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Abstract

We model the workload of a network device responding to a random flux of work requests
with various intensities and durations in two ways, a conventional univariate stochastic integral
approach (“downstairs”) and a higher-dimensional random field approach (“upstairs”). The
models feature Gaussian, stable, Poisson and, more generally, infinitely divisible distributions
reflecting the aggregate work requests from independent sources. We focus on the fractional
Ornstein-Uhlenbeck Lévy process and the Telecom process which is the limit of renewal reward
processes where both the interrenewal times and the rewards are heavy-tailed. We show that
the Telecom process can be interpreted as the workload of a network responding to job requests
with stable infinite variance intensities and durations and that fractional Brownian motion can
be interpreted in the same way but with finite variance intensities. This explains the ubiquitous
presence of fractional Brownian motion in network traffic.
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1 Introduction: modeling jobs

We wish to model the instantaneous work-load X'(¢) and the cumulative work X (t) = fg X'(s)ds
of a network device responding to a random incident flux of work requests of varying intensities v
and durations 7, arriving at random times o. For technical reasons we also construct the weighted
load X[¢] = [ ¢(s) X'(s)ds for suitable weighting functions ¢(s) on R. The models will feature
infinitely-divisible distributions for v to reflect the aggregate work requests from a number of
independent sources. We present a general methodology for constructing these models and we
illustrate it with a number of examples, such as the fractional Ornstein Uhlenbeck process, fractional
Brownian motion and the Telecom process.

Let M (do dt) be a random measure on R x R, with a specified infinitely-divisible (ID) distri-
bution. In the sequel we will consider Gaussian, a-stable, gamma, and more generally Lévy random
measures in detail. For ¢ > 0 and suitable functions ¢(s) on R (again, details to follow) define

X = [ [ o) Midodr) 1)
X[g] = / Z /O b /U " o(s) ds M(do dr) )
X(t) = /_Z/OOOKU,J—I—T]ﬂ(O,tHM(dadT). (3)

where 1, ,4-(t) in Eqn. (1) denotes the indicator function of the interval A = (0,0 + 7] (equal to
one if t € A and zero otherwise), and where the expression |A| in Eqn. (3) denotes the Lebesgue
measure (length, in one dimension) of the set A. Eqn. (1) expresses the instantaneous work load
X'(t) at time t € R as the aggregate sum of all the measure M (do d7) arising from work requests
beginning at times o < ¢ and lasting until times o + 7 > t; Eqn. (3) expresses the cumulative work
load X (t) from time zero to time ¢ as the integral of X’(s) over that interval; and Eqn. (2) expresses
the aggregation of all work, weighted by the function ¢(s). If the indicator function ¢(s) = 1(g4(s)
is in the domain of X[-], then X[¢] reduces to X (¢); if the Dirac delta function ¢ = d0;(s) is in the
domain of X[-], then X[¢] reduces to X'(t).

We offer specific examples, and find conditions on the weight function ¢ and the random measure
M to ensure that X'(t), X (t), and X[¢] are well-defined, and show the relationship of these processes
to the Telecom process of Levy and Taqgqu (2000), Pipiras and Taqqu (2000) and to fractional
Brownian motion (Kolmogorov, 1940; Mandelbrot and Van Ness, 1968). Our goal is to offer a
general perspective on the various routes one can take in defining models of the types in Eqns. (1-
3).

In Section 2 we introduce as motivating examples two representations for the fractional Ornstein-
Uhlenbeck and fractional Brownian motion processes— one “downstairs”, driven by Brownian mo-
tion, and one “upstairs”, driven by a two-parameter Brownian sheet. In Section 3 we generalize
these to a limited class of infinitely divisible processes, again whose two representations now lead to
distinct processes. In Section 4 we present a more general framework for moving-average construc-
tion and moving-average representations for stationary and stationary-increment processes with
infinitely divisible distributions. In Sectionb we consider the Telecom process and several varia-
tions, and offer a new interpretation of that process helpful for seeing how it and its variations can
be used in telecommunications modeling.



2 Fractional OU Gaussian processes

Let W = {W(t)}:cr be the standard Wiener process on a probability space (Q,F,P). Fix o > 0
and A > 0 and for ¢t € R define the Wiener integrals

t
Z} = oV2) / e A=) W (ds). (4)

The process t — Z} is the familiar Ornstein-Uhlenbeck (or “OU”) process, a stationary centered
Gaussian stochastic process with covariance function

0Nt
pl(t) =EZ}Z} = 0?2\ / e A=) emAN0=9) g — g2 AN, (5)
—00
Now construct a series of processes indexed by k via the recipe

t
zr = / Ae™ME=8) z6—1 g

1.€. .
z? = / Ae AE=9) 7L s
= / / Ae M=) gy /20 M) W (ds) ds’
—oo<s<s'<t
t
= Uv2)\/ At — 5)e =) W (ds)
. —0o0
z = / Ae AE=9) 72 s

t )\2 t — 2
= oV2X / %(ﬂ(ts) W (ds)
and, in general,

Z5 = oV2\ / t %e)‘(ts) W (ds). (6)

For arbitrary £ > 3 (not necessarily integral) we take Eqn. (6) to be the definition of ZJ, and call
it the fractional Ornstein-Uhlenbeck (or “fOU”) Gaussian process. Evidently it too is a stationary
centered Gaussian process, with covariance function

o) = EZ5 2

2)\2}4—1 0
_ J2€—>\\t| / (|t| - s)n—l(_s)n—le%\s ds

I'(k)? ) oo
= % /OOO()\M +a) e gy (7)
20° H-1
NG (Alt]/2) Kr-1(Alt]) (8)
where ]
H=xr+ 3



and where X, (z) is the modified Bessel function of the second kind (Abramowitz and Stegun,
1964, §9.6.21-25). It follows from Eqn. (7) that p(0) < oo for k > } and hence the fOU process
is well-defined. Fig. (1) shows plots of p”(t) for ¢t € (0,3) and a few values of k. The function
p(t) falls off like a power p®(t) ~ p®(0)—c|t|**~! near t ~ 0 (see Eqn. (10) below), then like an
exponential p"(t) ~ ce M for large t. Note the contrast with the covariance functions described in
Section 4.4.1 below, which act like an exponential function for small ¢ and like a power for large .
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Figure 1: fOU covariance function log p”(t) on log scale

The spectral density may be shown to be
() = / 10 o (1) dit
R
_ Ol (AJE]/2)5 2K, 1 (AJt]) dt
- —f/cosumu/) R_%< 1)

= e \/_/ cos(fs/\)(s/2)"~ _%(s)ds
_ 23’ (1+62/A2)~" (9)

This is in fact the Matérn (Matérn, 1986) spectral density

& &1 —&3—
me0) = o (1 )

in d = 1 dimension, with intensity parameter &1 = 20%\/7 ['(H—1), rate & = A~!, and shape &3 =
H—1. Gaussian processes with the isotropic Matérn covariance are commonly used in geostatistical



modeling and spatial interpolation or “Kriging” (Cressie, 1993; Chileés and Miniéres, 1999); now we
see that the fOU process is the special case in d = 1 dimension.

The necessary and sufficient condition x > % for the fOU process to be well-defined also follows
from Eqn. (9), which ensures that x,, € L'(R, d#).

A stochastic process or random field is called self-similar if a linear rescaling of the indexing
parameter (often “time”) by any factor ¢ > 0 has the same effect in distribution as a rescaling

of the process or field by the factor ¢ (i.e., X(ct) 4 cf X (t)) for some H € R; the power H
is called the (Hurst) index of self-similarity (Hurst, 1951; Samorodnitsky and Taqqu, 1994), and

the notation “Z” indicates that two stochastic processes are identical in distribution, i.e., have the

same finite-dimensional distributions. Now, from X, (z) ~ 3T'(v)(2/2)™" as = — 0 (Abramowitz
and Stegun, 1964, Eqn. 9.6.9) it follows from Eqn. (8) that

.  T(H-1)0?
p"(0) = F(H—%)\/TT
and
E|(Zr - 257 = 200"(0) - p"(t)]
402

_ F(/{)Q /0 [xn—l _ (x + >\|t|)n—1€—)\|t\]xn—le—2a¢ dx

Ao (Aft)> /OO -1 —1_-A -1 -
— rl _(r 1) Le t| rile 2\ [t|r dr
T(r)2 0 [ ( ) ]

402 (AJH])2 !

