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SUMMARY. In biomedical studies that collect event time data, it is often appropriate to
assume non-decreasing hazards across dose groups, though dose effects may vary with time.
Motivated by this application, we propose a Bayesian approach for order restricted inference
using an additive hazard model with time-varying coefficients. In order to make inferences
on equalities versus increases in hazard functions, a prior is chosen for the time-varying
coefficients that assigns positive probability to no dose effect while restricting coefficients
to be non-negative. By using a high dimensional piecewise constant model and smoothing
the functions by coupling Markov beta and gamma processes, we obtain a flexible and
computationally tractable approach for identifying sets of dose and age values at which
hazards are increased. This approach can also be used to estimate dose response and survival

curves. The methods are illustrated through application to data from a toxicology study.

KEY WORDS: Additive hazards; Bayesian hypothesis testing; Bioassay; Gibbs sampler;

Markov prior process; Order restricted inference; Point mass; Survival analysis.

1. Introduction

By identifying regions of age and dose where an effect on the hazard exists in studies involv-
ing rodents, researchers obtain valuable information regarding the potential adverse effects
of a chemical in humans. For example, Figure 1 presents Kaplan-Meier survival curves from
a National Toxicology Program (NTP) study of ethylbenzene (NTP Technical Report, 1999).
It is of interest to assess whether survival decreases with dose, while also identifying thresh-
olds, such as the first dose and age at which an increase in hazard occurs. Because we are
interested in decreased survival in response to a potentially adverse exposure, it is natural
to consider a one-sided analysis that constrains the hazard functions to be non-decreasing in
dose. In addition, it would be appealing to obtain smooth estimates of dose group-specific

survival curves.

In a frequentist setting, stochastic ordering methods for survival functions have been intro-



duced (Dykstra, 1982; Feltz and Dykstra, 1985; Dykstra and Feltz, 1989; Dykstra, Kochar
and Robertson, 1991; 1995). In addition, Arjas and Gasbarra (1996) and Gelfand and Kottas
(2001) proposed nonparametric Bayesian methods for accommodating stochastic ordering in
two survival functions. Furthermore, Hoff (2003) proposed an innovative Bayesian approach
for nonparametric estimation of distributions subject to stochastic ordering. These methods
address the issue of estimation subject to strict order constraints, however they are limited
in their usefulness for assessing evidence of increasing versus constant hazards. Although
several frequentist order-restricted tests are available for proportional hazards models (Sen,
1984; Silvapulle, 1994; Silvapulle and Silvapulle, 1995; Singh and Wright, 1996; 1998), there

has been limited consideration of non-proportional hazards cases.

Our primary interest is in identifying those dose levels and ages at which there is an increase
in hazard. Equalities in hazard functions for different dose groups effectively correspond to
multiple age-specific null hypotheses. Following previous authors (cf., Dunson and Herring,
2003; Gonen, Westfall, and Johnson, 2003 for recent references), we treat null hypotheses
as if they could be exactly true (refer to Berger and Delampady, 1987, for a discussion and
justification of this viewpoint). Because the null hypotheses correspond to different times,
it is natural to assume that hypotheses located “close” to each other are highly correlated a
priori, resulting in smoothing of the model probabilities. Related ideas have been considered

by Gonen et al. (2003) and Neelon and Dunson (2004) in different settings.

In addition to smoothing of the hypothesis probabilities, it is appealing to smooth the base-
line hazard function and time-varying coefficients. There is a rich Bayesian literature on
defining priors for hazard functions (for a recent review refer to Ibrahim, Chen, and Sinha,
2001). Most Bayesian analyses have relied on a gamma process prior for the cumulative
baseline hazard (Kalbfleisch, 1978) or on independent gamma priors for interval-specific
hazards (Walker and Mallick, 1997), though several authors have proposed Markov-type
priors (Gamerman, 1991; Arjas and Gasbarra, 1994; Gray, 1994; Sinha and Dey, 1998).

The Markov gamma and beta processes proposed by Nieto-Barajas and Walker (2002) have



the practical advantage that conjugacy properties are maintained through the use of data
augmentation. Such conjugacy properties are particularly important when interest focuses
on model or hypothesis selection, and it is necessary to calculate integrating constants in

deriving posterior model probabilities.

In order to smooth time-specific hypothesis probabilities and coefficients subject to the non-
decreasing hazards constraint, we propose a coupled Markov beta-gamma process prior,
which generalizes the structure of Nieto-Barajas and Walker (2002). The beta process com-
ponent is used to characterize changes with time in the probability that the hazard curves
are constant (i.e., the null hypothesis holds), and the gamma process characterizes changes
in a time-varying coefficient occurring while the alternative hypothesis holds. The prior has
convenient conjugacy properties which facilitate posterior computation and inferences using
a data augmentation Markov chain Monte Carlo (MCMC) algorithm. By allowing time-
varying coefficients, this approach generalizes the method of Dunson and Herring (2003) to

allow non-proportional hazards.

