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Abstract

Let X | pp ~ Np(p,veI) and Y | pp ~ Np(p,vyI) be independent p-dimensional multivariate
normal vectors with common unknown mean i, and let p(z|p) and p(y|p) denote the conditional
densities of X and Y. Based on only observing X = z, we consider the problem of obtaining a
predictive distribution p(y|z) for Y that is close to p(y| 1) as measured by Kullback-Leibler loss.
The natural straw man for this problem is the best invariant predictive distribution, the Bayes
rule py(y | ) under the uniform prior 7y (1) = 1, which is seen to be minimax. We show that
pu(y|z) is dominated by any Bayes rules for which the square root of the marginal distribution
is superharmonic. This yields wide classes of dominating predictive distributions including
Bayes rules under superharmonic priors. These dominating predictive shrinkage distributions
can be constructed to adaptively shrink py(y | ) towards arbitrary points or subspaces. Those
procedures corresponding to superharmonic priors can be further combined to obtain minimax
multiple shrinkage predictive distributions that adaptively shrink py (y | z) towards an arbitrary
number of points or subspaces. Fundamental similarities and differences with the parallel theory

of estimating a multivariate normal mean under quadratic loss are described throughout.
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1 Introduction

Let X | u~ Np(p,vel) and Y | p ~ Np(p,vyI) be independent p-dimensional multivariate normal
vectors with common unknown mean p, and let p(z | x) and p(y | 1) denote the conditional densities
of X and Y. We assume that v, and v, are known until Section 6.

Based on only observing X = x, we consider the problem of obtaining a predictive distribution

p(y | x) for Y that is close to p(y | ). We measure this closeness by Kullback-Leibler (KL) loss,

L ity | ) = [ ply | tog 51y, )

and evaluate a predictive procedure p(y | z) by its expected loss or risk function

Rict () = [ 9@ ] 1Ll ply | 2))de. @

For the comparison of two procedures, we say that p; dominates ps if Rip(p,p1) < Rrr(p,p2)
for all p and with strict inequality for some u. By a sufficiency and transformation reduction, this
problem is seen to be equivalent to predicting Y1, ..., Y, | p iid ~ Np(p, v, %) under KL loss (1) based
on observing Xi, ..., Xy, | p iid ~ Np(p, v,X) which are independent of Y7, ..., Y, | p.

For a (possibly improper) prior distribution 7 on , the average risk r(m,p) = [ Rxr(u, p)m(p)dp

is minimized by the Bayes rule

/p(w | 1)p(y | p)m(p)dp
/ p(z [ p)m(p)dp

see Aitchison (1975). Note that unless 7 is a trivial point prior, such p.(y | =) will not be of the

prly | o) = : 3)

form of any p(y | 1) so that such Bayes rules fall outside the parameter space of all p(y | ).
The best invariant predictive density for this problem is the constant risk Bayes rule (3) under
the uniform prior 7y () = 1, namely

|2
by | ) L e ()

B {27 (vy + vy 2(vz + vy)

see Murray (1977) and Ng (1980). Indeed, py(y | ) dominates the naive “plug-in” predictive
distribution p(y |t = z) that simply substitutes the MLE ji = x for u, see Aitchison (1975). As will
be seen in Section 2, py(y | ) is minimax for KL loss (1). That 7y is best invariant and minimax
can also be seen as a special case of the more general recent results in Liang and Barron (2003),
which also show that py(y | ) is admissible when p = 1.

However, py(y | z) is inadmissible when p > 3. In a breakthrough result, Komaki (2001) proved
that when p > 3, py(y | z) itself is dominated by the Bayes rule

[ pelpy | )y

[ ol i)y

: ()

pu(y|x) =

2



where
o (p) o ||l =72 (6)
is the harmonic prior recommended by Stein (1974), which we subscript by “H” for harmonic.
Although Komaki referred to mg as harmonic, his proof did not directly exploit this property.
More recently, Liang (2002) showed that py(y|x) is dominated by the proper Bayes rule p,(y|z)

under the Strawderman prior m,(x) for which
N‘SNNP(Ov‘SUOI)v SN(1+S)G_27 (7)

when v, < g, and when p =5 and a € [.5,1) or p > 6 and a € [0,1). Note that m,(u) depends on
the constant vy in (7), a dependence that will be maintained throughout this paper. The improper
harmonic prior 7 (1) is well known to be the special case of 7,(p) when a = 2.

