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Summary. We introduce a class of multi-scale models for random fields. The novel framework
couples standard Markov models for the random field stochastic process at different levels
of resolution, and links them via error models to induce a new and rich class of structured
linear models reconciling modelling and information at different levels of resolution. Jeffrey’s
rule of conditioning is used to revise the implied distributions and ensure that the probability
distributions at different levels are strictly compatible. Bayesian estimation based on Markov
Chain Monte Carlo methods is developed. To highlight the potential applications of our multi-
scale framework, we provide two examples. In the first example, we illustrate with a simulated
data set the procedures of multi-scale field simulation and parameter estimation. In the second
example, we use our multi-scale model as a prior for permeability fields to solve a fluid flow
inverse problem.

1. Introduction

Multi-scale modelling arises in a wide variety of applications. There are at least three classes
of problems that can be modelled most effectively within a multi-scale framework. In the
first type, data are observed at different spatial scales and the model is used to integrate
the information from the different scales. In the second type, data are observed only at the
finest scale and the model is used to induce a particular process at that scale. Finally, the
observed data are related non-locally and nonlinearly to an underlying multi-scale process,
and the model can be used as a prior for that process.

In this paper, we introduce a class of multi-scale random fields useful for modelling
processes that live and possibly can be observed at different levels of resolution. Each level
of resolution is connected with the immediately finer level through a linear function plus
Gaussian noise. We start with a Markov random field process for each level, and then we
use Jeffrey’s rule of conditioning (Jeffrey 1988) to revise the implied distributions and en-
sure that the probability distributions of the different levels are compatible. Analogously to
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multi-scale time series analysis (see Ferreira et al. (2003) and references therein), this results
in a novel class of models for random fields that exhibit a variety of spatial correlation func-
tions based on a very parsimonious parameterisation, has the ability to combine information
across levels of resolution and to emulate long range dependence spatial processes.

Multi-scale modelling has appeared mainly in the engineering literature, focused on the
development of coarser representations of the phenomenon of interest in order to obtain fast
computational algorithms. In most of that literature, the statistical structure is isolated
from scale to scale, thus there is no consistent joint multi-resolution statistical model, as
for example in the work of Saquib et al. (1996), Comer and Delp (1999) and Pizurica
et al. (2002). An exception is the work developed by Allan S. Willsky and coauthors in
the past decade, summarised in the review paper Willsky (2002). In that body of work,
Willsky and coauthors developed multi-scale models in dyadic and quad trees, in which
sites of a given level are conditionally independent given the immediate coarser level. This
allows a state-space representation of those models, and thus a variant of the Kalman filter
can be used for inference (for references on state-space models and the Kalman filter, see
Harvey (1989) and West and Harrison (1997)). Fully Bayesian approaches generalising
that body of work are reasonably new and have been applied to a variety of fields. For
example, Kolaczyk (1999) introduces Bayesian multi-scale models based on recursive dyadic
partitions for Poisson processes, Nowak and Kolaczyk (2000) use such framework to solve
Poisson inverse problems, Nowak (1999) proposes a multi-scale hidden Markov model for
Bayesian image analysis, Kolaczyk and Huang (2001) construct a multi-scale model for
spatial aggregation, Huang et al. (2002) use multi-scale models to perform fast spatial
prediction for global processes. Although those models lead to very efficient algorithms,
they introduce artifacts in the analysis such as the blocky behaviour pointed out by Irving
et al. (1997). A possible remedy to those artifacts is to define a multi-scale model on a more
general graph as proposed by Huang and Cressie (2001), where each site at a given resolution
level depends on more than one site at the immediate coarser level, and the knowledge of the
immediate coarser level decorrelates the sites at that given resolution level. The model by
Huang and Cressie (2001) leads to smoother processes than the tree-based models at each
resolution level but, as the tree-based models, does not take into account the dynamics at
each level of resolution. In contrast, our models assume the existence of dependence between
sites of a given resolution level even conditional on the immediate coarser level, and as such
they allow fairly smooth processes at the different levels of resolution and incorporate the
dynamics at each level.

Here we construct multi-scale random field models with interconnected resolution levels
and smoothness within each level. For example, Figure 1 represents a multi-scale random
field with three levels of resolution. At the coarsest and intermediate levels of resolution,
each site corresponds to four sites of the immediate finer level. In general, we consider a
multi-scale random field with L levels of resolution, where xl denotes the vectorised l-th
level of resolution with nl elements, l = 0, . . . , L − 1; xlj denotes the value of the j-th site
(or region) of the l-th level and (l, j) its corresponding index. We assume that site (l, j)
has blj neighbour sites at the same level of resolution, one parent site at the immediate
coarser level l − 1, and ml+1,j descendant sites at the immediate finer level l + 1. We
denote by Nlj the set of sites of the l-th level that are neighbours of (l, j) and by Dlj the
set of sites of the (l + 1)-th level that are descendants of (l, j). We shall impose some
stochastic structure at each level, such as Markov Random Fields, and connect the levels
through some coarsening operation, such as averaging or sampling, but in general this leads
to incompatible probability distributions. We use Jeffrey’s rule of conditioning to revise
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the implied distributions and ensure that the probability distributions at different levels are
strictly compatible.