2 \MHy * 7,,%71_ r k—1 Tnfl r
= e [ e et (4 00)

—20% /7 21
" T(k)T(k + 1) cos(mr) (Altl/2)
202

- ey 2k—1
= (@) cos(rr) (10)

as t — 0 for % < Kk < 1, that is, 1 < H < 3/2. Eqn. (10) shows that the non-stationary process
Z%(t) — Z"(0) is asymptotically self-similar with index (2x —1)/2 = (2H —2)/2=H —1 € (0, 3),
for small times ¢ ~ 0.

What would happen, however, if after rescaling by a power of A one lets A | 0 in the expression
Eqn. (6) defining Zf? Formally the spectral density x.(6) of Eqn.(9) would be proportional to
a power of 0, suggesting that the process would then be self-similar. Observe, however, that the
process

! _ Zf g ! k—1_—A(t—s
X0 =t = 5 /Oo (1 — 5) e =) 1y (ds) (11)
is not well-defined with A = 0 for any s, because ffoo(t — 5)2(:=D ds = co. There are two ways
of overcoming this difficulty. One is to consider, as in Eqn. (2), random fields (sometimes called
“generalized random processes”) indexed by functions ¢(-); the other is to consider processes with
stationary increments (i.e., the random field X[¢] with ¢ = 1(gy). The latter, as we shall see,

is just the well-known fractional Brownian Motion process (Kolmogorov, 1940; Mandelbrot and
Van Ness, 1968).




2.1 The random field route
Consider the random field

//R2 — 8)"tdt W (ds) (12)

for a suitable space ® of “test functions” ¢(-) (described below). The collection {X[¢] : ¢ € @}
is called a Gaussian random field— a collection of mean-zero Gaussian random variables X|[¢]
indexed, not by time ¢ € R, but by functions ¢ € (ID If X/ of Eqn (11) were well-defined for A\ = 0,
one could view X[¢] as its smoothed version, X[¢] = [ &( t)dt, a ¢- welghted average of X/.
The presence of a power function in Eqn. (12) is charactemstlc of Self similarity!.

For two elements ¢, € ® the covariance between X [¢] and X[¢] is

o2
Cov|[X[¢], X[¥]] = ()2 //]1%2 /qu(s + w)p(t +u) s" 5 du ds dt. (13)

One can also express that covariance in terms of the limiting spectral density x,(6) from Eqn. (9),
limy o 2A72%x,.(0) = 2|6] 72,

Cov[X[¢], X 2W/¢ 0)10]~%" do (14)

where the circumflex (“hat”) denotes the Fourier transform, and the over-bar complex conjugation.

Eqn. (14) may be used to characterize a suitable family ® of test functions ¢(-) for which the
Gaussian random field {X[¢], ¢ € ®} will be well-defined. For example, taking 1) = ¢, one observes
that the variance

2 ~
BX[6P = 5 [ 160) o> ds (15)
2T R
is finite for any k € (—oo, M + %) if |¢A>(9)\ decreases faster at infinity than any polynomial and
16(0)| = O(|0]™) as 6 — 0. (16)

Since long-range dependence is characterized by how quickly the spectral density x(€) blows up
at the origin, larger values of M allow one to model greater amounts of long-range dependence in
this way. For more details about this approach, see for example Dobrushin (1979); Dobrushin and
Major (1979); Major (1981).

2.2 The fractional Brownian motion route

Start with the fOU process of Eqn. (6) and focus on its indefinite integral

/ Z"du UIAH" / / )5 e =) gy W (ds), (17)

' A stationary random field is said to be self-similar with index H if for all ¢ € ®, X[¢) and X[¢.] have the same
probability distribution for all ¢ > 0, where ¢.(t) = ¢ Z¢(t/c) (Major, 1981, p.5). Since ¢.(0) = ¢ F 1 H(fc), it
follows from Eqn. (14) that the Gaussian random field X[¢] is self-similar with index H =k + .




a well-defined centered Gaussian process for k > —% with stationary increments. Now rescale it
(dividing by \/5)\””7%) and take A\, 0, leading to a process

X0 = w5 [ =91 = o] wias) (18)

known as fractional Brownian motion (fBM). Well defined in the range —% < Kk < %, that is,
0 < H < 1for H= K+ 3, it has mean zero, variance EX(t)? = c|t|", for some ¢ > 0, and

covariance c
EX(s) X(t) = 5 {Is?™ + [t — |t — s} (19)

(see Taqqu, 2003, for details).

The fBM X (¢) can also be expressed in terms of random fields. To see this, first note that its
derivative X'(t) is not defined as a stochastic process, but if it were, it would have a representation
of the form Eqn. (11); and that to obtain fBM we integrated fOU in Eqn. (17), and then rescaled and
took A — 0. Thus the fBM X (¢) is (up to a scaling constant) the process X [¢;] in Eqn. (12) with
¢t(u) = 1oy (u) for t > 0. Since the Fourier transform of this test function is b(0) = (e'—1)/(i0),
one can verify that the variance given in Eqn. (15) is finite (and hence X (¢) well-defined) for
—% <k < % Observe that Eqn. (16) is satisfied here with M = 0, leading to the restriction x < %;
the further restriction x > —3 arises because 16:(0)] ~ |6]7! as 6 — +oo.

This illustrates the relationship introduced in Section 1 between the three processes X'(t), X|[¢¢],
and X (t). The representations used here (for example, Eqn. (18)) for the fBM X (¢) differ from
those of Eqns. (1-3), but we will see below, however, that the representation Eqn. (1) is also valid
for fBM. There is therefore a close analogy between the processes X'(t), X[¢:], and X (¢) and those
of Equs. (1-3).

2.3 The “upstairs” representation

We now introduce a new way of constructing the fOU and related processes, which we call the “up-

stairs” representation, as the random measure of a moving geometric figure in a higher-dimensional
space (R?, in the example) or, equivalently, as the stochastic integral of a 0/1-valued function. In
Section 3.3.1 we will present a networking interpretation of this representation, making it easy to
see how to tailor it to specific networking applications, with network work requests following either
Gaussian or general infinitely divisible distributions. First we consider the Gaussian case.

We will show that any stationary Gaussian process Z; with differentiable covariance function
p(t) that is non-increasing and convex on Ry can be written in the form of a two-dimensional
stochastic integral

g(t—x2)
Zy = c/ / W (dzq dx2) (20)
RJO

where ¢ > 0 is arbitrary,
g(t) = =20/ (t)1r, (1),

and where W (x1,x2) denotes the Brownian sheet, the two-parameter continuous-path centered
Gaussian process with covariance function EW (z1,z2)W (y1,y2) = (|lz1| A |ya])(|z2| A |ye|) for
(w1, 22), (y1,y2) € R? with 191 > 0 and x9y2 > 0, otherwise zero (see, for example, Orey and
Pruitt, 1973; Walsh, 1986, for more details about Brownian sheets). Evidently Z; from Eqn. (20)



is Gaussian with zero mean, since W(x1,x2) is. Since ¢(t) is decreasing on R, (by the convexity
of p(t)), the covariance is:

0Nt rg(t—z2)Ag(0—22)

EZ[)Zt = 62/ / dﬂ?l d(EQ
—o0 JO
0

= 02/_ g(|t| — z) dz
= - x)dx 21
/o (21)

|
= p(t)

since g(z) = —c2p'(z) for x > 0; thus Z; has mean zero and covariance p(t), as claimed. In
particular the OU process Z} of Eqn. (4) with covariance function p!(t) = o2 exp(—\|t|) satisfies
this requirement with ¢ = o'\ and g(t) = exp(—A|t|) for ¢t > 0, giving the alternate representation:

g(t—z2)
Zt1 = O‘\/X// W (dzy,dzs)
R Jo
—A(t—z2)

= a\/X/_; /0 W (day, das). (22)

We refer to Eqn. (22) as the “upstairs” representation and to Eqn. (4) as the “downstairs” repre-
sentation of the Gaussian OU process Z;. These representations, as we will see in Section 3.3, are
no longer equivalent if one replaces the Gaussian measure by a more general infinitely divisible one.

3 Fractional OU Lévy processes

We now consider how to construct a process similar to fOU but driven, not by a Wiener measure,
but by a an infinitely divisible (or “ID”) measure without a Gaussian component; the resulting
process will be called a Fractional Ornstein-Uhlenbeck Lévy (or “fOUL”) process.

