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SUMMARY. Although Cox proportional hazards regression is the default analysis for time

to event data, there is typically uncertainty about whether the effects of a predictor are more

appropriately characterized by a multiplicative or additive model. To accommodate this

uncertainty, we place a model selection prior on the coefficients in an additive-multiplicative

hazards model. This prior assigns positive probability, not only to the model that has both

additive and multiplicative effects for each predictor, but also to sub-models corresponding

to no association, to only additive effects, and to only proportional effects. The additive

component of the model is constrained to ensure non-negative hazards, a condition often

violated by current methods. After augmenting the data with Poisson latent variables,

the prior is conditionally conjugate, and posterior computation can proceed via an efficient

Gibbs sampling algorithm. Simulation study results are presented, and the methodology is

illustrated using data from the Framingham heart study.

KEY WORDS: Additive hazards; Cox model; Gibbs sampler; Order restricted inference;

Posterior probability; Proportional hazards; Survival analysis; Variable selection
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1. Introduction

Cox proportional hazards regression (Cox, 1972) is by far the most widely used approach

for the analysis of time to event data. Unfortunately, the proportional hazards assumption

is often violated, and there is a need for alternative and more flexible models. Many possi-

bilities have been proposed, including accelerated life models, additive hazards models, and

additive-multiplicative models, which have both additive and proportional hazards compo-

nents. When the form of the model and the important predictors are known, a variety of

methods are available for parameter estimation. Unfortunately, the regression structure is

typically not known a priori, and one must account for uncertainty in the model to avoid

biased inferences (e.g., about the effect of an important predictor).

This article focuses on the problem of variable selection and inference, first in the additive

hazards model (Aalen, 1980; Cox and Oakes, 1984; Lin and Ying, 1994) and then in the more

general additive-multiplicative model (Lin and Ying, 1995; Martinussen and Scheike, 2002;

Scheike and Zhang, 2002). Most research in this area has focused on frequentist estimation

for a given model, and not on model selection or averaging. In addition, there has been

essentially no consideration of additive or additive-multiplicative models in the Bayesian

literature. A notable exception is the recent article by Beamonte and Bermúdez (2003),

which proposed an approach for Bayesian inference in an additive gamma-polygonal hazard

model. They did not consider variable selection or additive-multiplicative hazard models.

One drawback of previous methods for estimation of the additive hazards model is that

negative hazard estimates can be produced. Although parameter restrictions can be incor-

porated to solve this problem (e.g., using constrained least squares or the post-processing

approach of Lin and Ying, 1994), current inferential procedures and asymptotic theory per-

tain to the unconstrained case, and it is very difficult to develop appropriate theory for

the constrained estimators. Motivated by this consideration and by difficulty in formally

accounting for uncertainty in model selection within the frequentist paradigm, this article
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proposes a Bayesian approach.

We first develop an approach for Bayesian inference in the additive hazards model, and

then generalize the methods to allow additive-multiplicative hazards. A model selection

prior is proposed that allows negative, zero, or positive coefficients in the additive and

multiplicative components of the model for each predictor. Related priors have been proposed

previously for variable selection and model averaging in linear regression (refer to Chipman,

George, and McCulloch, 2001; George and McCulloch, 1997; Geweke, 1996) and in the

Cox model (Dunson and Herring, 2003). To avoid negative hazards, we adaptively redefine

predictors with negative coefficients. Due to the structure of the prior and the likelihood,

posterior computation can proceed via a highly efficient Gibbs sampling algorithm.

Our approach differs from previous methods for Bayesian survival analysis, which pri-

marily focus on inferences under an assumed model (see the references in Ibrahim, Chen

and Sinha, 2001) or on selecting an optimal model under some criterion (Ibrahim, Chen and

MacEachern, 1999; Sinha, Chen and Ghosh, 1999; Faraggi and Simon, 1998). In contrast, our

focus is on conducting inferences on covariate effects while accounting for model uncertainty,

though the methodology can also be used for variable selection, estimation, and prediction.

In this sense, our approach is more closely related to methods for Bayesian model averaging

(Volinsky et al., 1997; Volinsky and Raftery, 2000). These earlier methods relied on a large

sample approximation to the posterior model probabilities, while we estimate exact posterior

probabilities using MCMC. Although previous methods can be used to construct frequentist

tests for additive versus proportional hazards, we are the first to consider the problem of

model averaging in this context.

Our Bayesian approach has several advantages over frequentist tests. First, the method

accounts for uncertainty in the model structure in performing inferences on the effect of a

given predictor. If interest focuses on testing for an association between a predictor and the

survival time, adjusting for covariates, the approach of using the p-value from the preferred
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model (additive or multiplicative) can result in an inflated type I error rate. Accounting

for uncertainty in model selection is a well known advantage of Bayesian model averaging

procedures. Second, allowing each predictor to have proportional, additive, additive and

proportional, or no effect results in a huge number of models to consider. The frequentist

approach would require fitting of each of these models, while our approach adaptively moves

among the different models based on the posterior model probabilities.

Section 2 proposes an approach for Bayesian inference in the additive hazards model.

Section 3 generalizes this approach to accommodate additive-multiplicative models. Section

4 presents results for simulated data. Section 5 applies the methods to data from the Fram-

ingham heart study, and Section 6 discusses the results. Details on posterior computation

are provided in an appendix.

2. Bayesian Inference in Additive Hazards Models

2.1 The Model and a Standard Bayesian Approach

Consider the additive hazards model (Lin and Ying, 1994; McKeague and Sasini, 1994):

λ(t;xi) = λ∗0(t) + x′iα
∗, (1)

where λ∗0(t) is the baseline hazard function, xi = (xi1, . . . , xip)
′ is a p × 1 vector of predic-

tors, α∗ = (α∗
1, . . . , α

∗
p)
′ are unknown regression coefficients, and λ(t;xi) ≥ 0 for all i, t to

maintain the interpretation of λ(t;xi) as a hazard rate. In principle, this restriction can be

incorporated in a Bayesian analysis by choosing a prior distribution for λ∗0(t) and α∗ with

constrained support. For example, the prior for α∗
k conditional on α∗

(−k), λ∗0(t), and X could

be chosen as truncated normal subject to the restriction

α∗
k ≥ max

i,t

[
− 1

xik

{λ∗0(t) + x′i(−k)α
∗
(−k)}

]
.