Section 2 considers ordered hazards and introduces the Markov beta-gamma prior. Section 3
describes the likelihood structure and approach to posterior computation. Section 4 applies

the methods to simulation and toxicology examples, while Section 5 discusses results.

2. Modeling Ordered Hazard Curves

2.1 Model and Hypothesis Structure

Let z; € X = {1,...,d} be an ordered categorical predictor or group index for subject i
(¢ =1,...,n), and let A\4(t) denote the hazard at time ¢t € 7 for subjects with z; = h.
We assume that the hazard curves belong to a restricted functional space, €2, in which
A(t) < Xo(t) < ... < A\g(t) for all t € T. The hazard for subject ¢ at time ¢ conditional on

x; can be expressed as:

Mtz =h) = X(t) + Y _w(t), forh=1,.. d (1)



where A\g(t) > 0 is the baseline hazard function, and () = Agr1(t) — Ae(t) ((t) > 0) is
the increase in the hazard function attributable to changing z; from k to k + 1. Equalities

in the hazard curves between groups k and k + 1 occur at times when ~¢(¢) = 0.

The global null hypothesis of no difference in the hazard curves corresponds to Hy : 71 (t) =
coo = y4-1(t) = 0 for all t € 7, while the global alternative is H;y : v(t) > 0 for k =
1,...,d—1and all t € T, with y4(¢t) > 0 for at least one k, ¢. In addition to assessing overall
evidence of any increase in the hazard (H;), we want to identify specific subregions of X and

7T across which increases occur. Such subregions correspond to locations where () > 0.

Although we focus on the simple case in which the ordering of each group relative to all
other groups is known, partial orderings can be accommodated using trivial modifications to
the methodology. For example, an interesting case is that of simple tree ordering in which
Q2 denotes the space of hazard functions with A;(¢) < A\(t) for k =2,...,dand t € 7. In
this case, we can simply modify expression (1) so that A(¢;2; = h) = X\o(t) + Yx_1(¢), where
Yk—1(t) > 0 denotes the difference in hazards between z; = 1 and x; = k. Note that the
non-negative constraint on the 7(¢)’s now only implies that groups 2, ...,k (e.g., the treated

groups) have hazards at least as big as group 1 (e.g., control group).

2.2 Markov Prior Specification

Under the specification of Section 2.1, a key step is choosing priors for the baseline hazard,
Ao(t), and the increments on the hazard function between groups, v1(t),...,va—1(t), which
have the necessary properties. In particular, each of these functions needs to be non-negative,
and the (t) functions must have a prior which allocates positive probability to regions
equivalent to 0. In addition, it is appealing to have a prior which favors relatively smooth
functions and penalizes large changes in time. To facilitate this specification, we approximate
the hazard function using a piecewise constant model, with A\g(t) = Ag; and 7, (t) = 7y for
te€(n-1,m] and t < 7, where 0 =79 <7 < ... <7 < Tp41 = 00 are pre-specified interval

endpoints, which can be chosen to be arbitrarily close to one another. Piecewise constant



models are often chosen as a convenient but flexible specification in Bayesian survival models.

For the baseline hazard function, we use the Markov gamma specification of Nieto-Barajas

and Walker (2002). In particular, letting Ag = (Ao1, - - ., Aor)’, we express the prior as follows:
oo ~ G(ax, by) wi|Agi—1 ~ Poisson(cyAoi—-1) Aot|wy ~ Glax +wy, by +cy), (2)

where Ao is a latent baseline term, Ay has mean (ay + w;)/(by + c)) with ay, by, and
¢y as fixed hyperparameters specified by the investigator, ¢, is a common smoothing pa-
rameter in which more smoothing occurs as ¢, becomes larger, and w; is a latent process
introducing dependence into the prior process. Hence, A is calculated using the process
Aog — w1 — Ag1 — we — .... The prior on Ay extends the independent gamma process
prior to incorporate dependence with a Markov relation for the baseline hazard. An ad-
vantage of using this prior is that it retains its conditionally conjugate form for convenient

posterior computation.

The prior for v,(t),k =1,...,d — 1, requires a different approach, since the Markov gamma
specification does not allow regions across which ~x(¢) = 0. For this reason, we propose a
novel specification based on coupling Markov gamma and beta processes. First, let m; =
Pr(yx = 0) denote the probability that there is no difference in the hazard functions for
groups k and k + 1 within the interval (7;_1, 7], and let v = (1 — dx1)75, denote the actual
difference in hazards within this interval. Following a common technique in the Bayesian
variable selection literature (cf., George and McCulloch, 1997), we express the coefficient,
Yii, as the product of an indicator variable, dx = 1(,,,=0) Where 0y = 6, (t) for t € (1,1, 7],

and the potential value if the coefficient is non-zero, ;.