These results closely parallel some key developments concerning minimax estimation of a mul-
tivariate normal mean under quadratic loss. Based on observing X | i ~ N,(u, I), this problem is
to estimate p under

Ro(u, i) = Epl|ii — p]|*. (8)
The natural straw man here is the maximum likelihood estimator
pvre =X,
which, under quadratic risk (8), is best invariant, minimax and admissible when p < 2. Note
that fipsrp plays the same role here that py(y | ) plays in our KL risk problem. As a precursor
to Komaki’s result about the domination of py(y | z) over py(y | «), Stein (1974) showed that
frr = Er,(u|z), the Bayes rule under g, dominates fips,r when p > 3. And as a precursor to
Liang’s result about the domination of p,(y | ) over py(y | ), Strawderman (1971) showed that
fio = Er, (1| ), the proper Bayes rule under 7, when v, = vy = 1, dominates fiy;rp when p > 5
for exactly the same choices of a.
A unified theory for the quadratic risk estimation problem of these and other shrinkage domi-

nation results has been obtained by focusing on the marginal distribution of X under m, namely

ma(w) = [ plo | ym(n)dp ©)
The key to this theory is the representation due to Brown (1971) that any Bayes rule ji, = E;(u|z)
for quadratic risk is of the form
fir =z + Vlogmg(x), (10)
(V =(9/0z1,...,0/0xp)"). To show that fiy dominates fiprrp, Stein (1974, 1981) used this repre-
sentation to establish that Rq(u, ivrLe) — Ro(i, fir) = E,U(X), where

2m
UX) = IViogm ([ - 2T ()
2 /mn
= L ()(;)() (12)



is an unbiased estimate of the risk reduction of jir over fiyrg, (Vimy(z) = Z(%ngﬂ(x)). It
follows immediately from (12) that the superharmonicity of \/my, i.e. V2y/mr(z) < Oj is sufficient
(though not necessary) for fi,; to dominate fip/7,r and to be minimax. That the stronger condition
of superharmonic m, i.e. V2m,(x) < 0, is sufficient follows immediately from (11). The fact that
fip dominates fipsrp when p > 3, now follows easily from the fact that superharmonic priors (of
which the harmonic prior is a special case) yield superharmonic marginals m, for X. Although
the Strawderman priors 7, in (7) do not yield superharmonic m, when p = 5 and a € [.5,1) or
when p > 6 and a € [0,1), Fourdrinier, Strawderman and Wells (1998) show that they do yield
superharmonic /my, so that the dominance and minimaxity of the Strawderman estimator are
established by (12). In fact, it follows from their results that 7, also yields superharmonic /m,
when a € [1,2) and p > 3, thereby broadening the class of minimax improper Bayes estimators.

A major thrust of the present paper is to establish an analogous unified theory for the KL risk
prediction problem. Analogously to (10), we begin by showing how any Bayes rule p,(y | z) can be
explicitly represented in terms of the form of the corresponding marginal m(z). This representation
is seen to lead directly to an unbiased estimate of the KL risk reduction of Bayes rules p,(y | x)
over py(y | ). Coupled with the heat equation, Stein’s identity and the results of Fourdrinier
et. al. (1998), the superharmonicity of \/m, is seen to be a sufficient condition for uniformly
positive risk reduction over py(y | z), thereby implying domination in the prediction problem. This
general condition subsumes the specialized results of Komaki (2001) and Liang (2002), and can be
used to obtain wide classes of improved minimax predictive distributions including the Bayes rules
under wg and m,. It is further shown how the underlying priors and marginals can be adapted
to obtain minimax shrinkage towards an arbitrary point or subspace, and how linear combinations
of superharmonic priors and marginals can be constructed to obtain minimax multiple shrinkage

predictive analogues of the minimax multiple shrinkage estimators of George (1986).

2 Improved Minimax Predictive Distributions

In this section, we develop and prove our main results concerning general conditions under which
px(y|z) in (3) will dominate py(y |z) and will be minimax. We begin with three lemmas that may
also be of independent interest.

The following general notation will be useful throughout. For Z |y ~ Np(p,vI) and a prior ©

on u, we will denote the marginal distribution of Z by

ma(z0) = [ p(z] () (13)

In terms of this notation, the marginal distributions of X | u ~ Np(p,vz1) and Y| pp ~ Np(p, vy1)

under 7 are then mx(x;v,) and mx(y;vy), respectively. We will also make use of the weighted



mean
W WAt (14)
Vg + Uy
As X and Y are independent (conditionally on fx), it follows that W | pn ~ N, (i, v, I) where
VpUy

Uy = ——— .
Vg + Uy

The marginal distribution of W is then m;(w;vy).

Lemma 1. If m,(z;v) is finite for all z, then pr(y|x) in (3) will be a probability distribution over
y. Furthermore, the mean of pr(y | x) is equal to E(u | ) if it exists.

Proof. Both claims follows by integrating (3) wrt y and switching the order of integration. i

Lemma 1 is important because for our decision problem to be meaningful, it is necessary that
a predictive estimate p(y | ) be a proper probability distribution. By the laws of probability, the
Bayes rule pr(y|z) in (3) will be a proper probability distribution whenever 7(u) is a proper prior.
Lemma 1 shows that improper 7 (u) can still yield proper p;(y | ) under a very weak condition.
It further shows that the mean of p,(y | z) is the Bayes rule for estimating p under quadratic loss,
namely the posterior mean of p. In this sense, p,(y | z) also carries the necessary information for

that estimation problem. Our next lemma establishes an alternative representation of p(y | x).

Lemma 2. The Bayes rule p;(y | z) in (3) can be expressed as

mw(w; Uw)

where py(y | x) is the Bayes rule under my(u) = 1 given by (4).