After specifying priors for λ∗0(t) and the remaining elements of α∗ subject to similar restric-

tions, posterior computation can proceed via an MCMC algorithm.

5



There are three main drawbacks of this approach. First, it only guarantees that the

restriction holds for the values of x in the study sample. Because a common goal is estima-

tion and prediction for individuals having specific values of the predictors that may not be

represented, it would be better to have the restriction apply for all possible values of x in

the range of the data. Appropriate bounds can be time consuming to calculate, particularly

because this calculation needs to be repeated for each parameter at each iteration of the

MCMC algorithm. A second problem is that the MCMC algorithm can be inefficient due to

autocorrelation induced by the constraints on a particular parameter being highly dependent

on the values of the other parameters. Finally, the above type of prior is not structured to

allow efficient variable selection.

2.2 Model Formulation and Parameter Interpretation

Motivated by the drawbacks of standard approaches, we propose an alternative strategy,

focusing initially on the restructured additive hazards model:

λ(t;xi) = λ0(t) +
p∑

k=1

{
1(Mk=−1)(1− xik) + 1(Mk=1)xik

}
αk = λ0(t) + x∗i

′α, (2)

where λ0(t) is the redefined baseline hazard function, xi = (xi1, . . . , xip)
′ is a p× 1 vector of

candidate predictors standardized so that xik ∈ [0, 1] for k = 1, . . . , p, x∗i = (x∗i1, . . . , x
∗
ip)

′,

x∗ik = 1(Mk=−1)(1−xik)+1(Mk=1)xik, α = (α1, . . . , αp)
′ are unknown positive parameters, and

Mk is a model indicator that takes values Mk = −1 if the kth predictor is associated with a

reduction in the hazard, Mk = 0 if there is no change, and Mk = 1 if there is an increase.

Bounded predictors can be standardized to the unit interval by subtracting the minimum

possible value and dividing by the range. For unbounded predictors, the sample minimum

and range can be used, potentially expanding the range to include interesting values of the

predictors outside of the sample range in order to use the model for extrapolation and more

flexible predictions. Although standardization is data-dependent for unbounded predictors,

this does not cause problems in interpretation, since one can transform back to the original
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scale in interpreting the coefficients, as we describe below.

Expression (2) ensures that the hazard function is non-negative, λ(t;xi) ≥ 0, by reversing

the direction of predictors having a negative impact on the hazard (Mk = −1), and restricting

the coefficients {αk} to be positive. The resulting model can be equivalently expressed in the

form shown in (1) by letting λ∗0(t) = λ0(t)+
∑p

k=1 1(Mk=−1)αk and α∗
k = Mkαk. The process of

reversing the direction of predictors with Mk = −1 effectively redefines the baseline hazard

depending on the model indicators. The regression coefficient α∗
k depends on both the model

indicator, Mk, and the strictly-positive coefficient, αk.

To illustrate that this formulation does not adversely affect model interpretation, con-

sider a simple example. In particular, suppose that x̃ik denotes the unstandardized body

mass index (bmi) for subject i, let Ak denote the minimum value of bmi (among the

sample and other values of interest), let Bk denote the maximum value of bmi, and let

xik = (x̃ik − Ak)/(Bk − Ak) denote the standardized bmi. If increasing bmi predicts a re-

duction in the hazard (Mk = −1), then expression (2) replaces xik by 1− xik. Suppose that

our interest focuses on estimating the change in hazard attributable to increasing bmi from

25 to 30, holding other predictors constant. Under expression (2), this change is simply

(
30− 25

Bk − Ak

)
Mk αk,

which is an unbounded negative number if Mk = −1, is 0 if Mk = 0, and is an unbounded

positive number if Mk = 1. In practice, a posterior distribution can be estimated for the

change in hazard between any two values of the predictor, with [Ak, Bk] chosen to be wide

enough to include all values of interest. Samples from this posterior can include negative,

zero, and positive values, representing averaging across the model indicator Mk.

It is important to note that αk is not interpretable by itself as a regression coefficient, and

inferences about predictor effects should be based on combining αk and Mk. The practice of

expressing a regression coefficient in terms of a model indicator and a potential slope in order
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to facilitate computation has a long history in the Bayesian variable selection literature.

2.3 Counting Process Likelihood Formulation

We focus on the case in which data consist of continuous right censored survival times, with

censoring assumed to be non-informative. For subject i (i = 1, . . . , n), let Ni(t) = 1 if failure

occurs in interval [0, t] and Ni(t) = 0 otherwise, and let Yi(t) = 1 if the subject is at risk at

time t and Yi(t) = 0 otherwise. Letting dNi(t) denote the increment on Ni(t) over the small

interval [t, t + dt), the likelihood of the data is proportional to

n∏
i=1

( ∏
t≥0

[
Yi(t){λ0(t) + x∗i

′α}
]dNi(t)

)
exp

(
−

∫
t≥0

Yi(t){λ0(t) + x∗i
′α}dt

)
. (3)

Since the increments are infinitesimal, the dNi(t) contribute to the likelihood in the same

manner as independent Poisson random variables even though dNi(t) ≤ 1 for all i and t.

