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Summary. By choosing a species sampling random probability measure for the distri-

bution of the basis coefficients, a general class of nonparametric Bayesian methods for

clustering of functional data is developed. Allowing the basis functions to be unknown,

one faces the problem of posterior simulation over a high-dimensional space of semi-

parametric models. To address this problem, we propose a novel Metropolis-Hastings

algorithm for moving between models, with a nested generalized collapsed Gibbs sam-

pler for updating the model parameters. Focusing on Dirichlet process priors for the

distribution of the basis coefficients in multivariate linear spline models, we apply the

approach to the problem of clustering of hormone trajectories. This approach allows

the number of clusters and the shape of the trajectories within each cluster to be
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unknown.
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1. Introduction

Semiparametric Bayes models have been increasingly used in applications in recent

years, due largely to substantial improvements in the simplicity and efficiency of com-

putational algorithms. For example, it has become common to use Dirichlet process

(DP) priors (Ferguson, 1973; Ferguson, 1974) to allow for uncertainty in specifying

distributions within a hierarchical Bayesian model. Such DP mixture (DPM) models

(Antoniak, 1974; Escobar and West, 1995) can be implemented routinely using a variety

of Markov chain Monte Carlo (MCMC) algorithms (MacEachern, 1994; MacEachern

and Müller, 1998; Neal, 2000; Jain and Neal, 2004; Papaspiliopoulos and Roberts,

2006). For some recent applications of DPMs, refer to Kottas et al., 2002; Laws and

O’Hagan, 2002; Griffin and Steel, 2004; Dunson et al., pear; Sha et al., 2006; Xue

et al., 2006.

Although there is an increasingly rich literature on semiparametric Bayes meth-

ods and applications, few approaches are available for accommodating uncertainty in

specifying such models. An important article in this area is Basu and Chib, 2003,

who propose an approach for calculating marginal likelihoods and Bayes factors for

DPM models. This approach is useful when the focus is on comparing a small number

of competing models, some of which have DP components. Cai and Dunson, 2005

instead develop a method for selection of fixed and random effects in a linear mixed

model having a nonparametric prior on the random effects distributions.

Our focus is on developing Bayesian methods for functional clustering. A useful
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approach for characterizing functional data is to express each function as a linear com-

bination of basis functions, with the basis coefficients then assigned a prior distribution.

In the literature, this prior distribution is often chosen to be Gaussian. For related

approaches, refer to Brumback and Rice, 1998; Rice and Wu, 2001; Ke and Wang,

2001; James and Sugar, 2003. Assuming a common set of basis functions, subjects

with identical or similar basis coefficients can be clustered together (James and Sugar

(2003), Ma et al. (2005)).

James and Hastie (2001) apply linear discriminant analysis to divided functional

data into classes, where the number (and sometimes nature) of classes is pre-determined.

de la Cruz and Quintana (2005) use Bayesian methods and Marshall and Barón (2000)

develop a mixed effects model for classification of hormone trajectories into pre-defined

groups. With the goal of identifying Olympic athletes who use growth hormone injec-

tions, Brown et al. (2001) develop a Bayesian method which defines trajectory classes

based on a training dataset with known classification. Muthén and Shedden (1999) use

an EM algorithm to identify trajectories in young adult drinking behaviour that are

likely to lead to alcohol dependence. Heard et al. (2006) apply Bayesian hierarchical

clustering to cluster curves in a gene regulation application. Ray and Mallick (2006)

use a DP prior in a wavelet model for functional clustering, exploiting the discreteness

property of the DP.

These methods assume that the basis functions are prespecified. As noted by many

authors, the assumption of a fixed basis is often insufficiently flexible, motivating a

literature on adaptive regression splines (DiMatteo et al., 2001; Kass et al., 2003). It is

particularly important to use adaptive methods that allow the number and locations of

knots to be unknown in multivariate settings, because the number of prespecified knots

that need to be included for sufficient flexibility increases dramatically with number
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of predictors. Holmes and Mallick (2001) propose Bayesian regression with adaptive

multivariate linear splines (see also Hansen and Kooperberg, 2002; Wood et al., 2002;

Holmes and Mallick, 2002). Bigelow and Dunson (2007) generalize this approach to

hierarchical functional data assuming a normal distribution on the basis coefficients.

