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Abstract

Models for the analysis of multivariate spatial data are receiving increased
attention these days. In many applications it will be preferable to work with
multivariate spatial processes to provide such models. A critical specification
in developing these models is the cross covariance function. An attractive,
constructive approach for creating rich computationally manageable classes
of such functions is the linear model of coregionalization (LMC).

The contributions of this paper include: fully Bayesian development of
the LMC including the posterior distribution of the component ranges; clari-
fication of the connection between joint and conditional approaches to fitting
such models including prior specifications; extension of the LMC, including
spatially varying LMC’s and connections with others constructive approaches.

Several computational issues arise and we address them. Also, we provide
two examples. The first employs simulated data from a known three dimen-
sional process where the objective is to assess how successful the reconstructed
inference was. The second involves commercial property transactions in the
city of Chicago. Income from and selling price of the property are the process
variables.

KEY WORDS: Cross covariance function; linear model of coregionalization;
prior parametrization; process convolution; spatial range; spatially varying
process model

1 Introduction

Increasingly in spatial data settings there is need for analyzing multivariate measure-
ments obtained at spatial locations. For instance, with environmental data we may
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record levels of several pollutants at a monitoring site. For real estate transactions
associated with single family homes we may record selling price and time-on-market.
For commercial property transactions we may record income and selling price. In
each of these illustrations there is association between the measurements at a given
location. In addition, we anticipate association between measurements across lo-
cations. Customarily, this association is assumed to become weaker as locations
become further apart.

We seek to build classes of models that are both rich in structure and feasible in
computation in order to capture such dependence and enable analysis of the multi-
variate measurement data. Anticipating the locations to be irregularly spaced across
the region of interest and preferring to model association directly, we choose to work
with multivariate spatial process models rather than say multivariate random field
models. For the latter, there exists recent literature on multivariate conditionally
autoregressive models building on the work of Mardia (1988). See, e.g. Gelfand and
Vounatsou (2002) for a current discussion.

We seek full and exact inference, including prediction within a multivariate spa-
tial process setting. This can be obtained within a Bayesian framework but a full
distributional specification is required and, in particular, a full sampling distribution
for the data. We take this to be a multivariate Gaussian process and so the issue
becomes specification of a valid cross covariance function.

Such functions are not routine to specify since they demand that for any number
of locations and any choice of these locations the resulting covariance matrix for the
associated data be positive definite. Often the easiest approach is through construc-
tion. Various constructions are possible. Our primary interest is in versions of the
so-called linear model of coregionalization (LMC) as in, e.g., Grzebyk and Wack-
ernagel (1994) or Wackernagel (1998). Other possibilities include nested models
(Wackernagel, 1998); kernel convolution (see e.g. Higdon et al. (1999) for a univari-
ate version) or the essentially equivalent moving average approach (Ver Hoef and
Barry, 1998); and local stationarity (extending ideas in Fuentes and Smith (2001)).
These approaches can be expressed in both integral form and finite sum versions.
We formalize, extend and establish connections among all of these stochastic speci-
fications.

Both from a computational and an interpretive perspective there can be advan-
tages to working with specification of the multivariate process through conditional
distributions rather than the joint distributions. The strategy is well discussed in,
e.g. Royle and Berliner (1999) and Berliner (2000) who argue for its value in so-called
kriging with external drift, extending Gotway and Hartford (1996). More generally,
it is useful with misaligned data, i.e., situations where at least some components of
the multivariate data vectors are observed at only a subset of the sampled locations.
In this regard we make two contributions. First, we align the parametrization be-
tween the conditional and joint versions. This enables suitable transformation of
prior specifications from one parametrization to the other. Second, we clarify the
limitations of the conditioning approach in the presence of general mean specifica-
tions and nugget effects.

Returning to LMC’s we offer some discussion of the computing issues. These
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issues include simulation-based model fitting, obtaining posteriors for the joint pro-
cess model parameters given the conditional model has been fitted and, in the case of
monotonic, isotropic correlation functions, calculation of the posterior distribution
for ranges associated with the joint model.

Finally, we present two illustrations. The first uses data simulated from a known
three dimensional joint model to assess inference reconstructed from fitting using a
conditional specification. The second examines a real dataset involving a sample of
78 commercial property transactions in the city of Chicago. Income from and selling
price of the property are the response variables; explanatory variables include age
of the building, average square feet per unit in the building, and number of units in
the building. Of particular interest is the so-called risk-adjusted discount rate, i.e.,
the discount on price relative to income. It is anticipated that risk varies spatially
across any commercial real estate market but a risk surface has not been previously
obtained. An advantage to the Bayesian model fitting approach is that, in addition
to an income surface adjusted for property characteristics and a similarly adjusted
price surface, we can also obtain an adjusted risk surface.

The format of the paper is as follows. Section 2 formalizes the LMC and its
properties. Section 3 looks at the equivalence between joint and conditional process
specification. Section 4 makes connections and extensions of LMC with other con-
structive approaches for multivariate spatial processes. Section 5 discusses compu-
tational issues. In section 6 we present the two examples mentioned above. Section
7 offers concluding discussion and extensions.

2 Coregionalization Models and Their Properties

Suppose our data consists of p x 1 vectors Y (s;) observed at spatial locations s;,7 =
1,--+,n in a region of interest D. For our purposes D will be a subset of R?. We
seek flexible, interpretable and computationally tractable multivariate models for
the Y (s;) which capture association both within measurements at a given site and
across the sites. A further objective is to be fully inferential which we take to mean
that a likelihood, i.e., the joint sampling distribution of {Y(s;),i = 1,---,n} is
required. In fact, we will adopt a Bayesian perspective, adding a prior specification
for the unknown parameters in this likelihood. Full inference will proceed from the
resultant posterior. We obtain the likelihood through multivariate spatial process
models. Eventually we will assume that these processes are Gaussian to enable
the likelihood but for this section we focus only on first and second order moment
structure. Our approach is through the linear model of coregionalization (LMC), as
for example in Grzebyk and Wackernagel (1994), and its extension.

The most basic coregionalization model, the so-called intrinsic specification dates
at least to Matheron (1982). It arises as Y (s) = Aw(s) where, for our purposes, A
is p x p full rank and the components of w(s) are i.i.d. spatial processes. If the w;(s)
have mean 0 and are stationary with variance 1 and correlation function p(h) then



E(Y(s)) is 0 and the cross covariance matrix, Xy ) y(s) = C(s—s') = p(s—s')AAT.
Letting AAT = T this immediately reveals the equivalence between this intrinsic
specification and the separable covariance specification as in Mardia and Goodall
(1993). See also Banerjee and Gelfand (2002) in this regard. The term ’intrinsic’
is often taken to mean that the specification only requires the first and second
moments of differences in measurement vectors and that the first moment difference
is 0 and the second moments depend on the locations only through the separation
vector s — s, In fact here E(Y(s) —Y(s)) = 0 and 33y (5)—y(s) = G(s — §') where
G(h)=C(0)—-C(h) =T — p(s —s')T = (s — )T where v is a valid variogram.
Of course, as in the p = 1 case, we need not begin with a covariance function but
rather just specify the process through v and T. A more insightful interpretation
of ’'intrinsic’ is that

cou(Y,(s), Yy(s + h)) 1
Jeor(V(5). 55 + h)eov(Yy (), V(s + b)) \/T5T5y

regardless of h.