3.1 Construction for ID non-Gaussian processes

Fix A > 0 and a nonnegative measure v(du) on R satisfying (for now) the integrability condition

/]R (Jul A1) v(du) < oo (23)

where, as usual, (a A b) = min(a,b) denotes the minimum of two real numbers a,b. Condition
(23) is used to simplify the exposition, and will be relaxed later. Let M be the random measure
which assigns independent random variables M(A;) to disjoint sets A; € R with log characteristic
function

log E[¢¥M(4)] = | 4| /R (¢ — 1) v(du), (24)

where |A;| denotes the Lebesgue measure of the set |4;|. In view of Eqn.(24) (and the Lévy-
Khinchine formula, see Khinchine and Lévy 1936 or p. 74 of Rogers and Williams 1994) the random
variable M (A;) has an infinitely divisible (ID) distribution. The measure v(du) is called the Lévy
measure (in honor of the pioneering work of Lévy (1924)). The process (; = M((0,t]), t > 0,



with stationary independent increments, is called a Lévy process (Lévy, 1924, 1925; Rogers and
Williams, 1994, 1.28).

The integrability condition Eqn. (23) ensures that the characteristic function in Eqn. (24) is
well-defined and that (; has (almost-surely) finite total variation over bounded intervals (Cont and
Tankov, 2004, Prop. 3.9), which makes it straightforward to define stochastic integrals [ f(s) M (ds)
for bounded compactly-supported functions f(s) or, more generally, for any function f(s) with

//R2 (Ju f(s)| A1) v(du)ds < oo. (25)

Wolfe (1982) and Sato (1999, Theorem 17.5)) showed that [, f(s) M (ds) is well-defined for functions
of the form f(s) = cexp(—As)1[ )(s) for ¢, A > 0, for any v(du) that satisfies Eqn. (23) along with

/ log, |u|v(du) < oo, (26)
R

where log, () = log(z) for + > 1, log (x) = 0 for x < 1. In AppendixB we verify that
Eqn. (25) is satisfied in this case, and also, more generally, for any function of the form f(s) =
csl exp(—As) 1o o0)(8) With ¢, s, A > 0, if v satisfies Eqn. (26). This allows us to define processes:

t
Y} = \/2)\/ e %) M (ds)
. — 00
}/tQ = / )\e—)\(t—s) }/;1 ds
= / / Ae M) VoNe A9 M (ds) ds
—oco<s<s/ <t
t
= V2A / At — 5)e M9 M (ds)

and, in general,
t
}/;Ii = / )\67)\(1573) }/snfl ds
t Anfl(t o S)Kfl
= 2 _
Y e

for all £ > 0. The process Y,! is the Ornstein-Uhlenbeck Lévy (OUL) process and Y;* the fractional
Ornstein-Uhlenbeck Lévy (fOUL) process.
Each of these stationary processes has non-anticipating moving-average form

Y — /R h(t — ) M(ds) (28)

for some function satisfying h(t) = 0 for ¢ < 0, with f(s) = h(t — s) satisfying Eqn. (25) for each
fixed t € R, and has log characteristic function

log E[exp{ifY;}] = //R2 (ew“h(t_s) - 1) v(du) ds

_ /0 - /R (ei‘)“h(s) —1) v(du) ds

= / (e — 1) i(dv) (29)
R

e M%) M (ds). (27)
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where, heuristically,
v(dv) —/ v(dv/h(s)) ds
0

or, more precisely, where the measure U is characterized by the relation

/R () 7(dv) = /0 b /R 6 (uh(s))w(du) ds (30)

for all infinitely differentiable compactly supported functions ¢ € C°(R), so the process Y; of
Eqn. (28) is an ID process with Lévy measure 7. Note U also satisfies Eqn. (23), with

/(hdAl (du) // (Juh(s)| A1)v(du)ds < oo
by Eqn. (25).

Applying this result to the fOUL process Y;*, we find the log characteristic function of this
stationary process is given by Eqn. (29) with Lévy measure 7y, given (after a change of variables
to = \s) by the relation

/R () (du) = /D /R 6 (uz" e VaNT (k) v(du) de /A (31)

for all ¢ € CX(R). In the case of the Ornstein-Uhlenbeck Lévy (OUL) process Y;!, with ¢(u) =
(e — 1), this gives the log characteristic function of V' as

log E[c] = /R (¢ 1) 5(du)
= /UOO/R [exp (z Que*x\/ﬁ> - 1] v(du) dz /. (32)

In the finite-variance case, i.e., when o2 = i u?v(du) < oo, then the covariance function of any
process Y; of moving-average form Eqn. (28) is given by

plt) = Cov(¥p,Y:)

_ /OAt/uht—s —s)u(du) ds
_ 02/0 h(t) + z) h(x) dz

and, in particular, the covariance function for Y, is again
pl(t) — 0_267)\\t|

and, more generally, for V" is
202 e

pi(t) = W/OOO()\M+:U)”_1(:n)”_le_2xdx

= E_D~ Alt/2)771 I (AJt)),
just as that given in Eqn. (8) for the fOU processes.
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3.2 Using a Poisson representation

On any o-finite measure space (X, F, m(dz)) one can construct Poisson random measure N (dz) ~
Po(m/(dx)) that assigns independent Poisson random variables N (A ;) with means EN(A;) = m(A4;)
to disjoint sets A; € J of finite m-measure. The Lévy process (; of Section 3.1 can be represented

in the form
t 0
(tz//uN(duds), £>0; ctz—/ /uN(duds), t<0
0 JR t R

for a Poisson random measure N(duds) ~ Po(v(du) ds) on R?. Intuitively, N(duds) describes the
number of points in du x ds and, if u is interpreted as “height”, then (; describes the cumulative
height of the points in R x (0,¢]. This gives every moving-average processes of the form Eqn. (28)
the more intuitive form

Y, = //R h(t — s)uN(duds). (28")

Thus the fOUL process of Eqn. (27) can be represented as

K—1
Y/ = A \/_/ / ) Le M%) o N (du ds) (27"

for all kK > % and in particular

t
Y, = \/ﬁ/ / e M%) o N (du ds) (33)
—oo JR

for the case of k = 1, the Ornstein-Uhlenbeck Lévy (OUL) process.

It was noted in Section 2.3 that, in the Gaussian case of Eqn. (6) for k = 1, there was no
difference between treating the function h(t — s) = ov2 e M=% as an integrand for Brownian
motion W (s) (the “downstairs” representation of a moving-average Gaussian process) or considering
the “upstairs” representation of Eqn. (20), integrating a two-parameter Brownian sheet W (r,s)
over a the two-dimensional set of the form {(r,s) : 0 <r < g(t — s)}, for a suitable function g(x)
vanishing for x < 0. These differ for Lévy processes, as we will see in the next subsection.

3.3 “Upstairs” Poisson representations

Let g(t) : Ry — Ry be nonnegative nonincreasing with finite integral

= /0 g(x)dx < oo, (34)

introduce a Poisson random measure N (du dz dz2) ~ Po(v(du) dz1 dzs) on R3, and set

g(t—z2)
X = / / / u N (du dzy dzs) (35)
= ///RB Lo<ar <g(t—z2)} ¥ N (du dxy dzg).

The process {X;, t € R} is stationary; its infinitely-divisible marginal distribution has log charac-
teristic function

log E[e**t] = / (e — 1) pv(du) (36)

R

12



since fioo Og(tf‘rz) dxidxy = p. The process {X;, t € R} then has Lévy measure pv(du) and, if
0% = [z u?v(du) < oo, has covariance function
o
p(t) = Cov(Xo, Xt) = 02/ g(x)dx (37)
It]
SO
o d
o) = —o2Low), 1> (38)

dt

and ¢(t) is simply the negative derivative of the correlation function as in the Gaussian case of
Eqn. (21).

In particular, for g(t) = e_)‘tl{tzo}, then p = fR+ g(t)dt = X\7! and the covariance is again
given by p(t) = p'(t) = o?e M of Eqn. (5), so of course the spectral density remains x(#) =
% (1 +62/X%?)~! as in Eqn. (9). In contrast to the Gaussian case, the process X; with “upstairs”
representation Eqn. (35) and the process Y;' with “downstairs” representation Eqn. (33) have differ-
ent probability distributions (easily seen by comparing log characteristic functions Eqns. (32, 36)),
even though they share the same covariance function.

