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SUMMARY. In applications that involve clustered data, such as longitudinal studies and
developmental toxicity experiments, the number of subunits within a cluster is often cor-
related with outcomes measured on the individual subunits. Analyses that ignore this de-
pendency can produce biased inferences. This article proposes a Bayesian framework for
jointly modeling cluster size and multiple categorical and continuous outcomes measured on
each subunit. We use a continuation ratio probit model for the cluster size and underlying
normal regression models for each of the subunit-specific outcomes. Dependency between
cluster size and the different outcomes is accommodated through a latent variable structure.
The form of the model facilitates posterior computation via a simple and computationally
efficient Gibbs sampler. The approach is illustrated through application to developmental
toxicity data, and applications to joint modeling of longitudinal and event time data are

discussed.
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1. Introduction

In longitudinal follow-up studies, in developmental toxicity experiments, and in other appli-
cations involving clustered data, the number of subunits within a cluster is often correlated
with outcomes measured on the individual subunits. For example, in rodent teratology stud-
ies, pregnant dams are typically randomized to dose groups for treatment with a test agent
during organogenesis, the major period of organ development in the growing fetus. It is well
known that fetal outcomes, such as birth weight, can be highly dependent on litter size and
that this association can result in biased inferences about dose effects on fetus-specific out-
comes if not accounted for (cf., Romero et al., 1992; Tanaka, 1998). Thus, considering litters
as clusters and fetuses as subunits nested within clusters, developmental toxicology studies
provide a clear example of informative cluster size. As opposed to earlier conditional ap-
proaches that account for this problem by incorporating cluster size as a covariate in a model
for the subunit-level outcomes (cf., Catalano and Ryan, 1992; Chen, 1993; Romero et al.,
1992; Ryan and Molenberghs, 1999), we propose to model cluster size and the subunit-level
outcomes jointly.

Within the past decade, there has been substantial interest in the problem of joint analy-
sis of clustered multiple outcome data, motivated largely by reproductive and developmental
toxicity applications (for some recent references, refer to Dunson, 2000; Fitzmaurice and
Laird, 1995; Gueorguieva and Agresti, 2001; Molenberghs and Ryan, 1999; Regan and Cata-
lano, 1999). Almost all of the available methods have assumed that the response distribution
for the individual subunits is independent of the cluster size, though cluster size can some-
times be incorporated as a covariate. To our knowledge, methods that model the cluster size
distribution (cf., Chen, 1993) have conditioned on the cluster size in modeling the subunit-
level outcomes. Such conditional models do not capture the covariate-dependent associations
between cluster size and the subunit-level outcomes, which are common in reproductive and

longitudinal studies.



To conceptualize this problem, consider an untreated female mouse (i.e., dam) who is
mated with a healthy male. Given the right experimental conditions, there is a high prob-
ability that conceptions will occur, implantation sites will form, and many of the implants
will grow into healthy fetuses that survive to birth. On average, if fewer fetuses are pro-
duced in a litter, then there will be more space and nutritional resources available, resulting
in an inverse association between litter size and fetal weight. Now suppose that the dam
is exposed to a known developmental toxicant prior to mating and throughout gestation.
Depending on the mechanism of action of the compound, the dose, and on random charac-
teristics of the dam and of the pregnancy, there may be no effect, there may be reductions
in fetal weight without increases in resorptions or fetal losses, or some of the fetuses that
would have survived in the absence of exposure may be spontaneously aborted. If some of
the unobservable dam and fetus-specific factors contributing to exposure-induced fetal loss
are also associated with fetal weight, as seems likely, then analyses that condition on litter
size can produce misleading inferences about the dose effect on fetal weight. In general,
it is important to model litter size and the fetal outcomes jointly since they are so closely
interlinked biologically.

