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In analyzing longitudinal or clustered data with a mixed effects model (Laird and Ware, 1982),
one may be concerned about violations of normality. Such violations can potentially impact subset
selection for the fixed and random effects components of the model, inferences on the heterogeneity
structure, and the accuracy of predictions. This article focuses on Bayesian methods for subset
selection in nonparametric random effects models in which one is uncertain about the predictors to
be included and the distribution of their random effects. We characterize the unknown distribution
of the individual-specific regression coefficients using a weighted sum of Dirichlet process (DP)-
distributed latent variables. By using carefully-chosen mixture priors for coefficients in the base
distributions of the component DPs, we allow fixed and random effects to be effectively dropped
out of the model. A stochastic search Gibbs sampler is developed for posterior computation, and
the methods are illustrated using simulated data and real data from a multi-laboratory bioassay
study.
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1. INTRODUCTION

Linear mixed effects models (Laird and Ware, 1982), which assume normally distributed random
effects, are widely used in analyzing longitudinal and clustered data. Concern about sensitivity to
the normality assumption (Agresti, Caffo and Ohman-Strickland, 2004) has motivated the devel-
opment of nonparametric methods, which allow the random effects distribution to be estimated.
Some recent frequentist papers on this topic include Zhang and Davidian (2001), Chen, Zhang
and Davidian (2002), Lai and Shih (2003), and Ghidey, Lesaffre and Eilers (2004). In addition,
there is a rich literature on Bayesian methods using Dirichlet process (DP) priors (Ferguson, 1973),
DP mixtures (DPM) (Antoniak, 1974), and other specifications to allow unknown random effects
distributions (Bush and MacEachern, 1996; Kleinman and Ibrahim, 1998; Ishwaran and Takahara,
2002; Lopes, Miiller and Rosner, 2003; Miiller et al., 2005; among others). All of these methods
do not accommodate uncertainty in the predictors to be included in the fixed and random effects
components of the model.

The focus of this article is on developing Bayesian methods for accommodating such uncer-
tainty, while allowing the joint distribution of the random effects included in the model to be
unknown. Such methods are also useful for comparing models with and without random effects, a
problem addressed by Lin (1997) using a global score test for the null hypothesis that all variance
components are zero. Lin’s approach does not require specification of a parametric form for the
random effects density. Later authors have considered alternative score tests (Hall and Praestgaard,
2001; Verbeke and Molenberghs, 2003; Zhu and Fung, 2004) and generalized likelihood ratio tests
(Craniniceaunu and Ruppert, 2004). These methods are not useful for the general subset selection
problem. Bayesian methods for the model comparison in normal variance component models have
been proposed by Pauler, Wakefield and Kass (1999), Sinharay and Stern (2001) and Chen and
Dunson (2003).

A Bayesian solution to the simplified problem of comparing a normal linear mixed model with
a random intercept to the corresponding model without the random intercept has been considered

by Albert and Chib (1997). They proposed using a mixture prior with point mass at zero for the



random effects variance. Potentially, the normal random effect assumption could be relaxed by
using a DPM for the unknown random effects distribution. One could then compare the resulting
semiparametric Bayesian model with the fully parametric linear model that excludes the random
effect using the approach of Basu and Chib (2003), which was developed to calculate marginal
likelihoods and Bayes factors for DPMs. Such an approach is potentially useful when the number
of competing random effects models is small. However, in subset selection problems, the number of
possible models is typically very large, and it is necessary to develop an automated search procedure
that does not require fitting of all the models in the list (Geweke, 1996; George and McCulloch,
1997). For a review of Bayesian approaches to this problem in parametric models, refer to Clyde
and George (2004).

Chen and Dunson (2003) proposed a Bayesian approach for random effects selection in the
normal linear mixed model based on using variable selection priors for the components in a special
decomposition of the random effects covariance. In particular, they proposed using mixture priors
with point mass at zero for key parameters in the decomposition to allow random effects to effec-
tively drop out of the model. The decomposition and priors chosen led to convenient computation
via a stochastic search variable selection (SSVS) algorithm. Unfortunately, it is not straightfor-
ward to modify this procedure to allow unknown random effects distributions due to difficulties in
incorporating moment constraints.

To avoid the need for such moment constraints, and to improve mixing through the use of a
centered parameterization, we reparameterize the linear mixed model using latent variables relating
to the fixed and random effects components. Our specification places independent DPs on these
latent variables, resulting in a weighted convolution of DPs for the random effects. This differs from
the usual approach, which places a DP directly on the random effects distributions as in Kleinman
and Ibrahim (1998). By using carefully-tailored mixture priors for parameters in the base measures
of the component DPs, our specification allows fixed and random effects selection.

In Section 2, we present our reparameterization of the linear mixed model, nonparametric

specification, and variable selection priors. In Section 3, we outline the posterior computational



strategy. In Section 4, we illustrate the approach by a simulation study. In Section 5, we apply the

method to data from a multi-laboratory bioassay study. We provide the discussion in Section 6.

2. Priors for Nonparametric Random Effects Selection

2.1 Nonparametric Linear Mixed Model
For observation j (j =1,...,n;) from subject ¢ (i =1,...,n), let y;; denote the response variable,
let x;; denote a p x 1 vector of candidate predictors, and let z;; denote a g x 1 vector of candidate

predictors. The normal linear mixed effects model can be expressed as
yi=XiB+2(; +e€, (1)

where y; = (Yi1, - Yin;)'y Xi = (Xity -+ Xin,)s Zi = (2i1, ..., 2in,;)’, B is a p x 1 vector of fixed
effect regression coefficients (referred to as fixed since the coefficients are constant for all subjects),
Ci = (Gits---,Cig) ~ Ng(0,%) is a g x 1 vector of subject-specific random effects with covariance
matrix 3, and €; is a residual vector, typically assumed to be €; ~ N(0, o°I).

Our focus is on selecting the predictors to be included in the fixed and random effects com-
ponents of the model. For the fixed effects component, there are p candidate predictors, while for
the random effects component, there are ¢ candidate predictors. In implementing subset selection
and Bayesian model averaging, we also want to avoid the assumption of normality of the random
effects. In the simplified case in which all of the candidate predictors are included, we could let
¢, ~ G, where GG is the unknown random effect distribution. Following a Bayesian approach, as
in Kleinman and Ibrahim (1998), we could then choose a prior distribution for G with support on
the space of random probability measures. A natural choice would be the Dirichlet process prior,
which could be specified as G ~ DP(aGy), where « is a precision parameter and Gy is the base
distribution of the Dirichlet process.