For future reference, we note that A can be assumed to be lower triangular.
No additional richness accrues to a more general A. It is also worth noting that if
Y = (Y(s1), -, Y(s,)), under the above structure, ¥y = R®T where R is nxn
with R;y = p(s; — sy) and ® denotes the Kronecker product.

A more general LMC arises if again Y(s) = Aw(s) but now the w;(s) are
independent but no longer identically distributed. In fact, let the w;(s) process have
mean j¢;, variance 1, and stationary correlation function p;(h). Then E(Y(s)) = Ap

where p” = (uy,- -+, pup) and the cross-covariance matrix associated with Y (s) is
now
P
— / /
Dy vy = Cs =) =3 pi(s =T, (1)
=1

where T; = aja]T with a; the j% column of A. Note that the T; have rank 1 and
>; T; = T. More importantly, we note that such linear transformation produces
stationary spatial processes. We return to this point in Section 4.

Again we can work with a covariogram representation, i.e., with Xy ()_y) =
G(s —s') where G(s — ') = X°;7,(s — s')T; where v;(s — ') = p;(0) — pj(s —').
This specification for G is referred to as a nested cross covariogram model (Goulard
and Voltz (1992); Wackernagel (1998)) dating again to Matheron (1982).

We also note that all of the previous work employing the LMC assumes A is
p X r, r < p. The objective is dimension reduction, a representation of the process
in a lower dimensional space. Our objective is to obtain a rich, constructive class of
multivariate spatial process models; we set » = p and assume A is full rank.

Extending in a different fashion, we can define a process having a general nested
covariance model (see, e.g., Wackernagel (1998)) as

Y(5) = YO (s) = 3 AWw(s), @)
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where the Y® are independent intrinsic LMC specifications with the components
of w(® having correlation function p,. The cross-covariance matrix associated with
(2) takes the form

C(s—¢) Zpus—s (W), (3)

with T = A®(A®)T The T™ are full rank and are referred to as coregion-
alization matrices. Expression (3) can be compared to (1). Note that r need not
be equal p but Xy ) = Y T®. Also, recent work of Vargas-Guzman et al. (2002)
allows the w(®(s) hence the Y( )(s) in (2) to be dependent. We return to the nested
model in Section 4.

Returning to the general LMC, the one-to-one relationship between T and lower

triangular A is standard. For future use, when p = 2 we have a1 = /111, a1 = \/TT%

T11To3— T12T13 and
\/T11T22 BHVTil

and agy = /199 — 72. When p = 3 we add a3 = f—l% =

_ Tf, (T11T>3— T19T13)
az3 =/ Ts3 — Ty~ Ti(T11Tee—T3) "

12

Lastly, if we introduce monotonic isotropic correlation functions, we will be in-
terested in the range associated with Y(s). We take, as the definition of the range
for Y;(s) the distance at which the correlation between Y;(s) and Yj(s’) becomes
0.05. In the intrinsic case there is only one correlation function, hence the Y;(s)
processes share a common range arising from this function.

An advantage to (1) is that each Yj(s) has its own range. In particular, for p = 2
the range for Y] (s) solves p;(d) = 0.05, while the range for Y;(s) solves the weighted

average correlation

a%lpl(d) + a%QpQ(d)
a3y + a3,

= 0.05. (4)

Since p; and p, are monotonic the left side of (4) is decreasing in d. Hence, given
the a’s and py, po, solving (4) is routine. When p = 3, we need in addition, the
range for Y3(s). We require the solution of

a3,p1(d) + a3ypa(d) + a3sps(d)
a3, + a3y + a3;

= 0.05. (5)

The left side of (5) is again decreasing in d. The form for general p is clear.

The range d is a parametric function which is not available explicitly. However,
within a Bayesian context, when models are fitted using simulation-based methods,
we obtain posterior samples of the parameters in the p;’s, as well as A. Each sample,
when inserted into the left side of (4) or (5), enables solution for a corresponding d.
In this way, we obtain posterior samples of each of the ranges, one-for-one with the
posterior parameter samples.

In application, we introduce (1) as a component of a general multivariate spatial
model for the data. That is, we assume

Y(s) = p(s) +v(s) + €(s) (6)
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where €(s) is a white noise vector, i.e., €(s) ~ N(0,D) where D is a p x p diagonal
matrix with (D);; = 77. In (6), v(s) = Aw(s) following (1) as above but further
assuming that the w,;(s) are mean 0 Gaussian processes. Lastly p(s) arises from
p;(s) = X7 (s)B;. Each component can have its own set of covariates with its own
coeflicient vector.

Note that (6) can be viewed as a hierarchical model. At the first stage, given
{Bj,j =1,---,p} and {v(s;)}, the Y(s;), i = 1,-- -, n are conditionally independent
with Y (s;) ~ N(u(s;) + v(s;), D). At the second stage the joint distribution of v
(where v = (v(s1),-+-,v(sn))) is N(0,X"_; R; ® T;), where R; is n x n with
(R;)i = p;j(s; — s#). Concatenating the Y(s;) into an np x 1 vector Y, similarly
p(s;) into p, we can marginalize over v to obtain

F(YI{B,}.D. (). T ( ﬁRm Inxn®D). ©

Priors on {3,}, {T]-Q}, T and the parameters of the p; complete a Bayesian hierar-
chical model specification.

3 Unconditional and Conditional Bayesian
Specifications

3.1 Equivalence of Likelihoods

The LMC of the previous section can be developed through a conditional approach
rather than a joint modeling approach. This idea has been elaborated in, e.g., Royle
and Berliner (1999) and in Berliner (2000) who refer to it as a hierarchical modeling
approach to multivariate spatial modeling and prediction. It is proposed to handle
difficulties arising in cokriging and kriging with external drift.

The former is viewed as optimal linear unbiased prediction employing the means
and joint covariances for all of the variables. The latter adopts a regression per-
spective attempting to predict some components treating others as fixed. If there
is no misalignment, i.e., all components are observed at all locations, the variables
being conditioned upon need not be modeled. With misalignment, imputation of
the "missing” values is often done in an ad hoc way to enable the use of standard
cokriging methodology. In the absence of a full multivariate process specification for
all of the variables such imputation will fail to accurately capture the uncertainty
in such prediction.

Our goals are both explanatory and predictive. Within a Bayesian framework
we seek posterior distributions for the model unknowns arising in an explanatory
model such as in (7). In addition, at a new location s, some or perhaps none
of the components of Y (s,,) have been observed. To fix terminology, we call the
former problem interpolation, the latter prediction (Banerjee and Gelfand, 2002).