Let t = (t1, . . . , tJ)′ denote the union of the unique failure times observed in a data set,

pre-specified interval endpoints s = (s1, . . . , sH)′ with s0 < s1 < . . . < sH < sH+1 = ∞, and

the maximum follow-up time. Note that likelihood (3) can be reexpressed as

n∏
i=1

J∏
j=1

( ∏
t∈(tj−1,tj ]

[
Yi(t){λ0(t) + x∗i

′α}
]dNi(t)

)
exp

(
−

∫
t∈(tj−1,tj ]

Yi(t){λ0(t) + x∗i
′α}dt

)
. (4)

Under the assumption that the risk accrued in the interval (tj−1, tj] is small,

∫ tj

tj−1

Yi(t){λ0(t) + x∗i
′α}dt ≈ 0 for all i, j, (5)

the likelihood contribution across this interval for individuals at risk is approximately

{dΛ0j + x∗i
′α(tj − tj−1)}dNij exp

(
− {dΛ0j + x∗i

′α(tj − tj−1)}
)
,

where dΛ0j =
∫ tj
tj−1

λ0(t)dt, and dNij = 1 if subject i fails at time tj and dNij = 0 otherwise.

Assumption (5) is reasonable even when tj − tj−1 is large, since by definition at most one

event can occur in (tj−1, tj] in the data set, and hence the hazard must be very small if

the interval is wide. The likelihood approximation relies on the assumption that a Poisson
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random variable with mean (5) has a low probability of being greater than one, which is a

very weak assumption, particularly for moderate to large n. Hence, we replace (3) with

n∏
i=1

∏
j:Yij=1

{dΛ0j + x∗i
′α(tj − tj−1)}dNij exp

(
− {dΛ0j + x∗i

′α(tj − tj−1)}
)
, (6)

where Yij = 1 if subject i is at risk at time tj and Yij = 0 otherwise. A related approximation

to (6) was proposed by Clayton (1994) for proportional hazards frailty models.

2.4 Prior Specification

To complete a Bayesian specification of the model, prior distributions are needed for the

baseline hazard function λ0(t), model indicators M = (M1, . . . ,Mp)
′, and coefficients α. For

the model indicators, we choose multinomial priors:

π(M) =
p∏

k=1

(p+
k,−1)

1(Mk=−1) (p+
k,0)

1(Mk=0) (p+
k,1)

1(Mk=1) , (7)

where p+
k = (p+

k,−1, p
+
k,0, p

+
k,1)

′ are prior model probabilities for the kth predictor, with

p+
k,−1 = Pr(Mk = −1) the prior probability of a negative effect, p+

k,0 = Pr(Mk = 0) the

prior probability of no effect, and p+
k,1 = Pr(Mk = 1) the prior probability of a positive effect.

When prior information is limited, a reasonable default would be to set p+
k = (0.25, 0.5, 0.25)′

to correspond to 0.5 prior probability of no effect of the kth predictor and equal probability

of a positive or negative effect. In addition, the prior is flexible enough to incorporate prior

information on the direction of the effect. For example, in applications involving potentially

adverse exposures, it may be reasonable to assume a priori that the hazard of disease is

non-decreasing with level of exposure, though one may be uncertain whether there is a no

effect or there is an increase. In such cases, one can let p+
k = (0, 0.5, 0.5)′.

The model indicators M index the direction and occurrence of effects for the different

predictors, but do not quantify the magnitude of the effect. The slopes are characterized by

the coefficients α. When Mk = 0, there is no effect of the kth predictor and αk effectively

drops out of expression (2). When Mk 6= 1, αk is a strictly positive parameter measuring
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the absolute value of the slope on the standardized scale of the predictor. We choose

π(αk |Mk 6= 0) = G(αk; a
+
k , b+

k ), for k = 1, . . . , p, (8)

with G(·; a, b) denoting the gamma density having mean a/b and variance a/b2, with prior

independence assumed across k, and with π(αk |Mk = 0) left unspecified. The hyperparam-

eters a+ = (a+
1 , . . . , a+

p )′ and b+ = (b+
1 , . . . , b+

p )′ can be chosen based on one’s expectation for

the magnitude of the slope on the standardized scale, with large values of a+
k /b+

k
2
correspond-

ing to a diffuse prior. Our prior is related to priors for Bayesian variable selection in linear

regression (e.g., Geweke, 1996) in that we use a mixture of point masses at 0, corresponding

to predictors being excluded, and continuous densities, quantifying the slopes for predictors

in the model.

Although the methodology can be applied for other choices of prior for the baseline

hazard function, we focus on a piecewise constant model for simplicity in exposition, with

λ0(t) = λ0h for t ∈ (sh−1, sh], where s0 < s1 < . . . < sH < sH+1 = ∞ are pre-specified

interval endpoints, which can be chosen to be arbitrarily close together. We then assume

independent gamma priors for λ0 = (λ01, . . . , λ0H)′:

π(λ0) =
H∏

h=1

G(λ0h; a0h, b0h), (9)

where a0h/b0h is the prior expectation for λ0h, and a0h/b
2
0h is the prior variance.

2.5 Auxiliary Variables Gibbs Sampler

To simplify efficient posterior computation, we use a data augmentation approach. First

note that under (6) it is as if the dNij are independent Poisson distributed random variables:

dNij
ind∼ Poisson

(
dΛ0j +

p∑
k=1

x∗ikαk

)
for all i, j : Yij = 1. (10)

Unfortunately, the additive form of the Poisson sum results in non-standard full conditional

posterior distributions, and it is difficult to develop an efficient approach to computation.
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However, we can solve this problem by re-expressing (10) in an augmented form involving

independent Poisson latent variables corresponding to each term in the expression for the

Poisson mean. In particular, we let

dNij = dNij0 +
p∑

k=1

1(Mk 6=0)dNijk, for all i, j : Yij = 1,

π(dNij0) = Poisson(dNij0; dΛ0j)

π(dNijk) = Poisson(dNijk; (tj − tj−1)x
∗
ikαk), k = 1, . . . , p. (11)

Using the property that the sum of independent Poisson random variables is Poisson, it is

straightforward to show that this expression is equivalent to (10) integrating out the latent

variables. This formulation allows us to take advantage of Poisson-gamma conjugacy to

obtain simple conditional posterior distributions.