Motivated by applications to clustering of hormone trajectories in the menstrual

cycle, we replace the normality assumption with a species sampling (SS) prior (Pit-

man, 1995; Pitman, 1996; Ishwaran and James, 2003a) on the distribution of the basis

coefficients. The SS formulation encompasses a very broad class of random probabil-

ity measures, including the DP. If the basis functions were known, such an approach

would be straightforward to implement following Ishwaran and James (2003a), being

equivalent to placing a SS prior on the random effects distribution in a linear mixed

model. The DP special case has been considered by many authors (Bush and MacEach-

ern, 1996; Mukhopadhyay and Gelfand, 1997; Kleinman and Ibrahim, 1998; Ishwaran

and Takahara, 2002). However, when the basis functions are unknown, we are faced

with the problem of posterior simulation over a high-dimensional list of competing

semiparametric Bayes models.

To address this problem, we propose a novel Metropolis-Hastings transition proba-

bility for moving between models, with a nested Gibbs sampler to update parameters

within a model. This general algorithm is applied to the problem of posterior simula-

tion over species sampling models for functional data, taking advantage of properties

of the SS prior to construct an efficient algorithm.

Section 2 describes the space of models under consideration. Section 3 proposes

the Metropolis-Hastings with nested Gibbs algorithm. Section 4 outlines the steps

of the algorithm in the functional data application. Section 5 contains a simulation

example, Section 6 applies the approach to progesterone data, and Section 7 discusses
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the results.

2. Species Sampling Priors for Functional Clustering

2.1 Models for samples of curves

Data for subject i (i = 1, . . . , n) consist of yi = (yi1, . . . , yi,ni), a vector of ni error-

prone observations of an unknown function fi : X → <, along with an ni × p matrix

of covariates, xi = (xi1, . . . ,xi,ni)
′. In particular, the jth observation for subject i,

yij, has corresponding covariates xij ∈ X , where X ⊂ <p. We assume the following

measurement structure:

yij = fi(xij) + εij, εij ∼ N(0, τ−1), (1)

where εij is a normally distributed measurement error. Our focus is on flexible methods

for characterizing the collection of functions {f1, . . . , fn}, allowing clustering of different

subjects and borrowing of information across subjects. Although we focus on the form

in (1), it is straightforward to apply the methods when (i) a parametric adjustment

for additional covariates, z′iβ, is added to the mean; (ii) fi(·) is expressed in additive

form as a sum of unknown 1-dimensional functions for each predictor; or (iii) model

(1) is embedded in a larger hierarchical model.

Let µM = {µM1, . . . , µMkM} denote a set of kM basis functions, with µMh : X → <,

for h = 1, . . . , kM , and M ∈ M, with M denoting the model space. Then, under

model M , we let

fi(xij) =

kM∑
h=1

bMihµMh(xij) = HMibMi

bMi ∼ GM , (2)

where bMi = (bMi1, . . . , bMikM )′ are basis coefficients, and GM is a probability measure

characterizing the distribution of these basis coefficients. When the basis functions to
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be included are known, so M is known, expression (2) is a typical linear hierarchical

model. In this case, curves for different subjects, i and i′, are clustered together,

fi = fi′ , if and only if the basis coefficients are equal, bMi = bMi′ (for typical families

of basis functions). In the setting of wavelet-based functional models, Ray and Mallick

(2006) incorporated a DP prior on the coefficients to allow clustering.

2.2 Species sampling priors

Treating GM as unknown, we let GM ∼ PM , where GM is a probability measure

on (<kM ,B) and PM is a probability measure on the space of probability measures

on (<kM ,B), with B the Borel σ-algebra of subsets of <kM . Hence, it remains to

specify PM , with one convenient choice corresponding to the Dirichlet process (DP).