The Bayesian framework provides these predictive distributions which enable
full inference and also reflect uncertainty in the model specifications. In doing so,
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it acknowledges that, with unknown parameters in the component process, optimal
linear unbiased prediction is not the objective and it encourages suitable posterior
centrality measures rather than ad hoc approximations to optimal linear prediction.
We first clarify the equivalence of conditional and unconditional specifications
in the context of say v(s) = Aw(s) where the w;(s) are mean 0, variance 1 Gaus-
sian processes. By taking A to be lower triangular the equivalence and associated
reparametrization are easy to see. Upon permutation of the components of v(s) we
can, without loss of generality, write f(v(s)) = f(vi(s)) f(va(s)|vi(s)) - - - f(vp(8)]v1 (s),
-+, vp_1(8)). In the case of p = 2, f(vi(s)) is clearly N(0,7}1), i.e. wvi(s) =

N/ 2v1(s 2 .
Tuwl(s) = anwl(s), ayp > 0. But f(UQ(S)|U1 (S)) ~ N (’lejwfll(),TQQ - %)’ 1.€.
N (%vl(s), a%Q). In fact, from the previous section we have X, = > R; ® T;. If

(1
we permute the rows of v to v = ( :(2) ) where v(O" = (v,(s1), - - vi(sp)), 1 = 1,2

then 3¢ = 37, T; @ R;. Again with p = 2 we can calculate E(v?[v(D) = 21y (1)
and Ev(2)‘v(1) = a§2R2. But this is exactly the mean and covariance structure asso-
ciated with variables {vy(s;)} given {vi(s;)}, i.e. with va(s;) = 201 (s;) + agws(s;).
Note that there is no notion of a conditional process here, i.e., a process vy(s)|v;(s)
is not well defined. What is the o-algebra of sets being conditioned upon? Again
there is only a joint distribution for v(!, v(?) given any n and any s, --,s,, hence
a conditional distribution for v given v(1).

Suppose we write v(s) = ojwi(s) where o; > 0 and w;(s) is a mean 0 spatial
process with variance 1 and correlation function p; and we write vq(s)|vi(s) =
avi(s) + oowsy(s) where o9 > 0 and wy(s) is a mean 0 spatial process with variance 1
and correlation function p,. The parametrization (a, 01, 03) is obviously equivalent
to (a1, a1, a9), i-e., a;1 = 01, a9y = a0y, asy = 0y and hence to T, i.e., Ty} = 0%,
Tlg = ()10'%, T22 = 0120'% + O'%.

Extension to general p follows from a straightforward recursion but is notation-
ally messy. We record the transformations for p = 3 for future use. In partic-

ular, vi(s) = oywi(s), va(s)|vi(s) = aMvi(s) + gowa(s) and v(s)|vi(s), va(s) =

Q(3|1)U1(S) + 04(3‘2)’02(5) + O'3’LU3(S). Then a;y = 01, Q91 = 04(2‘1)0'1, Q9o = 09,
— 3|1 _ 312 _ _ _ T —
as; = Oé( | )0'1, azo = Oé( | )0'2 and ass = O3. But also ajp = \/Tu, 91 = ﬁ, 99 =

\/ 122 — ff—ff, as; = \/T%, azy = ”%’ and azz = \/T33 - % - %
Advantages to working with the conditional form of the model are certainly com-
putational and possibly mechanistic or interpretive. For the former, with the "o, ”
parametrization, the likelihood factors and thus, with a matching prior factorization,
models can be fitted componentwise. Rather than the pn X pn covariance matrix
involved in working with v we obtain p n x n covariance matrices, one for v{!), one
for v©?|v(D etc. Since likelihood evaluation with spatial processes is more than an
order n? calculation, there can be substantial computational savings in using the
conditional model. Mechanistic or interpretive advantages arise in model specifica-
tion. If there is some natural chronology or perhaps causality in events then this
would determine a natural order for conditioning and hence suggest natural condi-
tional specifications. For example, in the illustrative commercial real estate example
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of Section 6 we have the income (/) generated by an apartment block and the selling
price (P) for the block. A natural modeling order here is I then P given I.

3.2 Equivalence of Prior Specifications

Working in a Bayesian context, it is appropriate to ask about choice of parametriza-
tion with regard to prior specification. Suppose we let ¢, be the parameters
associated with the correlation function p;. In the Matérn family p;(s — s') o
(p||s — s'||)"/?k, (#]|s — §'||) where &, is a modified Bessel function of order v (See
Stein (1999)) so @; = (¢;,v;). For the powered exponential family p(s —s') =
exp {— (¢lls = ')}, 0 < < 2,50 ¢; = (¢,m). Let ¢" = (¢y,---,¢,). Then
the distribution of v depends upon T and ¢. Suppose we assume that a priori
f(T,9) = f(T)f(¢) = f(T)II; f(¢;). Then reparametrization, using obvious no-
tation, to the (o, ) space results in a prior f(o, o, ¢) = f(o, @)1, f(9;)-
Standard prior specification for T would be an inverse Wishart (see, e.g., Box and
Tiao (1992)). Standard modeling for (o, &) would be a product inverse Gamma
by Normal form. In the present situation, when will they agree? We present the

details for the p = 2 case. The Jacobian from T — (0y,09,«) is |J| = 0% hence
in the reverse direction it is 1/T7;. Also |T| =TTy — T = 0?05 and T ! =
Ty, —T a’o? + o —ao? . .
1 22 12 _ 1 1 2 1
T11To2— T Ty ) o707 ( —ozal U% ) After some manipulation

we have the following result:

1
Result 1: T ~ IWy(v, @'D) ), ie., f(T)x |T| 2 exp {—itr(y'DTl)}

where D is diagonal, di 0
0 ds

v—1d v+1 d o2
O'%NIG<T,51> NIG( 5 22>,anda|a§~]\7<0,d—j>.

Note also that the prior in (o, «) space factors into f(o})f(03,a) to match the
likelihood factorization.

Comment: This result is obviously order dependent. If we condition in the
reverse order o7, 02 and « no longer have the same meanings. In fact, writing this
parametrization as (57,52, &) we obtain equivalence to the above inverse Wishart

prior for T i.f.f. 67 ~ IG (”—Jrl d—l) o3 IG( vt ") , and |62 ~ N (O, (;)

2 172 2 02
Comment: The result can be extended to p > 2 but expressions become messy.

However, if p = 3 we have the result:

), and V' = v — 3 iff

1
Result 2: T ~ IWs(v, 'D)™") ie. f(T) x |T|~"% exp {—§tr(1/DT_1)}



d 0 0
where D = 0 dy O and v = v -3+ 11iff
0 0 dj

-9 2
a%~1G<”2 Cg) (” d2> 2 IG(V;L %)

(21)] .2 o3 PNELY o3 (32) 3
a“Mloy ~ N O,d—1 , lo3 ~ N Od1 , and, a®?|o2 ~ N Od2 .

Comment: Though there is a 1 — 1 transformation from T space to (o, ) space
a Wishart prior with non diagonal D implies a nonstandard prior on (o, @) space.
Moreover, it implies that the prior in (o, a) space will not factor to match the
likelihood factorization.

In many applications we will experience misalignment with regard to the loca-
tions. That is, for say p = 2, we may have Y’s with associated v;’s at sy,---,s,, and
Y>’s with associated vy’s at s, --,s] , where some s; and s may agree but not all.
See Royle and Berliner (1999) for further discussion and examples The fact that
we have defined a joint process for v(s) implies that if we take the union of all of the
distinct observed locations, say a total of n* we have the joint distribution of v* the
n*px1 concatenated vector of the v(s) at each of the n* locations. Computationally,
it would be advantageous to work with both the observed and ”missing” entries in
v* in order to employ the foregoing attractive conditioning. (This is especially so if
customary Markov Chain Monte Carlo model fitting is used). However, treating the
missing v;(s)’s as latent and updating them within each Gibbs sampling iteration
requires repeatedly obtaining for each one a full conditional distribution involving
an n*p — 1 x n*p — 1 matrix. A more tractable alternative, if the proportion of
missing v’s is not too large, is to employ a multiple imputation strategy (Schafer,
1997). Each imputation of a missing v;(s) can be created using the j” marginal
process.