We induce a prior on v, by specifying priors for the point mass probabilities, 7, and
the potential slopes given non-zero values, 7;,. In particular, instead of assuming a prior:
independence in the point mass probabilities {7y, } (as in Hjort, 1990), we use a Markov beta

process (Nieto-Barajas and Walker, 2002) to allow autocorrelation:
Tro ~ Be(anky bnk) | Thi—1 ~ Bin(Cag, Tr—1)  Tralurs ~ Be(@nr + U, brr + Car — upa), (3)
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where 7o is a latent baseline term included to simplify the analysis, 7 has mean (a.x +
Ugt) /(A + brg + Cri) With arg, brg, and cqi fixed by the investigator, ¢, is a smoothing pa-
rameter (note ¢, must be an integer), and wuy, is the latent process incorporating dependence

into the prior process.

The hyperparameters can be selected so that the probability of the global null hypothesis
Hy is approximately 0.5. This results in a Bayesian correction for multiple comparisons,
which is less conservative than the Bonferroni-type correction obtained under a priori inde-
pendence (Westfall, Johnson and Utts, 1997). Of course, setting Pr(Hy) = 0.5 may be overly
conservative and may result in too high a degree of shrinkage towards equalities among the
groups, particularly when dimensionality is high. Sensitivity of inferences to hyperparameter

specification is considered in Section 4 in the context of the data example.

It is common in the Bayesian variable selection literature to specify a beta prior for the
probability of including a predictor in a regression model. In models involving time-varying
coefficients, it is natural to allow autocorrelation in whether a predictor is included. For
example, if there is a treatment effect at time ¢, then it is very likely that there is a treatment
effect at time ¢t + € for small e. The Markov beta process captures this dependency structure,
allowing the correlation in whether a group difference occurs to be decreasing with time.
Using the Nieto-Barajas and Walker (2002) structure, which they proposed in a very different
context, results in computational simplifications. In particular, closed forms are available
for conditional model probabilities, avoiding the need for approximations to the normalizing

constants. Details are presented in Section 3.

We complete prior specification by defining a Markov gamma process for {~},}:
Voo ~ G(ayek, bysk) 2V ~ Poisson(cyi1)  Val2k ~ Glayr + 2k, byrk + ), (4)

where 7}, is a latent baseline term, a,+; and b, are specified by the investigator, 7}, has
mean (@« + 2x1)/ by + k), 4 is & smoothing parameter specified by the investigator,

and zy; is the latent process introducing dependence into the prior process. By coupling the
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Markov beta and gamma components, the prior for 7, has support on the space of non-
decreasing hazard functions, €2, while still allowing for flat regions over which increases in
the level of a predictor have no effect on the hazard. The prior for 74, is directly induced in
terms of dy; and v}, as defined earlier in this section. As is the case for related priors used in

variable selection, specifying ~;; as a function of dy; and v}, greatly simplifies computation.

Integrating out 7}, and dy;, the induced prior on vy, can be formally expressed as follows:

Vet Tht 2ty 2hic1 = V=01 Tkt + 101 (1 = T00) G (Vets @t bka) s (5)

where ag = @y + 23 + 2k41 and by = byeg + 2¢4+. We refer to density (5) with shorthand
do — G(+;m,a,b), consisting of a mixture of a point mass at 0 (with probability 7) and a
G(+;a,b) density. This prior has the important practical advantage of being conditionally-
conjugate, so that closed forms are available for the conditional model probabilities. This
property greatly facilitates posterior computation, and avoids the need for approximations

to the normalizing constants.

2.3 Extension to Multiple Predictors
We can generalize the approach to allow for multiple covariates with different constraints on

the regression coefficients. For example, we could extend model (1) to incorporate a vector

of ordered categorical predictors, x; = (21, ..., %;,)". Expression (1) would become:
p Tip—1
A(t;x;) = Ao(t) + Yri(1), (6)
h=1 k=1

where 7, (t) is the change in hazard at time t attributable to increasing x;;, from k to k+ 1,
Yn = (Y1, -+ Vha,—1) for b = 1,... p, dj, is the total number of categories of z;,, and
A(t;x;) > 0. We complete a Bayesian model specification by assigning priors to Ag and -y,

using the approach described in Section 2.2.

We can extend the approach further to account for continuous covariates. Let w; = (w;1, ..., w;,)

be a vector of continuous predictors. As an extension to existing additive hazard models



with continuous predictors (Lin and Ying, 1994; Lin, Oakes, and Ying, 1998), we introduce:

P Tip—

At x;, w;) = )+ w3+ Z Z Y (t (7)

h=1 k=1

where 3 are regression coefficients, and the remaining expressions are previously defined. For
A(t; x;, W;) to be non-negative, we apply the constraint w3 > 0 into the prior specification.
Following Lin and Ying (1994) and Lin, Oakes, and Ying (1998), we could incorporate a
time-dependency on the covariates such that we obtain w;(t) as a substitute for w; in model

(7). We could also potentially include time-varying coefficients, B(t), to replace 3.