As a broader class of random probability measures, we focus on the species sampling

models (SSMs) described by Ishwaran and James (2003a), which characterize PM as

follows:

PM(·) =
∑
h

pMhδΘMh
(·) +

(
1−

∑
h

pMh

)
GM0(·), (3)

where 0 < pMh < 1 are random probability weights with
∑

h pMh ≤ 1, δΘ is a probabil-

ity measure concentrated at Θ, ΘMh
iid∼ GM0, and GM0 is a nonatomic distribution over

(<kM ,B). The Dirichlet process prior with precision α and base distribution GM0 is

obtained in the special case in which pMh = VMh

∏
l<h(1−VMl) and VMh

iid∼ beta(1, α),

for h = 1, . . . ,∞, so that
∑

h pMh = 1 a.s. and the second term in (3) drops out. Some

other special cases include the Pitman-Yor process (Pitman and Yor (1997)), finite

dimensional Dirichlet priors (Ishwaran and Zarepour (2002b), Ishwaran and Zarepour

(2002a)), and stick-breaking measures (Ishwaran and James (2001)).

Assuming that bMi
iid∼ GM , with GM ∼ PM and PM following expression (3), one
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obtains the following prediction rule upon marginalizing out GM (Pitman (1996)):

P{bM1 ∈ ·} = GM0(·), P{bM,i+1 ∈ · |bM1, . . . ,bMi

}
= w0iGM0(·) +

r(i)∑
h=1

whiδΘ∗Mh
(·), (4)

where w0i, whi are non-negative measurable functions of {bMh, h = 1, . . . , i}, and the

atoms {Θ∗M1, . . . ,Θ
∗
Mr(i)} correspond to the unique elements of {bM1, . . . ,bMi} in the

order that they appear. The elements of {whi, h = 0, . . . , r(i)} sum to one and are

assumed to satisfy the conditions described by Hansen and Pitman (2000) to ensure

exchangeability of bM1,bM2, . . . In the special case in which w0i = α/(α + i) and

whi = nhi/(α + i), with nhi =
∑i

h=1 1(bMh = Θ∗h) denoting the number of previous

subjects assigned to cluster h, expression (4) reduces to the Dirichlet process prediction

rule or Pólya urn scheme of Blackwell and MacQueen (1973).

Expression (4) can be used to characterize the joint marginal law of the basis

coefficients for the different subjects under model M . However, from Pitman (1996),

the joint distribution of bM = {bM1, . . . ,bMn} can also be characterized in terms of the

unique values and an exchangeable partition probability function (EPPF) governing

the random allocation of subjects to these values. Let pM = {IM1, . . . , IM,n(p)} denote

the partition of {1, . . . , n}, where IMh = {l : bMl = Θ∗Mh} and n(pM) is the number

of unique values. Then, following Pitman (1996) and Ishwaran and James (2003a),

P{pM ,Θ∗Mh ∈ Bh, h = 1, . . . , n(pM)} = π(pM)

n(pM )∏
h=1

GM0(Bh), (5)

where π(pM) is the EPPF, which depends only on the cardinalities of the sets IMh.

Note that each unique value, Θ∗Mh, corresponds to a functional cluster, as subjects

allocated to this unique value will have identical basis coefficients and hence identical

curves. The unique values are generated independently from GM0, while the EPPF,

π(pM), induces a prior on the number and relative sizes of the functional clusters.
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This implies that all SSMs draw the unique values by iid sampling from GM0, so

that different specifications of the functions, w0i, whi, only impact the prior on the

assignment of individuals to clusters. Although general characterizations of the EPPF

are very difficult, it is straighforward to sample from π(pM) using (4).