Fig. 1. Three level random field

The remainder of this paper is organized as follows. In Section 2 we present the con-
struction of a two level model in order to introduce the basic ideas of the construction of
multi-scale random fields. We generalise our class of models to an arbitrary number of lev-
els in Section 3. In Section 4 we describe the algorithmic implementation of our model by
means of a Markov chain Monte Carlo (MCMC) sampling scheme. In Section 5.2 we present
two applications of our multi-scale random fields: In the first example, we illustrate with a
simulated data set the procedures of multi-scale field simulation and parameter estimation.
In the second example, we use our multi-scale model as a prior for 2-D permeability fields
to solve a fluid flow inverse problem. We conclude with a brief discussion in Section 6.

2. Construction of a two level model

In this section, we introduce the main concepts on multi-scale modelling through the con-
struction of a two level multi-scale random field model. The definition of the model is
somehow subtle – It is important to carefully consider on what information we are condi-
tioning each equation, otherwise the model is inconsistent. To be more explicit, in order
to impose smoothness within each resolution level, we assume that coarse and fine levels
follow Markov random field processes. Moreover, we connect the levels through a linear link
equation with Gaussian noise. Obviously, if these three probabilistic statements were condi-
tioned on the same information, they would generally be contradictory. We reconcile these
probabilistic statements through Jeffrey’s rule of conditioning, where the key is to consider
the order of arrival of the different information and to revise part of the old information
that is in conflict with the new information.

We start by assuming that the fine level x1 = (x11, . . . , x1n1
) can be modelled by a

proper Markov Random Field (PMRF) model as considered by Ferreira and de Oliveira
(2004)

x1 ∼ N(µ~1n1
, Σ1), (1)

where µ ∈ R is a location parameter, ~1n is a n-dimensional vector of ones and Σ−1
1 =

τ1(α1In1
+H1) is the precision matrix, with τ1 > 0 a scale parameter, In the n×n identity
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matrix and

(H1)kj =







h1k, j = k
−g1kj , (1, j) ∈ N1k

0, otherwise ,
(2)

where g1kj > 0 is a ‘measure of similarity’ between sites (1, k) and (1, j) and h1k =
∑

j∈N1k
g1kj . The parameter α1 > 0 is a ‘spatial’ parameter that controls the strength

of association between the components of x1 and determines the main properties of the
PMRF. Following Equations (1) and (2), the conditional distribution of x1k conditional on
all the other sites of the fine level field is N(a1k, C1k), where C1k = {τ1(α1 + h1k)}−1 and
a1k = τ1C1k(α1µ +

∑

j∈N1k
g1kjx1j). When α1 → 0, the PMRF approaches the intrinsic

autoregressive model (Besag et al. 1991; Besag and Koopberg 1995), which is an improper
distribution that has been extensively used in spatial statistics as a prior for latent processes
or random effects (Sun et al. 1999; Carlin and Banerjee 2003). In this paper, in order to
guarantee that the matrix Σ−1

1 is positive definite we assume α1 > 0, since that implies Σ−1
1

diagonally dominant and so positive definite (Harville, 1997). The positive definitiveness of
Σ−1

1 and thus the existence of Σ1 are fundamental for our multi-scale model construction.
We assume a coarsening operation through a linear link equation establishing that the

value of each site at the coarse level is equal to a weighted average of the corresponding
sites at the fine level plus an error term. More specifically, the link equation is defined as
follows:

p(x0|x1) = N(x0|A1x1, δ1In0
), (3)

where the sum of the elements of each line of A1 is equal to one. For example, the term
A1x1 can represent arithmetic block averages or sampling of the fine level x1. In that case,
Equation (3) becomes

p(x0|x1) =

n0
∏

i=1

N(x0i|m
−1
1i

∑

j∈D0i

x1j , δ1) (4)

The MRF model at the fine level x1 and the link Equation (3) imply the particular model
p(x0) = N(x0|µ1n0

, AΣ1A
′ + δ1In0

) for the coarse level. As discussed by Lakshmanan
and Derin (1993), in general the Markovianity is lost in this coarsening operation. Thus,
the resulting model at the coarse level is more complex than desired and does not lead
to efficient algorithms to incorporate information at different resolutions. In order to deal
with this problem, Lakshmanan and Derin (1993) approximate the process at the coarse
level by a Markov random field, but then the joint probabilistic model of fine and coarse
levels becomes inconsistent. We take here a different route, in which we revise part of the
information contained in Equations (1) and (3) in order to have a simple process at the
coarse level and to reconcile the models at the different levels of resolution.