We propose a Bayesian modeling framework for joint analysis of cluster size and mul-
tiple categorical and continuous subunit-level outcomes. To model cluster size, we use a
continuation-ratio ordinal response model (cf., Albert and Chib, 2001; Ten Have and Ut-
tal, 1994), which is a convenient form for incorporating covariate effects without restricting
the baseline cluster size distribution. The multiple outcomes measured for the individual
subunits are then assigned an underlying normal model that accounts for dependency be-
tween outcomes having different measurement scales by incorporating shared latent variables
within outcome-specific regression models (cf., Arminger and Kiisters, 1988; Dunson, 2000).
We allow the same latent variables to load on cluster size and the subunit-level outcomes in

order to flexibly accommodate dependency. As we demonstrate, the resulting model can be



expressed in the form of a factor analytic regression model for a vector of underlying cluster-
specific variables. Due to the structure of this model, posterior computation can proceed
quickly and easily using a Gibbs sampling algorithm (Gelfand and Smith, 1990; Chen, Shao
and Ibrahim, 2000), which updates the regression parameters and factor loadings for the
different outcomes jointly.

This methodology can also be applied to the problem of joint modeling of longitudinal
and event time data, which has received substantial interest lately in the statistical literature
(cf., Berzuini and Larizza, 1996; Faucett and Thomas, 1996; Hogan and Laird, 1997; Wang
and Taylor, 2001; Wulfsohn and Tsiatis, 1997, among others). In many epidemiologic studies,
progression to onset of disease is monitored using disease markers, and the periodically
measured markers are subject to measurement error. Methods for jointly modeling the
marker process and the time to onset of disease are needed to avoid bias. Most of the
literature in this area has focused on simple, univariate Gaussian random effects models for
the marker process, though more flexible stochastic models have been developed recently
(cf., Wang and Taylor, 2001). Considering the discretized event time as a cluster size and
longitudinal observations as subunits, the modeling approach proposed in this paper can be
used for jointly modeling an event time and multidimensional longitudinal data having mixed
measurement scales. Gray and Brookmeyer (2000) considered a related data structure but
used a different approach that focused on combining information about a treatment effect.

Section 2 proposes the model and prior formulation, and discusses properties. Section 3
describes the Gibbs sampling approach. Section 4 illustrates the methods through applica-

tion to data from a developmental toxicity study, and Section 5 discusses the results.

2. The Model
2.1 General Framework

Let ¢ index the cluster and let j index the subunit within a cluster. For cluster i (i =



1,...,n), let s; denote the number of subunits and let y;; = (yijr,k = 1,...,p)7 denote
the p-dimensional outcome vector for subunit j (j = 1,...,s;). We focus on the case in
which the subunit-level outcomes are either binary or continuous, though the extension to
categorical outcomes is straightforward. Therefore, without loss of generality, we assume
Yijk 1s continuous for k = 1,...,p. and is binary for Kk =p. +1,...,p.

Following Muthén (1984), we link the observed outcome y;;, to an underlying normal
variable y; through v, = gx(y;;;), where gr(y*) = I(y* > 0) if the kth outcome is binary

and g (+) is a known one-to-one function (e.g., identity, log) if the kth outcome is continuous.

. . . : * * * \T

We use a multilevel regression model for the underlying variables y; = (v, -+, ¥ij,)"
Yi; = B+ oax; + AW,§ + TWin,; + €15, (1)
where = (pg, ... ,,up)T are outcome-specific intercept parameters, a = [ay, ... ,ap]T

is a p X ¢ matrix of regression coefficients, x; is a ¢ X 1 vector of cluster-level covari-

ates, A = [Aq,..., A7 and T = [v4,... ,v,| are p x r factor loadings matrices, W; =

diag(w;i, ..., w;) is a known diagonal weighting matrix, &, = (&1,...,&:)7 and M =
(Mij1s- - migr)T are vectors of iid N(0,1) cluster- and subunit-level latent variables, respec-
tively, €1;; = (€ij1, .-, €1ip)" ~ Np(0,X) are error residuals with ¥ = diag(a?,...,07),

and the elements of §;, ,;, and €;;; are independent. Expression (1) accommodates within-
cluster and within-subject dependency among outcomes having different measurement scales
by incorporating shared latent variables in linear regression models for the underlying nor-
mal variables. When the weighting matrix W, has elements of x; along the diagonal, the
model can accommodate covariate-dependent associations among the outcome variables in
a similar manner to standard mixed effects models (Laird and Ware, 1982).