Derivation of the conditional posterior distributions, to be used in Gibbs sampling, is

outlined in Appendix A. The sampler iterates through the following steps:

Step 1. Sample the latent variables (dNij0, dNij1, . . . , dNijp)
′, for i, j : Yij = 1, jointly

from their full conditional posterior distribution (16) as follows:

1. If dNij = 0 then let dNij0 = dNijk = 0 for all k : Mk 6= 0,

2. If dNij > 0 then sample (dNij0, dNijk : Mk 6= 0, k = 1, . . . , p) from

Multinomial(dNij; Pij0, Pijk : Mk 6= 0, k = 1, . . . , p),

where Pij0 = dΛ0j/(dΛ0j +
∑p

k:Mk 6=0(tj − tj−1)x
∗
ikαk) and

Pijk =
(tj − tj−1)x

∗
ikαk

dΛ0j +
∑p

k:Mk 6=0(tj − tj−1)x∗ikαk

for k : Mk 6= 0, k = 1, . . . , p.

3. For all k : Mk = 0, sample dNijk from Poisson((tj − tj−1)x
∗
ikαk), k = 1, . . . , p.

Step 2. Sample λ0h, h = 1, . . . , H, from expression (17).

Step 3. Sample Mk, k = 1, . . . , p, from expression (18).
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Step 4. For k : Mk 6= 0, sample αk from expression (19), and otherwise set αk equal to

its previous value.

Under mild regularity conditions, samples from this algorithm will converge to a target

distribution that is the joint posterior distribution.

2.6 Hypothesis Testing, Variable Selection, and Model Averaging

Posterior summaries calculated from the output of the Gibbs sampling algorithm can be

used for hypothesis testing, variable selection, and model averaging. There is often interest

in testing the null hypothesis of no additive effect of the kth predictor, which we express as

H+
0k : Mk = 0, against a one- or two-sided alternative. Posterior model probabilities can be

used as a basis for inferences of this type. The posterior probability of H+
0k can be calculated

by averaging 1(Mk=0) across the Gibbs iterations. The estimated posterior probability can

be used directly as a weight of evidence in favor of the null hypothesis (i.e., as a Bayesian

alternative to the p-value), or in calculating a Bayes factor (Kass and Raftery, 1995). One

may set p+
k,−1 = 0 or p+

k,1 = 0 to conduct a one-sided hypothesis test.

This approach has advantages over classical testing procedures for additive hazard mod-

els, which rely on large sample approximations that may not be reasonable when sample sizes

are moderate. Our Bayesian approach does not rely on large sample theory (except with

respect to the number of iterations of the Gibbs sampler, which can be increased easily). In

addition, the non-negative hazards constraint is incorporated, not only for a point estimate,

but for all samples from the posterior. Hence, credible regions for the hazard function will

not include negative values.

If interest focuses not on hypothesis testing but instead on selecting the best subset from

the vector of candidate predictors, xi, one can rely on the posterior model probabilities for

the 2p possible subsets of xi. The Gibbs sampler adaptively adds or drops predictors one

at a time according to the conditional model probabilities given the current values for the
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coefficients of the other predictors. Across the iterations, samples will tend to congregate

on the preferred models according to their posterior probability, with the penalty for model

complexity determined by the values of p+
k , for k = 1, . . . , p. Setting p+

k,0 = 0.5 corresponds

to equal prior probabilities for inclusion or exclusion of the predictor. The next section

generalizes the approach to allow both additive and multiplicative effects.

3. Inference in Additive-Multiplicative Hazard Models

For a more general hazard model that has proportional and additive components, let

λ(t;xi) = λ0(t) exp (x′iβ) + x∗i
′α, (12)

where β = (β1, . . . , βp)
′ are proportional hazards coefficients, and the remaining parameters

are as defined in Subsection 2.2. For notational convenience, we define the model so that

the same predictors are in the proportional and additive components. However, by choosing

a prior distribution that assigns positive probability to zero values for the regression coeffi-

cients, we can allow predictors to be excluded from one or both of the component models.

We adapt our prior to accommodate the multiplicative component and then generalize the

Gibbs sampler accordingly.

In choosing the prior for (λ0,M, α, β), we assume π(λ0,M, α, β) = π(λ0)π(M, α)π(β),

where π(M, α) and π(λ0) are as shown in expressions (7)-(9), respectively. To induce a

prior on the proportional hazards regression coefficients, β, we let γk = exp(βk) and γ =

(γ1, . . . , γp)
′ with

π(γ) =
p∏

k=1

I1-GAk
(γk; p

×
k,0, a

×
k , b×k ), (13)

where I1-GAk
(p, a, b) denotes the one-inflated truncated gamma density consisting of the

mixture of a point mass at one (with probability p) and a G(a, b) gamma density truncated

so that γk ∈ Ak. We use the × superscript to index the hyperparameters corresponding to

the multiplicative component.
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The one-inflated truncated gamma density was proposed by Dunson and Herring (2003)

for Bayesian inference in the Cox model. The point mass at one for γk corresponds to the

model with βk = 0 and xik effectively excluded from the proportional hazards component.

Setting Ak equal to (0,∞) avoids restrictions on the possible values of βk. To restrict

βk ≤ 0 or βk ≥ 0 in conducting a one-sided hypothesis test, set Ak equal to (0, 1] or [1,∞),

respectively.

