
these data (plus the values of any categorical predictors) will constitute our G = 2321 G;
pseudo-subjects.

The above method is attractive for many large data sets since it leads to the quick formu-
lation of first stage clusters chosen to have minimal scientifically-important distances between
them. By choosing r based on expert elicitation, we induce a prior on the clustering process.
Our initialization method then uses this prior to identify the most important separations in
the data. Another attractive feature of our method is that all three steps may be implemented
using PROC FASTCLUS (SAS, version 9) and sample code is available upon request from
the authors.

In many longitudinal studies, including the CPP, p;; # p;» for several pairs (7,1), (j,)
due to missing followups. A simple solution is to stratify by missingness, but sometimes the
number of patterns may be too numerous to make this feasible. For instance, there are 58
different missingness patterns in the CPP data. Thus, to resolve this problem, we recommend
stratifying by the most common patterns and assigning the remaining subjects to the stratum
for which they have the least number of missing variables. In each of these strata, the initial
cluster seeds are chosen using subjects with complete data. Then, in Steps 2 and 3, subjects

with missing observations are assigned to clusters based on adjusted distances,

p .
daaj(2ji, Cj1) = \/p—J > (i — cw)?, (5)
Ji
where the sum is taken over the p;; nonmissing variables for subject 7 in cluster j. As before,
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these subjects may still be assigned to their own cluster if d7; > r in Step 3, and thus, we do

not ignore any important outliers.

3.3 Dirichlet process clustering
In the remaining sections of this paper, we will drop the stratum index from the Stage
1 clusters and refer to the pseudo-data as (yi, X7),..., (¥, X5). For pseudo-subject g =

1,...,G, we assume

[y, | X5, by, 7] ~ N(X;b; TﬁlIn;)

g-g’

b~ H H~DP(aHy), (6)

where nj is the number of measurements on pseudo-subject g, Hp is a known distribution,
and « is a precision parameter. In all the examples we will consider, Hy = N(u, D).
Marginalizing over the DPP for H, the sequence of random effects, bi, ..., b, follows a

Polya urn scheme (Blackwell and MacQueen 1973), i.e.,

. i = b} with probability - +2_1
wbl, .. br { ~ HJO with probability 7=, ™)

for j < k and k = 2,...,G. Thus, under the DPP, the random effects are clustered into
K < G different groups whose random effects are 64, ...,0x, where @, ~ Hyfor [ =1,..., K
(MacEachern 1994).

Let S1; € {1,...,G} and S,; € {1,..., K} index the stage 1 and 2 clusters of subject i,
respectively. Given the frequencies of our Stage 1 clusters, mq, ..., mg, the probability that

two, randomly selected subjects are in the same Stage 1 cluster is

G mg
-Pi,i’ = Pr(Sl,i = Sl,i’) = Z (]%,) (8)

= ()

which follows from the multivariate hypergeometric distribution. Also, under the DPP, the
probability that two pseudo-subjects are grouped together is 1/(cav + 1) (Antoniak 1974).

Therefore, a priori,
1- P 1
— >

Pr(Ss; = Sar) = Py = .
r(S2, 2) Pt T arl

(9)
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Thus, our method increases the prior probability that two subjects are clustered together,
relative to a DPP applied to NV subjects. As a result, our prior favors a smaller, but more

scientifically justified, number of clusters.

3.4 Posterior Computation

Conditional on the other random effects, the prior for b, is the mixture distribution

K
1
b’10,n) a] ~ ( —~— ) Hy+ | ——— ) 10
0.0, ~ (G ) o+ (g ) oo, (10)
where 8 = (0',...,0,)', n9 = (ngg), . ,ngg))’, n,(fg) is the number of pseudo-subjects (other

than ¢g) with common random effect value 6y, and Jg, denotes a degenerate distribution at
6. After incorporating the likelihood for pseudo-subject g, f(y;|b,), the full conditional

posterior distribution of each by can be derived as

K
[bZ’}I; a, 97 n(g)] ~ QQOHgO + Z ng(sek,, (11)
k=1

where

. :{ c-a-h(yy) k=0,
gk con - f(y:l6) k>0,

Hyo is a normal distribution with mean p, = Ug(Dflu + TXZIy;) and covariance matrix

U,=(D"'+ Txg’xg)—l,

) = (5-)

and ¢ is a normalization constant.