Proof. The joint marginal distribution of X and Y under 7 is,

peosy) = /mm py(

H:v - MI2 1 My = pl?
= exp s w(w)du
/ 277Ux g 27T’Uy 2,0!/ ( )

y2
2
ly — | lw — pl?
= = A d
/{2w(vx+vy)}§ eXp{ 2(vs +vy) [ (270n)B 20y ml)dp

= pu(y|z) mg(w;vy).

The representation (15) now follows since pr(z,y) and m,(x;v,) are the numerator and denomi-

nator of (3) respectively. I



Lemma 2 shows how p.(y | =) is determined entirely by py(y | ) and the form of m,(z;v).
Paralleling Brown’s representation (10), this representation shows the explicit role played by the
marginal distributions of the data under w. As will be seen in the proof of Theorem 1 below,
this representation provides a key decomposition for establishing conditions for the dominance of
px(y|x) over py(y|z). But before moving on to this result, we provide one more result, an identity
which plays a key role in establishing superharmonic conditions for dominance in Theorem 1. It
may be of interest to note that this identity is in fact the well-known heat equation which has a
long history in science and engineering, for example, see Steele (2001). Recently, Brown, DasGupta,
Haff and Strawderman (2003) used identities derived from the heat equation, including one bearing

a formal similarity to ours, in other contexts of inference and decision theory.

Lemma 3. For Z|p ~ Ny(p,vl) and a given prior m on i, let my(z;v) be the marginal distribution
of Z given by (13). Then

0 o) = 102 (s
%mﬂ(z,v) = 2V max(2z;v). (16)

Proof. The identity follows immediately by comparing

0 ) 1 NESls
Cme(s0) = o / e exp{ L S n()dp

N =Py 1 R
B / ( 2v * 202 (2771})% P 2v ﬂ-(u)d#,

and

2 .

_ P, llz—ulP 1 Iz — plf?
= /(—;—F 02 )(271'?})% eXp{_T}W(N)d/‘- i

Theorem 1. For Z |~ Np(p,vI) and a given prior m on pu, let mr(z;v) be the marginal distrib-

ution of Z given by (13). If my(z;v) is finite for all z, then py(y|x) in (3) will dominate py(y | x)
if any of the following hold for all v < v,:

(i) a%E;w logm(Z;v) < 0.

(ii) %mﬂ(\/ﬂz + w;v) <0 for all p, with strict inequality on some interval A.
(iii) \/mx(z;v) is superharmonic with strict inequality on some interval A.
(iv) mz(z;v) is superharmonic with strict inequality on some interval A.

(v) w(w) is superharmonic.



Proof. The difference between the risks of py(y | ) and pr(y | ) can be expressed as

Rir(p,pv) — Rxr(p,px) = // (x| p)p y!u)logp”(( ” ))da:dy

= // (| 1) py | 1) log ((’w))d dy (17)
= E,u, logmz(W;vy) — Ey, log mg(X;v,) (18)

where (17) follows from the representation (15) of Lemma 1. Because v,, < vy, (7) implies the

dominance over py(y | x).
Letting Z = \/vZ* + p ~ Np(p,vI), we obtain

%Eu,vlogmw(Z;v) = agElogmw(x/ﬂZ*Jru;v)
™ Z* )
_ (V02 i) (19)

mx(voZ* + p;v)

from which (ii) follows. Furthermore,

. 0 1 v+ — p||?
M (V02" + pv) = 5/ exp{—Hf 2: adl }W(u’)du’

(27v) %
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_ %mw(z;v) — / (z — M)z;(; — ) oz | )Yy

Thus, by the heat equation (16) in Lemma 3 and Brown’s representation E,(u|2z) = z+V log m(2)
from (10),

pame(VOZ i) 1V2me(Ziv) | (Z =)'V logma(Z:0) (20)
mz(vVvZ* + p;v) 2 mq(Z;v) 20 '
But by (2.3) of Stein (1981),
— ! .
E,“)(Z 1)V logma(Z;v) = E,“)lv2logmn(2;v)
’ 2v 2
1_Vmg(Z;v)
- B,V
o 2v mx(Z;v)
B 1 (V2m.(Z;v) 2
- Eu,v§ <m - HVIOng(Z, U)H : (21)
Combining (19), (20) and (21) yields
0 V2"71'7r(Z; v) 1 2
LB, Jogma(Z:v) = B, ~—220  iogm, (Z: 99
LB, ogm(Z0) = B, ( ) IV logm(Zi0)] (22)
2 7
~ B2 2 (23
’ mx(Z;v)



where the last equality follows from the equality between (11) and (12). That (ii7) implies (i)
follows from (23). That (iv) implies (ii7) follows from (22) which demonstrates the well-known fact
that \/m, will be superharmonic whenever m, is superharmonic. Finally, it is straightforward to
show that (v) implies (iv), (see problem 1.7.16 of Lehmann and Casella 1998). I

In the proof of Theorem 1, [log m(w; vy, )—log m,(x; v;)] appears in (18) as an unbiased estimate
of the risk reduction of p(y | z) over py(y | ). For the KL risk prediction problem, this estimate
plays an analogous role to Stein’s unbiased estimate of risk reduction U(z) in (11) and (12) for the
quadratic risk estimation problem. However, the much stronger analogy is obtained by comparing
(11) and (12) with (22) and (23). It follows directly from these that the risk reduction in the
quadratic risk estimation problem can be expressed in terms of logm, as

. . 0
RQ(Ny ,UMLE) - RQ(N; /’Lﬂ) = -2 %Eu,v log mW(Z; U)
v=1
We next turn to the issue of minimaxity. The following result is a special case of the general

results of Barron and Liang (2003). We include it here with a direct proof for completeness.