Suppose that we receive additional information about the coarse level x0, information
that supersedes the prior information on which p(x0) is based and directly revises p(x0) to
an updated model q(x0). For example, suppose q(x0) is a PMRF:

q(x0) = N(x0|µ~1n0
, Q0), (5)

where Q−1
0 = τ0[α0In0

+ H0], and

{H0}kl =







h0k, k = l,
−g0kl, (0, k) ∈ N0l,

0, otherwise.
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The revision of p(x0) to q(x0) can be viewed as Bayesian updating with an implicit likelihood
function proportional to q(x0)/p(x0). Let us assume that in the revision of beliefs the
coarse level x0 is sufficient for the fine level x1, where this meaning of sufficiency is as
defined by Diaconis and Zabell (1982), i.e., the updated conditional distribution of the
fine level depends only on the values at the coarse level. Thus we can apply Jeffrey’s
rule of conditioning to revise the marginal distribution of x1 (for details, see Jeffrey 1988
and Diaconis and Zabell 1982). The following theorem establishes the resulting multi-scale
model with two levels of resolution.

Theorem 2.1. Consider the initial model (1) for the fine level x1, the link equation (3)
and the revised model (5) for the coarse level x0. If in the revision of beliefs the coarse level
x0 is sufficient for the fine level x1, then
i) The joint multi-scale model for coarse and fine levels is

q(x0, x1) = N(x1|µ~1n1
+ B1(x0 − µ~1n0

), Σ1 − B1W1B
′

1)N(x0|µ~1n0
, Q0); (6)

ii) The revised marginal model for the fine level is

q(x1) = N(x1|µ~1n1
, Σ1 − B1(W1 − Q0)B

′

1), (7)

where B1 = Σ1A
′

1W
−1
1 and W1 = A1Σ1A

′

1 + δ1In0
.

Proof. See Appendix. 2

3. Construction of a model with several levels

Here we generalise the construction of the multi-scale model to any arbitrary number of
levels through the use of a result by Skyrms (1980), that is, the same effect of Jeffrey’s rule
can be obtained through the use of sufficiently richer sample space and by careful condition-
ing of each equation on different information. In addition, conditioning each equation on
different information provides a different interpretation and enlightens interesting aspects
of the multi-scale model.

We consider a multi-scale random field model with L levels of resolution. The l-th level
is denoted by xl, l = 0, 2, . . . , L − 1 where x0 is the coarsest level and increases in l mean
progressively finer levels. The “movement” from coarser to finer levels is interpreted as
an increase in the resolution analogously to the wavelet framework, but in our multi-scale
framework each level has a meaningful practical interpretation. For example, our multi-
scale model can potentially be used to combine spatial information at the zip code area,
county and state levels.

Each equation is conditional on different information, as the equations would be incom-
patible if conditioned on the same information. Here, we denote by Il the initial knowledge
about the behaviour on the l-th level, and by Gl the accumulated knowledge from the coars-
est level up to the l-th level xl. More specifically, G0 = I0 denotes the knowledge about the
generator mechanism of the coarsest level x0 and the accumulated knowledge up to level x0

as well. In addition G1 = I0

⋂

I1. In general, we recursively define Gl = Gl−1

⋂

Il.

3.1. Model
We define the general multi-scale random field model in a hierarchical way; conditional
on all the information used to construct the model, the true dependence direction is from
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coarser to finer levels. To be concrete, we develop the ideas assuming that the level xl

given Il, the initial information about level l, follows a PMRF process. Then, we have the
following equation conditional on Il, l = 0, . . . , L − 1:

xl|Il ∼ N(µ~1nl
, Σl) (8)

where Σ−1
l = τl(αlInl

+ Hl) and the role and definitions of τl, αl and Hl are analogous to
the role and definitions of τ1, α1 and H1 in Section 2. In order to develop estimation and
simulation methodologies, it is useful to rewrite Equation 8 as (Ferreira and De Oliveira
2004)

p(xl|Il) ∝ τ0.5n
l

n
∏

k=1

(λlk + αl)
0.5

× exp

{

−0.5τl

(

µ2nlαl − 2µαl

n
∑

k=1

xlk + αl

n
∑

k=1

x2
lk + x′

lHlxl

)}

. (9)

where λl1 ≥ λl2 ≥ . . . ≥ λl,n−1 > λln = 0 are the eigenvalues of Hl.
In addition, we assume that conditional on Il there exists a known linear transformation

mapping the level xl to the immediate coarser level xl−1, plus noise (l = 1, . . . , L − 1):

p(xl−1|Il, xl) = N(xl−1|Alxl, Ul), (10)

where Ul = δlInl−1
and the sum of the elements of each line of Al is equal to one. This

representation is useful when the relation between coarser and finer levels occurs in a non-
regular grid and the number of descendants or the weights are not constant.

In the simplest case we have the following equation in which each element of xl−1 is
written as an arithmetic average of its descendants at level l plus noise:

xl−1,s = m−1
ls

∑

w∈Dl−1,s

xlw + ul−1,s (11)

where ul−1,s, (l = 1, . . . , L), (s = 1, . . . , nl), are mutually uncorrelated zero-mean, normally
distributed noise terms with ul−l,s ∼ N(0, δl) for some between levels variance δl.