Under this specification, for any partition B = (Bq,..., Bg) of R, we have
{G(Bl)v s 7G(Bk)} ~ D(aGO(Bl)7 s 7aG0(Bk))7

where D(-) denotes the finite Dirichlet density. In addition, we have E(G) = Gy, with a natural

choice of Gy being the N,(0,3X) distribution, so that the prior is centered on the normal linear
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mixed model of expression (1). Under this specification, the expected value of y; conditional on
X; and Z;, but integrating out the random effects {;, is E(y; | X;,Z;) = X;8 + Z;E(¢;). Under the

stick-breaking representation of Sethuraman (1994), we have

o'} t—1
id id
G = Zpt5£t7 pt/ H(l - pl) % beta<17 Oé), st % G07 (2)
t=1 I=1
with d¢ denoting the degenerate distribution with all its mass at . Hence, the random distribution
G can be represented as a infinite set of point masses at locations generated independently from

the base distribution. This implies that E(¢;), for ¢; ~ G, is equal to

B(C) = mEE) =0,
t=1

so that E(y; | X;,Z;) = X;3, as required in order for 3 to be interpretable as fixed effects.

A potential problem with the parameterization shown in expression (1) from a Bayesian per-
spective is the uncentered form. In particular, it is well known that computational efficiency of
Gibbs sampling algorithms for posterior computation in linear mixed models (and other hierarchi-
cal models) tends to depend strongly on the parameterization (Gelfand, Sahu and Carlin, 1995).
For greater efficiency, one can focus on the centered parameterization: y; = X;3; +¢€;, with 3, ~ G,
G ~ DP(aGy), and Gy = N,(8,3), assuming X; = Z; so p = ¢. To allow for uncertainty in 3
and X, normal and inverse-Wishart priors can be chosen. Unfortunately, this approach assumes
that the same predictors are included in the fixed and random components, and these predictors

are known.

2.2 Reparameterization and Nonparametric Priors

Following Geweke (1996) and others, subset selection for the fixed effect predictors can poten-
tially proceed by choosing mixture priors for the regression coefficients 3. In particular, because
0B; = 0 corresponds to the [th candidate predictor being effectively excluded from the fixed effect
component, a prior that assigns positive probability to both Hy : §; = 0 and Hy; : 8 # 0, for
[ =1,...,p, allows uncertainty in the subset of predictors to be included. In linear regression,
many choices of mixture priors have been proposed, and a variety of algorithms are available for

posterior computation.



Subset selection for the random effects component is more challenging. For the normal linear
mixed model, one can effectively remove the Ith random effect by setting the elements in the [th
row and column of 3 equal to 0. This implies zero variance for the [th random effect, so that we
have ¢; = 0 for all ¢, and hence there is no heterogeneity among subjects in the effect of the [th
candidate predictor. Potentially, a predictor can have a fixed effect without a random effect and
vice versa. Due to the non-negative definite constraint, it is difficult to specify a prior directly
for ¥ that allows zero rows and columns. Certainly, the commonly used inverse-Wishart prior is
not sufficiently flexible. For this reason, Chen and Dunson (2003) proposed a reparameterization
of model (1) based on a decomposition of ¥ that facilitated variable selection (see also Cai and
Dunson, 2005).

The Chen and Dunson (2003) approach relies on the incorporation of standard normal latent
variables underlying the random effects. Therefore, the approach does not generalize naturally to
the nonparametric case in which the distributions of the random effects to be included are unknown.
Although one could conceptually replace the standard normal assumption with the assumption
that the latent variables have an unknown distribution with mean 0 and variance 1, such moment
constraints are not straightforward to incorporate in existing nonparametric priors. In addition,
the Chen and Dunson (2003) parameterization is uncentered, leading to potential problems with
slow mixing.

Instead, letting X; include the candidate predictors for both the fixed and random effects

components, we propose a new approach based on the centered parameterization:
yi = XiB; + €, 3)

where 3, follows an unknown distribution with

h—1
ﬁih:ﬁ;h+27hl(ﬁ;_ﬁl)v for h = 1a"'7p7 (4)
=1
where 87 = (85, ;"p)’ is a vector of latent variables underlying 3,;, and v, (h = 1,...,p,

l=1,...,h—1) is the (h,l)th element of the lower triangular matrix I'. Let 3}, i G7, independently

for h =1,...,p, with G} ~ DP(a,Gop), where Gy, is the normal distribution with mean (5 and

variance ¥y,.



Let &pe,t = 1,...,00, denote the atoms in Gj. From the stick-breaking formulation (2), it

follows that
h—1
E(Gin) = EBh)+ > wm{EG) - 61}
=1

o0 h—1 o0
= E{ thtE(fht)} + ) Y [E{ ZplsE(&s)} - 511 = B, (5)
=1 =1 s=1

with {pns,t =1,...,00} denoting the random probability mass for G}. Hence, E(3;) = 3, so that
3 are interpretable as fixed effect regression coefficients, with the subset of predictors having G; =0

effectively excluded from the fixed effect component. In addition, the random effects variance is
h—1 0o h—1 00

V(Ba) = V(G + YRV =B X m (G — 5] + 3 R | S p B{(6n - 80
=1 t=1 I=1 s=1

h—1
= Y+ D v (6)
=1

and the random effects covariance (h < m) is

Cov(Bim, Bin) = E(BimBin) — E(Bim)E(Bin)
— B{|o.+ mz? (85— 50 [ .+ ';z_lfyhlw;; = 0] b=
s= =1

m—1 h—1
- E [vmhﬂfhw:h B s (85— Be) S (B — @)}
s=1 =1

h-1
= Y V(BH) + D BB — 8)?
=1

h
= > vt (7)

I=1
with V(8;) = T®WPI' (the standard Cholesky decomposition of the covariance matrix) and ¥ =
diag(wlé e ,@bé). Hence, the Ith random effect can be excluded by setting v; = 0, and further
restricting v, = 0 if ¥, = 0 or ¢y = 0.
Note that as v, — 0, all the atoms in G} are effectively generated from a point mass at 3y,
so that there is no heterogeneity in the ;) coefficients among subjects, regardless of the value
of ay. However, if 1, > 0 and the Ath random effect is included, then the precision parameter

ap, plays an important role in determining the degree of shrinkage of G} towards Gp, and the



degree of clustering. The clustering property will be discussed further in Section 3. From the
standpoint of selection of fixed and random effects, a crucial property of our specification is that we
can drop predictors out of the fixed and random effects components by choosing mixture priors for
the parameters 3 and ¥ characterizing the normal GGy. Hence, the nonparametric characterization
does not complicate the selection process, as we illustrate in Section 3.