3.3.1 Networking interpretation of the upstairs representation

The process { Xy, t € R} of Eqn. (35) evolves solely by taking positive and negative jumps of same
magnitudes. If (u,z1,x2) is in the random support of N(dudzy dzs), with 21 € (0,¢(0)], then
{X, t € R} will take a jump of magnitude [X; — X;_] = w at time ¢t = z9. After a lag of length
7 =g Y(x1), at time ¢ = ¢ + 7, the indicator function in Eqn. (35) returns to zero and the process
{X:, t € R} takes a return jump of magnitude [Xy — Xy_] = —u. In the common case where
v(du) is supported on R, for example, positive jumps of magnitude u > € arrive as a Poisson
process with rate A\, = V([e, oo)) < o0; each such jump is followed after a delay 7 by a restoring
negative jump of magnitude —u. Conditional on x; € (0, ¢(0)], then x; is distributed uniformly
in that interval and hence the delay 7 has a probability distribution with complementary CDF
Plr > t] = Plg~Y(x1) > t] = Pla1 < g(t)] = g(t)/g(0); the integrability condition Eqn. (34) now
asserts that 7 has finite mean E7 = g(0)~! [;* g(t) dt < co. For the case of g(t) = e ™Mon Ry, T
has an exponential distribution with mean E[r] = A7! < occ.

In the context of network traffic, the interpretation is that packets (or files) of size u > € > 0
are transferred through a given node at Poisson rate A\, = V([e, oo)) < 00, and occupy a node or
link for a random duration 7 with CDF Pr[r <t] =1 — ¢(t)/¢(0). We shall return to this point in
Section 4.4.1.

4 The general infinitely divisible case

The ID processes constructed in Section 3.1 were defined under the restrictive condition of Eqn. (23).
We relax this restriction in this section and consider integrals with respect to a general Lévy process
(corresponding to a random measure M) with both Gaussian and Poisson components.
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4.1 Integral representation

We start by recalling the definition of the integral

Mf] = /x f(x) M(dz) (39)

= [ t@yman) + [ @ wida
+//uf(x)<lUf( N(dudz) + //qu x)|>1 N (du dx) (40)

where X is the Euclidean space R or R? (the same construction will work with any complete
separable metric space); f : X — C is a real or complex-valued Borel function on X; m(dz) is a real-
valued Borel measure on X (with total variation measure |m|(dx)); W (dx) is a zero-mean Gaussian
random measure on X with control (or “mean”) measure v(dz) (so EW (dz)? = v(dz)); N(dudzx)
is a Poisson random measure on R x X with control measure v(dudz) (so EN(dudz) = v(dudz)),
and N(dudz) = N(dudz) — v(dudz) is the corresponding “compensated” random measure?.

The distribution of the random variable M{[f] of Eqn. (39) can be specified by the characteristic
function:

logEexp{i0 M[f]} = 29/f —%Q/DC\f(a:)\Qv(dw)

—I—// [ewuf(x)—l—iﬁuf(x)} v(dudx)
{lu f(@)|<1}

—I—// [ewuf(x) - 1} v(dudzx). (41)
{luf(=)|>1}
This (and hence M|[f] in Eqn. (40)) is well-defined under the condition that

m|(dz 00 )2 v(dz 00
/If [[m[(dz) < 7 /If( )|Fv(dz) < oo, (42)
and

[ [ ws@p anystuan) < o (13)
X JR

The last condition follows from the fact that the modulus of the kernels in the last two integrals in
Eqn. (41) are bounded respectively by ‘u f(zx) ‘2 and by 2. The collection ® of functions f satisfying
Eqns. (42,43) is a linear space, since (|u(f+ g)|> A1) < 2(|lu f|> A1) +2(Jug|?> A1). Tt contains, for
example, every bounded measurable compactly-supported function f : X — C if v(dudx) satisfies
the integrability condition

/R (u2 A1) v(du, K) < oo (44)

for each compact set K C X; see Musielak (1983) for a general description of what are now called
Musielak-Orlicz spaces.

A sufficient condition for the random variable M|f] of Eqn. (40) to have a finite mean is that
Eqn. (42) hold and, in addition,

J[ (s b)) iduds) < o, (45)
RxX

2If B and F denote the Borel o-fields on R and X, respectively, then v(dz) and v(dudz) are non-negative sigma-
finite measures on (X,¥) and (R x X, B ® F), respectively. The measure v is also referred to as the Lévy measure.
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in which case

EM[f] = /xf(x) m(dz) + //{uf(:t:)>1} u f(z) v(dudz). (46)

A necessary and sufficient condition for M|f] to have a finite variance is that Eqn. (42) hold and,
in addition,

VarM|[f] = /xf(a:)Qv(dar) + //Rxqu f(2)*v(dudz) < oco. (47)

Since (Ju f(2)2 Alu f(z)]) < (W? Alul) x (|f(@)[* V]f(z)|), Eqn. (45) is satisfied if, as we will often
suppose,

feL'nL*X,dx) v(dudx) = v(du) dz /R (u? A Ju]) v(du) < co. (48)

There are also situations where it is not necessary to compensate the Poisson random measure.
In this case the integral M[f] may be defined as

M[f] = /x £(2) mo(d) + /x £ () Wdz) + / /x uf(@) N(duda) (19)

if Eqn. (42) holds with m replaced by mg and if Eqn. (43) is replaced by the sharper condition

/DC/]R (Ju f(z)| A1) v(dudz) < oco. (50)

Eqn. (28), for example, has the representation of Eqn. (49) with mo = 0, v(dz) = 0, and f(z) =
h(t — x). The Telecom example considered in Section5 below requires the weaker restriction of
Eqn. (44).

Both Eqns. (40,49) are special cases of the more general definition

Mylf] = /xf(:c)mh(dx)Jr/xf(x) W (dz) +
[ o) M) [ [us@) = 0] N

for arbitrary bounded compensation function h(z) = x + o(z) as z — 0 (see Sato, 1999, p.38)3
such as h(r) = sinz, arctanz, or z/(x + x?); in Eqn. (40) we made the conventional choice of
h(z) = x1j3<1, while in Eqn. (49) we took h = 0. The two expressions of Eqns. (40, 49) will
coincide if
mo(dx) = m(dx) — / uv(dudz);
u f(x)|<1

the only effect of changing the compensation function A is to shift the measure m(dz). Eqn. (49)
is simpler where it is available (i.e., when Eqn. (50) holds)— this expression for M[f] is linear in

3The log characteristic function of Mj[f] has the convenient form

log E exp{i0M[f]} = i6 /x f(@)m(dz) — g/x |f (z)|?v(dx) + /x/R [ewuf(z) —1—1i0h(u f(x))] v(dudz).
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f, and requires no arbitrary choice of h # 0. Another simple choice is the “fully compensated”
expression with h(x) =

M{f] = /x £ (&) m(da) + /X fywids) + /x _uf@) Nduda), (51)

well-defined whenever Eqn. (42) holds and

I ur@p A s vianas < . 2
XxR

Conditions under which these Poisson integrals are well-defined, and some of their properties, are
collected in the Appendix. For more details about these variations on the Lévy-Khinchine formula
(Khinchine and Lévy, 1936), see Maruyama (1970), Jacod and Shiryaev (1987, p.75), Sato (1999),
Kallenberg (2002, p.236), or Cont and Tankov (2004).

Even when v(dudzx) factors in the form v(du) pu(dx) it is not, in general, possible to separate
in a simple way the integrals in Eqn. (43) due to the presence of the minimum. The Musielak-
Orlicz spaces ® (resp., ®,) of functions f(z) for which M|[f] of Eqn. (40) is well-defined (resp.,
EM[f]P < oo0) were found by Rajput and Rosinski (1989, Theorem 3.3) and by Kwapieri and
Woyczyniski (1992, Theorem 8.4.1). There is no difficulty, however, in the symmetric a-stable case
for 0 < o < 2, which we consider in Section 5, where m = 0, v = 0, and v(du dz) = |u| =% du p(dz).
The integrability condition Eqn. (43) becomes

[ @ A e duntan) = [ 151 utan) [ (@2 anf o <o

or, since the second integral converges for 0 < a < 2, simply

/ 1 (@)[* p(de) < oo, (53)
X

with M[f] € L? for 0 < p < . Since the characteristic function of M|f] may be expressed as

log E {i6 M[f]} = —ca 0] /R 1 (@)]® pu(da)

for some positive constant c,, M|f] is seen to have the symmetric a-stable (or “SaS”) distribution,
with heavy tails and infinite variance (see Samorodnitsky and Taqqu (1994) for details).

We now focus on downstairs and upstairs representations of stationary and stationary-increment
infinitely divisible processes and provide several examples. These processes can be used to model
realistic networking situations.