Integrating out level xl to obtain the distribution of level xl−1 given Il yields p(xl−1|Il) =
N(xl−1|µ~1nl−1

, AlΣlA
′

l + Ul).
Now, we assume that we receive updated information Gl−1 about the generator mech-

anism of the coarser level, information that partially supersedes Il. Conditional on this
new information, the coarser level xl−1 follows a Gaussian process with mean µ~1nl−1

and
covariance matrix Ql−1:

p(xl−1|Gl−1) = N(xl−1|µ~1nl−1
, Ql−1). (12)

As the new information goes down the hierarchy, we want to revise the information on the
process at the l-th resolution level. Analogously to the construction of the two level model,
the basic principle is that the accumulated knowledge Gl supersedes the initial knowledge
Il on which the initial distribution for xl was based, and is then sent down to finer levels
to update the joint distribution throughout the hierarchy.

In order to obtain the joint multi-scale model for (x0, . . . , xL−1) given all the knowledge
GL−1, we assume the following two hypothesis:
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(a) p(x0, . . . , xl−1|Gl) = p(x0, . . . , xl−1|Gl−1, Il) = p(x0, . . . , xl−1|Gl−1)
(b) p(xl|Gl, x0, . . . , xl−1) = p(xl|Gl−1, Il, xl−1) = p(xl|Il, xl−1)

Hypothesis (a) states that the coarser levels x0, . . . , xl−1 are independent of the generator
mechanism of the finer level xl given their own generator mechanism; this hypothesis is
equivalent to the subjective update of the joint distribution of x0, . . . , xl−1. Hypothesis
(b) states that given the initial information Il on the generator mechanism of level l and
the value of xl−1, level xl is independent of the revised information Gl−1 on the generator
mechanism of level l − 1; this hypothesis is equivalent to the Jeffrey’s rule sufficiency hy-
pothesis. The following theorem establishes the resulting multi-scale model with L levels of
resolution.

Theorem 3.1. The model defined by Equations (8) and (10) and Hypotheses (a) and
(b) has the following properties:
i) The joint multi-scale model for (x0, . . . , xL−1) given all the knowledge GL−1 is

p(x0, . . . , xL−1|GL−1) = N(x0|µ~1n0
, Q0)

L−1
∏

l=1

N(xl|µ~1nl
+ Bl(xl−1 − µ~1nl−1

), Σl − BlWlB
′

l);

ii) The marginal model for xl, l = 1, . . . , L − 1 given all the knowledge GL−1 is

p(xl|GL−1) = N(xl|µ~1nl
, Ql);

iii) The conditional model of xl given the knowledge from the coarsest up to the (L − 1)-th
resolution level and the realized process from the coarsest up to the (l − 1)-th level is

p(xl|GL−1, x0, . . . , xl−1) = N(xl|µ~1nl
+ Bl(xl−1 − µ~1nl−1

), Σl − BlWlB
′

l),

where Bl = ΣlA
′

lW
−1
l , Wl = AlΣlA

′

l + δlInl−1
and Ql = Σl − Bl(Wl − Ql−1)B

′

l.

Proof. See Appendix. 2

In general, direct computation of the matrices Bl, WL and Ql, l = 1, . . . , L− 1, will not
be necessary. Instead, the following result will be used:

p(xl|Gl, x0, . . . , xl−1) =
N(xl−1|Alxl, Ul)N(xl|µ~1nl

, Σl)

N(xl−1|µ~1nl−1
, AlΣlA′

l + Ul)
. (13)

This factorisation allows efficient simulation of multi-scale random fields and their param-
eters.

4. Posterior simulation

The posterior distribution is explored by using a Markov chain Monte Carlo procedure
(Gamerman 1997), which generates a sample from the joint posterior density of the unknown
quantities of the model. From this sample, posterior summaries such as means, medians,
variances and credible intervals can be computed through Monte Carlo integration. In
Subsection 4.1 we describe the simulation of multi-scale random fields, while in Subsection
4.2 we describe the simulation of the related parameters.
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4.1. Simulation of multi-scale random fields
Simulation of multi-scale random fields is necessary for the inference process when part
of the field is observed and part is not or when these models are used as priors for hidden
processes. In the latter case, if the observed process is linearly related to the hidden process,
fast direct simulation can be accomplished using linear algebra results presented by Rue
(2001) for PMRFs. Conversely, when the relationship between the hidden process and the
observations is nonlinear and non local, as in the inverse problem application presented in
Section 5.2, simulation of the multi-scale random field is performed using MCMC-based
iterative methods. Here we focus on iterative simulation methods.

As the coarsest level x0 follows a priori a Markov Random Field, its simulation is
straightforward. In order to explore the joint distribution of the random field sites, we
use single site Metropolis steps. More specifically, the proposal for x0k is simulated from

x
(prop)
0k ∼ N(x

(old)
0k , C0k/φ0k), where C0k = {τ0[α0 + h0k]}−1 and φ0k is adjusted to yield

good acceptance rates. The proposal is accepted with Metropolis acceptance probability
(Gamerman 1997).