Our interest is in the collection of random distributions G = {G1, ..., G,} of the random effects.
Due to the structure of (4), the distributions within G will be dependent due to dependence on the
shared DP-distributed basis distributions G7, ..., Gy. Theorem 1 describes basic properties of the
distributions within G. We expect that related weighted convolution approaches for defining priors
for dependent, unknown distributions should be broadly useful. For simplicity, we let ®lh:1Al =
A1®A2®---® Ap and ﬂflh =yu(B; —B1), for h=1,...,pand [ =1,...,h. The proof is given in

Appendix A.

Theorem 1 Suppose that the elements of By, = (Bin,---,0un), for h = 1,...,p, in the linear
mized model (3) satisfy the expression (4), with the latent variables (3}, d b, fori=1,...,n,
with G5, ~ DP(ay,Gop). Let Git denote the base measure of the resulting DP(c,Gil) for B3, for

l=1,...,h. Let BC R denote a Borel set, and f ® g denote the convolution of f and g. Then we

have
1. BE(Gy(B)) = @' 'Gih @ Gon(B);

h—1 ~xh
2. Var(Gh(B) = SO 4t oG (8)+ Sl vy Gl @ G (8)+ = (T 1+
=1

o)~ Tlims o) 9151 G Gon(B)|

= SiGy"(B)

3. Con(Gu(B), Gn(B)) = {7
(01 + o) =TTy o) &y GG (B)] for b < m.

1+ Yy G (B) + Yl iy G @ Gl (B) + -+ —

In Theorem 1, each random distribution within G is centered at the convolutions of the corre-
sponding base measures of the implied DPs for ﬁi*lh’s. The variance of the random distribution Gy,

within G is a function of the base measures and the precision parameters of the DPs for Z’.klh’s. It is

clear that when a; — oo, for [ = 1,..., h, the random distribution G tends to Gg;. In the extreme



case of all a’s tending to infinity, which means that all latent variables are generated directly from
their corresponding base distributions (i.e. the parametric case), the variance and covariance of the
random distributions, G},’s, are zeroes, implying that the random distribution G}, becomes fixed.
In terms of the precision parameter, the dependence of two random distributions, G} and G,,,
relies only on the first h a’s (b < m). This is reasonable because, for example, when the first h o’s
tend to infinity, Gj, becomes fixed so that there is no relationship between Gy, and G,,. In contrast,
in the limit as each of the a’s tends to zero, which corresponds to the degenerate case in which
there is a single atom in each component distribution, the variance of the random distribution G,
reduces to @Gl @ Gop,(B)[1 — @Gl @ Gon(B)].

In the important special case in which the base measure Gy, corresponds to the normal distri-
bution with mean (; and variance 1y, we can obtain more explicit expressions after some algebra,

which provide clearer properties:

1. B(Gh(B)) = N(Bin € B; B, X1 v2,00),

N 7 Bi 5 " 2 * *
2. Var(Gp(B)) = G h%hﬂh(ggl;wl) {1 + Y aN(B € B 0,9200) + ) s N(B3l €
=1

Bhk; 0,74 7 + Vigor) + -+ — (H?:Kl + o) — [ Oéz)N(ﬂm € B; B, X1 ’Y%ﬂﬁl)},

N im 87 my Wi 2 *m
3. Cov(Gr(B),Gin(B)) = (8 El—[hﬁ (E;; “/mﬂ!)z) [1 + Ezhzl OZZN(@'[ € Bu; OaV%ﬂ/’l)‘F
=1

S e aN(BE € Bigs 0,925 + V2br) + - — (H?zlu + ) - H?zlaz)N(@-m € B:

B 0, vf,dwo], for h < m,

where B,,,; denotes the subset corresponding to 3/ with the atoms 5:’[” generated from G, for
r=1,...and | = 1,...,h. More precisely, if B, € B, due to (4), the subset B, of 8" can
be defined as the rescaled and shifted subset B according to «,, and ;. One attractive property
in this special case is that the random distribution for the elements of 3, is centered at the
normal distribution with mean (), and variance >°"; 774, which are confirmed by (5) and (6).
When v, =0, for h=1,...,pand [ = 1,...,h — 1, which implies that the random effects are
uncorrelated and [, = 3}, it is easy to show that Var(Gp(B)) reduces to Var(Gj (B)). In addition,

it is straightforward that Cov(Gp(B), G (B)) = 0 when 7,,; = 0, for h < m, m = 1,...,p and



I=1,...,h

2.3 Prior Specifications
Following standard convention, we choose a conjugate gamma prior for the residual precision of the
model, i.e. m(072) oc G(c,d). To allow 3, to effectively drop out of the model, we choose a mixture

prior consisting of a point mass at zero (with probability A o,) and a normal density:

7(Br) = Atondo(Br) + (1 — A1,on)N(Bn; Bons o), (8)

where 6p(z) denotes the point mass at zero, and A1 op, Bon and agh are hyperparameters specified
by the investigators. We refer to prior (8) as a zero-inflated normal density, N, (Bon, agh). The
prior probability that the hth predictor of the p candidate predictors is excluded from the fixed
effect component is then A; o5, = Pr(8;, = 0). Note that we can accommodate cases in which one or
more of the p candidate predictors are only candidates for the random effects component by setting
the \’s for these predictors equal to one.

