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SUMMARY. Often a response of interest cannot be measured directly and it is necessary

to rely on multiple surrogates, which can be assumed to be conditionally independent given

the latent response and observed covariates. Latent response models typically assume that

residual densities are Gaussian. This article proposes a Bayesian median regression modeling

approach, which avoids parametric assumptions about residual densities by relying on an ap-

proximation based on quantiles. To accommodate within-subject dependency, the quantile

response categories of the surrogate outcomes are related to underlying normal variables,

which depend on a latent normal response. This underlying Gaussian covariance structure

simplifies interpretation and model fitting, without restricting the marginal densities of the

surrogate outcomes. A Markov chain Monte Carlo algorithm is proposed for posterior com-

putation, and the methods are applied to single-cell electrophoresis (comet assay) data from

a genetic toxicology study.
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1. Introduction

In applications where a response of interest cannot be measured directly, or is difficult or

expensive to measure, multiple surrogates are often collected. It may be reasonable to assume

that the different surrogates are conditionally independent measures of the latent response,

possibly characterizing different aspects of the response not captured by a single variable.

Typically, latent variable models assume that continuous surrogates are normally distributed

(c.f., Sammel and Ryan, 1996; Lin et al., 2000; Roy and Lin, 2000) or follow a known

distribution in the exponential family (c.f., Sammel, Ryan, and Legler, 1997; Moustaki and

Knott, 2000; Dunson, 2000; Xu and Zeger, 2001). This article focuses on generalizing latent

response models to the case where the surrogates follow unknown continuous distributions.

This research is motivated by applications to studies using the comet assay (single-cell

gell electrophoresis) to measure frequency of DNA strand breaks on the level of individual

cells. In applying the comet assay, cells are embedded in agarose on a microscopic slide and

lysed leaving only a nucleoid of DNA for each cell which is then subject to electrophoresis.

As shown in Figure 1, cells with intact DNA maintain a spherical shape while cells containing

DNA with double-strand breaks or other alkaline labile sites stream out from the nucleiod

and look like comets when viewed under a fluorescent microscope after staining with ethid-

ium bromide. For individual cells in a sample, DNA damage is measured using surrogate

variables, such as % DNA in the comet tail, tail extent divided by head extent, and various

other summaries of the length and relative size of the comet tail. Typically, analyses focus

on one surrogate, though there is considerable disagreement in the literature about which

surrogate is best. By using a latent response model, we can incorporate information from

the different surrogates in a single analysis while also assessing the relative performance of

the surrogates. However, since the surrogates typically do not follow standard parametric

distributions, even after transformation (Lovell et al., 1999), innovative methods are needed.

Classical approaches to latent variable analyses have relied on generalized least squares
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(GLS) procedures and, more recently, on maximum likelihood estimation (MLE) via the EM

algorithm. It is well known that GLS can perform poorly in small to moderate samples (c.f.,

Reboussin and Liang, 1998). The validity of MLE-based inferences also relies on asymptotics.

In latent variable settings, the usual asymptotic arguments often require not only a large

number of subjects but also a large number of observations per subject. By using Markov

chain Monte Carlo (MCMC) methods to estimate posterior distributions, Bayesian methods

avoid the reliance on large sample theory, though inferences may be dependent on the prior

distribution in small to moderate samples.

This article proposes a Bayesian approach to multivariate median regression modeling.

To avoid specifying a parametric form or an informative prior distribution for the joint

residual density, we replace the likelihood function with an approximation based on quan-

tiles. The quantile response categories of the multivariate outcome vector are linked to an

underlying vector of standard normal variables in order to facilitate modeling of depen-

dency without parametric assumptions on the residual distribution. The underlying normal

variables are related to a latent normal response through a linear model. This model has

appealing theoretical and computational properties.

Our approach is a generalization of the univariate substitution likelihood idea proposed

by Lavine (1995) and considered further by Dunson and Taylor (2002). Use of a substitution

likelihood based on quantiles represents an alternative to nonparametric Bayesian analyses

that choose informative priors for random distributions that have uncertain forms (c.f.,

Walker et al., 1999). When a prior distribution is available only for quantiles, standard

Bayesian methods cannot be used since the posterior is not defined. As demonstrated by

Dunson and Taylor (2002), use of a substitution likelihood permits researchers to choose a

non-informative prior, provided that bounds can be placed on the quantiles.