Ishwaran and James (2003a) provides a number of alternative Monte Carlo algo-

rithms for posterior computation in species sampling mixture models. These algorithms

can be used directly when the basis functions are known. In the DP mixture model

special case, the collapsed Gibbs sampler of MacEachern (1994) has been widely used

due to simplicity of implementation and efficiency in most cases. One of the algorithms

proposed by Ishwaran and James (2003a) generalized the collapsed Gibbs sampler from

DP to SS mixture models. In considering extensions to unknown M , we focus on this

algorithm.

Let Θ∗M = {Θ∗M1, . . . ,Θ
∗
MrM
} denote the rM unique values of bM , and let SM =

(SM1, . . . , SMn)′, with SMi = h if bMi = Θ∗Mh. The generalized collapsed Gibbs sampler

alternates between (i) updating the allocation of subjects to clusters, SM , and number

of clusters, rM , by sampling from the conditional posterior distribution of SMi, for

i = 1, . . . , n; and (ii) updating the unique value, Θ∗Mh, for h = 1, . . . , rM , through

sampling from the conditional posterior, which is proportional to the prior, GM0(Θ∗Mh),

multiplied by the likelihood contribution for those subjects allocated to cluster h.

2.3 Uncertainty in basis functions

In many cases, the assumption of a known set of basis functions is insufficiently

flexible, and there is uncertainty in M . For example, we are interested in developing

models for reproductive hormone data in menstrual cycles incorporating information

on timing relative to the cycle start and relative to ovulation, in addition to other

covariates. Potentially, a multivariate linear spline basis can be used. However, the
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number and location of the knots will be unknown. Although one can potentially

choose a dense grid of knots, this would involve a large number of basis functions,

leading to an increased computational burden and problems with overfitting.

For this reason, a number of authors have considered the basis functions to be

unknown (Biller (2000), Holmes and Mallick (2001), Hansen and Kooperberg (2002),

Wood et al. (2002), Holmes and Mallick (2002), Holmes and Mallick (2003), Lindstrom

(2002), among others). However, previous adaptive methods either assume fixed basis

coefficients for each set of basis functions or model the distribution of the basis coeffi-

cients parametrically. RJMCMC (Green (1995)) is the standard approach for posterior

simulation over the model space in this setting.

In order to allow for uncertainty in basis function selection, while treating the

distribution of the basis coefficients as unknown using the species sampling approach of

Section 2.2, we propose a different approach. To complete a Bayesian specification, we

need to choose (1) a model spaceM of different possibilities for the basis functions, and

(2) a prior overM. In applications, focus on multivariate linear spline basis functions,

with the prior probability of model M proportional to a prior on the number of basis

functions, p(kM) =
(

T
kM−1

)−1
K−1, where K is the maximum number possible and T is

very large. However, our approach applies to arbitrary choices of M and p(M).

3. Metropolis-Hastings with Nested Gibbs Algorithm

3.1 Background

To construct an MCMC algorithm for posterior simulation over M, we propose

a Metropolis-Hastings with nested Gibbs algorithm. The Metropolis-Hastings step

moves between models and the Gibbs algorithm conducts posterior simulation within

a model. We focus first on the Metropolis-Hastings step, which involves specification

of (1) S(M ′,M), the probability of proposing a transition from the current model M
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to M ′; and (2) Q(M ′,M), the probability of accepting the proposal.

The choice of S(M ′,M) can follow along standard lines, as in Holmes and Mallick

(2001), so we focus on Q(M ′,M). Following Hastings (1970), this probability is

Q(M ′,M) = min

{
1,
p(y |M ′)p(M ′)S(M,M ′)

p(y |M)p(M)S(M ′,M)

}
, (6)

where p(y |M) is the marginal likelihood under modelM . Through careful specification

of the prior on the model space, R = p(M ′)S(M,M ′)
p(M)S(M ′,M)

can be treated as a known constant

(Holmes and Mallick, 2000, Denison et al., 2002). Unfortunately, p(y |M) does not

have a closed form and the Bayes factor p(y |M)/p(y |M ′) is intractable, so (6) is also

intractable.

We consider alternative acceptance probabilities to (6), which can be calculated

easily.