In the special case as ¢, — 0, all the 3}, are generated from the point mass at (3}, and so we
have 3}, = Bp, for i = 1,...,n. As a convention in the case in which v, is exactly equal to zero,
instead of including the individual 3}, ’s in the model, we simply replace these individual-specific
parameters with 3. This convention has no effect on the likelihood, but does impact posterior
computation, as will become apparent in Section 3. As a prior for v, we choose a zero-inflated

inverse gamma distribution:

7(Yn) = A2,0n00(Vn) + (1 — A2,0n)ZG (¥n; con, don)- 9)

with 5, = 0 indexing the model in which we replace the s with (. We refer to prior (9) as
ZGs,(con,don). Thus, the overall prior probability of excluding all the random effects from the
model is [Th_; A2,0n-

An important point in (4) is that 7y, is only defined when both the hth and the /th random
effects are included in the model, implying that v = (yp; : h=1+1,...,p;l=1,...,p—1)" depends

on ¥ = diag(¢n,...,¢p). If ¢, = 0, we exclude v and 7, from the model, for [ =1,...,h —1,
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m=h+1,...,p,and h =1,...,p. Letting Y denote the remaining free elements of ~ included
in the model, we choose a N(‘yqp; E~ W Vo ¢) prior. Note that in cases in which interest focuses on
the covariance structure between random effects in the model, this prior can be adapted to include
mass at zero

One of the most useful properties of the DP prior is the Pdlya urn characterization (Blackwell
and MacQueen, 1973), which was exploited by Escobar (1994), MacEachern (1994), and West et
al. (1994). Let S, = (Sip,...,Snn)" denote a configuration of B} = (Bin, ..., Onn) into ky < n
distinct values 0, = (01, ..., 0,s)", with S;, = s if 8, = 65, denoting that subject ¢ belongs to
cluster s for the hth random effect, for h =1,...,pand s =1,..., k. Then the conditional Pélya

urn prior of 85, h =1,...,p, is derived by

k_in (4)
N . ’ r
x 191 1.(0) g0 h E —sh 5 L =1,... 1
ﬂ-(ﬂzh‘ h VR h)ocah+n_1G0h+S:1 Oéh—|—7'L—1 92}1()7 ? ) , 1, (0)
where S(i) denotes the configuration of ,Bz(i) = (B, 04 o B )| with k(i) distinct
values 0( =0,\ 05, ;l denotes the frequency of the unique value (9( ;l occuring among ﬁh , and

( )
dp(+) denotes the distribution degenerate at 6. Let {qm,h(ah)} ", denote the set of probabilities of

the different components in (10) which sum to one. Obviously, k:g) equals ky, if TS;L >1,and kp —1
otherwise.

The treatment of the concentration parameter ap (h = 1,...,p) of the underlying Dirichlet
process is important, since this hyperparameter can impact inference. Escobar and West (1995)
used a gamma prior while McAuliffe, Blei and Jordan (2004) proposed an empirical Bayes method
to estimate a. In this article, we adopt a gamma prior G(a,b) for m(ayp).

For an additional subject n + 1, the predictive distribution of 3., j,, which is the posterior

mean E(G} |0, kp, Sp), can be expressed as

ap
* 0., k. S 0, 11
T(Bhs1.010n; kny Sh) o P Gon ah+ erh 0., (- (11)

There is no closed form for the predictive density of 3,,41,. However, the predicted 3,11 can be

calculated based on 3, and . More explicitly, when Gg; denotes the normal distribution, each
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element of the second term in (4) follows the distribution

ky
o 2 1

N(-;0 E 1) _37(+).
a t+n (50, 7m%01) + Oél+n8:1r8l i (Os1 ﬁl)()

3. POSTERIOR COMPUTATIONS

We outline a Gibbs sampler for posterior computation, providing details in Appendix B. After
specifying initial values for the parameters and latent variables, our proposed MCMC algorithm

proceeds as follows:

1. Update 3}, fort =1,...,nand h =1,...,p, from the full conditional posterior distribution
of B}, derived using the Pélya urn scheme (Escobar, 1994; MacEachern, 1994; West et al.,

1994) given the data and current values of 0,(5), 3, T, S,(f) and o.

2. Update ap, for h = 1,...,p, from the full conditional posterior distribution by updating
latent parameter ¢; based on the most recently updated «y followed by updating «j based

on the most recent kj; and the just updated ¢y,.

3. Update Yop from the full conditional posterior distribution given the data and the current

values of B and 3.

4. Update Gy, for h =1,...,p, from the full conditional posterior distribution proportional to
ALndo(Br) + (1 = ALp)N(Bn; En, Vi) (12)

given the data and the current values of Sy, 8y, B3_;,, I' and . With probability 5\17;“ O =0,

and with probability 1 — 5\1,;” By, is drawn from N(fp; E, Vh)

5. Update ¥y, for h =1,...,p, from the full conditional posterior distribution proportional to

X2 nGo(Wn) + (1 — Aopn)ZG (Wn; én, dp) (13)

given the data and the current values of Sy, 0y, 3, I'" and o. With probability 5\27}1, P, =0,

and with probability 1 — 5\27]1, Yy, is drawn from ZG(¢y; ¢, th)
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6. Update o2 straightforwardly from the full conditional posterior distribution given the data

and the current values of 8] and 3.

This algorithm allows the candidate models to adaptively move around the model space. After ap-
parent convergence of the samples for the parameters and latent variables, the posterior densities
of the parameters and posterior probabilities for each of the different submodels can be straight-
forwardly calculated.

REMARK In the Gibbs sampling under DP with uncertainty, if the hAth random effect is
excluded from the model, i.e. 9, = 0, 85 will be drawn from point masses at (. In this case,
there is no need to update the clusters, the corresponding configuration, and distinct values through
Pélya urn scheme. Thus, we only update the set of values Sy, k;, and 6; when the hth random

effect is included in the model. Instead of sampling 37, directly, we update as follows:

1. Conditional on current 0 and Sp, a new configuration can be generated by sequentially

sampling from the posterior probabilities:
Pr(Si = 510,87 Ky = qf s =01, k.

When Sj;, = 0, a new 3}, is generated from G; 5. A new cluster is constructed because the

new value is different from the values in existing clusters.