3. Bayesian Inference

3.1 Counting Process Likelihood and Data Augmentation

Following the counting process notation introduced by Andersen and Gill (1982), let N;(t),
for subject i (i = 1,...,n), represent the process counting the failures occurring up to time
t, while dN;(t) is a small increment of V;(t) over the interval [t,¢ + dt). N;(t) and dN,(t)
equal 1 if the event occurs in [0,¢] or [t,t + dt), respectively, and 0 otherwise. Let Y;(t) =1
if subject 7 is at risk at time ¢, and Y;(¢) = 0 otherwise. For subject i in group k at time t,
the intensity process for N;(¢) under model (1) is:

A() = Yi(t) (Aou) s w)) . (®)

k=1
Under noninformative censoring, the observed counting process likelihood is proportional to:

n x;—1

H H[ {)\0 + Z 7 sz exp (— /t>0 {)\0 + i ’}/k }dt) (9)

i=1 \ t>0

following a Poisson form. The infinitesimal counting process increments, dN;(t), contribute
to the likelihood just as with independent Poisson random variables with means \;(t)dt over
the interval [t,t + dt), though dN;(t) is at most one for all 4,¢. Defining the model in this

framework allows the intensity to be regarded as constant in that interval (Clayton, 1991).

For efficient posterior computation, we implement a data augmentation approach based

on the consideration that the dV;(t) are independent Poisson random variables under the

9



likelihood expression (9):

r;—1

dN;(t) ~ Poisson | Yi(t){ho(t) + D ()} | foralli:Yi(t) =1, (10)
k:6 (£)=0

where 05(t) = dy; for t € (t;_1,t;]. Using the additive form of the Poisson sum prevents
us from obtaining an efficient computational approach, since full conditional posterior dis-
tributions are non-standard. To remedy this problem, we can augment the dN;(t) in terms
of independent Poisson latent variables corresponding to each term of the Poisson mean in
(10). We introduce latent variables dN;(t) = {dN;o(t), dNy(t), for all ¢ : §x(t) = 0} such

that, by integrating out these latent variables, expression (10) is equivalent to:

z;—1

dN;(t) = dNy(t) Z ANy () (11)

k6 (t)=

with dN;o(t) ~ Poisson(Ao(t)) and dNy(t) ~ Poisson(yk(t)).

Following previous methods (Clayton, 1994; Dunson and Herring, 2004), we define t =
(t1,...,ts)" as the union of unique, ordered failure times in the data and the interval endpoints

T =(11,...,71)". The observed counting process likelihood (9) can be expressed as a product

across the time intervals, (t;_1,¢;],7=1,...,J:
n J {Ei—l ZBi—l
[Yi(£){Ao(t) + (@)} | exp | - Yi(t){Ao(t) + Ye(t)}dt | .(12)
[III{ II

Let dN;; = 1 if subject ¢ fails at time ¢;, and 0 otherwise. With the assumption that there

is a small amount of risk accumulated in (¢;_1,¢;],

/ ’ Yi(){ho(t) + z_: w(®)}dt ~ 0 for all i, 7, (13)

the likelihood contribution for a subject at risk in the jth interval is proportional to:

dN;;

x;—1 z;—1
dho; + > dly exp | —(dAoj+ Y dl'y) |,
k:65,=0 k20505 =0
where dAg; = tt; Ao(s)ds and dI'j, = ft s)ds. The Poisson approximation to the

likelihood is highly accurate under the assumption that a Poisson random variable with mean

10



(13) has a small chance of being greater than one. Assumption (13) is justified whether the
interval (¢;_1,%;] is narrow or wide. Since at most one event will occur in this interval, by

definition, then the hazard will be extremely small, even if the interval is large.

Let Y;; = 1 if subject ¢ is at risk at time ¢;, and 0 otherwise. Using the approach in (11),
dNj; is expressed as:

r;—1
dN;; = dNijo+ Y dNi, for all 4,5 and V;; = 1, (14)

with the latent variables having independent Poisson distributions:
PI‘(dNZ‘j()) = POiSSOﬂ(dNZ'jO; dAoj) and PI‘(dek) = Poisson(dNijk; dF]k> (15)

The increment dN;; contributes to the likelihood in a similar manner as dN;(t), so we replace
expression (9) with the augmented data likelihood, which is proportional to:

dNZJk

12[ li[ dAGY ™ exp(—dAq)) ﬁ dr, 7 exp(—dl ) 16)
i=1 j:Y;;=1 (dNZJ_dNZJO—i_Zk&l'_Odek) dNZJO' k:05,;=0 dNZ]k' .

We can now obtain conditionally conjugate posteriors for the MCMC sampling algorithm.