3.2 Proposed Metropolis-Hastings transition probability

Although p(y |M) is unavailable, we can often find a tractable conditional likelihood

of the form p(y |M,V), where V is a set of model parameters. When V are any

parameters common to both M and M ′, expression (6) can be written:

Q(M ′,M) = min
[
1,
p(y|M ′,V)p(V|M ′)p(V|M,y)

p(y|M,V)p(V|M)p(V|M ′,y)
×R

]
(7)

using the candidate’s formula p(y|M,V)p(V|M)/p(V|M,y) for the marginal p(M |y).

The ratio p(V|M ′)p(V|M,y)
p(V|M)p(V|M ′,y)

may be difficult to calculate. A common approach (Holmes

and Mallick, 2001; Denison et al., 2002) is to instead use the acceptance probability:

Q2(M ′,M) = min
[
1,
p(y|M ′,V)

p(y|M,V)
×R

]
(8)

Theorem 1. The acceptance probability Q2 leads to samples from p(M |V ,y) if p(V|M)

is constant across all M ∈M.
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Proof. Without loss of generality, for two models M and M ′ in M:

Q2(M ′,M) =
p(y|M ′,V)

p(y|M,V)
×R =

p(y|M ′,V)p(M ′)S(M,M ′)

p(y|M,V)p(M)S(M ′,M)

Q2(M,M ′) = 1

Using the detailed balance equations to find the stationary distribution, π(M)we get:

π(M)S(M ′,M)
p(y|M ′,V)p(M ′)S(M,M ′)

p(y|M,V)p(M)S(M ′,M)
= π(M ′)S(M,M ′) ∀M ∈M

π(M)

p(y|M,V)p(M)
=

π(M ′)

p(y|M ′,V)p(M ′)
(9)

Solving these equations for π(M), we get the following limiting distribution:

π(M) =
p(M |y,V)

p(V|M)
∀M ∈M

If p(V|M) is constant across all M ∈M, then π(M) = p(M |y,V). 2

There is a more general valid acceptance probability, where the priors on V over

the model space need not be equal, but the ratio of the priors under two models must

be computed.

Theorem 2. If the ratio p(V|M ′)
p(V|M)

is known for any {M,M ′} in M, then the following

acceptance probability satisfies the detailed balance equations for π(M) = p(M |y,V):

Q3(M ′,M) = min

{
[1,

p(y|M ′,V)p(V|M ′)

p(y|M,V)p(V|M)
×R

}
(10)

2

Theorem 2 is easily verified by modifying the proof of Theorem 1. The acceptance

probability in Q3 has the advantage over Q2 that it allows conditioning on parameters

that have different priors for the different models in M. Although we are motivated

by the nonparametric functional clustering application, this acceptance probability

represents a novel Metropolis-Hastings algorithm for posterior simulation over model

spaces, which should have broad utility.
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4. Posterior Simulation over SSMs for Functional Data

Assume that the data are generated from the hierarchical functional model described

in (1) and (2), with GM ∼ PM and PM a species sampling prior having

GM0 = NkM (βM , τ
−1
M ∆−1

M ) (11)

βM ∼ NkM (0, τ−1
M λ−1

M IkM )

π(τM , λM , δM) ∝ τaτ−1
M exp(−bττM)λaλ−1

M exp(−bλλM)

kM∏
l=1

(
δaδ−1
Ml exp(−bδδMl)

)
where ∆M = diag(δM) and aτ , bτ , aλ, bλ, aδ and bδ are pre-specified hyperparameters

constant across models. In sensitivity analyses, we found posterior inferences robust

to the choice of these hyperparameters.