)T

To model the cluster size s; jointly with the subunit-level outcomes y; = (y7, ... ,yiTSl_

Y

we let
Pr(s; = s|s; > s,%x;,&;) = F(és —x! 3 — Agwiéi) fors=1,...,T —1, (2)
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where F(+) is a known monotone 1-1 function mapping ® — [0, 1] (e.g., the standard normal
distribution function, ®), § = (dy,...,0r_1)7 € RT~! are parameters characterizing the
baseline cluster size distribution given x; = 0 and &, = 0, 3 are regression parameters,
and Ag is a r x 1 vector of factor loadings. The cluster size is assumed to have support
{1,...,T}. Expressions (1) and (2) flexibly accommodate dependency between s; and y;
through incorporation of shared latent variables. This framework allows the correlation
between cluster size and the different subunit-level outcomes to vary, while reducing the
dimensionality of the covariance structure. Expression (2) is in the form of a continuation
ratio model for ordered response data (cf., Agresti, 1990, Chapter 9). This model does not
restrict the baseline cluster size distribution, as would a typical count response model, such
as a Poisson or negative binomial.

We complete a Bayesian specification of the model with prior distributions for the param-
cters. Letting @ = (07,02)7 with 8, = (u”,aT,. .., o, A ,/\g,'le, -..,7,)" denoting
the regression parameters in expression (1) and 8, = (67, 3”7, Al)T denoting the parameters

in expression (2), we choose
0 ~N(0y,¥) and o0,° ~ gamma(coy,dor) for k=1,...,p., (3)

where 0, Wy, cor and dy, are investigator-specified hyperparameters, and o, = 1 for k = p.+
1,...,p for identifiability. These conditionally conjugate forms result in simplified posterior

computation, as we describe in Section 3.

2.2 Univariate Normal Case
To illustrate the properties of the model, we focus first on the case where p =1, g;(-) is the
identity link, » = 1 and W; = 1. For example, pup weights may be available for litters of

mice. In this case, expressions (1) and (2) imply that

Yi = j+ X[ o+ M& + e



and

Pr(s; =s|x;,&) = F(5s —-x; 8- )\o&) S_Hl {1 - F(5t -x/B- )\0&)}7 (4)

where \; > 0 and subunit-level effects are excluded to ensure identifiability. The correlation

coefficient between y;; and y;;» (e.g., the weights for two different pups in the same litter) is

cov(Yij, Yij') _ A
\/Var(yl-j) var(y;;) At +of’

P(Yijs Yijr) =

which equals 0 for \; = 0.

The correlation coefficient between y;; and s; (e.g., a pup’s weight and the litter size) is

COV(yZ‘j, Si) _ )\1 ffooo gz E(SZ | 5@) dq)(gl)
Jvar(yi) var(si) /(O3 + 03) [ var(s; | &) d(&;)

where the expectation and variance of the cluster size s; conditional on &; are, respectively,

()

p(@/iw 5;) =

51|Xz;§2 ZSPI‘ _5|Xi7§i) (6>
var(s; | X;, &) = ZS Pr(s; = s|x;,&) — [E(si | %3, &))" (7)

It follows from (5) that p(y;;,s;) = 0if Ay =0 (i.e., there is no within-cluster dependency in
the subunit-level outcomes). The correlation p(y;;, s;) also equals 0 if A\g = 0, since the expres-
sion for E(s; | ;) does not involve &; in this case, and hence cov(y;;, s;) = ME(s;) 25, & dP(&;)
= ME(s;) E(&) = 0. For Ay > 0 and A\ > 0, the correlation is positive: p(yij, s;) > 0, while
for Ay > 0 and Ay < 0, the correlation is negative: p(y;j,s;) < 0. In general, it is easy to

calculate p(y;;, s;) from expression (5) using numeric integration.

