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Abstract

In this paper, we consider the problem of sequentially testing simple hypotheses con-
cerning the drift of a Brownian motion process from a unified Bayesian and frequentist
perspective.

The conditional frequentist approach to testing statistical hypotheses has been utilized
in a variety of settings to produce tests that are virtually equivalent to their objective
Bayesian counterparts. Herein, we show that, at least for standard classes of stopping
boundaries, the unified theory developed so far does not directly apply to the problem
at hand. We thus motivate the need for a new conditioning strategy that ensures the
existence of a conditional frequentist test whose answer essentially matches the objective
Bayesian test. Under a quite general set of assumptions, we show that the new form
of conditioning can still be interpreted as conditioning on the evidence present in the
data as represented by P-values. Further properties of the resulting procedure, including
ancillarity of the partition associated to the conditioning statistic and the characterization
of the no-decision region, are studied in detail in the setting of the familiar sequential

probability ratio test.
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1 Introduction

1.1 Testing the Drift of Brownian Motion

Suppose we are interested in sequentially testing simple hypotheses concerning the
drift parameter, 6, of a Brownian motion process, {W(t), t > 0}, starting at the
origin. Without loss of generality (see Section 2.1) one can assume that the problem
is of the form

Hy: 6 =0versus Hy: 0 =20, , (1.1)

where 6y > 0. A sequential test of (1.1) is simply a pair (7, ), where 7 is a stopping
time and ¢ is the terminal decision rule, which states which decision to take upon
stopping.

An important example of a sequential test for this scenario is the sequential
probability ratio test (SPRT), introduced in its general formulation by Wald (e.g.
Wald, 1947) and studied in detail for the case of Brownian motion by Dvoretzky
et al. (1953). It possesses the attractive pre-experimental property that there is no
other test with at least as low unconditional error probabilities that has a smaller
expected sample size under either hypotheses. It is described as follows: one should

stop observing the process at the stopping time
7 =inf{t: B® & (a,b)} , (1.2)

where 0 < a < 1 < b < oo are fixed constants and B, which is defined in (2.1),
can be interpreted as the likelihood ratio of Hy to Hy (cf. Section 2.1). Since the
Brownian motion paths are continuous a.s., upon stopping at 7 = t it will either be
B = q or B = b. If the likelihood ratio process exits the set (a,b) at b, one should
reject Hp; otherwise, one should reject Hy. Let R = I{B% = b} = [{reject Hy}.

It is easy to show that the test will terminate with probability one under either
hypotheses, i.e., that the stopping rule (1.2) is proper, and furthermore, using the
Optional Sampling Martingale Theorem, it is possible to explicitly compute the

unconditional properties of this test, which we will state here for future reference:

a=Py{R=1} = 2:2 (1.3)
5:[%{3:0}:@(’_1. (1.4)

b —



From an objective Bayesian perspective, the situation is also straightforward.
Since Bf‘) is a likelihood ratio, it is also the Bayes factor in favor of H;, and as
a consequence, upon stopping at 7 = t, the posterior probability of H; (assuming

each hypothesis is equally likely a priori) is

B
P{H, | {W(s), 0<s<t},7=1t}=—1— | 1.5
(W), 05 s<thr=1) = g (1.5
whereas the posterior probability of Hy is
1
P{Hy |[{W(s), 0<s<t}, 1=t} =——. 1.6
(o | W), 0S5 S 17 =1} = (1.6

Note that when Hj is rejected, and therefore B% = b is observed, the reported
frequentist error probability depends on the quantity a. In contrast, the Bayesian
answer depends exclusively on the observed data since B% depends only on the
observed data (and is, indeed, a sufficient statistic). It is, in part, this clash between
the unconditional error probabilities and the objective Bayesian error probabilities
that we seek to alleviate by producing a conditional frequentist test appropriate for

this situation, which essentially agrees with the objective Bayesian test.

Often, the simple versus simple structure is just an approximation to a more
complex situation. For instance in the clinical trials setting, the drift of the process
is related to the added efficacy of a new treatment over a standard. In that case,
the null hypothesis stands for no improvement, while 6, represents the minimum
improvement that is of practical interest. As such, the interval (0,60p) is called
the ‘indifference region.” Unfortunately, precisely in this indifference region, the
expected sample size is in general relatively large. In an effort to address this prob-
lem, Anderson (1960) introduced the triangular boundaries that we will describe in
Section 2.2.