We conclude this section by returning to the model in (6). The presence of white
noise in (6) causes difficulties with the attractive factorization of the likelihood under
conditioning. Consider again the p = 2 case. If

Yi(s) = X{(s)B; +ui(s) +ei(s)

(8)
Ya(s) = X5(s)By + va(s) + €a(s)
then the conditional form of the model writes
Yi(s) = X{(s)B; +orwi(s) + mu(s)
~ ()
Ya(s)|Yi(s) = X3(s)B, + aYi(s) + oaws(s) + mausa(s)
In (9), wy(s) and wy(s) are as above with wu;(s), ux(s) N(0, 1), independent of each
other and the w;(s). But then, unconditionally,
Yo(s) = XJ(s)By+a (X?(S)@ + owi(s) + Tl“l(s)) + o2ws(8) + T2us(s) (10)
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= Xg(S)BQ + X’{(S)Oéﬁl + CkO'l’wl(S) + O'Q’LUQ(S) + omul(s)) + TQUQ(S).

In attempting to align (10) with (8) we require X (s) = X;(s) whence 8, = B,+af3,.
We also see that wvy(s) = aoywi(s) + oaws(s). But, perhaps most importantly,
€2(s) = amnui(s) + mua(s). Hence, €(s) and ey(s) are not independent, violating
the white noise modeling assumption associated with (8). If we have a white noise
component in the model for Y7(s) and also in the conditional model for Y5(s)|Y;(s)
we do not have a white noise component in the unconditional model specification.
Obviously the converse is true as well.

If us(s) = 0, i.e., the Yj(s) process is purely spatial, then, again with X;(s) =
X(s) the conditional and marginal specifications agree up to reparametrization.
More precisely, the parameters for the unconditional model are B,, B,, 72 with Ty,
Tio, Tyy, ¢, and ¢,. For the conditional model we have B, B,, 72 with oy, 09,
a, ¢, and ¢,. We can appeal to the equivalence of (T, T12, Tss) and (o7, 09, ) as
above. Also note that if we extend (8) to p > 2, in order to enable conditional and
marginal specifications to agree, we will require a common covariate vector and that
ur(s) = ug(s) = -+ = uy_y1(s) = 0, i.e, that all but one of the processes is purely
spatial.

Returning to (8), suppose we have data Y (s;)” = (Yi(s;), Ya(si)), i = 1,2+, n.
We can write (8) using obvious notation as

Y(s;) = X(s;)8 + v(s;) + €(s;).

Then, with Y and v as above, we can marginalize over v to obtain Y |T, ¢, 3, 72, 753 ~
N (XB, IR, ®T; + Q) where € is diagonal with alternating entries 72 and 75.
Such marginalization is routinely done in the case of p = 1 to reduce model di-
mension and permit more efficient simulation-based model fitting. The v;(s) can be
retrieved one-for-one with the posterior samples. In the present case marginaliza-
tion reduces model dimension by 2n. This computational advantage may be offset
by the need to work with a 2n x 2n covariance matrix. Is it possible to work with
(8) and yet take advantage of conditioning to enable working with two n x n co-
variances matrices? Suppose, as in section 3.1, that we permute the rows of v to v
with corresponding permutation of Y to Y and X to X. Then, we can write the
unmarginalized likelihood as

FOYWIB VO ) f(v Do, ) f(Y DB, v ) f(VIVD, 000, 005) - (11)
where the marginal and conditional distributions for v(!) and v(#|v() in (11) are as
above while f(Y(j)|,3j, v, T}) = N(X(j)ﬁj—l—v(j), 771), j = 1,2. We can marginalize
over v(?) in (11) replacing the third and fourth terms by f(Y®|8,,v(), 72, a, 09, ¢p,) =
N(X@B, 4+ avh, g2R, + 721). In the resulting factorized form we have two n x n
matrices but retain the additional n components of v(!) in the likelihood. This
compromise is the most we can derive from conditioning; marginalization over v(®
returns us to the joint distribution of Y.

Lastly, if we wish to avoid the restrictions required to align the conditional
and unconditional specifications, can we still retain the advantage of condition-
ing which allows us to work with p n X n matrices rather than one np x np ma-
trix. The answer is yes but at the expense of substantial multivariate normal

10



generation. More specifically, returning to (6), with data at sq,ss,...,s, we can
write the model in obvious notation as Y = u+ v + €. Here, v = Diag(A)w

where wl' = (wl(sy),...,wl(s,)) and Diag(A) is np x np block diagonal with
blocks A. Suppose instead we write v.= I'W where W' = (W{,...,w]) and
Wl = (w;(s1),...,w;(sn)). It is easily shown that I' = ('y,Ty,...,T,) where T

al

j

0 al

is np x n also blocked, i.e. I'; = where the a; are as below

0O .- aJT
(1). Hence, v =>"_, T;w;.

Without marginalizing, the first stage likelihood arises from Y ~ MV N(u +
;i Tiw;, I, ® D). But now, in the space of the w;’s, the second stage likelihood
is [T5-; f(W;|p;) where f(W;|p;) = N(0,R;). In using Gibbs sampler to fit the
unmarginalized model we will have to update {w;,j = 1,...,p} in addition to
{;},D,{p;} and T. However it is apparent that the full conditional distributions
for the w;’s are n dimensional multivariate normals so only p n X n matrices will be

involved in implementing this sampler.

4 Connections and Extensions

In this section we extend the modeling of Section 2 and make connections with
related literature. Subsection 4.1 examines kernel convolution in the LMC setting.
Subsection 4.2 considers spatially varying LMC'’s.

4.1 Kernel Convolution of LMC'’s

Ver Hoef and Barry (1998) describe what they refer to as a moving average approach
for creating valid stationary cross-covariograms. The technique is also called kernel
convolution and is a well-known approach for creating rich classes of stationary
spatial processes. The one dimensional case is discussed in Higdon et al. (1999)
and in Higdon et al. (2002). In particular, suppose ki(.), Il = 1,---,p is a set of
p squared integrable kernel functions on IR? and without loss of generality assume
k(0) = 1.

Let w(s) be as above, a mean 0, variance 1 Gaussian process with correlation
function p. Define the p-variate spatial process Y (s) by

%@%:m/h@—wﬁdﬂﬁ,l:Lugp. (12)

Y (s) is obviously a mean 0 Gaussian process with associated cross covariance func-
tion C'(s,s’) having (/,1') entry

(C@dnw:amﬁ//h@—tMAd—ﬂm&—ﬂmwﬂ (13)

11



By construction C(s,s’) is valid. By transformation (v =8’ —t,v' =t —t') in (13)
we see (C(s,s’);y depends only on s —s’, i.e. Y (s) is a stationary process. Note that
(C(s — ') need not be equal to (C'(s —s')).