2.3 Multivariate Normal Case
Now consider the more general case where gi(-) is the identity for all k, but no restrictions

are placed on p, r or W;. In this case, the covariance matrix of y;; is

var(yi;) = AW,W,AT + TW,W,T" + %



Under expression (1), observations from different clusters are uncorrelated: cov(y;;,yi;) =
0, while observations for two different subunits in the same cluster have cov(y;;,yij) =
AW, W,AT. In addition, two different outcomes on the same subunit have cov(Yijk, Yij) =
)\gWiWi)\k/ +YFW,W,v,,, where A, and =, are the kth row vectors of A and T, respec-
tively.

The structure of expressions (1) and (2) is flexible enough to allow the correlation between
the subunit-level outcomes and the cluster size to depend on outcome type. In particular,

JALW & E (s x;,€,) dP (&) - - - dD(&,)
(MWW, + I W Wiy, + 02) [var(s; | x;,€) d (&) - - - dD(&5y) ’

(8)

P(yz’jk, ;) =
v

where the conditional expectation and variance, E(s; | x;,&;) and var(s; | x;,&;), can be cal-
culated using a direct extension of expression (7). In general, since E(s; | x;,&;) is non-linear
in the latent variables &;1,...,&;,, the kth subunit-level outcome is uncorrelated with the
cluster size (i.e., p(Yiji, si) = 0) only if Ay =0forl=1,...,r.

It is of interest to derive the bias induced by ignoring cluster size, and basing inferences
about covariate effects on the subunit-level outcomes only on expression (1), without fac-
toring expression (2) into the likelihood. Note that conditional on x; = x, the marginal

expectation of y;jj is
T
E(yijk |x;, =x) = Z / E(yijk |x,&;)Pr(s; = s|x,§;) d®(&1) - - - dP(&r)
s=1
T
= +x o+ Z/AZWz‘EiPT(Sz‘ = s[x,&;) dP(&n) - dP(&ir), (9)
s=1

integrating out cluster size and the latent variables. In contrast, the model that ignores
cluster size has E(y;x | x; = x) = . + x* a.. Hence, the third term in the above expression
represents the bias in the marginal expectation due to ignoring cluster size. In general,
the bias will equal 0 only if \jyAgy = 0 for [ = 1,...,r, which is the same condition for
p(Yijk, si) = 0. If Ay = 0, the joint likelihood L(y;,s;;0,&;,m;) conditional on §; and n,

can be factored into the product of the subunit-level likelihood: Li(y;; e, A, T, &,,n,) and
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the cluster size likelihood: Ls(s;;8,8). Otherwise, cluster size is non-ignorable and it is

necessary to use a joint model to avoid biased inferences.

2.4 General Case

In the general case where gi(-) is a link function other than the identity for some k, it is
non-trivial to obtain general expressions for the covariance. However, given the structure of
the model, we can simplify inferences about the covariance structure by focusing on the un-
derlying normal outcomes y;; instead of the observed outcomes y;;. This strategy is standard
practice in the structural equations modeling literature when outcomes are both categorical
and continuous (cf., Muthén, 1984). It also allows us to utilize the simple expressions derived

above.

2.5 Identifiability Considerations
As in standard factor analytic models, it is necessary to place constraints on the variance
components A, I and X to ensure identifiability of the model based on the data, without
relying on informative priors. In the special case where W; = I,.,, and Ag = 0, expression
(1) is in the form of a standard multi-level factor analytic regression model, and the typical
identifiability constraints apply (cf., Bartholomew, 1987). In particular, for all £ such that
yijk is categorical, the variance of is not uniquely identified, so the standard convention
sets 0, = 1. In addition, appropriate restrictions need to be imposed on A and I' so that
AAT and TT7 are uniquely defined from A and T, respectively. For example, for p > 3,
identifiability can be achieved by setting the upper diagonal elements of A and I'" equal to
0, restricting the diagonal elements to be positive, and choosing r < p/2.

In the general case, the diagonal elements of W; consist of 1s and elements of the
covariate vector x;. By choosing a particular covariate as the /th diagonal element of W,
one causes the level of expression of the [th latent factor to be dependent on the level of that

covariate. Incorporation of W; changes the necessary identifiability restrictions on A and T'.