Lemma 4. py(y | ), the Bayes rule under () = 1, is minimaz for the risk Ry (1, p) in (2).

Proof. By a transformation of variables, * — (z — pu) and y — (y — u), it is easy to see that
Rir(p,pu) = Rxr(0,py) = r for all u, so that Rxr(u,py) is constant.

Next, we show that py(y | x) is a limit of Bayes rules py, (y | z) with 7, (1) ~ Np(0,021), where

2

On

— 00 as n — 00. Using Lemma 1,

Mo, (W; Vy)

(2 00) — pu(y|x)

pe, (Y] 2) =pUu(y|z)
since

_p z|)?
My, (2z;0) = (2n(v + 02)) 72 exp {—%} )
It follows that Ry (u,pr,) — Rrr(u,pu) = r since Rir(u,p) is a continuous function of p, and
then that r., = [ Rrxr(i,px,)mn(p)dp, the Bayes risk of pr, under m,, goes to r since 7, is a
continuous function of Ry (i, pr). By Theorem 5.1.12 of Lehmann and Casella (1998), the mini-

maxity of py(y | z) now follows. §

If p, satisfies any of the conditions of Theorem 1, it will dominate pyr. By Lemma 4, it will there-
fore be minimax. However, because all that is needed for minimaxity is Ry (i, pr) < Rir(p, pu)
for all u, the conditions of Theorem 1 can be weakened. The proof of Theorem 2 below proceeds

exactly as in the proof of Theorem 1.



Theorem 2. For Z | i ~ Ny(p,vl) and a given prior ™ on p, let mg(z;v) be the marginal distrib-
ution of Z given by (13). If my(z;v) is finite for all z, then pr(y| ) in (3) will be minimaz if any
of the following hold for all v < v,

(i) %Eu,v logm,(Z;v) < 0.

(ii) %mﬂ(\/ﬂz + p;v) <0 for all .
(iii) \/mr(z;v) is superharmonic.
(iv) mz(z;v) is superharmonic.

(v) w(w) is superharmonic.

3 Minimax Shrinkage Towards 0

Let us now return to the Bayes rules py(y | ) and p,(y | ), the special cases of (3) under the
harmonic prior 7z () in (6) and the Strawderman prior 7,(p) in (7). By Lemma 2, these Bayes
rules can be expressed in terms of their respective marginals m., as
Mgy (w§ Uw)

(2 02) (24)

pr(y|z) =puly| =)
Following Komaki (2001), the marginal of Z | yn ~ Np(p,vI) under mg (1) can be expressed as

mi(z50) oc v” P22, (||2/v/0) (25)

where ¢, (u) = u P2 fO%UQ t5 2 exp(—t)dt is the incomplete Gamma function. Because 7y is har-
monic (V27 (1) = 0), and hence superharmonic, for p > 3, Komaki’s result that py (y|z) dominates
pu(y | z) follows immediately from (v) of Theorem 1, and the fact that py(y | ) is minimax from
(v) of Theorem 2. This approach is both more direct and more general than Komaki’s proof. For
example, beyond pg(y|x), one might consider the class of Bayes rules p,(y|z) corresponding to the
(improper) multivariate ¢ priors 7(u) = (||p]|? +2/a2) = +P/2) considered by Faith (1978). Because
these priors are superharmonic for a; < —1 and p > 3, Bayes rules under such priors dominate
pu(y | z) by (v) of Theorem 1, and are minimax by (v) of Theorem 2.

Turning to p,(y | «), the marginal of Z | u ~ N,(u,vI) under the Strawderman prior 7, can be

expressed as

me(2z;v) /Ooo {27?1) <%s + 1) }—p/2 exp {—%} (s + 1) 2ds. (26)

Because 7wy (p) is the special case of m,(u) when a = 2, it follows that mg(z;v) is the special case

of my(z;v) when a = 2. Liang (2002) proved that p,(y | ) dominates py(y | ) by showing that



condition (i) of Theorem 1, namely %Eu,v log m,(Z;v) < 0, holds for mg(z;v) when v < v, < vy,
and when p =5 and a € [.5,1) or p > 6 and a € [0,1). We now proceed to show that this result
follows directly from (iii) of Theorem 1.