If the k; depend upon & only through ||h|| and p is isotropic then C(s — §') is

isotropic by the following argument. Suppose h; and hy are such that ||h;|| = ||hg]],
i.e. hy = Phy where PTP = I. Then, from (13),
(C(hl))”/ = plpl’//kl(hl —|—V)l€l/(V+Vl)p(Vl)dVdVI

= 0,0y //kl(P(hl —f—V))kl/(P(V —f—V’))p(PVI)dVdV’
— o0 / / ku(hy + Pv)ky (Py + Pv')p(PY')dvdv'

= alal///kl(hg + V)ky (v + V') p(v')dvdv'
= (C(hy))u-

An objective in Ver Hoef and Barry (1998) is to be able to compute C(s,s’), i.e.
the C(s,s'); in (13) in closed form. For instance, if the &; are all functions which
take the form of a constant height over a bounded rectangle, zero outside, C(s,s’)
can be obtained explicitly yielding an anisotropic form. An alternative, as in Higdon
et al. (1999) is to abandon explicit integration in favor of discrete approximation.
Choosing a finite set of locations tq, to, - - -, t,, we define

Yi(s) = Y huls — ty)u(ty). (14)
j=1
Now C(s,s’) is such that
C(S, SI)”I = o0y Z Z kl(S — tj)kl/(Sl — tj)p(tj — tjl). (15)

Jj=1j=1

The form in (15) is easy to work with but note that the resulting Y (s) process is
no longer stationary.
A natural extension of (12) would define

Y(s) = /K(s —t)v(t)dt (16)

where K is a p X p diagonal matrix of kernel functions with (K (.)); = k;(.) and v(t)
arises through a LMC, i.e., v(t) = Aw(t) as above. The cross covariance matrix
associated with (16) can be calculated similar to (13). Degenerating the integral
in (16) to the point s returns the LMC; if the kernel functions in K decreases very
rapidly away from 0, (16) will behave approximately like a LMC.

4.2 Spatially varying LMC’s

Extension of the LMC in a different direction would replace A by A(s) and thus
define

Y(s) = A(s)w(s) (17)



We refer to the model in (17) as a spatially varying LMC. Following the notation in
section 2, let T(s) = A(s)A(s)”. Again A(s) can be taken to be lower triangular
for convenience. Now C'(s,s’) is such that

C(s,8) =D pi(s —s)a;(s)aj (s'). (18)

with a;(s) the j” column of A(s). Letting T;(s) = a;(s)aj(s), again, 3 T;(s) =
T(s). We see from (18) that Y(s) is no longer stationary. Extending the intrinsic
specification for Y (s), C(s,s’) = p(s —s’')T(s) which is a multivariate version of the
case of a spatial process with a spatially varying variance.

This motivates natural definition of A(s) through its one-to-one correspondence
with T(s) (again from section 2) since T(s) is the covariance matrix for Y(s). In
the univariate case choices for o%(s) include o?(s,f) i.e. a parametric function of
location; o?(x(s)) = g(z(s))o? where z(s) is some covariate used to explain Y (s)
and g(.) > 0 (then g(z(s)) is typically z(s) or z%(s)); or o?(s) is itself a spatial
process (e.g., logo?(s) might be a Gaussian process). In practice, T(s) = g(x(s))T
will likely be easiest to work with.

Note that all of the discussion in section 3 regarding the relationship between

conditional and unconditional specifications is applicable here. Particularly, if p = 2
and T(S) = g(l’(S))T then (TH, T12, TQQ) = (0'1, 09, Of), (ZH(S) = g(LE(S)O'l, GQQ(S) =
g(z(s)oy and ag; = 1/g(z(s)aoy.

Higdon et al. (1999) consider the univariate version of (12) with £ a spatially
varying kernel, in particular, one that varies slowly in s. This would replace k(s —t)
with k(s — t;s). The multivariate analogue would choose p squared integrable (in
the first argument) spatially varying kernel functions k(s — t;s) and define Y (s)
through

Yi(s) :/kl(s—t;s)w(t)dt, (19)

extending (12). Similar extension of (16) provides
Y (s) :/K(s—t;s)v(t)dt. (20)
Returning to the general nested model in (2), suppose we associate the u’s

with 7 locations in D say ti,to,---,t,. Then (2) could be written as Y(s) =
"—1 A(t;)wy;(s). The integral version would take the form

Y(s) = /A(t)w(s;t)dt, (21)

where t indexes the i.i.d. spatial processes comprising w(s, t).
Fuentes and Smith (2001) introduce a class of univariate locally stationary mod-
els by defining

Y(s) = / b(S, t)wa(e) ()dt, (22)
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where w, is a stationary spatial process with parameters 6, w,, and w,, are inde-
pendent if 6; # 04, and b(s, t) is some choice of inverse distance function. Here,
analogous to Higdon et al. (1999) the parameter 8(t) varies slowly in t. Comparison
of (22) and (19) is illuminating. In practice, the integral is discretized to a sum, i.e.,
Y(s) = 37, b(s,t;)w;(s). Note that this approach does essentially define locally
stationary models in the sense that if s is close to t, Y(s) &= we)(s).

The multivariate extension of Fuentes and Smith (2001) would take wy(s) to be
a p X 1 vector with i.i.d. component processes having parameter 8. Letting B be a
p X p matrix of weight (inverse distance) functions define

Y(s) = / B(s, t)woe) (s)dt. (23)

It is evident that (23) generalizes the nested form in (21).
Discretizing (23) yields

Y(s) = XT:IB(S,tu)Wu(S). (24)

Again, if w,(s) are p x 1 vectors of independent processes, (24) generalizes (17) in an
obvious way. Alternatively, letting Y (s) = B(s,t,)w,(s) with each w,(s) being
as in (1), then each Y(s) is a spatially varying LMC and (24) generalizes (2). In
fact, suppose we extend (2) to Y(s) = 3. B(s,u)Y ™ (s). (A simple choice when the
u are associated with locations is B(s, t;) = b(s,t;)I.) Then (24) is extended to
Z A(S - tj; tj)wtj (S) where A(S - tj; tj) = B(S, tJ)A(tj)

5 Model Fitting Issues

Previous approaches made use of least squares techniques in order to make inference
about the parameters of the LMC (e.g., Wackernagel (1998)). Here, within the
Bayesian framework, we use Markov chain Monte Carlo methods to obtain samples
from the posterior distribution of interest. This section starts by discussing the
computational issues in fitting the joint multivariate model presented in section 2.
It will be shown that it is not an easy task to fit this joint model. On the other hand,
when we have the equivalence of the joint and conditional models, as discussed in
section 3, we demonstrate that it is much simpler to fit the latter.

5.1 Fitting the joint model

Under the Bayesian paradigm, the model specification is complete only after as-
signing prior distributions to all unknown quantities in the model. The posterior
distribution of the set of parameters is obtained after combining the information
about them in the likelihood (see equation (7)) with their prior distributions.
Observing equation (7), we see that the parameter vector defined as @ consists of
{B,;},D,{p;},T,j=1,---,p. Adopting a prior which assumes independence across
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j we take w(0) = [1; p(8;) p(p;) p(7}) p(T). Hence 7(8]Y), is given by
m(6]Y) oc f(Y{B;}. D, {p;}, T) 7(6).