3
“"tme

- 1 . _ _
|D‘ 1/2’Ug’1/2.eXp{—§(Tygyg_|_ulD IM_IL;UgIIJ:g>},

Although Gibbs sampling could proceed by sampling directly from (11) for g =1,...,G,
we propose a more efficient updating algorithm which parallels methods described by MacEach-

ern (1994) and West et al. (1994):

1. For ¢ = 1,...,G, sample a random variable, S, € {0,1,..., K}, which equals k with
probability ggr. When S, = 0, sample by from Hy and increment K by one; for
Sg:k‘>OSeth:0k.
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2. For k=1,..., K update 6 from its full conditional posterior, which is N(ug, , Ri), where
o, =Ri(D'p+7 > Xiyr), Ry=MD7'+7 > X;Xp) (12)
g:8g=k g:Sg=k

Note that updating 6, changes the value of b for all g such that S, = k.

The MCMC methodology thus proceeds by iterating between Steps 1 and 2 for a large number
of iterations and discarding a burn-in period to allow convergence. Note that if the DPP were
applied to N random effects, instead of G, the algorithm would iterate very slowly for large
samples and computation may be infeasible. In addition, the large matrices needed to needed
to update values for N subjects can cause memory problems in certain software, such as
Matlab. This latter difficulty prevented us from applying the DPP to each subject in the
CPP data.

To reduce the sensitivity of the Stage 2 clustering to subjectively chosen hyperparameters,

we recommend placing hyperpriors on p, D, 7, and «. For our models, we use the priors
ﬂ-(l'l’) = N(“‘Oa 20)7 T‘-(D_l) = W(d07 DO) 71-(7—) = Ga(l/T()a l/)
which results in the following full conditional posteriors:

K
#(1l6.D) = §(2,(5 1y + D 32003,
k=1

(D70, p) = W(do + K, Do+ ) (0 — p) (0 — u)'>

G
* * n 1 * %
n(rlel,...,eq) :Ga(m'o—i-?,u—i—ézeg eg), (13)
g=1

where W(-) is the Wishart density, Ga(-) is the gamma density, ¥, = (X, + KD™')7!,
n* = Zngl n}, and e; = (y, — X b,). We also use a Ga(a,b) prior for o, which results in a
full conditional posterior which is a mixture of two gamma distributions,

m(alz, K) = WZGa(a + K,b— log(z)) + (1 —m,)Ga (a +K—-1,b— log(z)), (14)
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where
s (a+ K —1)

(1-m) G(b—log(z))
and 7(z|a, K) = Be(a + 1, G), where Be(-) is the beta density (West, 1992). Our updating

algorithm is then modified to add the following steps:
3-5. Sample p from 7(u|-), D! from 7(D~'|-), and 7 from 7(7|-).
6-7. Sample z from 7(z|a, K) and then sample « from 7(a|z, K).

3.5  Methods for Inference

In Section 3.1, we demonstrated that population-average effects, 3, can be estimated by
a weighed mean of by, ..., bg. Although the DPP is applied to cluster means, b}, ..., by are

computed based on one pseudo-subject and, as a result,

1 .
COV(N Z mgbg) =V,
g=1

instead of V/N, the covariance of B However, given (3, a transformation can be made,

b, = mg_l/QbZ + (1 — mgl/Q),@,

which preserves the mean for b;, but changes the covariance to V/m, so that
Cov(% Z mgbg) = %V.
g=1
Based on the above results, we make a similar, posterior transformation of bj,..., b,
which ensures that the variance of the population effects is reflective of the cluster size.
Following convergence, let b;(t) denote the value of b; observed at iteration t, t =1,...,T.

Prior to calculating the population mean, we replace b;(t) with

by =, VDY + (1= m, V)b, "

where b_Z = Zthl b;(t) /T. Note that for large T, Cov(b_;) approaches 0 and, thus, we do not
(significantly) inflate the variances of Bg by estimating the posterior mean. In the special case
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where my=1, we simply have B;t) = b;(t), and as the first stage cluster sizes grow, we shrink
back towards the mean of the samples. By doing shrinkage within the first stage clusters
instead of across the clusters, we do not obscure or mask non-normal features in the random
effect distribution.