In general, in the presence of W, one should apply the standard identifiability rules to the
submatrices A; and I';, [ =1, ..., m, defined by choosing the rows of A and I', respectively,
having common diagonal elements of W;. Note that m (m < q) refers to the number of

elements of x; included in W;.

3. Posterior Computation

3.1 Underlying Normal Structure

As described in Section 2.1, the subunit-level outcomes y;; are linked to underlying normally
distributed outcomes y7;. In addition, taking F(-) in expression (2) to be the standard normal
distribution function, we can link the cluster size s; to a vector of normally distributed
underlying variables s} = (s, ..., s} )", where t; = min(s;, T — 1). In particular, note that
the cluster size distribution characterized by expression (2) is stochastically equivalent to
generating a sequence of random variables sj; ~ N(0; —x!B3— )\TW &, Dforj=1...T-1,
and then letting s; = min{j : sj; > 0;7 =1,...,T — 1} if max(s}},...,sjp_ ;) >0ors; =T
otherwise. It follows that underlying s; we have sj,..., s}, , where s7; ~ N(§; — x] 3 —
)\gWiﬁi, 1) truncated above by 0 for j < s; and truncated below by 0 for j = s;.

Given the definition of @ in Section 2.1, expression (1) is equivalent to yi; = U0 + e,

where Uy isap x {p(1+q+ 2r) + T — 1+ ¢+ r} matrix with its kth row vector uy;j:

(O(k 1)» 17 O(p k)» O(k;—l)q’ X O(p k‘)q’ k 1)r> ETWM O(p k)rs O(k 1)r> nz]W“ O (p—k)r> O(T 1+q+r))T

for k = 1,...,p. Similarly, the model for the underlying variables of the cluster size is

equivalent to s7; = uj;;0 + €, where
Uaij = (0014 g4, 00 1) 1, 0(p_; 1), =%, , =& W;)T,
and €g;; ~ N(0,1) for j =1,...,¢;. Thus, letting z; = (y;7,s;7)” and
U; = [Um» . Ulzs auzm o vuripz‘ti]T>
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we have z; ~ N(U,;0, A;), where

J— E ® ISZ'XSZ' O
AZ N O ItiXti

with @ the kronecker product operator. Due to this underlying normal linear model struc-

ture, posterior computation can be implemented easily using Gibbs sampling.

3.2 Gibbs Sampler

Gibbs sampling can be used to generate samples from the joint posterior density of the
unknowns in the model. Bayesian inference can then be based on posterior summaries
estimated from these samples. After choosing the hyperparameters and initial values for 6

and the latent variables, our Gibbs sampler proceeds as follows:

1. Sample the underlying normal variables z; from their full conditional posterior density

given the data d; = (y/,s;)", x; and current values for @ and {&;,m,1,...,n;,}
2. Update 0 by sampling from its full conditional distribution.
3. Update &;, for all ¢, by sampling from its full conditional distributions.
4. Update m,;, for all 4, j, by sampling from its full conditional distributions.

5. Update X by sampling from the full conditional distributions for 7,...,7,,.

c

6. Repeat steps (1)-(5) until apparent convergence and calculate posterior summaries

based on a large number of additional iterates.

The necessary conditional distributions are provided in an Appendix. Under mild regularity
conditions, samples from this Gibbs sampling algorithm will converge to a stationary dis-
tribution that is the joint posterior. Due to the block sampling structure, the algorithm is
expected to sample efficiently from the joint posterior relative to MCMC algorithms that

update the parameters and latent variables one at a time.
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4. Developmental Toxicology Application

4.1 NTP FEthylene Glycol Study and Previous Analyses

We illustrate the methodology through application to data from a developmental toxicity
study of ethylene glycol in mice conducted by the National Toxicology Program (Price,
Kimmel, Tyl, and Marr 1985). During organogenesis, the major period of organ development
for the growing fetuses, pregnant mice (i.e., dams) were exposed to ethylene glycol at one
of four different dose levels: 0, 0.75, 1.5, and 3 mg/kg. Data for each dam consisted of the
litter size, the fetal weights for the individual pups, and binary indicators of the occurrence
of malformations in each pup. Table 1 presents summary statistics of the data. Dose-
related trends with respect to both fetus level outcomes are evident, with mean fetal weight
decreasing with increasing dose and malformation rate increasing with increasing dose. There
also appears to be a dose effect on litter size, with litter size decreasing monotonically with
increasing dose. Figure 1 illustrates the inverse association between litter size and fetal
weight.