For the elements of 3; a normal 0 mean prior distribution with large variance can
be assigned resulting in a full conditional distribution which will also be normal.
Inverse Gamma distributions can be assigned to the elements of D, the variances
of the p white noise processes. If there is no information about such variances, the
means of these inverse Gammas could be based on the least square estimates of the
independent models with large variances. Assigning Inverse Gamma distributions
to 7']-2 will result in inverse Gamma full conditionals. The parameters of concern are
the elements of p; and T. Regardless of what prior distributions we assign, the full
conditional distributions will not have a standard form. For example, if we assume
that p; is the exponential correlation function, p;(h) = exp(—¢;h), a Gamma prior
distribution can be assigned to the ¢;’s. In order to obtain samples of the ¢;’s we
can use the Metropolis-Hastings algorithm with, for instance, log-normal proposals
centered at the current log ¢;.

We now discuss how to sample T, the covariance matrix among the responses
at each location s. Due to the one-to-one relationship between T and the lower
triangular A one can assign a prior to the elements of A or set a prior on the matrix
T. The latter seems to be more natural, since T is interpreted as the covariance
matrix of the elements of Y(s). As T must be positive definite we use an Inverse
Wishart prior distribution with mean D*, such that the scale matrix is (lx—p—l)D’"1
and it has v degrees of freedom. If there is no information about the prior mean
structure of T, rough estimates of the elements of the diagonal of D* can be obtained
using ordinary least squares estimates based on the independent spatial models for
each Yj(s), j =1,---,p. A small value of v(> p+ 1) would be assigned to provide
high uncertainty in the prior distribution.

To sample from the full conditional of T Metropolis-Hastings updates are a
place to start. It is necessary to guarantee that the proposals are positive definite,
therefore we suggest to use an inverse Wishart proposal. From our experience, it
is not advisable to employ a random walk proposal, i.e., a proposal centered at
the current value of T. We have observed severe autocorrelation and very slow
convergence. This runs counter to suggestions in, e.g., Browne et al. (2003), section
3) but may be due to the way that T enters in the likelihood in (7). In fact, since we
use a rather non-informative prior for T, it seems necessary to use a proposal which
incorporates an approximation for the likelihood. In this way, we tend to make
proposals which fall in the region where there is consequential posterior density.
More specifically, letting Xy = >-"_; (H; ® T;) + L,x, ® D, from (7) the likelihood
is proportional to

|y [ exp {5 (Y = )" B (Y - )
i.e. that
RTHB, LD {1 Y) o By |72 exp {2 (Y = )" 355 (Y = )} m(T) - (25)
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If we can approximate the likelihood contribution on the right side of (25) by an
inverse Wishart form, then, combined with the inverse Wishart prior for 7(T), an
inverse Wishart proposal results. Suppose we set D = 0, i.e. assume a purely spatial
model for the Y(s;). If we further set all of the ¢; to oo, i.e. the Y(s;) become
independent then ¥y = I ® T and (25) is an inverse Wishart distribution. This
proposal is too crude in practice so instead we could assume all ¢; are equal, say
to ¢ whence Xy has the separable form R(¢) ® T. In (25) a more refined inverse
Wishart results. As a choice for the common ¢ we could take some sort of mean
of the current ¢;’s. Although this is the best proposal that we have come up with
for T, it has proved not to work well. The parameters ¢; and the elements of T
tend to be highly correlated a posteriori. Therefore, the scale matrix of the inverse
Wishart proposal for T will be strongly affected by the values that we use for ¢. As
a result, the Metropolis-Hastings algorithm does not move much. This problem is
exacerbated when the dimension of Y (s) is increased.

Since updating 7" all at once is problematic, suppose instead we consider updating
the elements of T" individually. In fact, it is easier to work in the unconstrained space
of the components of A and so, we would reparametrize (25) thusly. Random walk
normal proposals for the a’s with suitably tuned variances will move well. For p = 2
or 3 this strategy has been successful. For larger p, repeated decomposition of T to
A may prove too costly.

Another alternative to build a Markov Chain Monte Carlo algorithm, is to use

a slice sampler procedure (Neal, 2003), by introducing a uniform latent variable U,
such that U ~ U [0, f(Y|{B,},D, {pj},T)]. In introducing this latent variable U
all the other full conditionals will naturally be affected by this constraint, as the
posterior becomes 7(0,U|Y) o (U < f(YH{B,}, D, {qﬁj},T))
I1; p(Bj)p(gzﬁj)p(Tj?)p(T). Metropolis proposals are no longer needed. To update
the components of 8 we merely sample from their priors subject to the indicator
restriction. The full conditionals are sampled directly; this is a pure Gibbs sampler.
Unfortunately, in our experience, this restriction yields very high rejection rates for
prior draws. An iteration of the Gibbs sampler is completed slowly. Again severe
autocorrelation and extremely slow convergence has been the case.

5.2 Fitting the conditional model
Following the discussion in section 3, for a general p, assuming no pure error terms,
the conditional parametrization is given by
Yi(s) = X'(s)By + rwi(s)
Ya(s)|Yi(s) = X"(8)Bs+ a™'Yi(s) + oaws(s)

: (26)

Yp(s)[Yi(s), -+, Yp(s) = XT(8)B, +a"Vi(s) + - + a7V, i (s) + apwy(s).
In (26), the set of parameters to be estimated is 8, = {8, @, 02, ¢}, where ol =
(052‘17 a3|1: 053‘2: Ty Oép‘pil): IBT = (131: e 7ﬁp)7 o’ = (0%: T O—;Z)a and ¢ is as defined
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in subsection 3.2. The likelihood is given by
fe(Y[0c) = f(Y1|6c,) f(Y2 Y1, 0c,) - f(Yp|Y1, -, Y0, 60, (27)
If 7(0,) is taken to be [T%_, 7(@,,) then (27) implies that the conditioning yields a

j
factorization into p models each of which can be fitted separately. Prior specification
of the parameters was discussed in subsection 3.2. With those forms, standard
univariate spatial models arise which can be fitted using, for instance, the software

GeoBugs (Spiegelhalter et al., 1996).

6 Two Examples

This section presents two examples based on the modeling discussed in the previous
sections. The first employs a simulated data set obtained from a joint multivariate
model and fitted through the conditional parametrization. The objective is to see
how the conditional fitting behaves when we know the truth for the joint model.
Then we explore an illustrative real data example in the commercial real estate
setting, where the main aim is to obtain a risk surface for the city of Chicago based
on the selling price and net income of a sample of buildings.