4.2 Stationary processes: downstairs representation

The random measure M (dx) is called stationary on X = R if M|[f;] has the same distribution for
all translates fi(x) = f(t — z); this will happen if and only if m(dz), v(dx), and v(dudzx) are
translation-invariant in x € X, i.e., if

m(dx) = mdx v(dzx) = vdz v(dudz) = v(du) dx

for some constants m € R and v € Ry and some o-finite positive measure v(du) on R where,
as usual, “dz” denotes Lebesgue measure. A stationary random measure M (dz) will determine a
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stationary stochastic process X, = M|f;] for any kernel function f;(z) of the form f;(z) = h(t — x)
that satisfies Eqns. (42,43) for each t € R:

X/ = /R h(t — 2) M(dz). (54)

It is straightforward to obtain the mean and variance, when they exist. If h € L' N L?(R, dz) and
Jp(W? A |u]) v(du) < oo, then f; satisfies Eqn. (48) and hence Eqn. (45) and so

EX| = m/ dx—I—// wh(z)v(du) dx.
Juh(x)|>1

If in addition 02 = v + [ u? v(du) < oo, then the variance VarX] = o2 [, h(z)? dz is finite and the
covariance is given by

p(t —s) = Cov(X., X]) = 02/ h(s —x) h(t — x) dx.
R
In this case the spectral density is given by
() = // 02h(s — @) h(t — z) da dt = o2 |h(0)[2,
R2

proportional to the squared modulus of ﬁ(ﬂ) Simple illustrative examples of stationary ID processes
and ID processes with stationary increments, all with m = 0, include:

OU: v=0% v(du)=0 fi(z)=V2Xoe X1,
(du) =0 fo(z) = V2NT2(t — 2)5 e =9 /T (k)
OUL: v=0 wv(du)>0 fi(z)=vV2roe 1,y
(du) VN3 (= 2) e A D ().

fOU: v=02 v

fOUL: v=0 v(du)>0 fi(zx)=

4.2.1 Example: OUL generated by a gamma random measure

A gamma-distributed random variable Y ~ Ga(«, ) with shape parameter v > 0 and rate pa-
rameter 3 > 0 (hence mean «/(3) is a non-negative random variable with density function given

by
y*te P3*T(a),  y>0.

Its log characteristic function is
logEe®Y = log(1—i0/3)"% = / (e — 1) v(du)
Ry

with Lévy measure

v(du) = ae‘ﬁul{uw}u_ldu (55)

(see Rogers and Williams, 1994, 128). We shall now construct an explicit example of the down-
stairs OUL processes. Consider the gamma random measure M (dx) with Lévy measure given by
Eqn. (55), that is, M(dz) in Eqn. (39) assigns independent gamma-distributed random variables
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M(A;) ~ Ga(a|A;j], B) to disjoint sets A; € R of finite Lebesgue measure |A;|. The log character-
istic function of the resulting process

t
X{=V2\ / e M=) M (dz)
is given by Eqn. (32) as

logE[ewXé] = / / [exp (2 Ou e_xx/ﬁ) — 1} oe Pyt duda )\
Ry JR,
= /R [eww—l] %El(wﬁ/\/ﬁ) dw/w,

where Ey(z) = [° e~ dt/t is the Exponential Integral function (Abramowitz and Stegun, 1964, Sec. 5.1).
Thus X/ has an ID distribution with Lévy measure

v(dw) = %El (w ﬂ/\/ﬁ)l{ww} dw /w.

Note that although the distribution of X} is ID, it is not from the gamma family because its Lévy
measure is not of the form given in Eqn. (55). The covariance of this stationary process is given by
Eqn. (5), p(s,t) = 0% e M=l with o2 = Jg vv(du) = /2.

4.2.2 Example: fOUL generated by a SaS random measure

Now consider the fOUL process given in Eqn. (27), here rescaled in the form
X! = T(k) Y/ = / F@)M(dz) with fu(@) = VENT (¢ — 2)it e M)
R

where the SaS measure M (dx) has Lévy measure v(dudz) = |u|~* 1 dudz for some a € (0,2).
This is well-defined by Eqn. (53) provided

a - a [t
[l ie = [l [ sy oo,
R - —00
— _\/5 )\n—%i|a/ ra(,‘i—l)e—a/\'f‘ dr
: 0
= [vax aHr T(1+a(k — 1)) (56)

< oo,

i.e., for k > 1 —1/a (the integral diverges for k <1 —1/a). By Eqns. (29-31), X/ is ID with Lévy
measure

P(du) = /\“/ft(ﬂf)\_adde/u = V2! T+ ats - 1) ol du,

again SaS but with a different scale constant.
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4.3 Processes with stationary increments: downstairs representation

The indefinite integral X; = fg X! ds of Eqn. (54) gives a process X; with stationary increments
that may be expressed as M|f;] for a kernel of the form f;(x fo s—x)ds=[H(t—z)—H(—x)]:

= M[f,] = /R [H(t —2) — H(—z)] M(dx). (57)

The conditions imposed on fi(x) = [H(t — x) — H(—x)] by Eqn. (43) are that, if m # 0, then
fi(r) € LYR,dz), and that if v > 0 or v > 0 for VarX; < oo, then fi(x) € L*(R,dx) as
well. This includes some kernels fi(x) = [H(t — ) — H(—x)] for which H(z) is not of the form
fo x)ds for h € L}(R) or h € L?(R) as above, and hence some processes X; with independent

1ncrements which do not have differentiable sample paths. For example, for any x € (—5, 5) the

kernel fi(z) = [(t — 2)} — (—x)%] of fBM satisfies f; € L*(R, dz), while no power of the derivative
h(r) = H'(r) = k(r)§' of H(r) = (r)% is integrable over (R, dz). Thus, examples of ID processes
with stationary increments, both with m = 0, include:

BM: v=1 v(du)=0 fi(r)=10y4()
fBBM: v=0? v(du)=0 f(z)=I[t—-2)%—(—z)%].

4.4 Stationary processes: upstairs representation

Now let M (dx) be a random measure on X = R? whose distribution is invariant under translation*
of x = (x1,22) € X. This will happen if and only if m(dz), v(dz), and v(dudx) are translation-
invariant in x, 7.e., if each is a product measure of two-dimensional Lebesgue measure dx = dx dzo
and a constant or o-finite measure in the other variable(s),

m(dx) = mdzridre v(dr) =vdridry v(dudz)=v(du)dz; dzs. (58)

Such a random measure will determine a stationary stochastic process X; = M|[f;] for any kernel
function fi(z) of the form fi(z) = 1{o<z,<g(t—a,)} for suitable non-negative measurable functions

g: R — R—H
g(t—z2)
Xi= [ [T wtan) (59)
R JO

provided [(u* A 1)v(du) < co. The process is well-defined (i.e., satisfies Eqns. (42, 43)) for any
non-negative measurable g € L'(R), for then f; = Lo<ai<g(t—z2)} € L' N L?(X, dz) because

/x\ft(w)\p dr = /xl{0<x1<g(t_x2)}dx1 dxa for any p > 0

= /Rg(t—fcg)da:g
= /Ooog(q:)dx<oo.

40nly translation-invariance in the second component z2 of x is required for the construction below, but we impose
translation-invariance in both components to simplify the exposition.
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The mean, variance, and covariance of X;, where defined, are given by

EX; = m/ g(x) da:—i—// u fe(z) v(du) dz
0 [u fr(z)|>1
VarX; = 02/ g(z)dz
0

Cov(X., X}) = o? /t h g(x) dx (60)

,sl

where 02 = v + [ u* v(du); the mean is well-defined provided g € L'(Ry) and [ |ulv(du) < oo,
the variance and covariance provided g € L'(Ry) and [ (u* A Ju|)v(du) < oo (see Eqn. (48)).
Eqn. (60) implies that g(¢) and the covariance function p(t) = Cov(X], X/ ) are related by

o(t) = —0 > Tp(t), 130 (61)

as in Eqn. (38) and, in the Gaussian case, Eqn. (21).

4.4.1 Modeling realistic covariances

Covariance functions p(t — s) = Cov(X/, X/) estimated from observations of packet arrival rates in
data communications networks frequently exhibit an initial exponential fall-off p(t) ~ o2e=* for
small |¢|, followed by a more gradual fall-off p(t) ~ c|t| ! as t — +oco. Since Eqn. (60) is valid
for any integrable decreasing function ¢(t), and since g(t) and p(t) are related by Eqn. (61), this
behavior can be modeled by an upstairs representation in which g(¢) falls off exponentially at first,
then like a power.