2. Conditional on Sy and kp, a new set of parameters 6; can be generated by sampling each
new 6, from the full conditional posterior distribution:
1T ~(vilosn X:)Gon (6sn),
1€1gy,
where Iy, = {i : S;, = s}. By updating the grouped 3}, i.e. 6, we can speed up the
convergence for the Gibbs sampler over the entire parameter space (Bush and MacEachern,

1996).

4. SIMULATION STUDY
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In order to evaluate the computational performance of our proposed Gibbs sampling algorithm and
assess the results, we conducted a simulation study in which we generated 200 subjects, each with
5 repeated measurements. There are four covariates contained in x;; = (:1:2-]-1, ... ,xij4)’ , where x;;1
is fixed as one, and the rest are generated from a uniform distribution. We chose 5} ~ N(0,4),

Y =2, 05 ~ 0.4N(1.5,1) + 0.6N(4,1), 8} ~ N(6,1), which implies 8 = (0,2, 3,6)". We chose

4 0 240 6

0 0 O 0
240 0 394 585 |

6 0 58 12
which implies v = (0, 0.6, 0,1.5,0,0.9)", the diagonal elements of the covariance matrix of random ef-
fects are (dq1, d22,d33, dss) = (4,0,3.94,12), and the random effect correlations are (pa1, p31, P32, P41,
pa2, paz) = (0,0.60,0,0.86,0,0.85). o2 is chosen as 1. The response variable y;; is generated from
(3) and (4).

We chose the prior distribution for =2 as G(0.05,0.05). The prior distributions for the elements
of B are chosen as Ny, (0,10). To study the effect of the prior probability that 3, = 0, we chose
Aron = 0.2,0.5 and 0.8, respectively. The prior distributions for the elements of Yap are indepen-
dent N(0,2). We also chose the mixture prior distributions for the elements of 1 as independent
7G5,(0.1,0.1). Similarly, we chose three different values for Ay 5. The prior distribution for ay, is
chosen as G(1, 1), essentially identical results were obtained for G(2,4).

We ran the Gibbs sampling algorithm described in Section 3 for 30,000 iterations after an
8,000 burn-in. Diagnostic tests were carried out by using Geweke (1992) and Raftery and Lewis
(1992), which showed rapid convergence and efficient mixing. A sample of size 6000 was obtained
by thinning the MCMC chain by a factor of 5. We calculated posterior probabilities for the possible
submodels, estimated posterior means, and 95% credible intervals for each of the parameters. To
obtain proper samples of «y, we ran 20 sub-iterations within each iteration (Escobar and West,
1995).

To compare the results of our nonparametric mixed effect analysis (NME) with other ap-

proaches, we also fit a frequentist linear mixed effects model (LME) and applied Chen and Dun-

son’s method (CDM) (2003) (in this article, we modify Chen and Dunson by adding fixed effect
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selection). Table 1 shows the true and estimated values of the parameters for the three different
methods. On average, the NME estimates were slightly closer to the truth than the other esti-
mates. Table 2 presents the posterior probabilities of all submodels selected by our nonparametric
mixed effect method and Chen and Dunson’s method. We also show the corresponding deviance
information criterion (DIC) (Spiegelhalter et al, 2002), obtained by running separate linear mixed
effects model analyses for each model in the list. Although each method chooses the true model
as the best model, our NME approach assigns higher posterior probability to the true model than
CDM, while the DIC is not calibrated in terms of posterior probability. The DIC approach also
requires a separate MCMC analysis for each model, which may not be feasible in higher dimensions.
Interestingly, mixing and computational efficiency was substantially better for NME than for CDM.

Figure 1 shows the posterior densities of the latent parameters 3] based on our nonparametric
mixed effect model, and the corresponding true densities. Figure 2 presents the posterior densities
of B; and their corresponding true densities. It appears that our nonparametric mixed effect model
successfully captured the right densities of 3] and 3,.

Sensitivity of the results to the prior specification was assessed by repeating the analyses with
the following different hyperparameters: (a) priors with variance /2; (b) priors with variance x2;
(c) priors with moderately different means. Although we do not show details, inferences for all

models are robust to the prior specification. The ranges in the tables illustrate this robustness.

5. APPLICATION

We illustrate our approach through analysis of data from an international validation study of the
rat uterotrophic bioassay, a new animal model designed to detect in vivo estrogenic responses to
test chemicals (Kanno et al., 2001). The data were collected from 19 participating laboratories in
8 nations and consisted of 2681 female rats. One or more out of four protocols were chosen by
each laboratory. Two of the protocols used the immature female rat model, with administration of
doses by oral gavage and subcutaneous injection for 3 days at 24-hr intervals followed by humane

killing 24 hours after the last administration, respectively. The other two protocols used the adult
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ovariectomized (OVX) rat model, both with administration by subcutaneous injection but for 3 and
7 days, respectively. Each of the protocols contained 11 groups of 6 animals within which, except for
an untreated control group and a vehicle control group, a series of seven doses of ethinyl estradiol
(EE), a known estrogen agonist, in half-log steps from 0.01 to 10 ug/kg/day was used for 7 groups,
while the rest two groups contained two ZM (an estrogen antagonist) doses combined with a fixed
EE dose. The response of interest was blotted uterus weight. Using simple parametric models,
Kanno et al. (2001) reported that all laboratories and all protocols had significant dose response
trends in uterus weight with EE exposure. They were unable to formally assess heterogeneity
among laboratories using their approach.

Our analysis focuses on identifying predictors of uterus weight. Predictors included in the
fixed effect component have an average effect on mean weight, while predictors included in the
random effect component vary in their effects across laboratories. It is particularly interesting to
assess whether laboratories vary in the slope of the dose response for EE, suggesting differential
sensitivity of the assay. In the presence of heterogeneity, the distribution of the random slope is of
substantial interest, and we wish to investigate how labs vary. The preliminary analyses showed
the goodness of fit of the linearity assumption. Let x;; = (41, Zijo, Tij3, Tija, Tijs, Tije) denote
the vector of candidate predictors with x;;1 = 1, 2452, ¥;;3 and ;4 denoting 0/1 indicators of the
protocols for the immature rat model, the adult rat model with 3 days and 7 days, respectively, x;;5
denoting dose of EE, and z;;6 denoting dose of ZM for the jth rat in laboratory i. The response
variable, y;;, is the log-transformed blotted uterus weight.