Section 2 proposes the median regression model, underlying variable structure, and sub-

stitution likelihood. Section 3 outlines a data augmentation Markov chain Monte Carlo
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algorithm for posterior computation. Section 4 applies the methods to comet assay data

from a genetic toxicology study, and Section 5 discusses the results. Technical details are

included in Appendices.

2. The Model

2.1 Median Regression Model

Suppose that data are collected for n subjects, indexed by i = 1, . . . , n, with yi = (yi1, . . . , yik)
′

denoting the multivariate response vector for subject i and xi = (xi1, . . . , xiq)
′ denoting a

vector of predictors. We relate the predictors to the median of the response distribution

through the linear regression model,

yij = x′

iαj + εij, for j = 1, . . . , k, (1)

where εij is an error residual, Fε(εi1, . . . , εik) denotes the joint distribution function of εi =

(εi1, . . . , εik)
′, and αj is a q × 1 vector of unknown regression coefficients specific to the jth

outcome.

Assuming that there exists an unobserved random variable ηi such that the elements

of yi are independent conditional on ηi and on predictors xi, the residual density can be

expressed as

fε(εi1, . . . , εik) =
∫
fε1(εi1 | ηi) · · · fεk

(εik | ηi)π(ηi) dηi, (2)

where fεj
(εij | ηi) denotes the conditional density of εij given ηi, for j = 1, . . . , k, and π(ηi) is

the density of the latent response. We assume that Fεj
(·), the marginal distribution function

of εij integrating out the latent ηi, is unknown and prior information is not sufficient to allow

investigators to choose an informative prior distribution for the entire distribution function

(i.e., as required by nonparametric Bayesian methods). Instead, one may be able to choose

a prior distribution for specific quantiles of Fεj
(·), for j = 1, . . . , k, or at least to place lower

and upper bounds on quantiles.
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Suppose that p = (p1, . . . , pl)
′ is a known vector satisfying 0 = p0 < p1 < . . . < pm <

. . . < pl < pl+1 = 1, with the mth element equal to pm = 0.5, and let γj = (γj1, . . . , γjl)
′ be

a vector of unknown quantiles such that γjr = F−1
εj

(pr) for j = 1, . . . , k and r = 1, . . . , l. To

maintain the interpretation of the parameters in expression (1), we restrict the median of

Fεj
(·) to be equal to 0 by letting γjm = 0. The probability that εij falls in the rth quantile

interval (γj,r−1, γjr] can be expressed as

Pr{εij ∈ (γj,r−1, γjr]} = Fεj
(γjr) − Fεj

(γj,r−1) = pr − pr−1,

= Φ(τr) − Φ(τr−1) = Pr{zij ∈ (τr−1, τr]}, (3)

where γj0 = −∞, γj,l+1 = ∞, τr = Φ−1(pr), τr−1 = Φ−1(pr−1), Φ(·) denotes the standard

normal distribution function, and zij is a standard normal variable underlying εij such that

1(γj,r−1,γjr](εij) = 1(τr−1,τr](zij) ∀i, j, r.

Incorporation of normal random variables zi = (zi1, . . . , zik)
′ underlying the residual εi =

(εi1, . . . , εik)
′ simplifies modeling of within-subject dependency in the multiple outcomes with-

out restricting the marginal residual distributions Fεj
(·), for j = 1, . . . , k.

2.2 Latent Variable Structure

Suppose that the underlying variable zij relates to the latent response ηi through the linear

model,

zij = λjηi +
√

1 − λ2
jδij, for j = 1, . . . , k, (4)

where π(ηi)
d
= N(0, 1) is the density of the latent response, δi = (δi1, . . . , δik)

′ are iid N(0, 1)

residuals which are assumed independent of ηi, and λj (0 ≤ λj ≤ 1) is interpretable as the

correlation coefficient between zij and ηi. Integrating ηi out of expression (4) results in a

N(0, 1) marginal density for zij, and therefore [according to expression (3)] the interpretation

of the γj parameters as quantiles of Fεj
is maintained.
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The correlation coefficient between the underlying variables zij and zij′ is a measure of

the dependency between yij and yij′ ,

ρ(zij, zij′) =
cov(zij, zij′)√

var(zij)var(zij′)
= λjλj′ . (5)

In the special case where λj = 1 for all j, the elements of yi will always fall within the

same quantile interval. At the other extreme, when λj = 0 for all j, the quantile intervals

of the different outcomes within a subject are independent. By allowing λj to vary for the

different outcomes, we accommodate the possibility that certain outcomes are more precise

measures of the latent response than other outcomes. Values of λj close to 0 suggest that the

jth outcome is an idiosyncratic variable unlikely to be related to a common latent response,

while values of λj close to 1 suggest that the jth outcome is a good summary measure which

accurately captures commonalities among the outcomes. In general, outcomes having larger

values of λj are better surrogates of the latent response.