The simulation of the t-th level (l = 1, . . . , L−1) is performed by blocks using a checker-
board pattern, with each block corresponding to one site of the immediate coarser level.
Let Bll−1,j and Rel−1,j be the black and red sites of level l corresponding to site (l − 1, j)
respectively. As simulation of red and black sites is analogous, here we develop the latter.

The prior full conditional density for black sites at level l corresponding to site (l− 1, k)
is:

p(xBll−1,k
|GL−1, x∼Bll−1,k

, xl−1) ∝ p(xl|Il, xl−1) =
p(xl−1|Il, xl)p(xl|Il)

p(xl−1|Il)

∝ p(xl−1,k|Il, xDl−1,k
)

∏

j∈Bll−1,k

p(xlj |Il, xNlj
)

∝ exp











−
1

2δl



xl−1,k − m−1
l

∑

j∈Dl−1,k

xlj





2










∏

j∈Bll−1,k

exp

{

−
l

2Clj

(xlj − alj)
2

}

, (14)

where Clj = τl(αl + hlj) and alj = τlClj(αlµ +
∑

i∈Nlj
glijxli).

The joint proposal for xBll−1,k
is simulated as follows. The proposal for each site in

Bll−1,k is simulated independently from x
(prop)
lk ∼ N(x

(old)
lk , Clk/φlk), where φik is a tun-

ing parameter adjusted to yield good acceptance rates. The joint proposal for xBll−1,k
is

accepted with Metropolis acceptance probability.

4.2. Parameters update
Here we address the simulation of the parameters and their prior specification.

We assume that the parameters are independent a priori with joint prior density

p(µ)

L−1
∏

l=0

p(αl)p(τl)

L−1
∏

l=1

p(δl)
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More specifically, we assume p(µ) = N(µ|mµ, s2
µ), p(δl) = Ga(δl|0.5nδl

, 0.5nδl
s2

δl
), , p(αl) ∝

[

∑nl−1
k=1 (λlk + αl)

−2 − (nl − 1)−1
{

∑nl−1
k=1 (λlk + αl)

−1
}2
]0.5

, the reference prior derived by

Ferreira and de Oliveira (2004) for the spatial parameter of a PMRF, and p(τl) = Ga(τl|
0.5nτl

, 0.5nτl
s2

τl
).

The mean level µ is simulated with a Metropolis step. The acceptance probability is
computed with the help of Equation (13).

The simulation of δl, l = 1, . . . , L − 1 is performed with a Metropolis-Hastings step

δ
(prop)
l ∼ U(δ

(old)
l /φδ, δ

(old)
l φδ), where φδ > 1 is a tuning parameter adjusted to yield good

acceptance.

The parameters αl and τl, l = 0, . . . , L−1, are strongly correlated a posteriori. Thus we

jointly generate αl and τl using individual Metropolis-Hastings steps α
(prop)
l ∼ U(α

(old)
l /φα,

α
(old)
l φα) and τ

(prop)
l ∼ U(τ

(old)
l /φτ , τ

(old)
l φτ ). The joint proposal (α

(prop)
l , τ

(prop)
l ) is ac-

cepted with the appropriate Metropolis-Hastings probability.

5. Applications

5.1. A simulated example
Here we present a simulated multi-scale random field with two levels of resolution: a 16 by
16 coarse level and a 32 by 32 fine level. Figure 2 presents the multi-scale field simulated
with parameters β0 = 15.0, µ = 8.5, α0 = 1.0, β1 = 100.0, α1 = 0.1 and τ1 = 0.0001. Note
that the fine level has a local behaviour similar to that of Markov random fields, but yet
retains the coarse level induced global behaviour. This global behaviour is analogous to the
long-memory type of behaviour observed in multi-scale time series models (Ferreira et al.
2003).

0.0 0.2 0.4 0.6 0.8 1.0

0
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0
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0
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0
.6
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.8

1
.0

0.0 0.2 0.4 0.6 0.8 1.0
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0
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0
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0
.8
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(a) (b)

Fig. 2. Simulated multi-scale random field with parameters µ = 15.0, τ0 = 1.0, α0 = 0.5, τ1 = 8.0,
α1 = 1.0 and δ1 = 0.0016. (a) Coarse level, (b) Fine level.

The parameters were estimated using the MCMC-based procedure presented in Section
4. Vague priors were used with mµ = 0, s2

µ = 104, nδ1
= nδ1

s2
δ1

= nτ0
= nτ0

s2
τ0

= nτ1
=
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Table 1. Simulated multi-scale random field - Poste-
rior summaries

True value Mean Standard deviation

µ 15.0 15.024 0.053

τ0 1.0 1.066 0.123

α0 0.5 0.308 0.197

τ1 8.0 7.970 0.446

α1 1.0 0.955 0.123

δ1 0.0016 0.00161 0.00009

nτ1
s2

τ1
= 10−3. Table 1 presents some posterior summaries, showing that the estimation

procedure works very well.