Conditionally on δM , λM , and SM , the allocation of subjects to unique values of

the basis coefficients, it follows from (1), (2), (5) and (11) after some algebra that

p(y|M, δM , λM ,SM) = C(λM , kM)|RM |−
1
2 (bτ+

AM
2

)−(N
2

+aτ )

kM∏
l=1

δ
rM/2
Ml

rM∏
j=1

|UMj|−
1
2 (12)

where this conditional likelihood under model M is a closed form expression of

UMj =
∑
i∈Ij

(∆M + H′MjHMj) for j = 1, . . . , rM

RM = λMIkM + rM∆M −∆M(
r∑
j=1

U−1
Mj)∆M

AM = y′y −
r∑
j=1

〈
∑
i∈IMj

H′Miyi,U
−1
Mj〉 − 〈∆M

rM∑
j=1

U−1
MjH

′
Miyi,R

−1
M 〉

C(λM , kM) =
bτ
aτλ

kM
2
M Γ(N

2
+ aτ )

Γ(aτ )(2π)
N
2

with 〈A,B〉 denoting the quadratic form A′BA.
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Our Metropolis with nested Gibbs sampler alternates between the following steps:

(1) propose a move from model M to M ′ according to S(M ′,M); (2) accept this move

with probability Q3(M ′,M); and (3) update the unknowns within the current model,

including the configuration, SM , the unique values, Θ∗M , the parameters within GM0,

and the residual precision, τM , using the generalized collapsed Gibbs sampler (Ishwaran

and James (2003a)). In calculating Q3(M ′,M), we marginalize out parameters that

are not shared by M and M ′, avoiding the need to explicitly consider a change in

dimension. In typical implementations, there is at most one unshared parameter, so

such marginalization involves approximation of a one-dimensional integral. When a

proposal to move from M to M ′ is accepted, we initialize the (at most one) unshared

parameter to a reasonable starting value to begin the nested Gibbs chain.

Calculate of Q3(M ′,M) in this case requires some additional explanation. For the

conditions of Theorem 2 to hold, V must be parameters that are defined under both

models. Hence, we let V = {S, δM T
M ′ , λ}, where δM

T
M ′ corresponds to the subset of

δ corresponding to basis functions common to both M and M ′. Then, we have

Q3(M ′,M) = min

{
1,
p(y|M ′,SM , δM T

M ′ , λM)p(SM , δM T
M ′ , λM |M ′)

p(y|M,SM , δM T
M ′ , λM)p(SM , δM T

M ′ , λM |M)
×R

}
. (13)

Assuming M and M ′ differ by at most one basis function, the conditional likelihoods

are either available from (12) or are available up to a one-dimensional integral, which

can easily be evaluated numerically or through a Laplace approximation. We find that

this Laplace approximation is highly accurate in the cases we have considered.

Calculate of Q3(M ′,M) also requires specification of the prior ratio:

p(SM , δM T
M ′ , λM |M ′)

p(SM , δM T
M ′ , λM |M)

=
p(SM |M ′)p(δM T

M ′|M ′)p(λM |M ′)

p(SM |M)p(δM T
M ′ |M)p(λM |M)

=
p(SM |M ′)

p(SM |M)
,

so that it remains to calculate the ratio of prior probabilities of the cluster allocation SM

under models M and M ′. Fortunately, it follows directly from (5) that p(SM |M ′)
p(SM |M)

= 1.
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5. Simulations

5.1 Simulated data

To illustrate the method we focus on the Dirichlet process special case, using tra-

jectories simulated from four clusters, with 25 subjects per cluster and 10 observations

per subject. There were two covariates. One can be thought of as time and consisted

of randomly generated continuous values from 0 to 5. The other was a time-dependent

covariate, which increased linearly with time. Each subject’s trajectory is generated

from a linear combination of this continuous covariate and one of four smooth functions

of time. These four smooth functions, along with the data points generated for each

cluster, are shown in Figure 1. Within-subject dependence was induced by adding a

subject-specific random effect and a random residual error to each observation.

[Figure 1 about here.]

Escobar (1994) demonstrates that high values of α yield large numbers of clusters.

For interpretability, we wish to have only a small number of clusters. Based on the

guidelines given in Escobar (1994), we chose α = 0.5. The hyperparameters for the

gamma priors on the precision parameters were all set to 0.05, yielding somewhat vague

priors centred at 1. Sensitivity analyses conducted for a wide range of alternative

priors for the precision parameters showed results to be robust, with only the posterior

summary of λ changing appreciably.