3.2 Conditional Posterior Distributions
The necessary conditional distributions are derived in this Section and in the Appendix. In
particular, we derive conditional posterior distributions for Ay and -y, using the augmented

data likelihood (16) and priors (2) and (5), respectively. The conditional posterior for Ag is:

n J n J
g )\Ol;a,\+wl+wz+1+z Z dNijmbA‘i‘QCAWLZ Z Yij(t; —tj-) | (A7)

i=1 j,}@j:lztjE(Tlfl,Tl} i=1 j:tjE(TlflyTl}
A derivation for expression (17) is found in the Appendix. We also show in the Appendix

that the conditional posterior for -, is:

PT(%zh’(_m), o, data) = 6o — G (”Ykl; Tkty Akt gkl) ) (18)

11



where 7 (_y is the vector excluding the kith element of ~,

Tkl

_ C(vki;0k1,081)
Tkt + (1 Wkl) C (Vi3 ,bri)

T = (19)

is the conditional posterior probability of vy = 0, C(-;a,b) is the constant in the gamma

density (b°/T'(a)),

Qg = Qg + Z 1{z;>k}dNyjr  and b = by + Z Lizisky Yis(t; — tj—1).(20)
1,7:Y5=1,t;€(m—1,71] i,7:t;€(m—1,71)

The conditional posterior density for vy, follows the same §y — G form as prior (5), resulting

in a conditionally conjugate structure. It is trivial to sample directly from (18) by setting

v = 0 with probability 7y, and sampling v, from G(vk; ag, Bkl) otherwise.

Samples of parameter values are easily obtained using a Gibbs sampling algorithm. Our
MCMC algorithm proceeds by alternating among the following steps:
Step 1: Sample the latent Poisson variables {dN;jo, dNyj1, . .., dN;j -1} from their full con-
ditional posterior distribution in (21) if dN;; = 1. If dNV;; = 0, then set dN;jo = dN;jr = 0
forallk=1,...,d—1.
Step 2: Update the elements of Ay by alternating between sampling the latent process
variables {w;} from their full conditional (22) and Ay from their gamma full conditional
distributions (17), for [ =1, ..., L.
Step 3: Update the elements of 7y from their beta full conditional distribution (24) and
{ug;} from their full conditionals (23), for l=1,....,Land k=1,...,d — 1.
Step 4: Sample 75, from their gamma full conditional distribution (26) and {zj,} from their
full conditionals (25), for {=1,...,Land k=1,...,d — 1.
Step 5: Calculate 7y using (19), for l=1,..,Land k=1,...,d — 1.
Step 6: Sample &y, from Bern(wy,), for I =1,....Land k=1,...,d— 1:

If 9y, = 1, then let v, = 0.

If 05y = 0, then let v = v
Under mild regularity conditions, draws from the above algorithm converge to the joint pos-

terior distribution. We illustrate how samples from the posterior distribution can be used

12



for inferences on differences between groups through application to simulated and real data

in the next Section.

4. Application

4.1 Data Structure and Background

We illustrate the approach of Sections 2 and 3 through application to data from a toxicology
study of ethylbenzene (NTP, 1999), a chemical widely used in manufacturing such products
as rubber, plastic, gasoline, insecticide sprays, paints, and polyester fibers. Ethylbenzene
belongs to a class of chemicals recognized as possible human carcinogens, and determining
safe doses for worker exposure is an important concern. Our interest focuses on assessing

evidence of increasing mortality with dose, focusing on male rats for illustrative purposes.

Two hundred male rats were exposed to ethylbenzene particles through inhalation at concen-
trations of 0 (control), 75, 250, and 750 parts per million (ppm) for six hours per day, 5 days
per week. Rats were assigned at random to treatment and control groups, resulting in 50
rats per group. For ethical reasons, very ill rats were sacrificed to ease suffering. We group
these moribund sacrifices with natural deaths in the analysis, so that the event of interest
is defined as the time to critical illness or death. Animals surviving through the end of the
study at two years were killed in a terminal sacrifice, which provides an ignorable censoring

mechanism. Table 1 provides summaries of the numbers of rats dying from each cause.

4.2 Model and Prior Specification
Letting x; € {1,2,3,4} be a dose group indicator, ranging from x; = 1 for control to z; = 4
for the 750 ppm group, the hazard of death at age ¢ can be expressed as in equation (2):

h—1

Mtz =h) = Xo(t) + Y _w(t), forh=1,.. 4,

k=1
where A\o(t) is the hazard at age ¢ for control rats, and ~x(¢) is the increase in hazard

attributable to increasing the dose from the level in group k to the level in group k + 1.

13



In order to place more knots at those ages when changes in the hazard of death are more
likely and to avoid having many knots in regions across which few events occur, we use
unique event time data from an historical study’s control group to define the 7’s. To remain
consistent with the type, gender, and diet of rodent used in the ethylbenzene data, we chose
an inhalation historical study on 2-Butoxyethanol (Ethylene Glycol Monobutyl Ether) for

male rats under the same diet.