5.2. Modelling of 2-D permeability fields
Here we present an application of the multi-scale random field models to the estimation of
2-D permeability fields. This generalises the work of Ferreira et al. (2003) on the multi-scale
estimation of 1-D permeability fields. The increase in dimensionality poses new problems for
the estimation of permeabilities because with this increase the fluid has many more possible
paths to flow through. This increase in the number of possible paths means for example
that small areas of very low permeability have little effect on the fluid flow, as the fluid can
go around those areas. As a consequence, the problem of permeability field estimation is
severely ill-posed in the sense that for given observed dynamic data and given agreement
level, there is an infinite number of possible permeability fields. Many of those fields are too
rough to be plausible, and proposed approaches generally impose some stochastic regularity
constrains on the permeability field. For example, Cunha et al. (1996) and Oliver et al.
(1997) assume that the permeability field follows a Gaussian process model, while Lee et al.
(2002) assume that the permeabilities follow a Markov random field process. While the
Gaussian process model often implies permeability fields that are too smooth, the Markov
random field assumption can lead to an undesirably fast decay of the spatial correlation. As
an alternative, multi-scale random field models have the local behaviour of Markov random
fields but globally emulate long range dependence processes, being well suited to capture
global features of the permeability field. Thus, we present here the use of multi-scale random
field models as priors for permeability fields.

The setup of the examples in this section is the same as in Lee et al. (2002). In order
to estimate the permeability field of an aquifer, the following experiment is performed:
water is pumped into the aquifer through one or more injection wells at a fixed rate. The
water is extracted by producer wells while keeping constant the pressure at the bottom
of each well. After equilibrium is reached, a tracer is injected at the injection well(s)
and the concentration of the tracer is measured over time at each of the producer wells.
Lee et al. (2002) found that the first time of arrival of the tracer at each well, called the
breakthrough time, is practically a sufficient statistic for a unimodal concentration curve.
In the petroleum engineering literature, Vasco et al. (1998) and Yoon et al. (1999) have
also used the breakthrough times as summaries of the concentration curves. Hence we use
the breakthrough times as our data and we denote the observed vector of breakthrough
times by t = t1, . . . , tn. We assume that all other important physical quantities such as
initial pressure and porosity are known. Moreover, we assume an incompressible medium
and fluid, and an ideal tracer.
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The permeability field affects the fluid flow and therefore the dynamic data in a highly
non-linear manner. When the physical characteristics of the porous media such as perme-
ability field and porosity are known, physical models such as Darcy’s Law and the law of
conservation of fluid mass can be used to solve the forward problem, that is, to predict
the fluid flow and the dynamic data. These physical models are described by a system of
differential equations that can be numerically solved by computer codes called Fluid Flow
Simulators (FFS). For references on FFS, see King and Datta-Gupta (1998) and Vasco and
Datta-Gupta (1999). Here we use the S3D stream-tube code of King and Datta-Gupta
(1998), which is fast enough to make Markov chain Monte Carlo solutions practical. As
Ferreira et al. (2003), we assume that a good approximation for the likelihood function at
the l-th level of resolution, l = 1, . . . , L − 1, is

p(t1, . . . , tn|xl, σ
2
l ) = (2πσ2

l )−0.5 exp

[

−0.5σ−2
l

n
∑

i=1

{

log(ti) − log(f l
i (xl))

}2

]

(15)

where xl is the log-permeability field at resolution level l, and f l
i (xl) is the i-th output

breakthrough time from the FFS running at resolution level l with input permeability field
xl. Assuming (15), we take advantage of running the FFS at different levels of resolution in
order to accelerate the procedure for estimation of the permeability field. More specifically,
we first run our algorithm at the coarse level and then we run the algorithm at the fine level
conditional on the coarse level results. As a consequence, our algorithm converges faster
at the fine level when compared with algorithms based on traditional Markov random field
models, analogously to results on multi-grid methods (for reference on multi-grid methods,
see Briggs et al. 2000). Moreover, as the information goes only in the coarse to fine direction,
we can parallelise the code by, along the generation of the coarse level realizations, sending
the generation of each fine level realization correspondent to an already obtained coarse level
realization to a different parallel node. Because there is little communication between the
nodes, this parallelisation has excellent granularity and allows very efficient use of parallel
machines.

As the dynamic data provide very little information about the smoothness of the field,
the parameters of the model have to be specified a priori based on knowledge of specialists.
As we model the log-breakthrough times, the variances σ2

ǫ0
and σ2

ǫ1
are related to the amount

of allowed relative differences between the observed and the adjusted breakthrough times.
Thus these variances have clear interpretation and informative priors can be easily assigned
for them. In general, their simulated values are large in the beginning of the MCMC chain
and become smaller as the multi-scale random field realizations converge to a draw from
the posterior distribution. This behaviour of the traces of σ2

ǫ0
and σ2

ǫ1
leads to an effect

similar to simulated annealing for the simulation of the different levels of the field, with
higher temperatures in the beginning and cooler temperatures in the end of the chain.

The following subsections present two examples of the application of our multi-scale
framework for the estimation of permeability fields. The first example is based on dynamic
data simulated from a synthetic Gaussian log-permeability field. The second example refers
to data obtained from a real experiment in the Hill Air Force Base in Utah.