For an example, consider p(t) oc (14 A|t|/a) ™ for a > 0 (arising from the upstairs construction
with g(t) oc (1 + At/a)~*"1) or, more flexibly,

/ A2+ (a+ 1)t
~[logg(t)]” = g o >0 (62)

g(t) — )\(1 + t2/52)7(a+1)/267)\5 arctan(t/§) (63)

From Eqn. (62) it is apparent that the derivative of log g(t) is approximately a constant A for t < &
and is approximately (a + 1)/t for ¢t > 0, so we may expect that g(t) ~ Aexp(—At) for small ¢
and g(t) ~ ct=~! for large ¢, easily verified from Eqn. (63). This leads to the behavior described
above (p ~ e M for t < &, p = c|t| ™ for t > §) of p(t) = o? fﬁ‘o g(x) dx, whose logarithm is
plotted in Fig. (2) along with a dashed line indicating the logarithm of exp(—A|t|) for comparison.
A stationary process with this covariance is easily constructed via the upstairs representation of
Eqn. (59) using g(t) from Eqn. (63).

4.4.2 Example: Upstairs OUL generated by a gamma random measure

For an explicit example of the upstairs OUL processes, with exponential decay in the covariance
p(t—s), consider (as in Section4.2.1) the gamma random measure M (dz; dxs), with Lévy measure

v(du) = ae_ﬁul{uw} du/u,
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Figure 2: Realistic log covariance function log p(t) (solid), and log [exp(—A[t|)] (dashed) for con-
trast. The covariance behaves like an exponential for small ¢, like a power for large t.

so that M(dx) in Eqn. (59) assigns independent gamma-distributed random variables M(A;) ~
Ga(al4,|, B) to disjoint sets A; € R? of Lebesgue measure |A4;|. The log characteristic function of
the upstairs process with g(r) = Ae 15,01,

t Ae A(t=w2)
X, = / / M (dzy dzs)
—o0 J0

logE[eth] = / (ew“ -1« e P duu.
Ry

is given by Eqn. (36) as

Thus X, has a gamma Ga(a, ) distribution, in contrast to the downstairs-representation presented
in Section4.2.1, even though both (by Eqn. (60)) have the same covariance function

p(S,t) = / U2 l/(du) / )\e_de — %6_)\“_8',
R |t §;

_5|

4.5 Processes with stationary increments: upstairs representation

The indefinite integral X; = fg X! ds of Eqn. (59) gives a process X; with stationary increments
which may be expressed as X; = M|f;] for a kernel of the form

t
ft('rla 552) = A 1{0<11§g(3712)} ds = |(07 t] n {8 : g(S - $2) 2 :1:1}‘7 (64)
thus

X = / ‘(O,t] N{s: g(s —x2) > xl}’ M (dx; dx2) (65)
R2
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But it is not necessary that the derivative X exist for X; to exist; the function g in Eqn. (65) has
only to satisfy the conditions implied by Eqn. (43). Conditions for X; to have finite variance are
more restrictive; we state sufficient conditions in the following proposition.

Proposition 4.1 For any v € Ry, any nonnegative measure v on R satisfying fR u?v(du) < oo,
and any function g : R — Ry that vanishes on (—00,0), decreases on [0,00), and satisfies

/Ooo(m A1)g(z)dr < oo (66)

we can construct an ID random measure M(dx) on X = R? of Eqn. (39) and a finite-variance
process Xy with stationary increments

Xi = M[f
= /x’(o,t]ﬂ{s: g(s—m2)2$1}|M(d$)

- /x Filz) W(dz) + / / u fi(z) N(dudz). (67)

where f(z) = |(0,8)N{s: g(s—x2) > x1}|. Moreover, in this case, EX; = 0 and the variance and
covariance of X; are given by

VarX, = 02/ [t — (t — x)2] g(z) dz
0
1
Cov(Xs, Xy) = = [VarXt + VarX, — VarX|t_S‘]
= —/ [2st + (|s —t| —2)% — (s — )% — (t —2)3] g(v) dz

where 0% = v+ [ u? v(du).

Proof. The Gaussian integral in Eqn. (67) is well-defined for any f; € L?(X, dz). So is the (fully
compensated) Poisson integral in Eqn. (67), because Eqn. (52) holds whenever [ u?v(du) < oo and
Jo|f(@)|? dz < oco. Now the condition f; € L*(X,dx) becomes

t ot
/xft(x)2dx = /DC [/0 /0 Lo<a <g(s1—a2)} 1{0<a1 <g(s2—a2)} 51 dsz] dx
= // [2 // 1{0<x1§g(52—z2)} d81 dSQ] d.l‘l dl‘g
R2 (z2V0)<s1<sp<t
/ [ [s2 — (z2 V 0)] g(s2 — 2) dsz] dxs
0 t
/ /2898—2 dsdz+// s—2)g(s—z)dsdz
0
(t—x) t—z
= / / 2(x+2)g dzdx—l—// 2x g(x) dz dx
0
/
/

(J:Q/\tQ)g(a:)da;—F/ 2t —z)xg(z)dx

0

[t* = (t = 2)3] g(2) do < o0, (68)
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which is satisfied for example if Eqn. (66) holds. Eqn. (47) yields the given expression VarX, while
that for the covariance Cov(Xg, X;) follows from the polarization identity. a

4.6 Poissonized Telecom and fBM Processes

Condition Eqn. (66) is less restrictive than requiring that g € L' — for example, it is satisfied for

any power
g(z) = 23173 (69)

in the range £ < H < 1 and in this case Eqn. (68) gives 07 = ct*#, for ¢ = 02 /2H(2H — 1)(1 — H).
The resulting process

t
X = //RQ |:/0 1{0<z1§(s—m2)iH_3}d8:| M (dzy dx2) (70)

is called the Poissonized Telecom process (Cohen and Taqqu, 2004).
In the Gaussian case (v =1, v(du) = 0, M (dx) = W(dx)), this process

t
X, = / /R 2 [ /0 Lo, S(Hz)iH_g}ds] W (day dies) (71)
gives the fBM process.

Corollary 5.2 below shows that a similar construction leads to the infinite-variance Telecom
process when M (dz) is a symmetric a-stable random measure (0 < « < 2), but the exponent will
be aH — « — 1 rather than 2H — 3.

4.7 The random field version

Fractional Brownian motion and the Poissonized Telecom process are two examples of processes
that have stationary increments but are not differentiable and so cannot be written as integrals
of well-defined stationary processes. As indicated in Section 2.1 in the case of fractional Brownian
motion, it is possible to alleviate this problem by working with random fields. We now build random
field versions of the ID processes X; defined in Eqns. (65, 67).

For suitable functions ¢(t) we can construct a random field version X[¢] of the ID process X,
defined in Section 4.5 by setting

X[ /x RS- (72)
= [l Wido)+ [ [ o) ¥iauan (73)

where fg(2) = [ &(5)1{0<zy <g(s—zs)} ds and where we suppose v(dz) = vdz and [ u?v(du) < oo
as in Proposition4.1. The condition for X|[¢] to be well-defined follows from Eqn. (48), namely,

23



fo(x) € L3(X, dx), leading to the requirement that
/xf¢(90)2 dr = /x [/ - ?(51)P(52) 1 0<ar <g(s1—22)} L{0<w1<g(s2—a2)} A51 dS2 | dx

=2 //// gb(sl)¢(82)1{0<$1§g(82—$2)} dsy dsa dxy dxo
xr2<8s1<52<00
- / i ¢(s1) p(s2) [/ | g(r) dr] dsi dsy

- /0 h [ / /| L Hen) dle)don d32] g(r) dr < oc.

Since the bracketed term is bounded by both 27||¢||o||¢||1 and by [|¢[|3, we have

Proposition 4.2 X[¢] is well-defined for all uniformly bounded integrable functions ¢ € L'(R)
and all non-increasing non-negative functions g : Ry — Ry satisfying [p(r A 1)g(r) dr < oc.

For H € (3,1) and g(r) = riH ~3_ this yields the random-field version of the fBM process, for
v = 02 and v(du) = 0. Since the functions ¢(s) = >.0ily, € L'(R) are integrable, this shows
the processes we generated in Eqn. (65) are all well-defined.

It follows that
— i0r > 2 [
GO = | e gu)du| dr = - sin(fr)g(r) dr
R I 0 Jo

is finite for all @ # 0; the largest collection ® of functions ¢ € L! for which X |[¢] is well-defined will
be those for which

[ oterar = [[ oenat) [ [ e dr] sy dsy

- %A|$(0)|2G(0)d0<w.