These data were previously analyzed by, among others, Catalano and Ryan (1992),
Molenberghs and Ryan (1999), and Gueorguieva and Agresti (2001). While all of these anal-
yses jointly modeled fetal weight and malformation, Catalano and Ryan were the only ones
to consider litter size, including it as a covariate in their model. As noted in Section 1, such
conditional models can fail to capture the complex dependency structure and may result
in biased inferences about dose effects on fetal weight and malformation. In addition, toxi-
cologists are typically interested in assessing dose effects on all adverse outcomes, including
reductions in litter size.

The main findings from Catalano and Ryan’s analysis of the ethylene glycol data were
that the dose effect was negative for fetal weight and positive for the probability of mal-
formation. These results are consistent with the summary statistics in Table 1. They also

found that litter size was negatively associated with both fetal weight and malformation,
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though the correlation with malformation was small and insignificant. A limitation of the
Catalano and Ryan approach is that it cannot be used to estimate certain associations among
the outcomes, such as the correlation between fetal weight and malformation for the same
fetus. This limitation is due to their factorization of the joint distribution of fetal weight
and malformation into the marginal distribution of weight and the conditional distribution

of malformation given weight.

4.2 Our Analysis

We now describe our analysis of the ethylene glycol data using the proposed joint model. Let
s; denote the size of litter ¢, and let y;;; and y;j» denote the fetal weight and malformation
status, respectively, for the jth pup in litter . Furthermore, let y;, denote a normal variable

underlying y;jo such that y;jo = I(yj;, > 0). Our model can be specified as follows:

Yijt = 1+ oamg + &+ i + €,

Yo = Mo+ o + A& + Yamij + €1ijo,
s—1

Pr(si = sl20&) = (6 — fm— &) IT {1 - 2(5, — B — ne61) |,

s =1,...,7 — 1, where puy and uo are intercepts in the weight and malformation model,
respectively, with p, representing the expected weight for a typical pup in a typical litter of
the control group, a; and ay characterize the effect of dose (z;) of ethylene glycol on fetal
weight and the occurrence of malformations, respectively, & ~ N(0, 1) is a latent variable for
the 4th litter, n;; ~ N(0,1) is a latent variable for the jth pup, €1;;1 ~ N(0,0?) is the error
term in the fetal weight model, €1;52 ~ N(0, 1) is the error term in the malformation model,
d = (d1,...,015)" are parameters characterizing the baseline litter size distribution among
dams in the control group having & = 0, (3 is the coefficient representing the dose effect on
litter size, and T is assumed to be the maximum number of pups per litter. In this analysis,
we set T" = 16, which is consistent with historical data and expert opinion. The five latent

variable coefficients, A1, Ao, 71, 72, and Ay, determine the various correlations. We restrict
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A1 > 0 and ~; > 0 for identifiability.

The model was completed by specifying priors for the parameters. Summary statis-
tics from historical studies (Catherine et al., 1984) were used to develop informative pri-
ors for uy, po, and & = (dy,...,615)7. In particular, point estimates from the historical
data were used as the prior means and the estimated variances of these point estimates
were inflated by 10 to serve as the prior variances. For the other parameters, we chose
vague but proper priors. To this end, the prior mean for 81 = (u1, po, a1, a2, A1, Ao, 71, VQ)T
was set to 819 = (.98,—-2.28,0,0,0,0,0,0)7, and the covariance matrix was set to ¥y =

diag(.1,2.6,4,4,4,4,4,4). The prior mean for 85 = (41, ..., 815, 3, A\g)T was set to