We ran the algorithm in Matlab for 20,000 iterations after a 5,000 iteration burn-in

period. Sample collection took approximately 10 hours. At each iteration, we collected

the cluster membership for each subject, the individual cluster trajectories, and the

population mean trajectory.

To identify underlying groups from our set of 20,000 sampled cluster structures,

we use a hierarchical clustering algorithm. Following Medvedovic and Sivaganesan
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(2002), who searched for clusters of co-expressed genes in microarray data, we define

the total distance between two vector observations to be the proportion of MCMC

samples at which two observations were put in different clusters. Observations sepa-

rated by small distances are often grouped together and thus are more likely to truly

belong to the same cluster. Heard et al. (2006) also conduct Bayesian hierarchical

clustering of curves, but their method does not allow uncertainty in the basis functions

characterizing the curves.

To cluster the trajectories, we require that any observations separated by less than

some threshold distance be grouped together. This threshold is the minimum distance

allowed between two observations in separate groups. A high threshold yields few

groups, and a low threshold will result in many groups. The choice of the threshold

may be largely driven by the application. Hierarchical clustering lends itself readily to

the creations of a cluster tree, a visual representation of how tight the clusters are and

how the choice of threshold affects the number of clusters.

5.2 Simulation results

Figure 2 shows the top of the hierarchical tree. The four clusters are correctly

distinguished. We notice that observations generated from the same cluster sometimes

have low probability of being grouped together. However, observations from different

clusters were virtually never grouped together.

[Figure 2 about here.]

We looked at the resulting groups when the minimum between-group distance was

60%, meaning that observations were grouped together if they appeared in the same

cluster more than 40% of the time. Ten groupss resulted. Each of the four underlying

clusters was split into one large group, ranging in size from 15-24 observations, and
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one to three smaller groups ranging in size from 1-6 observations.

Figure 3 shows the fitted curve for each of the four clusters as well as the fitted

curve for each of the ten classes. The model fit the population trajectories closely.

Examination of the raw data indicates that the model correctly identified subjects in

each of the four groups with unusual random effects.

[Figure 3 about here.]

We assessed convergence by examining the stability of the distributions of the number

of basis functions in the model, number of clusters, and the precision parameters τ and

λ. Traceplots of these parameters provided no evidence against convergence.

6. Progesterone example

6.1 Data

We analyze hormone data from the North Carolina Early Pregnancy Study (EPS;

Wilcox et al., 1988; Baird et al., 1997). Women in this study provided daily urine

specimens. We consider daily urinary progesterone measurements from the onset of

menstruation up until two days after ovulation. Implantation of a conceptus is known

to affect progesterone, and this region is designed to precede implantation. We ran-

domly selected one menstrual cycle from each of 172 women to use in our analysis.

If a woman had both conception and non-conception cycles available, we randomly

selected first the cycle type and then the cycle. Conception cycles made up 65 (38%)

of the 172 cycles.

We used Bayesian multivariate linear splines to model the trajectories, allowing

for unknown numbers and locations of knots and for a nonparametric distribution of

the random woman-specific basis coefficients around the population value. Our goal

is to identify trajectory clusters and to describe any clusters that are predictive of
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high or low conception probability. Covariates include day since menstruation and

day relative to ovulation, both of which may be related to hormone trajectories (van

Zonneveld et al., 2003). Pre-specified basis functions were deemed insufficiently flexible

for characterizing the data, because it is not at all clear where to place the knots in the

2-d predictor space. In addition, by averaging across models with different numbers

and locations of knots we obtain smooth trajectories and better account for our true

uncertainty. We ran the algorithm for 50,000 iterations after a 10,000 iteration burn-in

period.