The prior distributions for the elements of B8 are chosen as Ng,(0,10) where \; on, = 0.2,0.5
and 0.8, respectively. The prior distributions for the free elements of 4 are independent N(0,1).
The mixture prior distributions of the elements of 1 are chosen as independent ZG,(0.1,0.1) with
A2on = 0.5. We also chose G(1,1) and G(0.05,0.05) as the prior distribution for aj and o2,
respectively.

We ran the Gibbs sampling algorithm described in Section 3 for 100,000 iterations after a

10,000 burn-in. The diagnostic tests showed rapid convergence and efficient mixing. A sample of
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size 5,000 was obtained by thinning the MCMC chain by a factor of 20. Posterior probabilities
for the possible submodels, estimated posterior means, and 95% credible intervals for each of the
parameters are calculated thereafter.

Sensitivity of the results to the prior specification was assessed by repeating the analyses with
the following different hyperparameters: (a) priors with variance /2; (b) priors with variance x2;
(c) priors with moderately different means; (d) Ajop, A20n = 0.2,0.5,0.8. Not surprisingly, the
choice of prior for @ impacts the rates of convergence and mixing of the Gibbs sampler, with
mixing slower for more diffuse priors. This is consistent with behavior for normal linear mixed
models with inverse-gamma priors on the variance components. We recommend choosing small to
moderate variance, motivated by substantive consideration.

Table 3 presents the posterior probabilities of top ten submodels selected by our method. The
model including all fixed effects predictors except the protocol for the juvenile rat model, and the
predictors for the random intercept and the two protocols for the adult rat model is the highest
posterior-probability model. The posterior means for fixed effects 31, B2, 03, G4, O5 and (g are 3.52,
0.05, 1.25, 1.34, 0.14 and —0.49, respectively. These results agree with previous analyses of positive
relationship between uterine weights and EE doses used, and of negative relationship between uterus
weights and ZM doses used. The corresponding 95% credible intervals for 31, B2, 33, B4, B5 and g
are (3.11,4.05), (0.01,0.10), (1.11,1.33), (1.15,1.56), (0.13,0.16) and (—0.60,—0.39), respectively.
The means and 95% confidence intervals for 31, (2, 33, B4, B5 and [g from the frequentist linear
mixed effect model are 3.62(352372), 0.07(0.02,0.12), 1.16(1.03,1.29), 1.18(1.04,1.32), 0.14(0.13,0.15) and
—0.47_.57,—0.37), respectively. In addition, our nonparametric random effect method suggests
to include the random intercept and random slopes for the protocols for the adult rat, implying
heterogeneity across the laboratories. Interestingly, the model with the highest posterior probability
suggests that the EE slope and the ZM slope did not vary across laboratories. In contrast, the
frequentist linear mixed effect model suggests that the random effects for the juvenile protocol
(variance is 2e-3) and EE doses (variance is le-4) were excluded, while random intercept effects

(variance is 0.04), random effects for two adult protocols (variances are 0.05 and 0.06, respectively)
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and ZM doses (variance is 0.03) weakly exist.

Figure 3 shows the posterior densities of the intercept and slopes for protocols, EE doses and
ZM doses. There is an evidence of the random intercept following a multi-modal distribution. This
result provides not only the existence of heterogeneity among the laboratories but also that there
might be multiple groups or clusters across the laboratories. Interestingly, in terms of the random
intercept, the participating laboratories seem to be grouped into three clusters with the highest
probability (0.268). Furthermore, based on the configuration, the members of the three clusters
can be predicted. The 9 laboratories from France, Germany, Netherlands and UK have the highest
probability (0.438) of falling in cluster 1, the 4 laboratories from Korea and USA fall in cluster 2
with the highest probability (0.353), while the 6 laboratories from Japan belong to cluster 3 with

the highest probability (0.396).

6. DISCUSSION

In this article, we propose a Bayesian approach to the problem of nonparametric random effects
models where both the predictors to be included and distributions of their random effects are
unknown. Due to a carefully-developed computational algorithm, which incorporates centering
parameterization and utilizes conjugacy, the approach is very efficient and straightforward to im-
plement. In fact, we found the performance to be much better than for Chen and Dunson (2003)
parametric approach, which is subject to slow-mixing. Using data argumentation, generalization
to allow categorical outcomes are straightforward.

The proposed approach characterizes the unknown random effects distributions using a weighted
convolution of independent DP-distributions, with a mixture structure chosen for the base measure.
Although motivated by the random effects selection problem, the proposed approach provides a
general strategy for modeling of dependency in related unknown distributions. We provide some
initial theoretical results for weighted convolutions of DPs, but detailed consideration of general

properties provides an interesting area of future research.
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APPENDIX A

Proof of Theorem 1:

Since 3;1 = (]}, the random distribution of 3;1, G1, can be expressed as a stick-breaking formulation,

o9 s—1
. . i i
G1=Gi =) psibe.., psg=Ver [[(1=Vi1) with Vi3 % beta(l,on), &1~ Gor.
s=1 =1
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Similarly, G5 can be expressed as

e’} t—1
. jid id
G5 = p12de,,, pra=Vip [[(1—Via2) with Vi < beta(l, az), &2 % Gpa.
t=1 =1

From (4), we have B0 = 5% + v21(5;; — (1). Clearly, the random distribution of 91 (8} — 51) is
still from the DP with the same a1 due to its independence. We define the random distribution for
Y21 (B — B1) as G = >0, p8715§:?17 BN d ~ G§3, where G2 is the base measure of the DP(a; G§3).
Since (] and 3}, are independent, the distribution of 3;2, G2, can be expressed as the convolution

of G7* and G35, i.e. G7* ® G5. For any Borel set B C R, by mathematical induction, we have
Gh(B)=G1"®--- @Gy @ GR(B) = ®l LG @ G (B), h=1,...,p,

where GJ* = > 52 1p8l5§*h, sl h Ggh, where G is the base measure of the DP(oyGift) for

Yyu(By —06), for l=1,...,h—1.
It is obvious that E(G}(B)) = Gon(B), and for h =1,...,p,

Var(Gi(B) = E( 3 pVar(se,, (5)))
s=1
- 5( zpz,h) (Gon(B) - G3(B))
= (Gon(B) — G§,(B)) > E(V, hnl_ 1)’

— (Go(B) - G2 (B) S E(V? Hl—zE )+ 2E(V2)
s=1 =1

= (Gon(B) — G3,(B

Gon(B)(1 — Gon (B >>:
14+ ap ’

D) < ap >5—l
1 1+ah)(2+ah) 2+Oéh

where psp, = Vs Hf;ll(l — Vip) with Vi, i beta(1, ay).