The pre-experimental properties of the ensuing sequential tests are considerably
more involved, and although analytical formulas exist, typically numerical approxi-
mations are needed. As we construct a conditional frequentist test that is applicable
in this situation and furthermore agrees with the Bayesian answer, we will see that
the test is trivial from a computational perspective. The only potential complica-
tion has to do with the so-called no-decision region, but that is seldom of practical

importance (See Section 3.1.)



Another point of interest is that the reported error probabilities for the objective
Bayesian test do not depend on the stopping rule used, in accordance with the
Stopping Rule Principle. Since the conditional frequentist test we derive has the
same error probabilities as the Bayesian test, it will also have error probabilities

that abide by that principle.

1.2 Background and Motivation

The Neyman-Pearson approach to testing statistical hypotheses has been criticized
because of its lack of ability to produce data-adaptive measures of conclusiveness
regarding the decisions reached. No matter how extreme the data are — deep into
the rejection region or close to its boundary — one always reports the same (pre-
experimental) error probabilities. Neyman (1942) argues that this is as much as
a theory of testing statistical hypotheses can achieve and still claim a frequentist
interpretation of its conclusions.

Another contentious idea in Statistics is the Stopping Rule Principle, especially
in the area of sequential clinical trials where it has significant ethical implications.
The frequentist approach as long been thought of as incompatible with this principle,
a fact that many people find disturbing and counter-intuitive.

The seminal paper of Berger, Brown and Wolpert (1994), building on work
by Kiefer and co-authors — Kiefer (1976, 1977), Brownie and Kiefer (1977) and
Brown (1978) —, essentially showed that the above conceptions are not true in
general. To be more precise, they showed that, in the simple versus simple case,
it is possible to construct statistical tests that produce sensible data-dependent
measures of conclusiveness and yet have a frequentist interpretation. Furthermore,
these tests essentially abide by the Stopping Rule Principle.

Generalizations of Berger et al. (1994) were carried out in Wolpert (1995), Berger,
Boukai and Wang (1997a,b, 1999), Sellke, Bayarri and Berger (2001), Dass (2001),
Dass and Berger (2003) and Berger (2003). The most relevant reference for the
present article is Berger et al. (1999), where particular emphasis is placed on se-
quential testing. Here, we extend the conditioning strategy described in that paper
to the case of sequential testing of simple hypotheses concerning the drift of a Brow-
nian motion process.

The basic idea behind conditional frequentist testing is very simple, and one of



the first attempts at formalizing it dates back to Kiefer (1977): instead of reporting
unconditional type I and type II error probabilities, one should select a suitable
conditioning statistic S, say, measuring ‘strength of evidence in the data,” and

report error probabilities conditional on the observed value of that statistic, namely

a(s) = P{reject Hy | Hy, S = s}
B(s) = P{reject Hy | Hy, S = s} .

The obvious question is, how should one select in general a suitable S7 Berger,
Brown and Wolpert (1994) proposed using Bayesian insight to select S, and indeed
showed that, in simple versus simple problems, one can construct a conditioning
statistic such that the resulting conditional frequentist answer essentially coincides
with the default Bayesian one. More recently, it has been realized that this choice
of S has a particularly interesting interpretation: Sellke et al. (2001) and Berger
(2003) have pointed out that the induced partition matches points on the sample
space that lead to the same P-value when testing H, versus H; and vice-versa, in
essence using P-values to measure strength of evidence in the data, as advocated
by Fisher, but converting these P-values into actual error probabilities having a
clear frequentist interpretation, in the spirit of Neyman. The actual answer hap-
pens to numerically coincide with the Bayesian default posterior probability of the
hypotheses, as advocated by Jeffreys.

A by-product of these observations is that, since the final answer coincides with
the Bayesian answer, and Bayesian inference abides by the Stopping Rule Principle,
the resulting procedure necessarily also respects this principle. Indeed, Berger,
Boukai and Wang (1999) showed that, as long as a sequential test satisfies a certain
number of assumptions, this holds even in the simple versus composite problem.
Their paper fully discusses the advantages of this approach, in a sequential setting,
over the standard (unconditional) frequentist approach.