We used this historical control group in specifying hyperparameters for Ao within the
Markov gamma process. Hazards were calculated from survival probabilities of each cor-
responding time interval in the historical control. Hazards were then averaged over time
intervals and used as the mean for the initial element of the baseline hazard, Ago. The
variance of the historical control hazards was inflated by a factor of six to allow for study
differences in the ethylbenzene example. As a result, Ao is assigned a gamma density with
mean 0.09 and variance 0.50. Furthermore, we fix the smoothing parameter, c,, at 50 to
allow for correlation in the baseline hazard across time intervals, [. Although we fix c), we

later discuss its robustness to different choices of values.

In specifying the Markov beta-gamma density for each vy, we assign a prior to initial elements
of the beta and gamma processes for m; and 7}, respectively. The hyperparameters on 7y,
give the prior guess at no dose effect when increasing dose from group k£ to k + 1. The
prior on the initial point mass is specified by choosing hyperparameters such that the prior
probability of homogeneity in hazards across levels of dose and time is approximately 0.50.
In other words, we want the prior probability of a trend to reflect the fact that we do
not have any strong prior belief of an adverse survival effect. Similarly, the initial v; , is
assigned a gamma density with mean 0.50 and variance 1.0. Another element to the Markov
beta-gamma process prior involves the smoothing parameters for each component process.
By including autocorrelation we are smoothing the functions, borrowing information across
neighboring intervals. To allow moderate to high autocorrelation in 75 and =, we fix ¢

and c,«, respectively, at 50. We later show robustness to choice of ¢, and ¢« through a

14



sensitivity analysis.

4.3 Simulation Study

We first ran the analysis on simulated data similar in structure to historical control data.
Using the mean (660 days) and variance (6621.41) of the historical control survival times,
we simulated survival times for 200 subjects, with 50 subjects in each of four groups, from
a gamma distribution. Values greater than the 2-year mark were given a value of 731 days
and were considered censored, as with terminal sacrifices in the data example. One of our

goals in the simulation study is to create an example under the null hypothesis.

We implemented the data augmentation sampling algorithm outlined in Section 3.2. A
burn-in period of 10,000 iterations was used, with an additional 50,000 iterations obtained
to collect every 25th sample for posterior summaries. The burn-in was sufficient for apparent
convergence based on diagnostic plots, and the level of autocorrelation in the samples tended
to be low to moderate. As a result, a collection interval of 50,000 was judged sufficient to

limit Monte Carlo error in estimating posterior summaries.

Posterior means and pointwise 95% credible intervals for the survival curves are plotted in
Figure 2 along with the Kaplan-Meier estimates. The close correspondence between the
posterior means and the Kaplan-Meier estimates suggests that our estimates provide a good
fit to the data, with minimal bias introduced by the prior structure. However, the posterior
mean is smoother than the Kaplan-Meier estimate, due to the Markov prior structure, and
provides a more realistic estimate. In addition, the 95% credible intervals are substantially
narrower than 95% frequentist confidence intervals, with an average reduction of 0.2 in the
interval widths. This result possibly reflects improved efficiency attributable to the order
restriction and smoothing prior. Note that the estimated survival curves are essentially
identical for the different groups even though we are estimating the curves under a non-
decreasing constraint. This is certainly due to the prior structure, which allows equalities

with positive prior probability.
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Table 2 lists prior and posterior probabilities of an overall dose effect as well as Bayes
factors. Results confirm little evidence of any dose effect or trend. The top left panel in
Figure 3 portrays posterior probabilities of a biologically-important increase in mortality
with increasing dose and time relative to the control. Using a reasonable cutoff of 1% to
indicate biological significance (as opposed to statistical significance), we estimate the age-
and dose- specific posterior probabilities of increases of at least this magnitude. By choosing
a 1% threshold, we combine those samples for which the difference in mortality relative to
the control is greater than 0% but less than 1% in the same group as samples with a 0%
difference. As expected, since we simulated under the null hypothesis, there is no evidence of
an increase in mortality in any of the dose groups relative to control. These results parallel
those from a frequentist log-rank test (p=0.6). However, our approach provides more realistic
estimates through the smoothing and borrowing of information across levels of dose and time.
The results suggest that our MCMC algorithm is specified appropriately, and that the prior

does not lead to incorrect conclusions of differences when they do not occur.