Now that we have corrected our estimates of the cluster-specific means, population effects

can be estimated at each iteration of the MCMC as
G
~(t) 1 ~(t)
g=1

Thus, linear combinations of B(*) can be used to test hypotheses about the average effects of
the predictors, similar to what is done with fixed effects in mixed models.

Inferences about heterogeneity can be based on the posterior clustering of the random ef-
fects. As in Bigelow and Dunson (2005), the Dirichlet process clustering can be summarized
by post-processing the results from the MCMC using a hierarchical clustering procedure such
as single linkage, which is also known as nearest-neighbors (Sneath 1957). In this paper, we
define a new set of Stage 2 clusters k = 1, ..., K* where for each pseudo-subject g in cluster k&,
there exists some other pseudo-subject g* such that Pr(S, = S;+) > p*, where, as in Section
3.4, S, indicates the cluster membership of pseudo-subject g under the Dirichlet process. To
ensure adequate separation between our clusters, we choose p* = 0.5 in our analyses. This
clustering procedure can be implemented using the linkage and cluster functions in MAT-
LAB (version 6). As seen in our analysis of the CPP data, the cluster-specific longitudinal
trajectories and the proportion of subjects per cluster are useful in identifying outliers in the

data.

4. Simulation Studies

We applied the approach to three simulated data examples. In each case, the true model

for Yy, given bl was 'y, ~~ N(lela:[ﬁ) where Xz = (Xi07xi1>xi2) with X0 — 167 X;1 = u; - 167
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u; € {0,1}, and x;5 = (0,1,3,4,7,8)' /8 for i = 1,..., N. The predictor x;2 can be thought of
as the age at followup for subject ¢ and u; as an exposure indicator, where sz\; w; = N/2 in
Cases 1-3.

4.1 Case 1: Latent Class Data

In the first case, we simulated a single data set of size N = 2000 using the discrete

distribution
= (2.26,0.46,20.35)" with probability 0.0792
02 = (3.14,1.34,22.76)’ 0.2969
b, = ¢ 03 = (3.30,1.50,23.20) 0.3065
04 = (3.46,1.66,23.64)’ 0.2969
= (4.77,2.97,27.23) 0.0205,

which has mean 8 = (3.25, 1.45,23.06)". We will refer to all ¢ : b, = 6, as Class j.

We applied our approach for r = 2.14 (elicited value), r = 1.66, and r = 0 (complete data).
Diffuse priors were chosen for g and 7 with g, = (15,0,0), 3¢ = 100-13, 7o = 1, and v = 0.1.
The prior for D was centered on the identity matrix, with dy = 3. We also let a ~ Ga(a, 1)
where we let a = 0.25 for r = 2.14 and r = 1.66, but chose a = 0.1 for the complete data
to induce a similar prior for K across G. The MCMC was run for 25,000 iterations in each
analysis with the first 5,000 iterations discarded as a burn-in and with every 10th sample
collected to thin the chain. To speed up computation, we sampled each Sy conditional on the
random effect values at the previous iteration.

Table 1 provides estimates of K and the population effects from our MCMC. Both the
number of clusters and the values of the regression parameters are similar across r. In addition,
the elicited r reduced computation time by approximately 19 hours, relative to complete data,

which demonstrates the efficiency of our method.
[Table 1 about here.]

After post-processing the results of our MCMC using nearest neighbor clustering, we

obtained 4 Stage 2 clusters. One cluster consisted of an outlier from Class 2 but, as seen in

15



Table 3, the remaining clusters demonstrate good agreement with the subjects’ true clusters:
one cluster consists of mostly Class 1 subjects, another is primarily comprised of subjects from
Classes 2-4, while the third only contains subjects from Class 3. Thus, under the elicited r,
our method effectively separated the extreme outliers (Class 5) from the rest of the data
and, although less successful, was able to isolate most of the moderate outliers (Class 1). In
addition, the parameter estimates within each cluster, B(*l), ,@(*2), and B(*3), are comparable
to the true values within Classes 1, 2-4, and 5, respectively. Under r = 1.66 and r = 0,
the parameter estimates of the three largest clusters were similar to those listed in Table
2. However, the number of singleton clusters increased as r decreased. This exemplifies the
importance of the expert elicitation as the value of r will significantly impact the number of

outliers in Stage 2.
[Table 2 about here.|

4.2  Cases 2-3: Continuous Random Effects
In Case 2, b; ~ N(3, diag(w)), where 8 = (3.3,1.5,23.2)" and w = (0.4,0.4, 3)’, while in
Case 3