Since we have no direct data on the latent response, identifiability of the λ = (λ1, . . . , λk)
′

parameters necessarily relies on the covariance of yi (or, to be specific, the correlations in

the quantile response categories for the different elements of yi). Hence, in the case where

k = 2 and there is a single correlation coefficient, only a single λ parameter can be identified

and we set λ1 = λ2. For k ≥ 3 no such restrictions are needed.

2.3 Substitution Likelihood

Bayesian inference based on the model proposed in Sections 2.1 and 2.2 relies on the posterior

density π(θ |y) ∝ L(θ)π(θ), where L(θ) is the likelihood function, π(θ) is the prior density,

and θ = (θ′j, j = 1, . . . , k)′ with θj = (α′

j,γ
′

j, λj). In order to avoid assumptions about the

residual distribution, we replace L(θ) with a substitution likelihood s(θ), which approximates

the residual densities based on the unknown quantiles γj, for j = 1, . . . , k. In particular, we
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choose s(θ) =
∫
s(α,γ; z,η)π(z,η;λ) dz dη, where

s(α,γ; z,η) =
k∏

j=1

(
n

ej1 · · · ej,l+1

)
n∏

i=1

l+1∑

r=1

1(τr−1,τr](zij) 1(γj,r−1,γjr](yij − x′

iαj) (6)

is the substitution likelihood conditional on the underlying z = (z′i, i = 1, . . . , n) and latent

η = (η1, . . . , ηn)′, ejr =
∑n

i=1 1(γj,r−1,γjr](yij − x′

iαj) denotes the number of residuals in the

rth quantile response category for the jth outcome, and

π(z,η;λ) =
n∏

i=1

{ k∏

j=1

φ
(
zij − λjηi√

1 − λ2
j

)}
φ(ηi), (7)

is the joint prior density of z and η conditional on λ, with φ(z) denoting the standard

normal density function. In expression (6), the indicator functions in the summation link

the quantile response category of the residual yij − x′

iαj to the quantile response category

of the underlying normal variable zij.

As shown in Appendix A, the marginal substitution likelihood for the jth outcome,

obtained by integrating out the underlying z and latent η, is

sj(αj,γj) =

(
n

ej1 · · · ej,l+1

)
l+1∏

r=1

(pr − pr−1)
ejr , (8)

which is a median regression generalization of the form proposed by Lavine (1995). Ex-

pressions (6) and (7) represent a multivariate extension of Lavine’s approach. In the case

where αj = 0, Lavine (1995) showed that inferences based on (8) are asymptotically con-

servative at the truth in the sense that sj(0,γj) distinguishes between two sets of quantiles,

γA
j and γB

j , less well than the true likelihood in large samples. The substitution likelihood

method provides an intuitively reasonable representation of uncertainty in the absence of

prior knowledge of the likelihood function, as noted by Jeffreys (1961, §4.4) for a special

case.

In addition to the marginal substitution likelihood sj(αj,γj), it is interesting to con-

sider the form of the conditional substitution likelihood sj(αj,γj, λj;η) given the latent
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η but integrating out z. Following a parallel derivation to that shown in Appendix A,

sj(αj,γj, λj;η) =

(
n

ej1 · · · ej,l+1

)
n∏

i=1

l+1∏

r=1

{
Φ
(
τr − λjηi√

1 − λ2
j

)
− Φ

(
τr−1 − λjηi√

1 − λ2
j

)}1(γj,r−1,γjr ](yij−x
′

i
αj)

,

which follows from expressions (6) and (7) after some algebra. It is clear from this expression

for sj(αj,γj, λj;η) that the probability of falling within a particular quantile of the response

distribution for a given outcome depends on ηi. In particular, those subjects having ηi < 0

will have an increased probability of falling in the lower quantiles, while those subjects

having ηi > 0 will have an increased chance of falling in the higher quantiles. In this

way the substitution likelihood accommodates within-subject dependency without requiring

parametric assumptions about the response distribution.