4.4 Toxicology Study Results

We analyzed the real data using the same approach used for the simulated data, and again
observed good rates of convergence and mixing. Posterior estimates of survival probabilities
across levels of time and dose are presented in Figure 4. Although pointwise 95% credible
intervals are not shown, the average reduction in the interval widths from the frequentist 95%
confidence intervals is 0.18, similar to the 0.2 reduction under the simulation study. Figure
4 suggests that survival is similar in the 0, 75, and 250 ppm dose groups, but there may be
a decrease in survival in the 750 ppm dose group. Our analysis shows clear evidence of an
increase in mortality for rats in the 750 ppm dose group, which parallels results showing a
significant change in survival with dose based on a frequentist log-rank test (p=0.001). Also
notice how the curve for dose 3 diverges from the other groups shortly after day 500, corre-
sponding to the age at which the Kaplan-Meier estimates begin to diverge (refer to Figure

1). Our estimates reveal an apparent lower effect for dose 3, with the survival probabilities
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for those in the control and doses 1 and 2 pooled close to one another such that their curves

are essentially identical.

The top right panel of Figure 3 plots posterior probabilities of a 1% increase in mortality for
each dose group relative to control. The posterior probabilities are low for each dose group
prior to one year of age when mortality is rare, but then increase dramatically for the high
dose group at 521 days of age. This age corresponds to the time at which the Kaplan-Meier
curve for dose group 3 starts to diverge from the other curves. By the end of the study at 2
years, there is strong evidence of higher mortality in the high dose group, as evidenced by
high posterior probabilities of an overall increase in mortality (shown in Table 2). Table 2
also presents prior probabilities and Bayes factors. Since our prior is chosen to assign equal
probability to the global null and alternative hypotheses, posterior samples of the hazard
curves tend to congregate together except at locations of time and dose at which there is

evidence in the data of a difference.

In addition to our primary analysis, we assessed whether our results are driven by our prior
specification by conducting the analysis for lower and higher values of c¢,;. Using values of
10 and 100, results did not significantly change. The estimated survival curves produced no
change for different values of c;;. The bottom two panels of Figure 3 show little variation
between the posterior probabilities of a 1% increase in mortality across dose and time,
compared to that of the primary analysis where ¢, = 50. Notice the difference in results in
Table 2 and Figure 3 compared to that of the simulation study under the null hypothesis.
Furthermore, we altered values of ¢y and ¢+, to 10 and 100 and saw no significant changes
in posterior estimates of survival curves, posterior probabilities of a change in hazards,
or posterior probabilities of a biologically-important increase in mortality. These results

indicate that our model and inferences are generally robust to the prior specification.

5. Discussion

This article proposes a useful and easy-to-implement Bayesian approach for inferences on
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ordering in hazard functions. Although we assume non-decreasing hazards with increasing
dose, we account for flat regions of homogeneity in the hazards with increasing dose levels.
In particular, our approach considers an alternative sub-hypothesis of non-decreasing haz-
ards with increasing dose for subjects in consecutive dose groups compared to a local null
of equality when subjects in dose group k are compared to group k + 1. The Markov beta-
gamma structure in our model allows for positive probability to be allocated to such null
hypotheses of no effect within specific regions. It is straightforward to make inferences on
global hypotheses for hazards across all dose levels. We also include autocorrelation in the
model to not only borrow information across neighboring time intervals but to smooth the
curve. Furthermore, the conditionally conjugate structure yields efficient posterior computa-
tion. It is trivial to find posterior probabilities and Bayes factors of local null and alternative

hypotheses.

We consider this approach under the framework of an ordered constraint on the categorical
covariate representing the difference in hazards between subjects in dose group k& compared to
group k+ 1, however there are numerous settings for which this methodology can be applied.
In Section 2.3 we offer a generalization of our approach to the case with multiple ordinal
predictors, as well as continuous covariates. In addition, we can extend the methods for
inferences on dose response curves with downturns at higher doses where the peak location

is unknown, or hazard functions with other shapes, including bathtub orderings.
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Step 1: The full conditional distribution of (dN;jo,dNjj1, ..., dN;ja—1)', fori,j :Y;; =1, 1s

proportional to:

Multinom (dNyj; Pjo, Pjp k= 1,....d — 1), (21)

dAo; dlix
where P;;g = 0 and P, = — .
o dAOj"’Zz:s,lcj:o dlji, Ik dAOj+ZZ¢511j:O Al

Step 2: The full conditional distribution of {w;}, for { = 1,...,L and w; = 0,1,2,..., is
proportional to:

(exAoi—1)"" (bx +ex)™ A\
wy! F(CLA + 'LU[) ol
{ea(by + ex) Ao -1 A0}

22
F(wl + I)F(CZ)\ + wl) ( )
Furthermore, the gamma full conditional of Ay, for [ =1,..., L, is proportional to:
H dAdN”O exp(—dAo;) )\gfwﬁwl“_l exp{—Ao(bx + 2¢))}
1,j:Y;5=1
dNyjo
X H {Z)‘Ol tj—1 l{t E(mi- 1Tz]}} exp{ ZAOZ tj-1 1{'5] S 1Tl}}}