b; ~ 0.65 - N (83, diag(w1)) + 0.35 - N(3,, diag(w)),

where 8, = (2.9,1.1,22.2)", B, = (4,2.25,25)", w; = (0.075,0.1,1), and ws = (0.175,0.2,2)".
Since computation was more intensive than in Case 1, we reduced our sample sizes to 1000
in each study. The Stage 1 clustering and MCMC proceeded as in Case 1, but with different
priors for «; in Case 2, a = 1 for r > 0, while in Case 3, a = 3 for r = 2.14 and a = 2 for
r = 1.66. In both cases, a = 0.5 when r = 0.

Under normal random effects, the parameter estimates under r = 2.14 were virtually
identical to those provided by a random effects model fit to the complete data (see Table 3).
However, when the random effects came from a mixture of normals, it appears as if r = 2.14

underestimates the variability in the population, resulting in population effects which are
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slightly biased. Note that in simulating data from a mixture of normals, we do not account
for the expert opinion that there are no important differences within each cluster. Hence,
these results demonstrate the robustness of our method to r. Also, even for a sample size of
1,000 choosing r = 2.14 instead of r = 0 reduced computation time from approximately 1.5

days to less than an hour and the computational gain will increase with sample size.
[Table 3 about here.]

5. Analysis of the CPP Data
5.1 Methods

We now return to the CPP data discussed in Section 2. In our analysis, we considered
modelling the longitudinal weight of girls by age and exposure category: child of never smoker
(N7 = 6,684), ex-smoker (Ny = 1,849), or current smoker (N3 = 8,985). In Stage 1, we
stratified by exposure and the four most common missingness patterns: no missing data,
missing followup at year 8, missing followups at years 3 and 8, and lost to followup following

1/2

year 1. Within each stratum, we clustered under r = 2.14(p;/6)'/* where p; is the number

of followups under the missingness pattern in stratum j. Note that the correction, (p;/ 6)1/ 2
is the reciprocal of the correction used in (5). These Stage 1 analyses generated G = 526

clusters across the 12 strata.

*

40, indicators

In Stage 2, we modelled the weight of pseudo-subject g using an intercept, x
of smoking exposure (xj; for ex-smokers and xj, for current smokers), mean age at each
followup (x73), and ex-smoker by age (x},) and current smoker by age (x;5) interactions. Age
was centered around the mean value amongst the pseudo-subjects (3.16) and was assumed to
have a linear effect due to the relatively few ages at which measurements were collected.

We used the same priors for 7, p, and D as in the simulations and assigned a Ga(0.5,1)

to a to express an a priori belief in few second stage clusters. We ran our MCMC for 45,000

iterations following a burn-in of 10,000, otherwise implementing as in Section 4.
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5.2 Results

As in Chen et al. (2005), our estimated population effects suggest that a mother’s smoking
habits during pregnancy had a significant impact on the growth of female children. As seen
in Table 4, the 95% credible intervals for the smoking-age interactions (34 and (35) obtained
using our method (denoted G-DPP) exclude 0, suggesting that the effects of smoking on
child weight increased with age. To describe the smoking effect, we provide estimates of the
ex-smoker and current smoker effects at birth (vgy and veo) and age 8 (vgs and veg). At
birth, the children of ex-smokers and current smokers were leaner than the children of never
smokers, with the decrease being highly significant, Pr(vcy < 0) and Pr(vge < 0) > 0.99,
but similar across the two groups, Pr(vco < vpg)=0.668. However, at age 8, children in
both exposure groups were significantly heavier, Pr(voo > 0) and Pr(vgo > 0) > 0.999, with
the increase in weight being greater in the children of ex-smokers, Pr(vgg > vco) = 0.997.
It is likely that some or most of the ex-smoker effect is due to confounding as Chen et al.
found that adjustment for covariates such as center and pre-pregnancy weight resulted in an
insignificant ex-smoker effect. However, the authors found that a current smoker effect did
persist following adjustment for confounders.