Under the proposed prior, the following possibilities exist for the kth predictor: (a)

proportional hazards only (prior probability = (1 − p×k,0)p
+
k,0); (b) additive hazards only

(p×k,0(1 − p+
k,0)), (c) both proportional and additive hazards ((1 − p×k,0)(1 − p+

k,0)); and (d)

neither proportional nor additive hazards (p×k,0p
+
k,0). Allowing the predictor to be in both

components of the model adds flexibility to the regression function. To express a priori

ignorance about whether the kth predictor has any effect and, given an effect, whether it is

additive or proportional, one could set

Pr(H0k : βk = αk = 0) = Pr(H×
0k : βk = 0)× Pr(H+

0k : αk = 0) = p×k,0p
+
k,0 = 0.5,

and then let p×k,0 = p+
k,0 =

√
0.5. This choice is reasonable when the focus is on testing H0k :

no effect of the kth predictor vs H1k : some effect.

The Gibbs sampler of Subsection 2.5 and Appendix A can be generalized by incorporating

minor modifications of the conditional densities used in steps 1-4 and by incorporating an

additional step for sampling γk = exp(βk) from its full conditional distribution, for k =

1, . . . , p. We again utilize the data augmentation approach, but with the following prior

density for the latent variable dNij0:

π(dNij0) = Poisson(dNij0; dΛ0j exp(x′iβ)). (14)

Details needed to implement the algorithm are provided in Appendix B. Hypothesis testing,

variable selection, and model averaged estimation can proceed using the approach described
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in Subsection 2.6 with straightforward modifications. The method is illustrated through

application to simulated and real data examples in Sections 4 and 5, respectively.

4. Simulation Study

We conducted a small simulation study to verify that the method can distinguish between

additive and multiplicative models, that the approach has good frequentist operating charac-

teristics, and that our code is working properly. We focused on the case in which p = 4 and

n = 651, values taken from the data example in Section 5. We assumed piecewise constant

baseline hazards, with λ0(t) fixed at 0.005, 0.01, 0.02, 0.04, and 0.08 within the age intervals

(45, 50], (50, 55], (55, 60], (60, 65], and (65, 71], respectively. All subjects were assumed to

begin the study at 45 years of age disease free.

We simulated failure times under model (12), with four predictors xi = (xi1, xi2, xi3, xi4)
′

generated from independent Bernoulli(0.5) distributions and with the regression coefficients

taking one of the following sets of values:

Additive Multiplicative
Model α1 α2 α3 α4 γ1 γ2 γ3 γ4

1 0.03 0 0 0 1 1 1 1
2 0 0 0 0 2 1 1 1
3 0.03 0 0 0 1 2 1 1
4 0 0 0 0 1 1 1 1

where αk = 0 if the kth predictor is excluded from the additive component, and γk = 1

if the predictor is excluded from the multiplicative component. Values of αk = 0.03 and

γk = 2.0 were chosen to correspond to moderate but biologically important (in the context

of the data example of Section 5) increases in the hazard. Censoring times were generated

independently of the failure times from a uniform(45,71) distribution. 50 data sets were

generated for each choice of model.

We analyzed each data set separately using the approach described in Section 3 with

p×k,0 = p+
k,0 =

√
0.5 for k = 1, 2, 3, 4. In addition, to express ignorance about whether a

predictor has a negative or positive effect, we let p×k,−1 = p×k,1 = (1 −
√

0.5)/2 and p+
k,−1 =
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p+
k,1 = (1−

√
0.5)/2. We let a0h = b0h = 0.1 to specify a diffuse prior for the baseline hazard.

Finally, we chose a+
k = 1, b+

k = 25, a×k = .1, and b×k = .1 to assign high prior probability to

a wide range of plausible values for the additive and multiplicative coefficients. This prior

was chosen to be weakly informative in the context of the application of Section 5.

For each data set, we ran the MCMC algorithm for 5,000 iterations, starting at arbi-

trary parameter values which differed from the true values and discarding the first 1,000

iterations as a burn-in. Based on examination of trace plots of the sampled parameters,

convergence occurred rapidly and mixing of the chain was excellent, with low autocorrela-

tion in the samples. Table 1 presents simulation results, including the estimated bias in the

model-averaged posterior median, empirical probabilities of rejecting H0k, the average of the

Rao-Blackwellized estimates of Pr(H0k | data), and empirical coverage rates of 95% credible

intervals. The empirical rejection rates are calculated as the proportion of simulated data

sets for which the estimated posterior probability of H0k is less than 0.05.

Based on Table 1, there was no evidence of an inflated type I error rate for our Bayesian

approach using the hyperparameter values described above. These hyperparameters were

chosen prior to any simulation analyses, and we did not consider alternative values due to

the extreme computation involved in implementing simulation studies of MCMC methods.

The empirical type I error rates for the additive model coefficients ranged from 0/50=0.00

to 2/50=0.04, with the average rate being 0.014. Hence, our approach may be slightly

conservative at detecting additive effects, though power was high when αk = 0.03 in our

simulations. For the multiplicative coefficients, the empirical type I error rates ranged from

0/50=0.00 to 5/50=0.10, with an average rate equal to the nominal level of 0.05. In addition,

power to detect a multiplicative effect was high when the true hazard ratio was γk = 2.0.

Similar results were obtained when repeating the simulation study with p×k,−1 = p+
k,−1 = 0

to express a priori belief that the effect is non-negative and conduct one-sided tests. In

particular, type I error rates were identical and coverage was similar, but (as expected) the
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one-sided analysis yielded higher power. In summary, our approach had excellent frequentist

operating characteristics in the cases we considered.

5. Data Example

5.1 Data, Model, and Prior Specification

Data are drawn from the Framingham heart study (Dawber et al., 1951), which followed

1571 individuals who were disease free at roughly age 45. We focus on age at onset of

coronary heart disease (CHD) in female subjects in relation to the following predictors: (1)

hypertension, (2) above normal cholesterol, (3) overweight (BMI > 25), and (4) obesity

(BMI ≥ 30) (with 0=no, 1=yes in each case). We assume that the hazard of onset of CHD

follows the additive-multiplicative model shown in expression (12), with xi = (xi1, . . . , xi4)
′,

and xi1, xi2, xi3 and xi4 denoting the 0/1 indicators described above, respectively.