1,5:Y;5=1

)T e LN (ba + 2¢2)}

S svititier 1 N0 _
Y=Lt e(r—1,7] J a)x+w;tw;y1—1
X Ay exp Ao Y Yylty—t1) o Ay

i,5:t5€ (11,7

X eXp{—/\ol<b)\ + 20)\)}

The above expression can be expressed as posterior density (17).
Step 3: The full conditional distribution of {uy}, | = 1,...,L, k = 1,...,d — 1, and
u; =0,...,Cr, is proportional to:

Tt (1 — ) T (1 — )~
(Cﬂk — ukl)!ukl! F(aﬂ -+ ukl)l“(bw + Crg — ukl)
(Tri—17x) S L (1 = g1 ) (1 — ) 8
F(ka — Ukl + 1)F(ukl + 1)F(a7r + ukl)F(bﬂ + Crl — ukl)’

(23)

X

In addition, the 7;’s have a beta full conditional posterior distribution, for / =1,..., L and

k=1,...,d—1:
71-;:lk“rl(l - Wkl)CWk_uleWZlﬁ—l—um_l(l - 71-kl)bﬂ—i_%k_um_l {1{’Ykl:0}7rkl + 1{’Ykl>0}(1 - Wkl)}
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o< Be (T r + gt 4 Whis1 + g =0y, bx + 2¢0k — Ut — W1 + Lipy>0y) - (24)

Steps 4 & 6: The full conditional of {zy}, for I = 1,...,L and k = 1,...,d — 1, is
proportional to:
Zkl! F(av*k + Zkl) kl

{C—y*k(b'y*k + Cw*k)ﬁl—ﬂzl}m
F(Zkl + 1)1—‘(@7*19 —+ Zkl)

(25)

with the gamma full conditional distribution for ~;,, for k =1,...,d—1and l=1,...,L,

as:

(yi) 7 7 exp{ =iy (bye + C40) (7)) exp(—cye i)

X G (Vs @y + 2+ 21, by + 2044) (26)

Although the parameters of the above gamma distribution are the same as the parameters
of the gamma component in the ;g — G distribution when ~;; > 0, we show a formal way of

deriving (18) as the full conditional distribution of ~:

[1{’YkL=0}7Tkl + 101 (1 = )G (Vs ana, bkl)}
L 1{xi>k}dNijk L
< ] {Z Vui(t; — tj—l)l{tje(nl,n}}} exp {— >l = tj—l)l{tﬁ(nl,n}}} )
i,jiYi=1 =1 =1

This expression is simplified to the form:

[1{%;:0}7”61 + 1{m>0}(1 — 71) C (Va5 @t bkl)]
it =1, e(ry g ,my) Hag> k1 YigdNijr—1
XYy Jj=Ltj€(m_1,7] > LAY exp —”Ykl{bkl + Z 1{:ci>k}Yij(tj - tj—l)} )
i,7:t;€(T—1,71)
where C(-;a,b) is the constant term of the G(-;a,b) density. Furthermore, the second line
in the above expression can also be written as G(7yk; G, Z)kl)/C(dkl, Bkl), where Gy, and by

are defined in (20). After dividing by the normalizing constant, the conditional posterior

density of 7y, is:
L=yt + Ly 01 (1 = 1) G (Vias G bri), (27)
where 7y is defined in expression (19).
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Table 1: Survival rate of rats exposed to ethylbenzene

Control | Dose 1 | Dose 2 | Dose 3

Natural death 7/50 | 16/50 | 11/50 | 22/50
Moribund sacrifice 28/50 | 20/50 | 26/50 | 26/50
Survived to study’s end | 15/50 | 14/50 | 13/50 | 2/50

Table 2: Prior probabilities, posterior probabilities, and Bayes factors for overall effects

across dose and time by values of ¢,, including the simulation study

Crk | Prior | Posterior | Bayes factors

Dose I Dose 2 Dose 3 | Dose 1 Dose 2 Dose 3 | Dose 1 Dose 2 Dose 3
50,Sim 0.21 0.36 0.49 0.21 041 0.63 1.00 1.24 1.77
10 0.19 0.35 0.48 0.20 0.38 0.99 1.07 1.14 > 100
50 0.21 0.36 0.49 0.25 0.48 0.99 1.25 1.64 > 100
100 0.21 0.36 0.49 0.29 0.65 0.99 1.54 3.30 > 100
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Figure 1: Kaplan-Meier estimates of the survival curves for male rats exposed to ethylbenzene
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Figure 2: Simulation results: posterior means and 95% pointwise credible intervals of the
survival probability, after the first year, overlaid on the Kaplan-Meier curves with their 95%

intervals
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Figure 3: Posterior probabilities of a biologically-significant (i.e., 1%) increase in mortality

for each dose x age combination
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Figure 4: Toxicology results: posterior means of the survival probability for male rats exposed

to ethylbenzene
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