5.2.1. Example: Gaussian field

The setup in this example is the inverted 9-spot pattern, that is, we have a square field with
a single injection well in the centre of the field and eight producer wells, one at each corner
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Fig. 3. Gaussian log-permeability field: fine level (first line), coarse level (second line), original
field (first column), posterior mean (second column), realizations (third and fourth columns). Darker
colours represent higher permeabilities.

and one on the middle of each edge. Thus we have eight breakthrough times to estimate
the whole permeability field.

Figure 3 presents a log-permeability field as well as some results of the multi-scale
analysis. The log-permeability field was simulated from a Gaussian process with a Gaussian
covariogram. In the plots, darker colours indicate higher permeability values.

The original 32 by 32 log-permeability field is shown in the upper left of Figure 3. The
original field was used as input for the fluid flow simulator, generating 8 breakthrough times.
Using our multi-scale framework, these 8 data points were used to estimate the permeability
field. In the lower left of Figure 3, we show the 8 × 8 coarse version of the original field.
In the second column, we show the posterior means of the fine and coarse levels of the
log-permeability field.

The multi-scale framework recovers the original field very well. The posterior mean has
most of the major features of the original field, such as the regions of lower permeability in
the southeast corner and in the centre-north, and the region of higher permeability in the
central region and in the centre-south.

The last two columns show some fine and correspondent coarse level realizations of the
log-permeability field. The fine level realizations are smoother than the correspondent coarse
level realizations. There is high variability between the fine level realizations, nevertheless
they show some of the main features of the original permeability field. Moreover, very small
regions of low permeability appear in each of the realizations because the fluid can easily
go around those regions.

5.2.2. Example: Hill Base example

In this example we use our multi-scale framework to estimate the permeability field of a
test site contaminated with several contaminants at Hill Air Force Base in Utah. Multiple



Multi-scale Random Fields 13

0 2 4 6 8 10 12 14

0
2

4
6

8
10

S1

S2 S3 S4

S5

P

P

P

I

I

I

I

0 2 4 6 8 10 12 14

0
2

4
6

8
10

0 2 4 6 8 10 12 14

0
2

4
6

8
10

0 2 4 6 8 10 12 14

0
2

4
6

8
10

0 2 4 6 8 10 12 14

0
2

4
6

8
10

S1

S2 S3 S4

S5

P

P

P

I

I

I

I

0 2 4 6 8 10 12 14

0
2

4
6

8
10

0 2 4 6 8 10 12 14

0
2

4
6

8
10

0 2 4 6 8 10 12 14

0
2

4
6

8
10

Fig. 4. Hill Base example. Log-permeability field: fine level (first line), coarse level (second line), pos-
terior mean (first column), realizations (second, third and fourth columns). Darker colours represent
higher permeabilities.

tracer experiments were run to estimate the physical characteristics in order to support the
clean-up of the aquifer (Annable et al. 1998, Yoon 2000). We focus on the data from an
experiment with a conservative tracer whose interaction with the contaminants is negligible.
As we can assume that there is no interaction, the physical process can be well modelled
by the S3D stream-tube code of King and Datta-Gupta (1998).

We model the 14 feet by 11 feet test site using two levels of resolution, a coarse resolution
on a 14 by 11 grid and a fine resolution on a 28 by 22 grid. The left plots of Figure 4 contain
the locations of the wells, where I, P and S stand for injection, production and sampling wells
respectively. There are four injection wells along a short edge and three production wells
along the opposite edge. The concentration of the tracer is measured only at five sampling
wells in the middle of the site at locations S1, S2, S3, S4, S5 with observed breakthrough
times 0.42, 0.34, 0.93, 0.52 and 0.17 respectively.

Figure 4 shows the posterior means and realizations of the permeability field at both
the coarse and fine level resolutions. The plots in the left column are the posterior means
and the plots in the other columns are realizations. The upper and bottom lines corre-
spond respectively to the fine and coarse levels of resolution. As the lower sampling well
has the earliest breakthrough time, the lower left region has the highest posterior mean
permeability. In addition, as the central sampling well has the latest breakthrough time
and a sampling well slightly to its left has the second earliest breakthrough time, there is
a sudden reduction in the posterior mean permeability close to the central well. Moreover,
the top left region has reasonably high and the right region has intermediate level posterior
mean permeability. Note that even though the posterior means at both resolution levels
are reasonably smooth the posterior realizations are quite noisy indicating that many dif-
ferent pathways are consistent with the observed breakthrough times. Nevertheless, the
posterior realizations clearly indicate that the region close to the central well has the lowest
permeability.
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6. Discussion

We have introduced a class of multi-scale random field models that can be used to integrate
information from data observed at different scales, to induce long memory spatial processes
at the finest scale and as a prior for an underlying multi-scale process. We have developed
Bayesian inference for this class of models. Finally, we have presented the use of this multi-
scale framework to the estimation of permeability fields from production data using fluid
flow simulators running at different levels of resolution.