As Fourdrinier et. al. (1998) showed, the marginal for any proper prior cannot be superharmonic,
so that conditions (iv) and (v) of Theorems 1 and 2 cannot hold for p,(y | z) when a < 1. However,
it does follow from Fourdrinier et. al. that \/mq(z;v) is superharmonic when v = vy and when
p=>5anda € [.5,1) or p > 6 and a € [0,1). However, to use Theorems 1 and 2, we will need
the somewhat stronger result that \/mg(z;v) is superharmonic for any v < vy when p = 5 and
a € [.5,1) or p> 6 and a € [0,1). Using Theorem 1 of Fourdrinier et. al. (1998), we obtain this
result in Theorem 3 below.

For a nonnegative function h(s) over [0,00), consider the scale mixture prior

m() = [ 7| s00)h(s)ds, (27)

where 7(p | svg) = Np(0,svpl). Note that 7, in (7) is the special case of m,(p) when h(s) o
(14 8)272. For Z | ~ Np(u,vI), the marginal distribution of Z under mj, (1) can be expressed as

/vl

mp(z;v) /OOO{ZWU(S +1)}P2exp { 25+ 1)

} rh(rs)ds, (28)

where r = v/vy.
Theorem 3. If h is a positive function such that

(i) —(s+ 1)h'(s)/h(s) can be decomposed as l1(s) + l2(s) where Iy < A is nondecreasing while
0<ly < B withiA+ B < (p—2)/4,

(i) limg_o0 h(s)/(s + 1)P/2 = 0.
Then
(a) \/mp(z;v) in (28) is superharmonic for all v < vg.
(b) the Bayes rule pp(y|z) under mp(u) in (27) dominates py (y|z) and is minimaz when vy < vy.

Proof. The proof of Theorem 1 of Fourdrinier et. al. (1998) shows that \/my(z;v) in (28) is
superharmonic when v = vg = 1, and it is straightforward to show that it is therefore superharmonic
whenever v = vg. From this fact and the expression for my(z;v) in (28), (a) will follow if h,.(s) :=
rh(rs) satisfies (i) and (ii) when r € (0, 1]. First we show that h, satisfies (i). By the assumptions
on h, we have —(s + 1)h/(s)/h(s) decomposed as I1(s) + lz(s). Then

) <
r(s+1) .- -

= D) + b))

10



Choose I; to be I; multiplied by r(s+1)/(rs+1). They can be checked to satisfy those conditions
since the factor (rs+1)/(rs+ 1) is a nondecreasing function of s and less than or equal to 1 when
0 < r < 1. To see that h, satisfies (ii), note that
hy(s) h(rs) rs+1\2
(s+1)% N (rs+1)% T(S-l-l)
goes to zero when s — oo since the first term goes to zero by the assumption on h.
By (a), /mp(2;v) in (28) is superharmonic for all v < v, when v, < vy. Thus, (b) follows from

(iii) of Theorems 1 and 2.

Fourdrinier et. al. (1998) showed that h(s) oc (1 + s)%72, which gives rise to the Strawderman
prior 7, in (7), satisfies the conditions of Theorem 3 when 3 — p/2 < a < 2. Thus, under the
same conditions /mg(z;v) will be superharmonic for any v < vp, and the Bayes rule p,(y | )
will dominate py(y | ) and be minimax when v, < vg. Since m,(p) is proper when a € [0,1),
3 —p/2 < a < 2 yields the same conditions for the domination and minimaxity of proper Bayes
pa(y | ) found by Liang (2002), namely p = 5 and a € [.5,1) or when p > 6 and a € [0,1). Note
that when a € [1,2) and 7, () is improper, 3 — p/2 < a < 2 is also satisfied for all p > 3, yielding
another class of improper Bayes p,(y | ) that dominate py(y | ) and are minimax when v, < vy.
Going far beyond these results, Theorem 3 can be used to obtain wide classes of priors that yield
proper Bayes minimax pp,(y | ) that dominate py (y | z). Following the development in Section 4 of
Fourdrinier et. al., such pp,(y | z) can be obtained with particular classes of shifted inverted gamma
priors and classes of generalized t-priors.

Because 7y and 7, are unimodal about 0, it intuitively seems that the risk functions Ry (i, prr)
and Ry (1, pa), when p, is minimax, should take on their minima at x = 0, and then asymptote
up to Rxr(u,pu) as ||u]| — oco. That this is exactly what happens is illustrated in Figures la and
1b which display the difference between the risk functions [Rg (1, pv) — Rir(p,p)] for p = py
and p = p, with a = 0.5, at u = (¢,...,¢), 0 < ¢ < 4 when v, = 1 and v, = 0.2 for dimensions
p=3,5,7,9. (These risk differences were calculated by simulating (17)). The largest risk reduction
in all cases occurs close to ;1 = 0 and decreases rapidly to 0 as ||u|| increases. (Recall that Rxr,(u, prr)
is constant as a function of p). At the same time, risk reduction by py and p, is larger for larger
p at each fixed ||u||. Note that p, offers more risk reduction than py, apparently because it more
sharply “shrinks py(y | «) towards 0 ” in the sense described below. Note also that when p = 3,
[Rir(p,pu) — Rrr(i,pg)] is negative for larger u, a manifestation of the non minimaxity of p,
when a = 0.5 and p = 3. All of these results parallel the risk relationships between minimax Stein
estimators and the constant minimax risk of the MLE for quadratic loss estimation.