6.1 Simulated Data Set

Initially we simulated 50 locations sampled from a uniform distribution on the 5 x5
unit square. Figure 1 shows the site locations. Then, we assumed p = 3 and
Y (s) = p + v(s), that is, there is no nugget effect. We used a powered correlation
function for p;, i.e. p;(s —s') = exp {— (¢;||s — s'||)” }. The parameters were fixed
at the following values:

1.5 0.4695 0.122

10 (0.70)  (0.50)

p=| 1|, T= 0.3 0.0328
0.1 (0.30)

0.04

$1 = 2.3617 ¢ = 1.3617 3 = 2.5976
The numbers in brackets in the matrix T denote the resulting correlation between
the components of Y(s). The dNJj, j = 1,2,3 were chosen to achieve the following
conditional ranges: rangey, = 3.8, rangey,y, = 2.2, and rangey,y, y, = 1.5. After
fixing the parameters we obtained a sample from the following multivariate normal

distribution Ysx50 ~ N(f3.50, 2v). We then fitted the following model to the
simulated observations,

Yi(s) = m+oiwi(s)
Yo(s) = fig + alVYi(s) + oows(s)
Via(s) = jiz+a®Vyi(s) + aBPYy(s) + ozws(s),
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where fuiz-(s) follows a 0 mean, unit variance, Gaussian process, with correlation func-
tion p(¢;;7;). The prior specification followed the equivalence between the priors
for the joint parametrization and the conditional one, as discussed in subsection 3.2,

that is
-2 1.5 0.3 2 0.04
gf~[G<—V2 ,7>,0§N1G<g,7>,U§NIG<V_2|— e ),
2 2 2
oo ~ N <O, 10—25> , oMo o N (O, f—%) , and, o®?|o2 ~ N <O, %) ,

with v = 5. For the location parameters, p;, we assigned Normal priors centered at
0 with large variances. For the n; we assumed 7; ~ U(0.40,1.95), and for the ¢; we
assumed ¢; ~ Ga (qu, 1).

Table 1 shows the posterior summaries for all the quantities in the model. No-
tice that the 95% posterior credible intervals, for the y;, j = 1,2, 3, include the true
value. The conditional model is able to capture the different scales of the three dif-
ferent variables. Also from table 1 we see that the elements of the coregionalization
matrix T are being reasonably well estimated, with all the medians close to their
true values. Figure 2 shows 3-dimensional plots of the posterior mean of the spatial
surfaces for the three variables considered marginally, not conditionally.

6.2 An Illustrative Commercial Real Estate Example

The selling price of commercial real estate, for example an apartment property, is
theoretically the expected income capitalized at some (risk-adjusted) discount rate.
(See Kinnard (1971) and Lusht (1997) for general discussions of the basics of com-
mercial property valuation theory and practice). Since an individual property is
fixed in location, upon transaction, both selling price and income (rent) are jointly
determined at that location. A substantial body of real estate economics literature
has examined the (mean) variation in both selling price and rent. (See Geltner and
Miller (2001) for a review of the empirical literature on variations in selling price.
Benjamin and Sirmans (1991) provide a survey of the empirical literature on the
determinants of rent of apartments). While location is generally included as an
explanatory variable in the empirical estimation, none of the current literature has
examined the spatial processes in selling prices and rents using a joint modeling
framework. From a practical perspective, understanding the spatial nature of com-
mercial real estate selling prices and rents has important implications for real estate
finance and investment analysis. For example, default rates on mortgages backed by
commercial real estate are highly sensitive to variations in prices and income. (See
Titman et al. (2001) for a discussion).

We consider a dataset consisting of 78 apartment buildings in Chicago. 20 ad-
ditional transactions are held out for prediction of the selling price based on four
different models. The locations of these buildings are shown in Figure 3. In fact,
the locations were reprojected using a UTM projection to correct for the difference
in distance between a degree of latitude and a degree of longitude. The model was
then fitted using distance between locations in kilometers. The aim here is to fit a
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joint model for selling price and net income and obtain a spatial surface associated
with the risk, which, for any transaction, is given by net income/price. For this
purpose we fit a model using the following covariates: average square feet of a unit
within the building (sqft), the age of the building (age) and number of units within
the building (unit), the selling price of the transaction (P) and the net income (I).
Figure 4 shows the histograms of these variables on the log scale as well as the
observed risks, I(s)/P(s). Using the conditional parametrization, the model is

I(s) = sqft(s)Bn + age(s)Bra + unit(s)frs + orwi(s) (28)
P(s)|I(s) = sqft(s)Bp1 + age(s)Bps + unit(s)Bps + I(s)a®) + ayws(s) + €(s).

Notice that I(s) is considered to be purely spatial since, adjusted for building char-
acteristics we do not anticipate a microscale variability component. The need for
white noise in the price component results from the fact that two identical properties
at essentially the same location need not sell for the same price due to the motiva-
tion of the seller, the buyer, the brokerage process, etc. The model in (28) satisfies
the conditions given below (10) to align the conditional and unconditional model
specifications. The prior distributions were assigned as follows. For all the coeffi-
cients of the covariates, including a®/V), we assigned a normal 0 mean distribution
with large variance. For 0% and o3 we used inverse Gammas with infinite variance.
We use exponential correlation functions and the decay parameters ¢;, 7 = 1,2 have
a Gamma prior distribution arising from a mean range of one-half the maximum
interlocation distance, with infinite variance. Finally, 72, the variance of €(.), has
an inverse Gamma prior centered at the ordinary least squares variance estimate
obtained from an independent model for log selling price given log net income.

Table 2 presents the posterior summaries of the parameters of the model. For
the income model the age coefficient is significantly negative, the coefficient for
number of units is significantly positive. Notice further that the correlation between
net income and price is very close to 1. Nevertheless, for the conditional price
model age is still significant. Also we see that price shows a bigger range than net
income. Figure 5 shows the spatial surfaces associated with the three processes: net
income, price and risk. It is straightforward to show that the logarithm of the spatial
surface for risk is obtained through (1 — a®M)a w,(s) — oews(s). Therefore, based
on the posterior samples of o), w,(s), o1, 0, and wy(s) we are able to obtain
samples for the spatial surface for risk. From panel (¢) in Figure 5 we note that
the spatial risk surface tends to have smaller values than the other surfaces. Since
log R(s) = log I(s) — log P(s) with R(s) denoting the risk at location s, the strong
association between I(s) and P(s) appears to result in some cancellation of spatial
effect for log risk. Actually, we can obtain the posterior distribution of the variance
of the spatial process for log R(s). It is (1 — a?")262 + 2. The posterior mean of
this variance is 0.0167 and the 95% credible interval is given by (0.0072, 0.0323) with
median equal 0.0156. The posterior variance of the noise term 72 is given in Table 2.
If we compare the medians of the posteriors of the variance of the spatial process of
the risk and the variance of the white noise, we see that the spatial process presents
a smaller variance; the variability of the risk process is being more explained by the
residual component.
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In order to examine the comparative performance of the model proposed above
we decided to run four different models for the selling price using each one to predict
at the locations marked with ”p” in Figure 3. For all these models we used the same
covariates as describe before. Model 1 presumes an independent model for price,
i.e. without spatial component and net income. Model 2 has a spatial component
and is not conditioned on net income. In model 3 the selling price is conditioned on
the net income but without a spatial component and model 4 has net income as a
covariate and also a spatial component. Table 3 shows the out-of-sample predictive
performance for the models using the 20 ”"held out” transactions. For all four models
all predictive intervals are correct with those for models 3 and 4 being roughly 20%
shorter (the gain in conditioning). Table 4 attempts model comparison showing both
Y32, (P(s;) — E (P(s;)[Y, Model)) where P(s;) is the observed log selling price for
the j™ transaction, j = 1,--+,20, and 332, Var (P(s;)[Y, Model). The former is
a measurement of predictive goodness of fit, the latter is a measure of predictive
variability. See Gelfand and Ghosh (1998) for further discussion of these criteria.
Model 4, our proposed model in (28), emerges as better on both measures.