For example, for g(r) = r2# 7 as in Eqn. (69) we have G(0) = || 2 T(2H — 1) sin(rH)/(1 — H),
and we can construct X [¢] for any ¢ satisfying

/ 3O 6] df < .
R

This includes all ¢ € L'(R) N L2(R) since ¢ is then uniformly bounded (controlling the integral
over || < 1) and in L*(R) (controlling it over |#] > 1). One has EX, = 0 and

vary, = o [ [ [ ewewan dy2] o) dr,
Cov(Xe Xy) = o* [ [ [ et i dy2] o) dr,

where again 02 = v + Jz u? v(du), provided the corresponding integrals converge.
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5 The Telecom process

Renewal-reward processes with heavy tailed inter-renewal times were introduced by Mandelbrot
(1969) in an economics context. Mandelbrot’s model was developed by Taqqu and Levy (1986)
and it was adapted to the telecommunication context by Taqqu et al. (1997) who considered an
“on-off” version of the model. If the number of replications grows to infinity then, after subtracting
the mean and rescaling, the limit turns out to be fractional Brownian motion with self-similarity
(Hurst) exponent

3—7

H =", (74)

where 1 < v < 2 is the heavy-tail exponent of the inter-renewal times.

Levy and Taqqu (2000) studied what happens when the rewards are heavy-tailed as well, with
exponent o € (7,2) (they are in the domain of attraction of a stable distribution with index 7).
They showed that, after centering and rescaling, the limit process {Z;,t > 0}, called the Telecom
process, is a symmetric a-stable (SaS) process with stationary increments which is self-similar with
exponent
a—v+1
—

H= (75)

Further results about the Telecom process can be found in Kaj and Taqqu (2004).

5.1 Downstairs and upstairs representations

It was shown by Pipiras and Taqqu (2000) that the Telecom process can be represented in the form:

[ee) o] t
Zt = / / [/ 1{01<S§U2}d81| M(dm d’Ug), (76)
—o0 J —00 0

where M is a SaS random measure on R? with a control measure
m(dvy dva) = y(vg — 1) dvidus, (77)
that is, for any set A in R?, the characteristic function of the SaS random variable M (A) is
Eexp{i0M(A)} = exp{~[0]"m(A)}.

The measure m plays the role of scale factor (it weighs different sets A in different ways). For more
details about SaS random measures and their control measures, see Samorodnitsky and Taqqu
(1994, Chapter 3).

Observe that the Telecom self-similarity exponent H of Eqn. (75) would agree with that for
fBM given (for @ = 2) in Eqn. (74)— and, in fact, the Telcom process converges to the Gaussian
fBM as o " 2.

The Telecom process has a corresponding integral representation with respect to a compensated

Poisson measure N: .
7z, 2 / / / { / 1{v1<3<v2}ds} u N (du dvy dvy) (78)
R3 LJO -

where N (dudvy dvy) = N(dudvy dvs) — v(du dvy dvy) and N (du dvy dvy) ~ Po (v(dudvy dvy)), with

v(du dvy dve) = |u| = tdum(dvy dus), (79)
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where m(dvy dvy) = y(ve — v1)}” “Ldvidvs is the Telecom control measure of Eqn. (77).

The representations of Eqns. (76,78) are not easy to interpret, particularly the form of the
control measure m in Eqn. (77). Our goal is to obtain an upstairs representation of the Telecom
process which has a direct networking interpretation. Since the Telecom becomes fBM when a = 2,
this will also provide a physical explanation for why fBM appears naturally in the context of network
traffic (where fBM appears commonly).

We will use the following result to obtain the upstairs representation:

Proposition 5.1 Let g(s), s > 0 be a non-negative differentiable strictly monotone decreasing
Junction on Ry with g(0) < oo, and set g(s) =0 for s < 0. Then the process

_ / /R 2 [ / 1{v1<r<v2}dr] MY (dvy dus), (80)

where M,gl) is a SaS random measure on R? with control measure
mW (dvy dva) = |¢' (va — v1)| dvy dus,

has the same finite-dimensional distributions as the process

= /]R /0 [ / Lio<ar<g(s—no)ds | M (day dza), (81)

where Méz) is a SaS random measure on R? with control measure
m ) (dzy day) = dxy dao,

provided either process is well-defined. If the process Xt(2) 1s differentiable, that is, if

Xé - / /1{0<x1§9(t362)}M0(42)(d$1dx2)

_ / /g” " 0O (dey day) (s2)

is well-defined, then XM and X2 have the same finite-dimensional distributions as

t
x0 = [ xias)

_ /// )y 2)(dy das) ds (83)
/O/R/O - z2)/Rujif(duda;lda;z)ds, (84)

where N(dudzy dze) = N(dudzy drs) — v(dudzy dxy) is the compensated version of a Poisson
random measure N(dudzq dxs) ~ Po(v(dudzy dxs)) with control (or mean) measure

B

v(dudzy dzy) = |u| = Ldu dzy drs. (85)
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Proof. Let 04,...,0, be arbitrary real numbers and ¢y, ...,t, arbitrary positive numbers. The
finite dimensional distributions of X(!) are characterized by

—logEexp< 4 ZGth(jl) = A“
j=1

where
(07

Aa://2 Zej/ Liy <r<unydr| |9’ (v2 — v1)| dvi dvs
R 0

j=1
and those of X@ by

n
~logEexp{i » 0;X § = B°
j=1

where
(07

(o.¢] n t]'
BY = / / Z 9]' / 1{0<x1§g(s—x2)}d5 dl‘l dl‘g.
0 R j=1 0

The processes X () and X @) are well-defined because 1 < a < v < 2 implies A* < oo and B < oc.

To conclude XM £ X@) we need only verify that A% = B“.
Observe first that by changing variables to zo = v1 and 7 = vy — v1, we find

(e}
tj
0

A% = //R2 Zﬁj/ Lzo<r<motr}dr |g' (7)| do dr.

Jj=1

Now set
xr1 = g(T)7 (86)

and observe that 11, s<zy4r) =1 ifand only if 29 <s <@g+ 7,if and only if 0 < s — @y < 7, if
and only if g(0) > g(s — x2) > x1 = g(7) > 0 (since g(z) is strictly monotone decreasing on R ),
if and only if 1fo<p, <g(s—az,)} = 1. Since the differentials for this change of variables are related by
dx1 = |¢'(1)| dr, we have AY = B“.

If X/ in Eqn. (82) is well-defined, that is, if

g(r—z2) S)
/ / dxidry = / g(s)ds < oo,
R Jo 0

then one can interchange integration (Samorodnitsky and Taqqu, 1994, Theorem 11-4.1) and write
X; = fg X, dr. Then Xt(z) can be expressed a.s. as in Eqn.(83). To get Eqn.(84), express

(as usual) the SaS MP (dz1 dzg) in terms of a compensated Poisson measure M(g)(d:nl dxs) =
Jz w N(dudzy dry) with control measure as in Eqn. (85), where u corresponds to the size of the
Ltjumps”. D
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5.2 Networking interpretation

The Poisson measure N in Eqn. (84) generates points (u,z1,z2) with the following network inter-
pretation. Each point (u,z1,z2) indicates the arrival at some network component at time xo of a
job of intensity (rate) u, which lasts for a duration 7 with survival function (complimentary CDF)

9(t)/9(0), i.e.,
Plr > t] = g(t)/9(0).

Thus z; = g(7) may be regarded as the realization of a uniform random variable on the interval
(0,9(0)]. Hence

The event {0 < x1 < g(r — x2)} is the event that the job
generated at time xo has not yet terminated at time r.

Given r and the starting time zo, this event occurs with conditional probability

g(r — z2)
9(0)

which vanishes for » < x9 and then decreases from one at r = x9 to zero as r — oo. We now have
a physical explanation for the range of integration in Eqn. (84).