6.2 Progesterone results

Analysis of the EPS data yielded several interesting results. Unlike the more ideal

simulated data case, there were no completely disjoint classes to examine. As in the

simulation, we selected a minimum between-group distance of 60%. This yielded one

very large group with 133 observations and eight small groups with 1-14 observations

each. Figure 4 shows the estimated progesterone trajectories for the groups. In gen-

eral, the trajectory in the dominant class appears to contain mid-range values and be

relatively flat. The other classes tend to have sharp decreases at the start or end of

the window, or to have exceptionally high or low values. These smaller clusters likely

represent less common hormone patterns, and these trajectories may be clinically im-

portant.

[Figure 4 about here.]

Perhaps more informative is Figure 5, which displays the raw data for each of the

nine groups. The method has appropriately grouped similar observations together. In

addition, the presence of sets of very similar curves and very different shapes for each

cluster support the decision to relax the parametric assumption that all women are
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normally distributed around a trajectory described by some mean set of coefficients

and instead describe it through a DP.

[Figure 5 about here.]

6.3 Sensitivity Analysis

Adequate mixing and convergence of cluster allocation is sometimes of concern

in DP models, as the algorithm has a tendency to become trapped in a local mode

(Jain and Neal, 2004). To combat this, we collected a large number of samples. In

addition, we found that parallel chains from different initial cluster allocations yielded

nearly identical results, and the number of clusters appeared to mix adequately across

iterations. This led us to conclude that the mixing was adequate to avoid local mode

problems. We also examined the implications of using different values of α. Large

values of α tended to increase the average number of clusters at each iteration. In the

post-processing of the samples, this meant that distances between observations tended

to be larger. The same final groups were found, although requiring a larger threshold

between-group distance. Small values of α had the expected opposite effect.

7. Discussion

We have proposed a method for posterior simulation across a high-dimensional space

of models for curves characterized in terms of basis functions with an unknown dis-

tribution on the basis coefficients. Although Ishwaran and James (2003b) considered

mixture models where kernels have different forms, including different numbers of pa-

rameters, our approach is (to our knowledge) the first Bayesian method to treat both

the basis functions and the distribution of the basis coefficients as unknown. This

is done in a very general manner, allowing arbitrary classes of basis functions and a

species sampling prior on the basis coefficients, though we focus on multivariate linear

splines and the Dirichlet process special case in the examples.

18



Posterior simulation across the model space relied on a new Metropolis-Hastings

transition probability, which can be implemented efficiently in species sampling models

due to the property of independence between the allocation to unique values and the

prior on the unique values. We found the algorithm to be efficient at exploring model

spaces in our simulations. In between steps for moving between models, parameters

were updated using a nested Gibbs sampler, relying on the generalized collapsed Gibbs

algorithm of Ishwaran and James (2003a). Although our focus was on functional

data, the algorithm can be applied directly for model selection and averaging in large

lists of competing nonparametric models, adding to the (as of yet under-developed)

literature on calculating Bayes factors for comparing nonparametric models (refer to

Basu and Chib (2003)). For example, potential applications include variable selection

in semiparametric hierarchical models, simultaneous variable selection and clustering in

multi-task learning and meta analysis applications, and selection between non-nested

hierarchical models with nonparametric priors on the random effects distributions.
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Figure 1. Underlying population curves (lines) and data (points) for each of the four
clusters. Each cluster had 250 observations from 25 subjects
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Figure 2. Hierarchical cluster tree. The between-group distance is given on the y-axis,
where the distance is the posterior probability that the two classes are distinct. The
four true clusters are the four classes at the top of the tree, and more classes are seen
as the minimum distance decreases. The solid horizontal line is the threshold at which
our classes were created.
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Figure 3. Four true clusters (solid lines) and the ten classes (dashed lines)
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Figure 4. The dark line is the estimated trajectory for the large group. The lighter
lines are the estimated trajectories for the smaller groups. Arrows indicate the number
of cycles in each cluster.
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Figure 5. These are data from all nine groups. There are twenty trajectories presented
for the dominant cluster (first plot), and the other eight groups are entirely displayed.
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