Although we have limited our examples here to the case of regular grids rather than
irregular areal data, we note that the underlying framework is sufficiently general to han-
dle either case. Areas warranting investigation include the extension of our multi-scale
framework to the case of non-Gaussian errors, as well as to the case of correlated link equa-
tion errors. The latter extension would allow the accommodation of systematic bias in the
relationship between fine and coarse level processes.

Our class of models can potentially be applied to several other real world problems.
For example, our class of models can be used to validate computer models. A computer
model is a computational implementation of a solver of a very complicated and specific
mathematical problem that possibly involves a set of differential equations. These models
are used to simulate the behaviour of a physical system for a given set of conditions, and
provide information about a process of interest at a coarse scale. In general, there is
additional information on the same process at a fine scale, but this information is sparse.
The computer model can be validated by comparison of the fine scale observations with
fine scale predictions provided by our multi-scale framework. Another possible application
is to model a process observed at a very fine level, but such that there is information from
another model for a much cruder level. For example, in meteorology typically there is
information from a few stations on the amount of rain at those particular sites, and there is
information from satellites and from a numerical model on the amount of rain for very large
partitions of an entire region. Our multi-scale model can be used in this context in order
to combine the information from the stations with the information from the satellites. The
final product would be a very fine map of the amount of rain through the region of interest.
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A. Appendix

A.1. Proof of Theorem 2.1
The assumption that in the revision of beliefs the coarse level x0 is sufficient for the fine
level x1 means that conditional on x0, x1 is independent of the new information that led
to the revision of beliefs about x0. That is, q(x1|x0) = p(x1|x0). This last p.d.f. can be
obtained by Bayes Theorem:

p(x1|x0) ∝ p(x1)p(x0|x1)

= N(x1|µ~1n1
, Σ1) N(x0|A1x1, δ1In0

).
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Therefore:
p(x1|x0) = N(x1|µ~1n1

+ B1(x0 − µ~1n0
), Σ1 − B1W1B

′

1)

where B1 = Σ1A
′

1W
−1
1 and W1 = A1Σ1A

′

1 + δ1In0
. Thus, the revised joint multi-scale

model for coarse and fine levels is

q(x0, x1) ∝ q(x1|x0)q(x0)

N(x1|µ~1n1
+ B1(x0 − µ~1n0

), Σ1 − B1W1B
′

1)N(x0|µ~1n0
, Q0).

This concludes part i).
Moreover, the revised marginal model for the fine level can be obtained by the integration

of the above joint density with respect to the coarse level, and this is equivalent to the
application of Jeffrey’s rule of conditioning. Thus:

q(x1) =

∫

q(x0, x1)dx0

= N(x1|µ~1n1
, Q1),

where Q1 = Σ1 − B1(W1 − Q0)B
′

1. This concludes part ii).

A.2. Proof of Theorem 3.1
Let us start proving part iii).

Hypothesis (a) implies that p(x0, . . . , xl−1|GL−1) = p(x0, . . . , xl|Gl), thus

p(xl|GL−1, x0, . . . , xl−1) = p(xl|Gl, x0, . . . , xl−1)

= p(xl|Il, xl−1)

by Hypothesis (b). Using Bayes theorem and Equations (8) and (10),

p(xl|Il, xl−1) ∝ p(xl|Il)p(xl−1|xl, Il)

= N(xl|µ~1nl
, Σl)N(xl−1|Alxl, Ul)

Thus, through Bayesian linear regression,

p(xl|GL−1, x0, . . . , xl−1) = N(xl|µ~1nl
+ Bl(xl−1 − µ~1nl−1

), Σl − BlWlB
′

l),

where Bl = ΣlA
′

lW
−1
l and Wl = AlΣlA

′

l + δlInl−1
. This concludes part iii).

Therefore:

p(x0, . . . , xL−1|GL−1) = p(x0|GL−1)

L−1
∏

l=1

p(xl|GL−1, x0, . . . , xl−1)

= p(x0|I0)

L−1
∏

l=1

p(xl|Il, xl−1)

= N(x0|µ~1n0
, Q0)

L−1
∏

l=1

N(xl|µ~1nl
+ Bl(xl−1 − µ~1nl−1

), Σl − BlWlB
′

l).
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This concludes part i).
Let us now prove part ii) by induction. By Hypothesis (a) we have that p(x0|GL−1) =

p(x0|I0) = N(x0|µ~1n0
, Q0). Let us assume that p(xl−1|GL−1) = N(xl−1|µ~1nl−1

, Ql−1).
Then:

p(xl|GL−1) =

∫

p(xl|GL−1, xl−1)p(xl−1|GL−1)dxl−1

=

∫

p(xl|Il, xl−1)p(xl−1|GL−1)dxl−1

=

∫

N(xl|µ~1nl
+ Bl(xl−1 − µ~1nl−1

), Σl − BlWlB
′

l)N(xl−1|µ~1nl−1
, Ql−1)dxl−1

= N(xl|µ~1nl
, Ql),

where Ql = Σl − Bl(Wl − Ql−1)B
′

l. This concludes part ii).
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