Table 4 also presents smoking effect estimates obtained using GEE as in Chen et al.’s
(2005) covariate adjusted models. Although the GEE estimates suggest a significant effect
of smoking on child weight, there is no significant ex-smoker by age interaction (p = 0.141).
It is not surprising that GEE provides a flatter slope for the ex-smoker effect since, under
the assumption of MCAR, it does not allow a child’s observed weight to be related to her
missingness pattern, which, as discussed in Section 2, appears to be the case in the CPP.

Another common method for large data sets is to fit a model to a random sub-sample of
the data. Thus, we compared our population effect estimates to those obtained from fitting a
semiparametric random effects model to two random samples of size 1752 (denoted RS1-DPP
and RS2-DPP in Table 4). In each case, the ex-smoker effects had wide credible intervals
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and were insignificant. However, the results for the current smoker effects were not consistent
across the random samples; in one sample the effect increased with age, while in the other
sample, the effect was insignificant. These results demonstrate two key weaknesses of fitting
a model to a random sample: a loss of power to detect an effect of a rare exposure and,
since the method is sensitive to outliers in the data, dependence on the sample chosen. Our
method does not suffer from either weakness since we preserve all scientifically important
differences in Stage 1 and, by weighting our population effects by cluster size, we ensure that
our estimates are reflective of the complete data. The two-stage methodology is also more
computationally efficient; in this example it took approximately 30 more hours to complete

the MCMC for RS1- and RS2-DPP.

[Table 4 about here.]

Figure 2 summarizes the Dirichlet process clustering of the pseudo-subjects in Stage 2.
Although the posterior mean and 95% credible interval for K were 10.2 (6, 17), the clustering
probabilities, i.e. Pr(S, = S,+), indicate that many of these Stage 2 clusters are not well sep-
arated. However, we could identify outliers in the data when we post-processed the Dirichlet
process clustering. We found that 15,740 subjects belong to a sub-population with “normal”
traits, labelled “(1)” in Figure 2, and that 40 subjects (20 non-smokers, 2 ex-smokers, and 18
current smokers) belong to a small outlier cluster, labelled “(2).” The children in Cluster 2
are substantially heavier than the normal subjects and have steeper growth curves: Cluster 2
subjects averaged 3.5 kg at birth and 53 kg at age 8, while normal subjects averaged 3.1 kg at
birth and 26.1 kg at age 8. The remaining 1,738 subjects in the CPP data were represented
by pseudo-subjects who were not grouped with another pseudo-subject in at least half of
the iterations. Although some of these subjects appear to be outliers with unusual growth
patterns, most (1,722) were lost to follow-up following birth or year 1 and the DPP could not
accurately classify them due to their limited data. Had we not stratified by missingness in
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Stage 1, it is likely that many of these subjects would be grouped with the normal subjects.
However, we discourage this practice as it increases the amount of imputation in the Stage 1

clusters.

[Figure 2 about here.|

Figure 3 provides the posterior mean of the ex-smoker and current smoker effects within
the normal sub-population and Cluster 2 as well as the mean effect values for the remaining
pseudo-subjects. As expected, the posterior means for normal subjects are similar to the
population estimates. Other subjects have larger effect values. In particular, the average
ex-smoker effect in Cluster 2 is 7.8 kg at age 7 and the average current smoker effect is 2.7 kg
at age 8. In addition to exhibiting unusual growth, the children in Cluster 2 also had mothers
who were, on average, 17.2 kg heavier prior to pregnancy than the mothers of normal children.
This is an important result as Chen et al. (2005) found that pre-pregnancy weight is one of

the strongest confounders of the association between smoking and child growth.

[Figure 3 about here.]

6. Conclusion

We have proposed a two-stage clustering procedure for fitting Bayesian semiparametric ran-
dom effects models to large data sets. Our method uses expert elicitation to generate a smaller,
biologically meaningful, pseudo-sample of data that summarize the important differences in
the complete data. Then, by applying the DPP to these data, we substantially decrease the
computational burden and generate scientifically interesting clusters in the posterior. Simu-
lation studies have shown that our method can detect true trends in the data under discrete
and continuous random effects, though there may be a small bias for multimodal, continuous

distributions.
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In applying our method to the CPP data, we have provided the first random effects
analysis of the smoking data. Although our overall conclusions on the effect of maternal
smoking during pregnancy are similar to those in Chen et al. (2005), we have also shown
that their GEE methodology may have underestimated the effects of smoking on child weight.
Our semiparametric method also allows inferences on heterogeneity in the smoking effects as
well as the identification of clusters of subjects with large regression coefficients. Some of
these outliers could be explained by confounders that were omitted from our model, such as
maternal weight. Others likely reflect data entry or recording errors, and thus, an attractive
feature of our approach is that inferences on subjects in the larger clusters are not sensitive
to these outliers.