When h = 2, we have
B(Ga(B) = B( [ G1'(3 - B)C3(3)5(5)
_ E Peadees S prade, ,dB(B)



= G ®G()2 (ZZ slpt,2)

= G ® Goa(B).
By mathematical induction, for h = 1,...,p, we have
E(Gh(B)) = @12 Gil' @ Gon(B).

The variance of the random distribution of 3;5 can be expressed as
Var(G2(B)) = E(G3(B)) — E*(G2(B))

2
[ 23 vty o, A0®)) ) - (Gt @ Gun(6)

(/x%
((

[ Rile’s) 2
3% prpa [ G30e,dB(B)) ) - (Gif © Goa()?

= E(i ip AP; 2)G01 ® Goz2(B) ( (Zps 1)) (ipf,z)(? o1 ® Goz(B)

s=11=1
+E g ) ( (me))GO? VG2 @ Goo(B)
+(1 _ E(le§,1)> (1 - E(;piz)) (G5i ® Goz2(B))? — (G ® Goz(B))?
= % (1 + 1G5 (B) + aaGo2(B) — (1 + a1 + a2)Gi @ G02(8)>

Again, by mathematical induction, we have

®h_—1G*h ® Gor (B h i} h . .
Var(Gy(B)) = l_ﬁ? ?lu " o(jf)( ) [1 +) G (B) + > aiy Gl @ Gil(B) +
= = i

h
(H (1+a) H al> e GOh(B)] .
=1

To calculate the covariance of two random distributions, G, and G,,, h < m, we rewrite expression

(4) as

h
Bin = Bn = >_ (B — B1).-

=1
It is clear that Cov(Gp(B),Gm(B)) = Cov(G,f(lS’)7 G4 (B)), where G}? denotes the random distri-

bution for 3;;, — By. Let Blhm = By; N B,,,;. We note that

5§*h5*m_{ Uit &

0 othervvlse
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and

(B™) if r=s
E(55:,7(B )55*m(8 ") = {GS;’(ma)GS;”(ma) otherwise.

We first consider Cov(GT (B), G5 (B)) = E(GL (B)GS (B)) — E(G2 (B))E(G5' (B)), where

E(GT(B)GS (B) = E

(Zpr 10g21 /Zps 10g72 Zpt25§*2 dBj( ))
= E(/Zzpr 1P5,10¢21, Og»3 Zpt255*2d@2( ))
(22
E

r=1s=1

+ < Z Z pr,lps,lpt,Q) E ( / 55;}1 55;?1 55;22 dBj, (B)>

r#st=1

= G ® G33(B) + (1—%@)%%(8)(} ® G2(B).

1+«
Thus,
1
Cov(Gi(B), G2(B)) = (1 -Gy 1(B)Got @ Gi3(B).

By mathematical induction, we have

Qm h

Cov(Gr(B),Gm(B)) = —I=1700 77 [1 + Z G (B) + > i G @ Gl (B) +
I 1(1 + ) i#j
h
~(TT0+ 00 - T o) ety G )]
=1 I=1
APPENDIX B

Full conditional distributions in Section 3

o Let ygl) =vyi — XiI'"B — XiT' B3] _p,, T, denote the Ath column of T', T'_; denote the

submatrix of I' excluding the Ath column, and ﬁz_h denote the subvector of 3; with [y,

excluded. With probability proportional to

D 1 i
ré}p e exp(— g( (1) - X,;r 9())( (1) XZI‘(h)Hg}L)),
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)

we choose (3, from degenerate distribution 56?; , which means that we have 3, = QSh. In
addition, with probability proportional to

1 1

3,78 [ o (1) _(1 -
apj gy 2o eXp(_ 5 (¥ 4o 2y _Zihliuzzh))v

where X}, = (1/1,:1+a_2(XiI‘h)’(XZ-I‘h))_1 and p;p = Eih(nglﬂh+a_2(XiI‘h)’ygl)), we sample

B, from N(B,; pin, Zin)-
The full conditional posterior distribution of 6, is
N(Osh;p’:hvz:h)v s = 13---)kh7

where $%, = (¥, + 072 e, (XI0) (XT)) ™! and pf), = 35,072 s, (Xz-l‘h)’yz(l) +

Uy B).

The full conditional posterior distribution of «y, is

W(ah|¢h, kh) X )\hg(a + kh, b— 10g((25h)) + (1 — )\h)g(a + kh — 1, b— log ¢5h),

where \}, = n(b_lo§$f§I§+kh_1v and m(¢p|an) o< ¢ (1 — gp)" L.

The full conditional posterior distribution of Yap is
(74187, 8.5, X) o¢ N(Eyp, Vap ),

where Vy, = (072 Siy VIV + V)™l By = V(02 XL, Vi (yi = Xi) + V' By),
V,; = (wl,...,mm);ixp with Vij = (zii(85, — Br) :h=1,...,p—Ll=h+1,...,p), and

P = %p(p — 1), and V denotes V; removing the elements corresponding to zero of .