The conditions alluded to above can be summarized as follows. The range of the
likelihood ratio at the stopping time, By, must be a union of two (not necessarily
disjoint) intervals, and the distribution function of By must be invertible in its
range under both hypotheses. Also, it is tacitly assumed that the terminal rule is
based on the value of By alone, and that in particular one can write the rejection

region as { By > r}, for a suitable constant r, assuming the likelihood ratio has the



likelihood under the null in its denominator. Also, only discrete time is covered.

We will see in Section 2.2 that the standard form of conditioning, developed in
earlier papers, does not apply to the testing problem we address herein, at least
when considering standard stopping boundaries. This clearly motivates the need
for a new conditioning strategy, which we fully describe in Section 2.4.

Interestingly, the new form of conditioning turns out to also possess the P-value
conditioning interpretation that the earlier strategies exhibit, and we explain why
in Section 2.5.

Section 3 explores several aspects of the conditional frequentist test we describe
in this paper. In particular, we address the issue of the presence of the no-decision
region and of the ancillarity (or lack thereof) of the partition associated with the

conditioning strategy we propose.

2 A New Conditioning Strategy and Unified Test

2.1 General Remarks and Notation

Let Q = ¢ (RJ) be the space of all continuous functions w : Rf — R and .# = 2(Q)
the Borel sigma field generated by the sup norm. Consider the coordinate mapping
process Wi(w) = w(t) and let W = {W;: 0 <t < oo}. Denote by Py the measure
defined on (2, .%) such that, under Py, the stochastic process W is Brownian motion
with drift 6 with respect to the filtration .%; = o{W,, 0 < s < t}. In particular,
under Py, W is standard Brownian motion. We will write E4 for the expectation
operator under Py. Note that we have taken the variance parameter o? to be
one, which is tantamount to assuming it is a known quantity. This is in fact the
case, since the quadratic variation of the process converges almost surely to o2,
and therefore observing the process along an interval enables us to calculate an
arbitrarily precise estimate of this parameter.

Recall that we are interested in simple versus simple hypotheses testing problems.
The well-known fact that, if W is Brownian motion with drift 6, then (—W) is again
Brownian motion but with drift (—6), and W* = {W; + ¢t,t > 0} is Brownian
motion with drift (f — ) make it evident that one can without loss of generality

assume that the problem is of the form (1.1) with 6, > 0.



Define, for 6 # 0,
B =exp (OW, — 16%t) , t>0. (2.1)

Girsanov’s Theorem, cf. Karatzas and Shreve (1991), establishes that for each fixed
T,
Py(A) = E[BY 14], Ac.Zr (2.2)

where 14 stands for the indicator function of the set A. This means that BY is
the Radon-Nikodym derivative of the restriction to .#7 of Py with respect to the
same restriction of Pg. Wald’s likelihood ratio identity (cf. Siegmund, 1985) es-
tablishes that furthermore (2.2) is valid if T is replaced by any stopping rule, T,
which is proper under both measures Py and Py. The quantity (2.1) can therefore

be interpreted as the likelihood ratio of {W;,t < 7} under P, with respect to Py.

2.2 Stopping Boundaries and the Need for a New Condi-
tioning Strategy

Suppose that we observe Brownian motion {W(¢)} starting at the origin and with
drift €. In order to sequentially test statistical hypotheses concerning the drift pa-
rameter 6, it is common to consider stopping boundaries of the following general
form: two linear boundaries, sometimes complemented with a vertical (or trunca-
tion) boundary at time 7. Borrowing from Hall (1997), these can be formalized

as
a1 +bt fort<T  upper

as +byt fort<T  lower (2.3)

t=T vertical

with a3 < 0 < a; and 0 < T < oo; nonetheless, if by > by, it must be T" <
(ag — ay) /(b — by), whereas if by < by, then it must be T' < co.

These include as a special case the sequential probability ratio test (SPRT)
boundaries, also referred to as parallel boundaries, when b; = by, possibly truncated
(if T < 00). This type of boundary has been studied in the context of Brownian
motion by Dvoretzky, Kiefer and Wolfowitz (1953). It also includes triangular
boundaries (by > by, with apex at tpn.x = (a1 — az)/(by — by), possibly truncated
(T' < tmax)), and restricted boundaries (by < b; and 7' < oo). These two classes of



boundaries were introduced by Anderson (1960) in an effort to reduce the sample
size required by the traditional SPRT.