Although our method was motivated by a specific example, it can easily be extended to
handle data with a slightly different form, or studies with different analysis objectives. For
example, in studies where models are constructed for predictive purposes, one can use the
pseudo-subjects to predict the random effects of future subjects. This methodology should
work well for large data sets where the probability of a future outlier, dissimilar from previous
outliers, is low. In some prospective epidemiology studies, there may be interest in fitting a
model with many covariates, as was the case in Chen et al.’s analysis of the CPP. In these
settings, it may be necessary to modify our first stage clustering to improve efficiency; for
example, the clustering could be stratified based on propensity scores (Rosenbaum and Rubin,
1983) rather than across each covariate level. Finally, it would be interesting to modify our
method to handle data with a large number of measurements on each subject, as in menstrual

diary data (e.g., Harlow et al., 2000).
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APPENDIX A: Proof of convergence of the Stage 1 clustering algorithm.

In Step 2 of our Stage 1 clustering algorithm we wish to minimize the modified squared error,
M.
Qj(z;,¢c;) =Y., Qji(zj;, c;), where z; = (Z;'p . ,z;Mj)’, c; = (C;l, . ,C;-Gj)’, and

d;; 2 i, <r
Qutze) ={ W =]

Thus, the proof of convergence of the algorithm involves showing two conditions: 1.) changing

the cluster assignment of a subject does not increase the modified square error, Q;(z;,c;),

denoted (); hereafter 2.) updating the seed of a cluster does not increase @);.

1. Let @i denote contribution of subject j,7 to (); prior to cluster assignment and Q7;

denote its value afterward. At iteration ¢, if subject 7,7 is:

a.) moved from cluster 7,1 to cluster j, !’ then

« t—1 t—1
Qi = dQ(Zjiacg‘z/ )) < dz(zjivcg'z )) = Qji-

b.) assigned to cluster j,!" after not being assigned to a cluster at iteration ¢t — 1 then
Qi = (2l V) <% = Qi

c.) not assigned to a cluster after being in cluster [ at iteration ¢ — 1 then
Qi =1 < Plzjicly ) = Qe

In each case, changing the cluster assignment of 7,7 does not increase its contribution

to @;, thus demonstrating that Condition 1 holds.
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2. Following the (¢)th iteration of Step 2.1, the contribution of cluster j,[ to Q; is

sz = § E:Zﬂk ]lk

i€jl k=1

_ ) (t-1)
= Z Z Zjik + C]lk — i — Gy )’

i€jl k=1

= Z Z Zjik — ]lk 2+ mj Z ]lk ;ék Y +2 Z Z Zjik — jlk Eli - ka 1))

i€yl k=1 €5l k=1

_ (t— 1
= E E Rjik — ylk +mﬂ§ ]lk_cjlk

i€yl k=1

2 ZZ zjlk‘ Q]la

i€jl k=1

where ()j; is the contribution of cluster j,[ to @); following Step 2.2. This demonstrates
that updating the seed of a cluster does not increase its contribution to @);, thereby com-
pleting the proof of convergence. Similar arguments can be used to prove convergence

of k-means clustering under squared-error loss (MacQueen 1967).
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Figure 1. Plots used to elicit maximum radius, r, using male children of non-
smoking mothers in the CPP. Only children with data from each followup were used in
the analyses (N = 1,115). Each plot consists of 10 growth curves from the cluster with the
largest radius, r. These curves correspond to the subjects furthest from and closest to the
cluster seed, as well as 8 randomly chosen subjects.
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Figure 2. Dirichlet process clustering of CPP data. The order of the pseudo-subjects
corresponds to the order of the singleton clusters in a dendrogram generated in Matlab (version
6). This dendrogram summarized nearest-neighbors clustering of the pseudo subjects using
1-Pr(S, = S,+) as the distance measure. The arrows denote subjects in the normal sub-
population “(1)” (pseudo-subjects 1-425 in the figure). Cluster 2 (labelled “(2)”) contains
pseudo-subjects 430-453, while the remaining pseudo-subjects were not clustered with another
pseudo-subject in at least half of the iterations.
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Figure 3. Mean smoking effects in the CPP data. Clusters 1 and 2 correspond to the
groups of pseudo-subjects denoted in Figure 1. The solid, unlabelled lines correspond to the
remaining pseudo-subjects. Effect estimates were computed up to the last followup of the
exposed subjects. Estimates for unexposed pseudo-subjects are omitted.
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Table 1. Means and 95% credible intervals for K and B(*) from Case 1 of our simulations. The
true values of the population effects were 3 = (3.25,1.45,23.06)’.