In (12), the conditional probability of 3, = 0 is

Ay = A10h
’ Aon + (1 = A on)BF
with
1
V.2 1/ A
BF, = h - v—1E2_ —2 22
. eXP(2< n L UOhBOh))7
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where V), = (Vh_l + 00_,3)_1, Ey = Vh(‘?h—lEh + 00_h250h), Vi, = (072 30 (X)) (XT) +
—1\— " > — * — * 2 *
Bty )7 B = Vil S (KR 4y S 0), T = 1T, ) = yi = XTI -
X;I'*,B_;, I';, denotes the hth column of I'*, T, denotes the submatrix of I'* excluding
the hth column, and B_; denotes the subvector of 3 with 3 excluded.
- ) _ . o . 2 2
When ¢, = 0, Vi = 0%(SiLy S5 22,) 70 B = 02V X0 S mgnyl s vl = vis -

X _pyBn — X L—n (B85 — B_p)-
e In (13), the conditional probability of ¥y, = 0 is

A2,0n
A2.on + (1 — Agon) B

Aop =

with

L(61, B; 1, B, T, 072 y)L(ér)dgy
L(ah = I3h7 IB;"(’—,’L7 167 F7 0_2; y)F(COh)th 7

BF; =

where L(0), 8 _1,. 8,T,072y) = T2 [ics., Ny XiThben, 02L,), & = con + B dy =

don, + 3 8 (Bsn — Bn)?-

e The full conditional posterior distribution for o2 is

1< 1 &
m(o 2B}, B,y, X) x Q(C +3 > ngd+ 3 > (yi — XiB) (yi — Xzﬂi))-
i=1 =1
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Table 1: Comparison of the estimates of the parameters in simulation study.

Parameter True value LME CDM NME

B 0 -0.07(_0.41,0.26)a 0.12_.11,0.32)0 0.09(_0.07,0.21)t
B2 2 1.91(1.66,2.16) 2.03(1.71,2.32) 2.02(1.71,2.27)
B3 3 2.89(2.50,3.38) 3.10(2.69,3.50) 3.06(2.64,3.30)
B4 6 5.965.40,6.52) 6.01(5.61,6.46) 6.03(5.67,6.51)
d]_l 4 3.46 422(3 58,5.16) 417(3 63,5.05)
dao 0 0.02 002(0 00,0.03) 000(0 00,0.02)
ds3 3.94 3.92 396(3 52,4.37) 396(3 63,4.30)
p21 0 -0.89 0-01(0 00,0. 02) 0-01(0 00,0. 01)
P31 0.60 0.71 065(0 59,0.69) 063(0 59,0.70)
P32 0 -0.72 0.04(0.00,0.06) 0.02(0.00,0.05)
P41 0.86 0.92 089(0 81,0.91) 088(0 80,0.91)
P42 0 -0.95 0.00(0.00,0.05) 0.00(0.00,0.01)
P43 0.85 0.83 088(0 79,0.91) 088(0 81,0.91)
O'_2 1 0.96 097(0 89,1. 07) 098(0 92,1. 06)

% 95% confidence interval
b 95% credible interval

Table 2: Estimated model posterior probabilities in simulation study.

Model

CDM

NME

DIC

Tij2, Tijg, Tijd, Zijls Zij3s Zij4
X352, X453, Lijd, Zijls Zijd

X452, L5535 Lijd, Zijls Zij3

X352, L5535 Lijdy 2ijls Rij2, Zij4
Tij25 Lij3, Lijd; Zijly Zij2, 2ij3, Fijd
Tij1, X452, Lij3, Lijd, Zijl, 2ij2, 2ij3, Fijd
Tij1, X452, Lij3, Lijd, Zijl, 2ij2, fijd
Tij2, Lij3, Lijd, 2ij3, fijd

Lij1, X552, Xij3, Lijd, Zijl

Lij1, X552, Xij3, Lijd, 2ij3, Zijd
X352, X453, Lijd, 2353

X352, X453, Lijd, Zijl

Tij1, X452, Lij3, Lijd, Zij3

0. 356(0 310,0.472)°
0.147 0.125,0.200)
0. 168(0 130,0.247)
(0.058,0.092)
(0.069,0.096)
(0.037,0.059)
0. 040(0.030,0.048)
0.012(0.010,0.018)
0.0210.019,0.025)
0.0210.017,0.024)
0.013(0.009,0.015)
0.010(0.008,0.013)
0.005(0.000,0.007)

0.483(0.349,0.522)
0.161(0.120,0.214)
0.129(0.093,0.187)
0.081(0.061,0.092)
0.056(0.038,0.078)
0.0240.020,0.036)
0.020(0.015,0.028)
0.012(0.011,0.020)
0.010(0.007,0.016)
0.008(0.003,0.011)
0.008(0.004,0.010)
8~008(0.005,0.012)

3630.4
3661.7
3659.0
3710.6
3711.4
3809.0
3860.0
3908.4
3917.2
3906.9
3930.5
3945.9
3970.0

@ True model
b Posterior probability
¢ Range
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Table 3: Estimated model posterior probabilities of top ten models in the OECD data.

Model Posterior Probability Range

Tij1, Tij3, Tijd, Tijs, Tij6s Zijls Zij3s Zija 0.183 (0.157,0.226)
Tij1, i3, Tija, Lij5, Lij6, Zijl 0.112 (0.098,0.139)
Tij1, Tij3; Tijd, Tij6, Zijl, Zij3, Zijd, ij6 0.107 (0.077,0.131)
Tij1, Tij2, Tij3, Tijd, Tijs, Tij6s Zijl, Zij3 0.094 (0.069,0.114)
Tij1, Tij3, Tijd, Tijs, Zigl, Zij3 0.062 (0.041,0.089)
Tijl, Tij3, Tijd, Tijs, Tij6s Zijls Rijd 0.048 (0.025,0.067)
Tij1, Tij25 Tij3s Tija, Tijh Tij6, Zijly Zij2s Zij3s Zijd 0.040 (0.029,0.052)
Tij1y Tij3, Tijd, Zijl, Zij3, Zijd 0.029 (0.014,0.041)
Tij1, Tij3s Tijas Tijs, Tij6, Zijls Zij3s Zijd, Zijh, Zij6 0.026 (0.018,0.039)
Zijl, Tij2, Tijds Tijds Tijs, Tij6, Zijls Zij2, Zijd 0.025 (0.017,0.040)
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Figure 1: Posterior densities (solid lines) and true densities (dashed lines) of the parameters 3 in

the simulation study. The vertical bars denote the point masses at 2.
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Figure 2: Posterior densities (solid lines) and true densities (dashed lines) of the regression coeffi-

cients 3, in the simulation study. The vertical bars denote the point masses at 2.
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Figure 3: Posterior densities (solid lines) of the intercept and slopes for protocols, EE doses and ZM
doses in the application. The vertical bars denote the point masses and the vertical lines denote

the posterior means.

32