When testing Hy : € = 0 versus H; : 6 = 6, where 6 > 0, we saw in Section 2.1
that the likelihood ratio is given by expression (2.1). In Figure 1 we have plotted
a few instances of the linear boundaries (2.3) expressed in terms of the likelihood
ratio.

Since the paths of Brownian motion are continuous almost surely, it is clear
that in the case of the open-ended SPRT the likelihood ratio at the stopping time
will assume one of two values. In the truncated version of the SPRT, the range of
the likelihood ratio at the stopping time is indeed an interval, but there is positive
probability that it assumes the upper or the lower limit of that interval, and hence
its distribution function is not invertible in a very important region of the sample
space.

Looking at Figure 1, it is clear that other types of linear boundaries may or may
not satisfy the assumptions of Berger, Boukai and Wang (1999) because, although
the range of the likelihood ratio at the stopping time is indeed an interval, the
terminal decision cannot be expressed exclusively as a function of the statistic Bf 0
— in particular, note how it is possible for the same value of Bf ® to be on either

the lower or upper boundary, depending on ¢.

0o
By

Figure 1: Instances of linear boundaries in the likelihood ratio space.

In effect, we do not know of any commonly used class of stopping boundaries
that, in the context of Brownian motion, always yields a sequential test that satisfies
the needed assumptions, and this clearly motivates the search for a new condition-

ing strategy that assures the matching of the Bayesian and conditional frequentist



alsSwers.

2.3 Formal Assumptions

In order to state and prove a general result, we will have to make some assumptions,
especially regarding the stopping rule. To be more specific, we will assume that the
following conditions hold.

Conditions:

(a) The stopping rules we will consider are of the form
T=inf{t >0:(B" t) ¢ €} (2.4)

where % is the so-called continuation set.

(b) The stopping rule should be proper under both hypotheses:
Po{T < 00} =Pp {7 <0} =1. (2.5)

(c) There is a one-to-one and onto correspondence between the observable data
(B% 1) and the statistic ¢, given by

B% —1
¢, = arctan TT . (2.6)

Figure 2 exemplifies the meaning of ¢, in the context of the truncated SPRT
test. We will take the branch of the tangent function defined on | —7/2,7/2].

(d) The terminal decision rule is such that it can be expressed as
reject Hy iff ¢, > ¢ (2.7)

for some constant c.

Since the Brownian motion paths are almost surely continuous, these conditions
are satisfied by all but very strange rules, and they are certainly satisfied by the
class of linear boundaries introduced in Section 2.2.

The last condition that we need deals with the distribution of ¢,. We will assume
that the distribution function of ¢, is strictly increasing under both hypotheses,
except possibly at a finite number of points. For simplicity, we will denote by F;(+)

the distribution function of ¢, under hypotheses H;, i.e.
Fi(x)=P{o¢, <z | H;}, i=0,1. (2.8)

8
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Figure 2: Schematic representation of the definition of ¢,

For completeness, we state

Conditions (cont.):

(e) We assume that for i = 0,1, F;(-) is a strictly increasing function, except

possibly at a finite number of points.

Again, this condition will be satisfied virtually always.

2.4 The Conditioning Strategy and Test

We are now in position to describe the conditioning statistic that we will subse-
quently show achieves the unification goal. To that end, define ¢, to be the solution

to the equation

1 — Fo(¢x) = Fi(9s) (2.9)
and let
a=c, r=F11-F)) if¢, >c (2.10)
a=F,'(1-F(c), r=c ife,<c.
Consider the terminal decision rule
accept H) if o, <a
0 = { make no decision ifr < ¢, < a (2.11)
reject H it o > 1,



and the conditioning statistic

S = max{1 — Fo(¢,), F1(é:)} . (2.12)
In this setting, we have the following result.

THEOREM 2.1 Under Conditions (a)—(e), the conditional frequentist test given by
dy in (2.11) and the conditioning statistic S in (2.12) has conditional error proba-

bilities such that, upon rejection of Hy,

1

= 2.13
o(s) = 1o (2.13)
and, upon acceptance of Hy,
B%
s) = & . 2.14
8(s) = T (2.19)
PROOF: See Appendix A. [ |

Note that this result does not say anything about when to stop, but rather how
to proceed upon stopping. As long as the stopping time belongs to a fairly large
class of rules, then the test just described essentially agrees with its Bayesian default
counterpart and hence it is essentially independent of the stopping rule.