Based on a Cox regression model analysis of the data, the hazard ratios for the four

predictors were estimated as 1.50, 1.41, 1.36 and 1.31, respectively, with the corresponding

1-sided p-values being 0.042, 0.043, 0.094 and 0.300. It is of interest to compare these results,

which are obtained under an assumed proportional hazards model, with results under our

approach.

We used the prior specification described in Section 4, but with p×k,−1 = p+
k,−1 = 0 to

formalize our assumption that values of one for these predictors are not associated with a

decreased risk of CHD. It is biologically reasonable and consistent with the previous lit-

erature to consider a one-sided analysis in which we assess whether each of the predictors

has no effect or results in an increased risk. The resulting posterior probabilities of the

null hypothesis estimated under our approach represent Bayesian alternatives to the one-

sided p-values produced in the Cox analysis. We will assess the sensitivity of our inferences

to the prior specification by repeating the analysis for reasonable alternative values of the

hyperparameters.
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5.2 Analysis

We used the Gibbs sampler, outlined in Appendix B, for posterior computation. We dis-

carded the first 1,000 iterations as a burn-in, and calculated posterior summaries based on

an additional 15,000 samples. To assess the sensitivity of the results to the choice of prior, we

repeated our analysis with (i) a+
k , b+

k , a×k , b×k , a0h, b0h multiplied by 2 to decrease the prior vari-

ance; (ii) with these hyperparameters divided by 2 to increase the prior variance; (iii) with

p×k,0 = p+
k,0 = 0.5 instead of

√
0.5; and (iv) with p×k,−1 = p×k,1 = p+

k,−1 = p+
k,1 = (1−

√
0.5)/2, as

in Section 4, to conduct a two-sided analysis allowing increasing or decreasing effects with

equal prior probabilities.

For each of the four predictors, Table 2 presents the estimated posterior probabilities

of only additive effects (H+
1k

⋂
H×

0k), only multiplicative effects (H+
0k

⋂
H×

1k), both additive

and multiplicative effects (H+
1k

⋂
H×

1k), and no association (H0k). In addition to the results

from the primary analysis, the range of values of Pr(H0k | data) estimated in the sensitivity

analyses (i)-(iv) is presented.

In the primary analysis, the estimated posterior probability that there was no increase in

the hazard of CHD for individuals with hypertension, controlling for other factors, was 0.016.

The corresponding posterior probabilities for the above normal cholesterol, overweight, and

obesity covariates were 0.014, 0.014, and 0.091, respectively. Hence, considering the posterior

probability of the null as a Bayesian alternative to the p-value and using the standard 0.05

cutoff for significance, we conclude that hypertension, above normal cholesterol, and being

overweight are all statistically significant risk factors for CHD. From Table 2 it is clear

that these results are robust to the prior specification. The posterior probabilities of the

null hypothesis are slightly higher in the 2-sided analysis that allows negative effects (as

expected), but the conclusions are consistent.

The estimated posterior probabilities of the null hypothesis in the 1-sided analysis are

substantially lower than the 1-sided p-values from the Cox model analysis. Although poste-
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rior probabilities and p-values are not directly comparable, this may suggest an improvement

in sensitivity for our approach relative to a simple frequentist proportional hazards analy-

sis. One reason for this apparent improvement may be the greater flexibility of the model

averaging approach. Although the proportional hazards model has the highest posterior

probability for each of the predictors (as shown in Table 2), the results are far from defini-

tive, and substantial probability is assigned to an additive model for the 2nd predictor and

to an additive-multiplicative model for predictors 1-3. We anticipate that it is typically true

in applications that neither the multiplicative nor the additive models fits perfectly, and by

using a combination we may more flexibly characterize the effect of the predictor.

In general, in conducting inferences on the effect of a predictor on the hazard, it may

be better to rely on model averaging and to avoid selecting a single best model. However,

if results are definitively in favor of an additive or multiplicative effect for a given predictor,

then presentation of results can be simplified by relying on the preferred model. In particular,

one can report the proportional or additive hazard regression coefficient as a single measure

of the effect. For the Framingham study, we cannot conclude, with a high probability, that

any one of the covariates has only additive or only multiplicative effects. For this reason,

we present effect estimates stratified by age for each of the covariates. In particular, Table

3 presents posterior means and 95% credible intervals for the increase in the probability of

developing CHD within a given age interval for individuals with any one of the risk factors

relative to individuals with none of the risk factors (i.e., those in the baseline category).

6. Discussion

Although there is always uncertainty about the most appropriate form for the regression

function for time to event data, proportional hazards models are typically used for conve-

nience. As a different but equally simple formulation, one may consider additive hazards.

Estimation and inference for additive hazards models is complicated by the need to place
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constraints on the regression coefficients to avoid negative hazard estimates for certain times

and values of the predictors. We have developed a novel Bayesian approach for addressing

this problem. Although the proposed method for additive hazards regression represents an

advance in itself, we also propose an approach that facilitates selection and formally accom-

modates uncertainty between proportional and additive hazards. Due to the structure of

the prior, the full conditional posterior distributions are conjugate after augmentation with

Poisson latent variables, simplifying efficient computation.

Based on a small simulation study, our computational algorithm is highly efficient in

terms of number of iterations until convergence and rate of mixing of the Markov chain.