0 =( — 5.69,—2.45 —5.69, —2.02, —2.01, —1.62, —1.31,

— 1.30,—.86, —.82, —.43, —.35, —.37,.59, .25,0,0)7,
and the covariance matrix was set to
W, = diag(2,1.3,2,0.6,0.6,0.3,0.2,0.3,0.2,0.3,0.3,0.4,0.6, 1, 3.2,4,4),

Independent gamma priors were specified for the precision parameters: o;? ~ (.01,.01).
These priors have mean 1 and variance 100, again reflecting our vague knowledge about the
precision parameters. We performed sensitivity analyses where we doubled and then halved
the prior variances, and found that the final results were robust.

Fortran programs were developed for generating samples from the joint posterior distri-
bution of the parameters and the latent variables. We used simulation studies (not reported
here) to validate the code. We ran a single chain and used 100,000 iterates collected after
convergence to compute posterior summaries of the parameters. Convergence of the sam-
pler was assessed by diagnostic procedures recommended by Cowles and Carlin (1996) and
implemented with BOA (www.public-health.uiowa.edu/boa).

Table 2 presents the results of fitting the model to the ethylene glycol data. Fitted dose

parameters are consistent with the summary in Table 1 in that the dose coefficient is negative
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for weight (Pr(a; < 0|data) > 0.99), positive for malformation (Pr(ay > 0|data) > 0.99),
and negative for litter size (though not significant, Pr(5 < 0|data) = 0.99)

The parameters ¢y, .. ., 015 characterize the baseline distribution of litter size in a typical
unexposed litter. The estimates for this baseline distribution is plotted in Figure 2. This
distribution is centered around 10 with standard deviation 3.

None of the 95% posterior credible intervals of the coefficients for the latent variables
included 0, with \; and ~; positive (reflecting the identification constraints), and Ay, 2, and
Ao negative. The implied structure of the associations among the three outcomes, for two
litter mates j and 7, is illustrated in Figure 3. In agreement with our intuition, the intra-litter
associations in both weight and malformation are positive, while the intro-fetus association
betweeen weight and malformation is negative. Litter mates tend to respond similarly and
malformed fetuses tend to be smaller. Also anticipated was the negative association between
litter size and weight, which has been noted repeatedly in earlier studies. An unanticipated
finding was the positive association between litter size and malformation. This association
could be due to the tendency for malformed fetuses to be smaller or due to survival differences

between malformed fetuses in different litters.

5. Discussion

This article has proposed a general Bayesian framework for jointly modeling cluster size and
multiple categorical and continuous subunit-level outcomes. The proposed approach is based
on an underlying normal model that generalizes previous structural equations models devel-
oped in the psychometrics literature (cf., Muthén, 1984). The approach has the advantage of
being both flexible in accommodating a wide variety of dependency structures, and easy to
implement via a Gibbs sampling algorithm. A practical advantage of the modeling structure
is that, after augmenting the data with underlying normal variables, the regression and factor

loadings parameters can be updated jointly, limiting problems with slow mixing common to
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Markov chain Monte Carlo algorithms for posterior computation of latent variable models.

The problem of informative cluster size is related to the problem of informative cen-
soring sometimes encountered in longitudinal follow-up studies. In this setting, our latent
variable model represents a type of multivariate extension of shared parameter models that
incorporate the same random effect in models for a longitudinal outcome and for the cen-
soring process. An earlier latent variable model proposed by Dunson and Perreault (2001)
accounted for informative missingness in clustered multivariate normal data but not for
categorical outcomes or for random cluster size.