It is clear that certain scenarios covered by the present construction will also
satisfy the assumptions of the strategy described in the Berger et al. (1999) paper.

That will happen whenever 7 is of the form
T =inf{t > 0: B > h(t) or B < ¢(t)} (2.15)

where ¢(t) is increasing, h(t) is decreasing, and g(t) < ¢ < h(t) for some constant c.
If G,(+) is the distribution function of B% under H;, i = 0, 1, then the conditioning

statistic introduced in the Berger et al. (1999) paper can be written as
S' = max{l — Go(B%»),G,(B%)} . (2.16)

It is easy to check that the partition induced by the statistic S defined by (2.12) and
the one induced by S’ are indeed the same, so that the present strategy constitutes

in fact an extension of the previous work in the area.
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2.5 Interpretation as P-value conditioning

As we already mentioned, in the conditional frequentist theory developed so far there
is more to the conditioning statistic than just allowing for the agreement between
the default Bayes and conditional frequentist answers — the statistic actually has a
very important interpretation that allows one to understand how it takes P-values
and converts those quantities into actual errors probabilities. Curiously, the statistic
we have introduced in this paper also shares that attractive feature.

The most important ingredient in defining a P-value is the ordering of the pos-
sible outcomes in terms of the evidence they convey against the null hypothesis. In
a sequential setting that ordering is not always straightforward, and various choices
are in general possible.

In the present setting, the following reasoning is usually accepted as sensible,
cf. Siegmund, 1985, Section II1.4. It is clear that Po{WW,/t > ¢} is an increasing
function of @ for every fixed constant ¢, so that larger values of W/t convey more
evidence against Hy. This justifies ordering the observed data in terms of this ratio:
(W4, t1) is perceived as more extreme than (Wy,, to) iff Wy, /ty > Wi, /ts.

At least for the large class of linear boundaries described by (2.3), it is clear that
this argument induces an ordering in the likelihood ratio space such that evidence
increases as one moves along the boundary of the continuation set counterclockwise.
Having seen that, it is now clear that the conditioning statistic S given by (2.12)
matches points in the sample space that lead to the same P-value when testing Hy
versus H; and vice-versa, exactly as in the previously recommended conditioning
strategy.

In the next sections we will study finer details of the proposed conditioning
strategy, such as properties of the no-decision region and the ancillarity of the

associated partition.

3 Properties of the Unified Test

Common concerns regarding the theory of unified testing include the presence of the
no-decision region and the potential lack of ancillarity of the conditioning statistic
S. In this section, we will address these issues in a setting that is particularly

amenable to analytical treatment: that of the open-ended SPRT.
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To that end, it is convenient to express the conditioning statistic S in a different
way, and for that we need to introduce more notation. Although almost all proofs
could be carried out within the point of view we introduced before, we feel that one
can gain added insight by posing the problem in an alternative fashion.

Consider the SPRT for (1.1) given by (1.2), and let, as before, R = I{B% =
b} = I{reject Hy}.

In the case of the open-ended SPRT, one can think about the conditioning strat-
egy as matching one point in the upper boundary {w : R = 1} with another on
the lower boundary {w : R = 0} in such a way that the resulting conditional error
probabilities agree with the Bayesian default answer. As such, the partition induced

by S is composed of sets of the form
Q={w: (r=t, R=1)or (tr=9(t), R=0)}, (3.1)

where ¢ is a suitable increasing function whose properties are going to be established

in the sequel. The situation we have in mind is as depicted in Figure 3.

By

2 Ro1

e AN\ .

A S
t wét) !

Figure 3: Schematic representation of the conditioning strategy (3.1): the arrows connect the

two ‘matched’ points.

Before we proceed, we need to introduce the functions

Fl(t)=P{r<t,R=j|H}, i=0,1,j=0,1. (3:2)

)

One can easily prove the following result.
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ProOPOSITION 3.1 The function ¢ that corresponds to the partition induced by S

satisfies
F(p(t) = FL(t) & o(t) = [FR) T [FL ()] - (3.3)

PROOF: See Appendix B. [ |

In this setting, the no-decision region corresponds to the set of sample points for
which (3.3) has no solution. In the sequel of this section we will study the existence
of solutions to that equation and the related issue of characterizing the no-decision
region.

That study will arm us with results that will allow for a thorough consideration
of the ancillarity of the partition associated with S, and also of the consequences of

the imposition of ancillarity.