It is interesting to examine how these minimax Bayes rules p, obtain the risk reduction when
w is close 0. As is well-known, Bayes estimators of u, such as Er, (u|x) or Er, (u| ), shrink

towards 0 by an adaptive multiplicative factor to obtain small risk (under quadratic loss) when u
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is close to 0. As can be seen from the representation (24), pr(y | ) analogously “shrinks py(y | x)

towards 0” by an adaptive multiplicative factor of the form

My (W; Vy)
be(z,y) = ———=. 29
(7, y) o (5 00) (29)
Figure 2 illustrates how this shrinkage occurs for py for various values of x. For x = (¢g,...,c;)

and y = (cy,...,¢y), Figure 2 plots pu(y | ), pu(y | ) and by (z,y) = b(x,y) when 7 = 7y as
a function of ¢, when ¢; = 0,1,2 and p = 5. Note first that py(y | ) is always the same shape
centered at . When ¢, = 0, by (x,y) modifies py(y | ) by increasing its concentration around 0.
(The vertical scale for the by plots is several orders of magnitude larger than the scales for the py
and py plots). When ¢, = 1 and 2, by(z,y) shrinks py(y | z) towards 0, leaving it skewed. As
¢, increases, the spread of py(y | x) is increased. Note that although the height of the mode of
b (z,y) increases as ¢, increases, its effect on py(y | ) diminishes as it moves further from the

mode of py(y | z).

4 Minimax Shrinkage Towards Points or Subspaces

As seen in the previous section, shrinkage of py(y | x) towards zero by Bayes rules such as py(y | x)
and p,(y | ) offers most risk reduction when g is close to 0. Of course, one may prefer most
reduction in other regions such as for p in a neighborhood of another b € RP or of a subspace
B C RP. Minimax Bayes rules p,(y | ) yielding most reduction in such regions can easily be
obtained by recentering the prior around such a point or subspace.

Recentering a prior 7(y) around any b € RP is simply obtained as 7°(x) = 7(u—b). The marginal
m? corresponding to 7 can be directly obtained by recentering the marginal m, corresponding to
m, that is

ml(z;0) = my(z — b;v). (30)
Recentering priors such as my and m,, which are unimodal around 0, yields priors ﬂl}{ and 7°
and hence marginals mI}{ and m?, which are unimodal around b. Such recentered marginals yield

predictive distributions
my (w3 vw)
mi (z; v2)
that now shrink py(y | ) towards b rather than 0. It is straightforward to see that if m, or =
b

s

Po(y | z) =puly| =) (31)

satisfy any of the conditions of Theorems 1, 2 or 3, then m% or 7® will inherit those properties, so
that dominance of py and minimaxity will be preserved by recentering.

More generally, to recenter a prior 7(u) around a (possibly affine) subspace B C RP, we restrict
attention to spherically symmetric priors, namely priors that are functions of y only through ||pul|.

Note that the harmonic prior 7y, the Strawderman prior m, and all the other priors explicitly

12



mentioned in Section 3 are spherically symmetric. Recentering a spherically symmetric 7(u) around

B is obtained as
B(u) = m(p — Pop), (32)

where Ppu = argmin,e g||pu—b]| is the projection of y onto B. Effectively, 72 (1) puts a uniform prior

™

on Pppu and applies 7 to (1w — Ppp). Note that the dimension of (1 — Ppu), namely (p — dim(B)),
must be taken into account when evaluating w. For example, recentering the harmonic prior

mr (1) = [|p]|~P~?) around the subspace spanned by 1, = (1,...,1) yields

B () = |l — al,|~*7?), (33)

where i = p'l,/p. The exponent in (33) is (p — 1) — 1 = (p — 3) because (u — l,) is (p — 1)
dimensional.
The marginal mZ corresponding to the recentered 7% in (32) can be directly obtained by

recentering the spherically symmetric marginal m, corresponding to m, that is

mB(z;v) = mq (2 — Ppz;v), (34)

B

™

where Ppz is the projection of z onto B. Analogously to 72 (u), m2(z;v) is uniform on Pgz and
applies m, to (z — Ppz). Here too, the dimension of (z — Pgz), namely (p — dim(B)), must be
taken into account when evaluating m,. For example, recentering the marginal mg in around the
subspace spanned by 1, = (1,...,1)’, would entail replacing ||z|| by ||z — Z1,|| where z = 2’1, /p,
and replacing p by (p — 1) in (25).

Applying the recentering (32) to priors such as 7y and 7,, which are unimodal around 0, yields
priors 78 and 78 and hence marginals m? and mZ, which are unimodal around B. Such recentered

marginals yield predictive distributions

B
B My (W3 0w)
_ 35
that now shrink py(y | z) towards B by the multiplicative factor
mB (w;vy,)
bB — T )y Yw ]
P@Y) = B (36)

For example, when m; corresponds to the marginal m, b2 (z,y) will behave much like by (z,y) in
Figure 1. Shrinkage will be largest when x € B, and will diminish as z moves away from B. Such
pZ(y|z) obtain minimum risk when x € B, but do not improve in any important way over py (y | x)
when p is far from B.