7 Discussion and Extensions

In this paper we have proposed the use of the linear model of coregionalization to
provide a flexible framework for multivariate spatial process modeling. In the case
of Gaussian processes we have shown how to fit such models within a Bayesian
framework and the advantage of using a conditioning approach when applicable.
We illustrated in the stationary case but also offered nonstationary versions by
generalizing univariate techniques.

Future effort will consider non Gaussian models for the data, e.g., exponential
family models for the components of Y (s). Dependence will be introduced through
components of a vector of spatially dependent random effects modeled as above.
Also of interest are spatio-temporal versions modeling v(s,t) = A(s, t)w(s, t) where
the components of w, w(s, t) are independent spatio-temporal processes. Depending
upon the context, A(s,t) may be simplified to A(s), A(t) or A. Convenient choices
for the wy(s,t) would be space-time separable specifications. However, the resulting
covariance structure for v(s,t) would be nonseparable.
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Table 1: Posterior Summaries of all the parameters in the model for Y;, Y5 and Y3.

Parameter | Mean | 2.50% | Median | 97.50% | True Value
1 9.218 4.905 9.647 10.35 10.0
Lo 0.7755 | -0.5750 | 0.8715 | 1.3239 1.0
13 0.0036 | -0.4413 0.045 0.1533 0.1
T 0.7872 | 0.1603 | 0.7226 1.698 0.5
79 0.8158 | 0.3799 | 0.7815 1.446 1.0
73 1.133 0.3206 1.149 1.814 1.5
01 2.093 0.2263 1.796 5.545 2.3617
103 1.493 0.5568 1.366 3.272 1.3617
O3 3.255 1.265 2.998 6.365 2.5976
T\ 2.323 1.152 1.854 7.67 1.5
T 0.6599 | 0.3008 | 0.5195 2.178 0.4695
Tis 0.2338 | 0.1031 | 0.1844 | 0.7349 0.122
The 0.3557 | 0.2149 | 0.3144 0.8 0.30
Ths 0.05216 | 0.0046 | 0.0405 | 0.1957 0.0328
Tss 0.04769 | 0.02858 | 0.04274 | 0.1002 0.04
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Table 2: Posterior Summaries of the Parameters for the joint modeling of Price and
Income.

Parameter | Mean | 2.50% | Median | 97.50%
B 0.251 | 0.029 | 0.255 | 0.447
Bra -0.085 | -0.145 | -0.084 | -0.026
Brs 0.708 | 0.515 | 0.706 | 0.918
Bp1 0.219 | -0.004 | 0.219 | 0.436
Bra -0.098 | -0.159 | -0.098 | -0.037
Bps -0.162 | -0.411 | -0.165 | 0.098
) 0.883 | 0.661 | 0.883 | 1.095
o7 0.064 | 0.045 | 0.063 | 0.089
02 0.015 | 0.006 | 0.014 | 0.030
2 0.042 | 0.024 | 0.041 | 0.064
b1 2.205 | 1.257 | 2.121 | 3.663
bp 1.179 | 0.191 | 1.038 | 2.788

range, (Km) | 1.455 | 0.818 | 1.412 | 2.367

rangep (Km) | 2.452 | 1.085 | 1.908 | 7.712

Corr(LP) | 0.873 | 0.752 | 0.881 | 0.952
Ty, 0.064 | 0.045 | 0.063 | 0.089
Tip 0.057 | 0.035 | 0.055 | 0.086
Tpp 0.066 | 0.038 | 0.064 | 0.106
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Table 3: Comparison among Models 1-4 using cross validation with 20 hold out

transactions.
Transaction | Observed Model 1 Model 2 Model 3 Model 4

1 16.91 17.19(16.39;18.05) | 17.29(16.47;18.06) | 16.84(16.24;17.46) | 16.88(16.26;17.47)
2 16.56 16.48(15.66;17.28) | 16.47(15.66;17.22) | 16.49(15.85;17.08) | 16.52(15.96;17.12)
3 16.79 16.28(15.46;17.08) | 16.48(15.64;17.26) | 16.62(16.02;17.21) | 16.62(16.03;17.2)
4 14.92 14.89(14.04;15.75) | 14.97(14.18;15.79) | 14.74(14.18;15.32) | 14.76(14.16;15.36)
5 14.51 14.6(13.81;15.41) 14.82(14.02;15.6) | 14.19(13.58;14.79) | 14.21(13.64;14.83)
6 13.19 13.25(12.43;14.09) | 13.11(12.37;13.88) | 13.23(12.63;13.83) | 13.17(12.6;13.76)
7 14.13 14.52(13.75;15.32) | 14.39(13.67;15.18) | 14.39(13.81;14.94) | 14.35(13.78;14.89)
8 13.99 14.46(13.71;15.22) | 14.38(13.64;15.13) | 14.08(13.54;14.63) | 14.03(13.47;14.61)
9 13.18 12.35(11.53;13.14) | 12.53(11.78;13.31) | 12.49(11.94;13.08) | 12.54(11.96;13.13)
10 12.43 12.77(12;13.54) 12.59(11.85;13.36) | 12.6(12.03;13.18) | 12.55(11.94;13.12)
11 13.34 13.15(12.36;13.96) | 13.04(12.26;13.82) | 13.46(12.86;14.07) 13.39(12.78;14)

12 12.99 13(12.22;13.79) 13.03(12.33;13.78) | 12.95(12.38;13.51) | 12.97(12.42;13.56)
13 13.53 13.26(12.52;14.06) | 13.41(12.69;14.11) | 13.54(12.97;14.13) | 13.57(12.97;14.15)
14 13.51 13.57(12.79;14.35) | 13.6(12.92;14.32) | 13.35(12.83;13.91) | 13.37(12.78;13.94)
15 13.45 13.86(12.98;14.69) | 13.9(13.08;14.72) | 13.61(12.99;14.28) | 13.64(13.05;14.25)
16 13.39 13.01(12.23;13.75) | 12.96(12.24;13.69) | 13.18(12.6;13.76) | 13.18(12.62;13.76)
17 13.25 12.95(12.17;13.75) | 13.04(12.34;13.74) | 13.19(12.63;13.74) | 13.21(12.6;13.78)
18 13.30 12.99(12.21;13.75) | 13.12(12.35;13.84) | 13.06(12.47;13.65) | 13.12(12.57;13.67)
19 13.12 13.12(12.37;13.86) | 13.16(12.41;13.9) 13.14(12.6;13.68) | 13.15(12.59;13.69)
20 13.24 13.6(12.86;14.41) 13.69(12.94;14.4) 13.3(12.72;13.92) | 13.34(12.77;13.89)

Table 4: Squared Error and Sum of the Variances of the Predictions for the 20 sites

left out in the fitting of the model.

Model 22 eX(s;) | X2, Var(P(s;)|Data, Model)
1 - Indep. without Spatial Component 2.279 3.277
2 - Indep. with Spatial Component 1.808 2.963
3 - Condit. without Spatial Component 0.932 1.772
4 - Condit. with Spatial Component 0.772 1.731
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Figure 1: Location of the 50 sites used in the simulated data set example.
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