This efficiency is a biproduct of the carefully tailored prior distribution and the associated

conjugacy properties. We also observed excellent frequentist operating characteristics in

the cases we have considered thus far. Another appealing feature of our approach is its

generalizability. For example, it is straightforward to account for multivariate or correlated

event times by including a gamma frailty multiplier in the hazard function. In this case, our

MCMC algorithm can be generalized by incorporating simple modifications to the conditional

distributions and by adding additional steps for sampling the frailties from their gamma

conditional distributions and for updating the frailty variance (e.g., by Metropolis-Hastings

or adaptive-rejection sampling).
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APPENDIX A

Posterior and Full Conditional Posterior Distributions for Additive Hazards Analysis

The joint posterior density of the parameters and latent variables is proportional to

{ n∏
i=1

J∏
j=1

1(
dNij=dNij0+

∑p

k=1
1(Mk 6=0)dNijk

)π(dNij0 |λ0)
p∏

k=1

π(dNijk |M, α,X)
}

π(λ0)π(M)π(α |M). (15)

Step 1. It follows from expression (15) that the full conditional distribution of the latent

variables (dNij0, dNij1, . . . , dNijp) is proportional to

1(
dNij=dNij0+

∑p

k:Mk 6=0
dNijk

){
(dΛ0j)

dNij0

dNij0!

}{ p∏
k=1

(
(tj − tj−1)x

∗
ikαk

)dNijk

dNijk!

}

∝
{

dNij!

dNij0!
∏

k:Mk 6=0 dNijk!
(Pij0)

dNij0

p∏
k:Mk 6=0

(Pijk)
dNijk

}{ p∏
k:Mk=0

(
(tj − tj−1)x

∗
ikαk

)dNijk

dNijk!

}
∝ Multinomial

(
{dNij0, dNijk : Mk 6= 0}; dNij, {Pij0, Pijk : Mk 6= 0}

)
×

p∏
k:Mk=0

Poisson
(
dNijk; (tj − tj−1)x

∗
ikαk

)
, (16)

where Pij0 and Pijk are defined in subsection 2.3.

Step 2. The full conditional distribution of λ0h, h = 1, . . . , H, is proportional to

{ ∏
i,j:Yij=1

(dΛ0j)
dNij0 exp(−dΛ0j)

}
(λ0h)

a0h−1 exp (− λ0hb0h)

∝
{ ∏

i,j:Yij=1

( H∑
l=1

λ0l(tj − tj−1)1(tj∈(sl−1,sl])

)dNij0

exp
(
−

H∑
l=1

λ0l(tj − tj−1)1(tj∈(sl−1,sl])

)}
(λ0h)

a0h−1 exp (− λ0hb0h)

∝ (λ0h)
∑

i,j:Yij=1,tj∈(sh−1,sh]
dNij0

exp
(
− λ0h

∑
i,j:tj∈(sh−1,sh]

Yij(tj − tj−1)
)
λa0h−1

0h exp (− λ0hb0h)

∝ G
(
λ0h; a0h +

n∑
i=1

J∑
j:tj∈(sh−1,sh]

dNij0, b0h +
n∑

i=1

J∑
j:tj∈(sh−1,sh]

Yij(tj − tj−1)
)
. (17)

Step 3. To derive the conditional distribution of the model indicator, Mk, we start with

the joint posterior density of the parameters prior to augmentation, which is propor-
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tional to

[ ∏
i,j:Yij=1

(
dΛ0j + (tj − tj−1)

p∑
k=1

x∗ikαk

)dNij

exp
{
−

(
dΛ0j + (tj − tj−1)

p∑
k=1

x∗ikαk

)}]
π(λ0)π(M)π(α |M)

∝
(
p+

k,−1

∏
i,j:Yij=1

Poisson
(
dNij; dΛ0j + (tj − tj−1){x∗

′

i(−k)α(−k) + (1− xik)αk}
))1(Mk=−1)

×
(
p+

k,0

∏
i,j:Yij=1

Poisson
(
dNij; dΛ0j + (tj − tj−1)x

∗′
i(−k)α(−k)

))1(Mk=0)

×
(
p+

k,1

∏
i,j:Yij=1

Poisson
(
dNij; dΛ0j + (tj − tj−1){x∗

′

i(−k)α(−k) + xikαk}
))1(Mk=1)

(18)

which is Multinomial(Mk; {−1, 0, 1}, π̃k), with π̃kl equal to the lth element in the prod-

uct (18) standardized so that
∑3

l=1 π̃kl = 1.

Step 4. For Mk = 0, the posterior distribution of αk is not defined and we set αk equal

to its previous value. For Mk 6= 0, the full conditional posterior distribution is

∝ (αk)
a+

k
−1 exp(−αkb

+
k )

∏
i,j:Yij=1

{
(tj − tj−1)x

∗
ikαk

}dNijk
exp

{
− (tj − tj−1)x

∗
ikαk

}
∝ (αk)

a+
k
−1+

∑
i,j:Yij=1

dNijk
exp

[
− αk

{
b+
k +

∑
i,j:Yij=1

(tj − tj−1)x
∗
ik

}]

∝ G
(
αk; a

+
k +

∑
i,j:Yij=1

dNijk, b
+
k +

∑
i,j:Yij=1

(tj − tj−1)x
∗
ik

)
. (19)

APPENDIX B

Gibbs Sampler for Additive-Multiplicative Hazards Analysis

The joint posterior density is the same as in the additive hazards case described in Appendix

A, but we multiply by the prior density for the proportional hazard coefficients, β, and

condition on β in the prior for dNij0. We focus on binary predictors, xik, for simplicity.

Step 1. Proceeds as in Appendix A, but with dΛ0j replaced by dΛ0j exp(x′iβ) and with

the latent variable density in (14) used in place of (11).

22



Step 2. The full conditional distribution of λ0h is as shown in Appendix A, but with

Yij exp(x′iβ) substituted for Yij in the gamma conditional distribution.

Step 3. As shown in Appendix A, but with dΛ0j replaced by dΛ0j exp(x′iβ).

Step 4. As shown in Appendix A.