The minimaxity and dominance of pZ(x, %) over py(y | x) can be established by applying The-

orems 1, 2 or 3 directly to mZ or 7. It will usually be the case that if m, or 7 satisfy any

B

B or 7B will inherit those properties as long as

(p — dim(B)) is large enough. For example, the recentered harmonic prior 75 (x) will only be

of the conditions of Theorems 1, 2 or 3, then m

superharmonic when (p — dim(B)) > 3.
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5 Minimax Multiple Shrinkage

To vastly enlarge the region of improved performance, we can further consider the following min-

imax multiple shrinkage modifications. For a spherically symmetric prior 7(u), a set of subspaces

Bi,...,By of RP, and a set of nonnegative weights w1, ..., wy such that Z{V w; = 1, consider the
mixture prior
N
B;
m(n) = > wiw () (37)
i=1

where 75 are recentered priors given by (32). To simplify notation, we consider the case where
each % is a recentering of the same 7, although in principle such a construction can be applied
with different priors. The marginal m, corresponding to the mixture prior 7, in (37) is obtained

as

N
my(z;v) = Zwi mBi(z;v) (38)
1

where mPBi are the recentered marginals corresponding to the 7% as given by (34).

B;

- were used by

Mixture marginals of the form m, in (38) with superharmonic component m.
George (1986abc) to construct minimax multiple shrinkage estimators of p under quadratic risk.
These were obtained by applying the representation fi, = x + Vlog m,(z) in (10) to m,. For the

prediction problem, we instead apply the predictive construction (15) to m, to obtain

N . Bi(y
puly | 2) = poly | 2) st Wi (5 tw) (39)

im1 Wi (T; )

It is easy to see that if every mPBi(z;v) in (38) or 7% (p) in (37) satisfies conditions (i), (iv) or (v)
of Theorems 1 or 2, then m.(z;v) in (38) will also satisfy those conditions, because those conditions
are preserved under linear combination. Thus, we have the following which applies to recentered

mpy and 7, but not to recentered m, and m, which only satisfy (iii) of Theorems 1 and 2.

Theorem 4. If each mBi(z;v) in (38) or wPi(u) in (37) satisfies conditions (ii), (iv) or (v) of
Theorem 1, then py(y | ) in (39) will dominate py(y | x). If each mPi(z;v) in (38) or 7Bi(n) in
(87) satisfies conditions (ii), (iv) or (v) of Theorem 2, then pi(y | x) in (39) will be minimaz.

To get some insight into the general behavior of p.(y | ), we can reexpress (39) as

N

ply ) = p(Bilz)pfi(y | z) (40)
i=1

where pZi(y | x) is a single target predictive distribution of the form (35), and

B;
w;,m_*(T;v
p(Bi| ) = NZ = (B: z) .

sy wimz (x;vg)

(41)
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The form (40) reveals p.(y | ) to be an adaptive convex combination of the individual shrinkage
predictive distributions pZi(y | ). The predictive distribution py(y | z) is doubly shrunk towards
each B; by p.(y|x); it is first shrunk by pZi(y|z) and then by the component probability p(B; | z),
the posterior weight on the ith prior component.

As a result of the shrinkage behavior of p., we would expect the risk reduction of Ry (i, p«)
over Rir(u,pu) to be greatest when p is in or near any of By,...,By. This is precisely what
happens with pg~, the multiple shrinkage version of py. Figure 3 illustrates the risk reduction
[Rir(u,pv) — Rir(p, p+)| at various p = (c,...,c)" obtained by py- which adaptively shrinks
pu(y | ) towards the closer of the two points by = (2,...,2) and by = (—2,...,—2) using equal
weights w; = wy = 0.5. As in Figure la, we considered the case v, = 1,v, = 0.2 for p = 3,5,7,9.
As the plot shows, maximum risk reduction occur when p is close to by or by, and goes to 0 as u
moves away from either of these points. At the same time, for each fixed ||u||, risk reduction by pg+
is larger for larger p. It is impressive that the size of the risk reduction offered by pg+ is nearly the
same as each of its single target counterparts. The cost of multiple shrinkage enhancement seems

negligible, especially compared to the benefits.

6 The Case of Unknown Variance

In many realistic situations, the variances v, and v, will be unknown, but independent estimates
of v, may be available. If it can be assumed that v, is proportional to v, so that v, = rv,, for a
known constant r, then it is still possible to obtain improved prediction. We here consider the case

where there exists an independent estimate of v, of the form s/k where s is a realization of
S ~ U:(;X% , (42)

X% representing the chi-square distribution with & degrees of freedom.
In this case, a straightforward solution is to simply substitute the estimates 0, = s/k, 0y = rs/k

and Oy, = 15 8/k for vy, v, and vy, respectively, in py (y|z), mx(2;v,) and my(w; vy). The predictor

My ('w; {)w)
mﬂ(l‘ ; @x)
will still dominate pf;(y | z) if any of the conditions in Theorem 1 is satisfied. This domination

follows from the fact that

pr(y | 2) =py(y | ) (43)