~

r G K B(*)o 3(*)1 Bx)2

2.14 93 7.06 3.21 1.47 23.03
(4, 14) (3.18,3.25) (1.42, 1,52) (22.98, 23.07)

1.66 215 8.2 3.25 1.44 23.03
(4,18) (3.22,3.29) (1.39, 1.49) (22.98, 23.08)

0 2000 8.3 3.25 1.45 23.02

(4,15) (3.21,3.29) (1.40, 1.49) (22.97, 23.07)
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Table 2. Summary of Stage 2 clusters from Case 1 of our simulations. Parameter estimates are
the posterior means and 95% credible intervals within each cluster. The table omits one singleton
cluster consisting of a subject from Class 2. Clusters are ordered by the magnitude of their
parameter estimates.

Class Frequencies Parameter Estimates
Cluster (k) N Class 1 Classes 2-4 Class 5 B(*k)o B(*k)l E(*k)z
1 175 173 2 0 2.20 0.28 20.63
(2.09, 2.30) (0.15, 0.41) (20.48, 20.78)
2 1785 1 1784 0 3.26 1.56 23.19
(3.23,3.30) (1.50, 1.61) (23.15, 23.24)
3 39 0 0 39 5.41 2.83 26.31

(5.21,5.62) (2.60, 3.07)  (26.0, 26.1)
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Table 3. Means and 95% credible intervals for K, and B(*) from Cases 2 and 3 of our simulations.
The true values of the population effects were approximately 3 = (3.3,1.5,23.2) in each case.

Case 2
r G K B0 Bt Bx)2
2.14 81 54.5 3.33 1.48 23.21
(44, 65) (3.26, 3.40) (1.34, 1.61) (23.14, 23.27)
1.66 163 94 3.36 1.44 23.19
(76.5, 111) (3.29, 3.42) (1.32, 1.57) (23.12, 23.26)
0 1000 492.3 3.34 1.49 23.21
(439.5, 541)  (3.28, 3.41) (1.38, 1.60) (23.15, 23.29)
Case 3
2.14 48 31.6 3.23 1.71 23.27
(23, 40) (3.17, 3.28) (1.57, 1.85) (23.21, 23.33)
1.66 101 55.0 3.30 1.45 23.32
(41, 69) (3.24, 3.36) (1.32, 1.59)  (23.26, 23.39)
0 1000 301.1 3.28 1.53 23.30

(2385, 357.5) (3.22, 3.35) (1.42, 1.64) (23.23, 23.37)
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Table 4.

Population effects of smoking in CPP analysis.

The DPP estimates listed are

means and 95% credible intervals; 95% confidence intervals are listed for the GEE results.

Ex-smoker effects

Current smoker effects

Method B4 1E0 1E8 Bs nco ncs

G-DPP 0.11 -0.08 0.82 0.07 -0.10 0.45
(0.08, 0.14)  (-0.15,-0.02)  (0.61, 1.02) (0.05,0.09)  (-0.15, -0.05)  (0.29,0.60)

GEE 0.03 -0.004 0.40 0.05 -0.14 0.27
(0.01, 0.06)  (-0.11, 0.10)  (0.23, 0.58) (0.03,0.07)  (-0.17,-0.11)  (0.09, 0.44)

RS1-DPP -0.08 0.16 -0.45 0.07 -0.14 0.39
(-0.17, 0.03)  (-0.07, 0.31) (-1.14, 0.36)  (-0.001, 0.15) (-0.27, -0.01) (-0.11, 1.00)

RS2-DPP -0.09 0.12 -0.60 -0.01 -0.13 -0.21
(0.18, 0.01)  (-0.12, 0.35) (-1.27,0.14)  (-0.07, 0.06)  (-0.26, 0.01) (-0.66, 0.29)
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