Pl0 <21 < g(r—x2) | ze] =

5.3 Application to the Telecom process

Let g(s) = (s);7, for 1 < & < v < 2. Then g(s) is strictly monotone decreasing on (0, 00), with
g'(s) = —y s~ 7! there. One has A% = B* and thus the representations of Eqns. (80,81) are valid
and agree, but not the representations of Eqns. (83,84) because [;° g(s) ds = oo (an indication that
the Telecom process is not differentiable). One can approximate the process by taking ¢ > 0 and
setting
ge(s) = s Ne M0y

Now [ ge(s) ds = € 77y/(y—1) < oo since v > 1, so Eqns. (83, 84) with g replaced by g. determine
a differentiable process Xt(i) that converges in probability to Xt(2)
result holds for the Telecom process too:

as ¢ — 0. Hence the following

Corollary 5.2 The Telecom process Z; of Eqn. (76) has the following equivalent representations:

rrt
Z = /R /R 1 /0 1{0<x1<(”2)r}dr] Ma(day dicy) (87)
t

d [ ge(r—ax2)
= lim // M (dzy dzs) | dr (88)
«=0Jo |JrJo

d t [ ge(r—z2) 5
= lim // / ulN (dudzy dze) | dr (89)
«=0Jo |JrJo R

where ge(s) = s77 A e V>0 and where M, is an SaS random measure with control measure

dx1 dxy and where N is a compensated Poisson random measure with mean measure |u| —o=l dudzy dxs.
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5.4 Example: fractional Brownian Motion

The Gaussian fBM has many different representations. We have already encountered two of them
in Eqns. (18,71). Setting av = 2 and replacing M, (dz; dz2) in Eqn. (88), by a Gaussian random
measure W (dzy dzo) (with EW (dzy dao)? = dzy das) and —y = 2H — 3, H € (3, 1), yields another
equivalent representation for fBM. Thus,

d .. t [ ge(r—m2) ]
By (t) = lim / / W(dz1 dzs)| dr. (90)
«—0Jo [JrJo

where g(s) = s2H3 ne2H _31{ s>0}- The networking interpretation for this Gaussian-driven process
is similar to that of the Poisson-driven process presented in Section 5.2: now W (dx1 dxs) represents
a departure from the mean job rate initiated at time xz9 € R and of duration 7 satisfying g¢(7) = z1,
a random variable with Pareto distribution given by P[r > t] = gc(t)/ge(0) = (t/e)~7 for t > e.
Thus Eqn. (90) provides a networking explanation for fBM and helps explain why this process is so
ubiquitous in telecommunications.

6 Conclusion

We have constructed families of stationary infinitely-divisible processes X/, of stationary-increment
processes X, and of stationary random fields X [¢], useful for modeling network and telecommu-
nications elements. These include and generalize a number of familiar processes already arising
in telecommunications modeling including fractional Brownian motion and the Telecom process.
Briefly, these models evolves as follows:

A Poisson random measure N (dudzidxy) generates random points (u,z1,22) in R x X. A
point (u,z1,x2) indicates the arrival at time zo of a job request of magnitude |u| and duration
7 > 0 satisfying g(7) = 1. For any € > 0 and 1 > 0, the arrival times xo of “big” job requests
of magnitude |u| > € and “long” duration 7 > 7 constitute a Poisson process with finite rate
(so only finitely many of these arise in any compact time interval) proportional to V( [—e, e]c) g(n)
(proportional to e~*n~7 for the Telecom process).

The construction may be generalized easily to non-stationary processes, where these rates may
vary in time, or to the case where job magnitudes and durations are dependent— one need only
employ non-constant drift functions m(t) and variance and Lévy measures v(dz) and v(du dz dzs)
that are not necessarily of product form v(dz) = vdz and p(du) dzrq dxs.

A Appendix: Poisson integrals

Let N(dx) be a Poisson random measure on a space X, with mean (or “control”) measure v(dz) =
EN (dz), and let N(dz) = N(dz) — v(dz) be the corresponding compensated Poisson measure. We
collect here for convenience the conditions on v(dz) and on an integrand function f : X — R to
ensure that the following integrals would be well-defined, have well-defined means, or have finite
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Partially compensated Poisson integrals:

The partially compensated Poisson integral Ni[f] is well-defined whenever

/ (f(a:)2 A)v(dz) < oo
X

If fx( 2 A |f(2)])v(dz) < oo, then Ni[f] has Well—deﬁned mean ENl[f] = f|f|>1 f(x)v(dx). If
S f( da: ) < oo, then Ni[f] has finite variance VarNi[f] = [y f( . One can construct

SaS random variables of this form by taking X = R, f( ) =z, and I/(da:) |z| =1 for any
0 < a < 2; they have well-defined means (zero) only for 1 < a < 2, and none has a finite variance.

Uncompensated Poisson integrals:

The uncompensated Poisson integral N|f] is well-defined whenever

/ (f(z) Al)v(dz) < oo
X

If [¢|f(z)|v(dz) < oo, then N[f] has well-defined mean EN[f] = [ f( dx If fx( )2V
|f(z)|)v (dx) < 00, i.e., if f € L'NL%(X, dv), then N[f] has ﬁmte variance VarN = [y f(x)*v x)
One can construct SaS random variables of this form by taking X = R, f(x ) = z, and v(dr) x
|z~ ! only for 0 < a < 1; none has a well-defined mean or finite variance.

Fully compensated Poisson integrals:

The fully compensated Poisson integral N [f] is well-defined whenever

/ (f(@)* Al f(@)])v(da) < oc.
X

It has mean EN[f] = 0. If [ f(z)’*v(dz) < oo, then N|[f] has finite variance VarN[f] =
fx . One can construct SaS random variables of this form by taking X = R, f(z) = =,
and V(dx) |x\ @=L only for 1 < a < 2; they have well-defined means (namely zero) but infinite
variance.

B Appendix: The Orlicz Space ¢,

In this Appendix we verify that the OUL and fOUL processes of Section 3 are well-defined under
the condition Eqn. (26). Denote by ®; = {f : ¥(f) < oo} the collection of real-valued functions
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f: X — R on some measure space (X, dz) for which

\Il(f):/x/R(]uf(xﬂ/\l) v(du) dz

is finite, for some Lévy measure v that satisfies the conditions

Alv) = /]R (]u\ A 1) v(du) < oo B(v) = /]RlogJr lu| v(du) < oo. (91)
Then we have
Proposition B.1 &, is a linear space.
Proof. For f,g € &1, u € R,

lu(f +9)I A1 (Juf| + |ug|) A1

<
< (]uf\/\l)—i—(\ug\/\l)
and, for ¢ € R,

lu(c A1l < (]c|\/1)(\uf]/\1).

Upon integrating with respect to v(du) dz, we have
U(ef+g) < Vi) ¥(f)+¥(g) <oo, socf+ge .
a

Note too that ¥ is monotonic in the sense that U(f) < ¥(g) if |f| < |g|, so the conditions
g € ®1 and |f| < |g| for functions f,g : X — R imply f € ®;. In order to show that the fOUL
of Section 3 is well defined under Eqn. (26), we first set X = R (under Lebesgue measure dz) and
show that g, h € ®; for two specific functions g, h.

Proposition B.2 If v satisfies Eqn. (91) and X = R, then for any A > 0 we have
g(z) = ef)‘g”lRJr (x) € ®y.

Proof.

=
—
S
N—

11l

/R+ /R (fue | A1) v(du)da

A Llog, |ul (9]
= // 1d:n1/(du)+// lu e |dx v(du)
R Jo R JA"1log, |u

A1 / log, |u|v(du) + A1 / |u| e 18+ [y (du)
R R

= )\1/ ((log, |ul 4+ 1) A ul) v(du)
R
= M!A(v) +B(v)] < oo, soge€ d.

0

This shows that the OUL process of Section 3 is well-defined; now we turn to the fractional
fOUL.
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Proposition B.3 If v satisfies Eqn. (91) and k> 0, then h(z) = 2" 1 1)(x) € ®1.

Proof.
If Kk > 1 then |h| <1 and hence ¥U(h) < ¥(1) = A(v) < oo by Eqn. (91), so h € ®;.
If 0 < k < 1, then

1
]u\21:>/ (juz" " Al)de = 1
0

) a1/ 1
lul <1= / (juz" A1) de = / ldx —|—/ lulz" ! da
0 0 \

ull/(l*l@)
_ |u|1/(1—n) + /ﬁ‘/_l [|u| _ |u|1/(1—n)]
< k|

so in either case the right-hand-side is bounded by £~!(Ju| A 1) and
1
U(h) = / / (Ju 2" A 1) v(du)dzx
o JrR
< /41/ (Jul A1) v(du)
R

= k1TA(v) <oo, sohcd.

Finally, we have
Proposition B.4 If v satisfies Eqn. (91), then f € ®; for any function of the form
flz) =ca" e Mg, (z)

with ¢ > 0, A >0, k >0, i.e., any such f satisfies

/X/R (lu f(2)| A1) v(du) dz < oo.

Proof. For any function of the indicated form there are real numbers a > 0, b > 0 for which

f@) < ae g, (2) + b g (2)

= ag(x)+bh(zx)

for all x € R. Since ag(z) + bh(z) € ®; by Propositions B.1-B.3, and |f| < |ag(x) + bh(z)|, we
conclude f € ®; by monotonicity. 0
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