3.1 The No-decision Region

There is one circumstance in which ¢ is easy to determine: the case a = 1/b. To

see this, note that, under H,,

{1/B7} ~ {exp{~00(W; + 00 1) + 305 t}}
~ {exp{—0W; — 165 t}}
~ {exp{6W} — 16 t}}
where W} is standard Brownian motion and the last step follows from the fact that
if {X,} is standard Brownian motion, so is {—X,}. We conclude that {B%} | Hy ~
{1/B/"} | Hy.

This simple fact enables us to write that, when a = 1/b,

FY(t) = Po{B% hits 1/b before b for some u < t}
= Py, {1/B% hits 1/b before b for some u < t}
= Py, {B% hits b before 1/b for some u < t}
- Fll(t) ’

and consequently to conclude that ¢(t) = ¢. This means that the point (¢,b) is
“matched” with the point (¢,1/b). In this case, we have U;>o€2 = Q and hence that

the no-decision region is empty.
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In general, it will not be the case that U;>¢{2; = (2, meaning that when trying
to match one point of the rejection region with one of the acceptance region, some
of the points will be left unmatched. The situation here is such that the rejection
region is fixed, and therefore if the unconditional test is minimax, i.e. a = 1/b, the
no-decision region is empty; otherwise, one has to introduce the no-decision region,
unless we are willing to reject Hy for some of the points on the lower boundary or
accept Hy for some points of the upper boundary.

The next result characterizes the no-decision region and states the corresponding
probabilities of no decision.

The important fact to retain is that the probabilities of no decision are never
larger than the largest unconditional error probability. Furthermore, the no-decision
region takes place at large t, which, according to the interpretation of the condi-
tioning statistic espoused in Section 2.5, corresponds to the region of the sample
space where the evidences against Hy and against H;, as measured by P-values,
are most similar. This is particularly assuring and reaffirms the idea conveyed by
earlier papers in this subject that the no-decision region is often of no real practical

relevance.

PROPOSITION 3.2 For the open-ended SPRT of (1.1), the no-decision region is of

the form
%) ifa=1/b

Oxp =9 {r>ty,R=1} ifa<1/b (3.4)
{r>t,R=0} ifa>1/b
where ty = [F!]7(1 — a) and t; = [F?]7'(1 — 3). The probabilities of no decision,

under the null and under the alternative, satisfy

iFa < 1/b, Po (Qu) = 77— < Po,(Dw) = 7 <a (3.5)
0> 1/6, P, (o) = a%—+ < Po() = 71 < (3.6)
Above, o and 3 are respectively given by (1.3) and (1.4).
PROOF: See Appendix B. |
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3.2 Ancillarity

In the case of the open-ended SPRT, a statistic equivalent to S in the sense of
inducing the same partition on the sample space, is clearly, in view of (3.1) and
Proposition 3.1, given by

90_1(7') — R x (90_1(T> —7) fwg Oy

S*(w) = (3.7)
0 if we Qp .

This observation makes it easy to show the following result.

PROPOSITION 3.3 In the case of the open-ended SPRT, the conditioning statistic
S is ancillary if and only if @ = 1/b. Moreover, an ancillary partition of the type
described in (3.1) does exist, but leads to conditional error probabilities that match
the unconditional ones given by (1.3) and (1.4).

PROOF: See Appendix B. [ |

Proposition 3.3 can indeed be shown to be true in more general settings, but
even in the simple open-ended SPRT context it illustrates a very important point:
the statistic S is in general not ancillary, but the imposition of ancillary can lead
to quite undesirable results. A similar point is illustrated by Example 2 of Berger
et al. (1997a).
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APPENDIX

A  Proofs of Section 2

PROOF OF THEOREM 2.1:
According to Wald’s identity ratio, since the stopping time is proper, for any set
Ae Z,,

Po,(A) = EgB® 14

where I, stands for the indicator function of set A. Hence, we have

Poo{6- <y} = EoBPI{¢, <y}

= / B% dP,
{@Sy}
)

- / B%(u) dPy {6, < u}
0

where B%(u) corresponds to the value of the likelihood ratio associated to ¢, = u
— recall Condition (c¢). As a consequence, we have that, whenever the derivatives

exist
ERy) = BP(y) & Fo(y) - (A1)