Step 5. Sample γk = exp(βk) from its full conditional posterior distribution,

π(γk |N,Y, λ0,M, α, γ(−k)) = I1-GAk
(γk; π̃

×
k , ã×k , b̃×k ),

where the conditional posterior probability of γk = 1 is

π̃×k =
p×k,0 exp

{
−∑

i,j xikYijdΛ0j exp(xi(−k)β(−k))
}

p×k,0 exp
{
−∑

i,j xikYijdΛ0j exp(xi(−k)β(−k))
}

+ (1− p×k,0)
C(a×

k
,b×

k
)PAk

(̃a×
k

,̃b×
k

)

C (̃a×
k

,̃b×
k

)PAk
(a×

k
,b×

k
)

,

where C(a, b) = ab/Γ(a), ã×k = a×k +
∑

i,j xikdNij0, PAk
(a, b) =

∫
Ak
G(γ; a, b)dγ, and

b̃×k = b×k +
∑
i,j

xikYijdΛ0j exp(x′i(−k)β(−k)).

Note that this conditional distribution is conjugate, and sampling can proceed by first

sampling from the point mass at one using 1(γk=1) ∼ Bernoulli(π̃×k ) and then sampling

from G(ã×k , b̃×k ) if γk 6= 1.
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Table 1

Results from simulation study of the frequentist operating characteristics of the proposed

Bayesian approach.

Model Parameter True Value θ̂ R̂R π̂k,0 Coverage
1 α1 0.03 0.03 0.84 0.03 0.92
1 α2 0.00 0.00 0.04 0.56 0.96
1 α3 0.00 0.00 0.02 0.58 1.00
1 α4 0.00 0.00 0.00 0.61 1.00
1 γ1 1.00 1.00 0.04 0.52 1.00
1 γ2 1.00 1.02 0.06 0.42 0.96
1 γ3 1.00 1.02 0.04 0.44 1.00
1 γ4 1.00 1.01 0.10 0.40 1.00
2 α1 0.00 0.00 0.02 0.58 0.98
2 α2 0.00 0.00 0.00 0.65 1.00
2 α3 0.00 0.00 0.00 0.64 1.00
2 α4 0.00 0.00 0.00 0.63 1.00
2 γ1 2.00 2.02 0.96 0.01 0.98
2 γ2 1.00 1.09 0.04 0.41 1.00
2 γ3 1.00 1.09 0.06 0.44 1.00
2 γ4 1.00 1.09 0.06 0.45 0.98
3 α1 0.03 0.03 0.84 0.04 0.88
3 α2 0.00 0.00 0.04 0.53 0.98
3 α3 0.00 0.00 0.02 0.60 0.98
3 α4 0.00 0.00 0.02 0.58 0.98
3 γ1 1.00 1.17 0.04 0.43 0.98
3 γ2 2.00 1.90 0.84 0.04 0.98
3 γ3 1.00 1.12 0.04 0.44 0.98
3 γ4 1.00 1.13 0.06 0.43 0.96
4 α1 0.00 0.00 0.02 0.59 1.00
4 α2 0.00 0.00 0.00 0.58 1.00
4 α3 0.00 0.00 0.00 0.63 1.00
4 α4 0.00 0.00 0.02 0.62 1.00
4 γ1 1.00 1.09 0.00 0.45 1.00
4 γ2 1.00 1.08 0.02 0.48 1.00
4 γ3 1.00 1.06 0.04 0.49 1.00
4 γ4 1.00 1.11 0.06 0.48 0.96

θ̂ = Model-averaged posterior median

R̂R = Empirical rejection rate based on ≤ 0.05 cutoff

π̂k,0 = Average of Rao-Blackwellized estimator

Coverage = coverage of 95% credible interval
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Table 2

Estimated posterior probabilities of only additive (H+
1k

⋂
H×

0k), only multiplicative

(H+
0k

⋂
H×

1k), both additive and multiplicative (H+
1k

⋂
H×

1k), and no association (H0k) for the

predictors: (1) hypertension, (2) above normal cholesterol, (3) overweight, and (4) obese.

Posterior Probabilities
Predictor 1 or 2-sided† H+

1k

⋂
H×

0k H+
0k

⋂
H×

1k H+
1k

⋂
H×

1k H0k

1 1 0.019 0.799 0.166 0.016 [0.015-0.016]‡

2 0.024 0.620 0.328 0.028
2 1 0.225 0.422 0.339 0.014 [0.008-0.015]

2 0.200 0.472 0.285 0.043
3 1 0.054 0.674 0.258 0.014 [0.013-0.019]

2 0.104 0.467 0.411 0.018
4 1 0.022 0.833 0.054 0.091 [0.080-0.095]

2 0.074 0.385 0.437 0.104
†1=1-sided (Mk ∈ {0, 1}) or 2-sided (Mk ∈ {−1, 0, 1})

‡Range of values in sensitivity analyses for priors (i) - (iii)

Table 3

Estimated difference between individuals with a given risk factor and those in the baseline

category with respect to the probability of developing CHD.

Hypertension Cholesterol Overweight Obese†

Age Mean 95%CI Mean 95%CI Mean 95%CI Mean 95%CI
(45, 50] 0.009 [0.000,0.034] 0.015 [0.001,0.037] 0.008 [0.000,0.026] 0.009 [0,0.034]
(50, 55] 0.023 [0.001,0.064] 0.030 [0.003,0.069] 0.019 [0.001,0.049] 0.022 [0,0.070]
(55, 60] 0.042 [0.002,0.094] 0.045 [0.005,0.090] 0.033 [0.003,0.070] 0.041 [0,0.113]
(60, 65] 0.055 [0.003,0.112] 0.053 [0.007,0.099] 0.043 [0.004,0.085] 0.048 [0,0.123]
(65, 71] 0.062 [0.004,0.120] 0.057 [0.009,0.103] 0.049 [0.004,0.098] 0.047 [0,0.106]

†for obesity, the reported difference is relative to overweight, but not obese, women

27