Px(y | )
Pyy] )

= / / / 8)Puv, (T | 1) pu, (v | 1) log W(( ))d:vdyds
E{E,[logmz(W;0,) —logm.(X;0) | 5]},

Rucs(porip) = Rucrnns) = [ [ [ oo, (o] 1og 220 dndyds
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and the fact that for any fixed s, E,[log my (W 0y,) —log mx(X; 0, |s| is positive given the conditions
in Theorem 1.
Figure 4 illustrates the risk reduction Rz (u, pf;) — Rxr(p, piy)] for = (e, ..., c)’ obtained

by pu= over pj;, the versions of py and py obtained with the substitutions 0, = s/k, v, = rs/k

_r_

r+1
for p = 3,5,7,9 and so used r = 0.2. To obtain the variance estimates, we used s ~ X% with

and 0, = s/k described above. As in Figure la, we considered the case v, = 1,v, = 0.2
k = 100 degrees of freedom. Compared with Figure la, the plot reveals similar but slightly less
risk reduction by pg+ over pj;. The cost of estimating v, is not substantial here. Of course, it
should be emphasized that p;(y | ) is no longer best invariant or minimax. Instead of plug-in
variance estimates, a Bayesian treatment that integrates v, out with respect to a prior would seem
to be a more promising route for this unknown variance setup. We are currently investigating this

approach and plan to report on it elsewhere.

7 Pseudo-Marginal Constructions?

Up to now, our results concerning Bayes rules for the prediction problem have paralleled the results
for Bayes rules for the estimation problem as described in Section 1. However, as is well-known,
Stein’s unbiased estimate of risk reduction (11) for estimators of the form (10) can also be applied
to certain pseudo-marginals, that is, functions m(z) that are not necessarily obtained as marginal

distributions. For example, the positive-part James-Stein estimator

-2
fs(x) = [1 - Z‘W N (44)
can be expressed as
ps(z) =z + Viegmg(z), (45)
using the pseudo-marginal
ms(z) = kpllzl|7®7P i [|lz]* > (p - 2); (46)
= exp{—|z[P?/2} if [* < (p - 2), (47)

where k, = (e /(p — 2))"P=2/2_ (see Stein 1974). Applying (11) with mg in place of m, reveals
that the domination of fig over fipspp is a consequence of the fact that mg(z) is superharmonic
when p > 3.

Proceeding by analogy, it would seem that representation (15) from Lemma 2 could be formally
extended to obtain similar results under KL loss. Letting m(z;v) be such a pseudo-marginal, we
could formally define predictive estimates via

@ vn) (48)

pylz) =puy|z)
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If p(y | «) so defined were a valid probability distribution and if m(z;v) were sufficiently smooth
with respect to  and v, then condition (ii) in Theorems 1 and 2 would be sufficient to establish
the domination and minimaxity of p. If in addition, m(z;v) satisfied the heat equation (16), then
conditions (iv) in Theorems 1 and 2 would also be sufficient. In this way, (48) could be used to
formally construct minimax rules using functions m(z;v) that need not correspond to bona fide
Bayesian marginals.

Unfortunately, we have so far been unable to find a satisfactory m(z;v) for such a minimax con-
struction. An obvious pseudo-marginal candidate for m(z;v) would be the scale family elaboration

of mg(z), namely

kp || =2 if [l]*/v > (p — 2); (49)
= v exp{—al?/20} if [l2]*/v < (p - 2). (50)

mg(x;v)

Although mg(z;v) does not satisfy the heat equation (16), it does satisfy %mﬂ(\/ﬂz +p;v) <0
for all u, and so by condition (ii) of Theorems 1 and 2, it would appear that

ms(w; vy)

ps(y ) =puly|z) (51)

ms(z;vz)

dominates py(y |z) and be minimax. But this not true. The problem is that pg(y | z) is not a bona

fide predictive distribution, [pg(y|z)dy # 1 and varies with x.
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Figure 1a. The risk difference between py and py. Here u = (c,...,c), v.=1, v, = 0.2. The plots
from lowest to highest correspond to p =3, 5, 7, 9.
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risk difference

Figure 1b. The risk difference between py and p, witha=0.5. Here u = (c,...,.c), v«=1,v,= 0.2.
The plots from lowest to highest correspond top =3, 5, 7, 9.
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Figure 2. Shrinkage of py to obtain py when p = 5. For x = (cy,...,cy) and y = (c,,...,c,), the plots

show py (¥ | x), pu(y | x), and by (x,y) as functions of ¢, when ¢,= 0, 1, 2.
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risk difference

Figure 3. The risk difference between p, and multiple shrinkage p,« with a =0.5. Here u =
(c,...,), vwe=1,1,= 0.2, v, = 0.2,b1=-2,b,=2,w;=w,=0.5. The plots from lowest to highest

correspond top =3,5,7,9.
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Figure 4. The risk difference between py and py in the unknown variance case. Here 1 = (c,...,c),
vy =1,v,= 0.2. The plots from lowest to highest correspond top =3, 5,7, 9.
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