Although we have focused on the case where the cluster size is the only cluster-level
outcome, many applications collect additional cluster-level data. For example, in develop-
mental toxicology studies, maternal body weight and other measures of maternal health are
typically available. In the setting of longitudinal studies, time-independent outcomes may be
collected along with response variables measured at each follow-up time. A straightforward
generalization of our approach would accommodate multiple cluster-level outcomes having

a mixture of continuous, binary and categorical measurement scales.
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APPENDIX

Conditional Posterior Distributions for Gibbs Sampling

Step 1. To sample the underlying normal variables z; from their full conditional distributions:
(i) For each continuous y;;x, set the corresponding element of z; equal to g,;l(yijk); (ii) For
each binary y;;,, sample the corresponding element of z; from N(uﬂjke, 1) truncated above
by 0 for y;;x = 0 and below by 0 for y;;, = 1; and (iili) For j = 1,...,s; — 1, sample the
(ps; + j)th element of z; from N(u%;jO, 1) truncated above by 0; and (iv) If s; < T, sample

the (p + 1)s;th element of z; from N(ug;;6,1) truncated below by 0.

Step 2. Given its prior in (3), the full conditional distribution of 0 is N(é, \il), where

n —1 n
V= (Z U/A;'U; + \Ifgl> and =W <Z U/A; 'z + m5100> :

i=1 =1

where U; and A, are defined in Section 3.1.

Step 3. Let ¢; = (P1p1, .- Plis,» D2it, - - - d2it,)” be a (ps; + t;) x 1 vector, with brij =

y;‘j —p—ax; — T'W;n,; and ¢o;; = s — 7 + XZTﬂ. Then ¢, ~ N(A;W;€,, A;), where

ij

Ai=[AT @17, - ® 1%;,)]T. Hence the conditional distribution of &, is

N ((WZAZ-T ATAWHT) WATA gy, (WATATTAW, + I)1> .

Step 4. Similarly, since
yij — b —ax;— AW,§, =TW;n,; + ey,
fori=1,...,n, y=1,...,s;, the conditional distribution of n,; is also normal, with mean
(WITS'TW, +1) WI'S™ (y; - p — ax; — A WiE,)

and variance

(WIS 'TW, +1) ',
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respectively.

Step 5. Given their priors in (3), the full conditional distributions of the 74 are

1 n 1 n.o S
gamma (5 > s+ cons 3 SN (y;‘j,C - 111TZ.],I€49>2 + dok) ;
i=1

i=1j=1

for k=1,...,p..
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Table 1: NTP developmental toxicity study of ethylene glycol

Dose No. Mean Mean Malformation
(mg/kg) Dams litter size fetal weight (g) (%)
0 25 11.9 0.97 0.3
0.75 24 11.5 0.88 9.4
1.50 22 10.4 0.76 38.9
3.00 23 9.8 0.70 57.1

Table 2: Posterior summaries of the parameters for the ethylene glycol example

Variable Parameter Mean SD  95% Credible interval
Weight model
Intercept 141 0.962 0.015 (0.933, 0.990)
Dose aq -0.092 0.009 (-0.110, -0.075)
Litter-level latent variable A1 0.090 0.007 (0.077, 0.106)
Fetus-level latent variable Y1 0.032 0.018 (0.007, 0.069)
Malformation model
Intercept 2 -2.435 0.310 (-3.091, -1.933)
Dose Qg 0.962 0.135 (0.719, 1.235)
Litter-level latent variable Ao -0.642 0.114 (-0.867, -0.435)
Fetus-level latent variable Y2 -0.470  0.295 (-1.061, -0.042)
Litter size model
Baseline 01 -2.512  0.429 (-3.346, -1.694)
) -2.650  0.305 (-3.232, -2.055)
5 2462 0431  (-3.313, -1.690)
04 -2.052 0.189 (-2.430, -1.689)
5 2220 0.203  (-2.619, -1.830)
g -1.793 0.143 (-2.066, -1.516)
57 1310 0.117  (-1.535, -1.075)
0 1475 0.141  (-1.767, -1.219)
g -1.105  0.115 (-1.320, -0.877)
510 0.838 0.124  (-1.077, -0.593)
011 -0.620 0.127 (-0.860, -0.366)
012 -0.286 0.140 (-0.545, -0.001)
013 -0.257 0.174 (-0.592, 0.081)
014 0.467 0.225 (0.037, 0.914)
515 0.609 0.404  (-0.133, 1.422)
Dose 3 0.018 0.047  (-0.108, 0.072)
Litter-level latent variable Ao -0.157  0.079 (-0.319, -0.011)
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