For s ¢ (a,r), it is possible to show that

P{reject Hy | S =s}=1/{1+1/%L[Fy0 F{'|(s)}
=1/{1+ BP[F'(s)]}

where the last step follows from (A.1). Upon rejection of Hy, s = Fi(¢,), which
shows (2.13). The proof of (2.14) is similar and hence omitted. |

B Proofs of Section 3

PROOF OF PROPOSITION 3.1: Looking at Figure 3, let ¢ be the angle corresponding
to the data (a, p(t)), and ¢’ the angle associated to the data (b, t). It is clear that

Fy (1)) = Po{¢- < ¢} = Fo(¢) =1 Fi(¢) = F{ (1) ,
which shows (3.3). [
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PROOF OF PROPOSITION 3.2: Let us make explicit the dependence of the stopping
rule on the pair (a,b) and F/(- | a,b). Note that the case a = 1/b has been treated
already, and we showed that FO(¢ | 1/b,b) = F'(t | 1/b,b).

In the case where a < 1/b, a moment of reflection is enough to convince oneself

that

{W:iTap <t,R=0} C{w: Ty <t,R=0}
(WiTap <L, R=1}D{w:mpy <t,R=1},

which in particular implies that FQ(¢ | a,b) < FQ(t | 1/b,b) and F}(t | a,b) > F} (¢ |
1/b,b). Consequently,

Fy(t]a,b) < Fg(t|1/b,b) = Fi(t| 1/b,b) < F{(t | a,b)

and we conclude FO(t | a,b) < F(t | a,b).

Next, we note that lim; o, F'(t) = Psp{R =1} =1— 3 > 1 — a. That being
said, it is obvious that the function ¢ is well defined only in the interval [0, o],
where ty = [F!]7'(1 — a). Furthermore, ¢(t) > ¢ for all ¢ in that interval, and
limy ., ¢(t) = +o00.

Given these properties of ¢, it is easy to understand that the sample points on

the set {w : 7,5 > to, R = 1} are left ‘unmatched.” In other words,
Q= [UtE[O,to[Qt} U Qo

where Qup = {w : T,p > to, R = 1} is the the region of the sample space where
agreement between conditional frequentists (with this conditioning strategy) and
objective Bayesians does not take place.

It is possible to explicitly calculate the probabilities of no decision, both under

the null and under the alternative:

Po(Qnp) = Po{R =1} — Fy(to | a,b) Py, (Qp) = Po,{R =1} — F(to | a,b)

1
:oz—EFll(to\a,b) =a—0
B 1 1—ab _1—ab
b b—a Cb—a
We have used the facts that, for all a and b,
FY(t) = a FJ(t) (B.1)
Fl(t)=b Fy(t) . (B.2)
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which follows easily from the definition and Wald’s likelihood ratio identity.

The case a < 1/b is essentially the reverse situation, and thus is omitted. |

PROOF OF PROPOSITION 3.3: In the case a = 1/b, S* = 7, so that P;{S < s} =
Pi{r < s} = F2(s)+ F}(s). This and the fact that F} = F! when a = 1/b (because
of (B.1) and (B.2) and since in that case FJ(t) = F}!(t)) shows that S* has the same
distribution under both hypotheses, i.e., S*, and hence S, is an ancillary statistic.

The cases a < 1/b and a > 1/b are similar. In both circumstances we have
Pi{S™ < s} =Pi(Qun) + F((s) + F (s) , (B.3)
so that

Po{S* < s} = Po(p) + (1 +1/b) Fl(s)
Py, {S* < s} = Py, (o) + (1 +a) F(s) .

One important distinction between the two situations is that the above formulas
are valid for s € [0, o[ in the case a < 1/b and for s € R when a > 1/b.

When a < 1/b, we can rewrite the last pair of equations as

Po{S" <5} =3 Pay () + (1+1/8) Fi(s)

Po,{S* < s} = Poy (o) + (1 +a) Fi(s) ,
whereas in the case a > 1/b we have

Po{S* < s} = Po(Qp) + (1 +1/b) F(s)
Py, {S* < s} =a Py () + (1 +a) Fl(s) .

As a consequence, S*, and hence S, is ancillary if and only if @ = 1/b, which proves
the first part of the result.
It is easy to check that a partition of the form of (3.1) with ¢ substituted by 1

given by the formula

o) = (R | oo i)

is ancillary, and that the associated conditional error probabilities coincide with the

unconditional ones. [ |
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