3. Posterior Computation

3.1 Prior Specification

We complete a Bayesian specification of the model with prior distributions for the quantiles

γj, j = 1, . . . , k, the regression parameters α, and the correlation coefficients λ. Letting

γj(m) denote the subvector of γj excluding the mth element, which is known to be γjm = 0,

we choose

π(γj(m) |α)
d
= truncated Nl−1(γ0j,Σγ0j

) subject to γj ∈ Ωj(α), (9)

where Ωj(α) = {γj : cLj
(α) < γj1 < . . . < γj,m−1 < 0 < γj,m+1 < . . . < γl < cUj

(α)},

with cLj
(α) and cUj

(α) upper and lower bounds, respectively (j = 1, . . . , k). The upper and

lower bounds can be taken to be cLj
= −∞ and cUj

= ∞, respectively, as long as the prior

variance of γ1 and γl is finite. Otherwise, the posterior density of γj will be improper. By

allowing cLj
and cUj

to depend on α, we allow investigators to choose bounds for quantiles of

the outcome distribution for subjects with particular values of xi. As we illustrate in Section

4, this may be more justifiable in some cases than choosing bounds directly for quantiles of
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the residual distribution, which is also permitted by (9). To choose a uniform prior on the

bounded space, let Σ−1
γ0j

= 0.

We choose normal and gamma priors for α and λ2
j/(1 − λ2

j), respectively, π(α)
d
=

Nqk(α0,Σα0) and

π
( λ2

j

1 − λ2
j

)
d
= G(a0j, b0j), (10)

where a0j, b0j, for j = 1, . . . , k, are investigator-specified hyperparameters chosen to induce

a prior consistent with one’s prior knowledge for the correlation coefficient λj. This prior

density assigns π(0 < λj < 1) = 1, and can be used to downweight the probability of values

of λj ≈ 1.

3,2 Data Augmentation MCMC Algorithm

The underlying Gaussian covariance structure facilitates posterior computation via an MCMC

algorithm that alternates between data augmentation, Gibbs sampling, and Metropolis steps

(c.f., Casella and Roberts, 1999; Chen, Shao and Ibrahim, 2000; for recent books on MCMC).

In particular, after choosing initial values, the algorithm alternates between the following

steps:

1. Impute the underlying data zij, for j = 1, . . . , k and i = 1, . . . , n, by sampling from

the full conditional distribution, which is

zij ∼ N(λjηi, 1 − λ2
j) s.t. zij ∈ (τr−1, τr] for r : yij − x′

iαj ∈ (γj,r−1, γjr].

2. Impute ηi, for i = 1, . . . , n, by sampling from the full conditional distribution

ηi ∼ N
((

1 +
k∑

j=1

λ2
j

1 − λ2
j

)
−1 k∑

j=1

λjzij

1 − λ2
j

,
(
1 +

k∑

j=1

λ2
j

1 − λ2
j

)
−1)

.

3. Update the regression parameters αj and quantiles γj, for j = 1, . . . , k, using Metropo-

lis random walk steps (as described in Appendix B).
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4. Update λ using a Metropolis step.

Under mild regularity conditions, samples from this algorithm with converge to a target

distribution that is the joint posterior distribution. Posterior summaries can be calculated

based on a large number of samples collected after discarding an initial burn-in to allow

convergence to the target distribution. As in Gibbs sampling algorithms for mixed effect

models, computational performance can potentially be improved by standardizing ηi after

step 2 by substracting the mean and dividing by the standard deviation.

4. Genetic Toxicology Application

4.1 Data and Scientific Questions

We used the approach described in Sections 2 and 3 to analyze comet assay data collected

in a genotoxicity experiment assessing the effect of oxidative stress on the frequency of

DNA strand breaks. The study contained 5 dose groups having varying levels of exposure

to hydrogen peroxide, a chemical used to induce oxidative stress. Using the comet assay

described in Section 1, multiple surrogates for the frequency of DNA strand breaks were

obtained for 100 cells in each of the dose groups. We focus on the following k = 5 surrogates:

(j = 1) % tail DNA; (j = 2) tail extent divided by head extent; (j = 3) extent tail moment;

(j = 4) Olive tail moment; and (j = 5) tail extent.

The primary goal of the experiment was to assess the sensitivity of the comet assay

in detecting genotoxic effects of hydrogen peroxide, a known genotoxic agent. In order to

simplify analyses of future data sets, investigators were interested in ranking the surrogate

outcomes according to their performance in measuring the latent amount of DNA damage.

In addition, it was of interest to assess whether any of the surrogates performed well enough

to stand alone in a univariate analysis with minimal loss of information about covariate

effects on the latent response. Since we were interested in evaluating the performance of the

surrogate measures in detecting small differences, we focused our analysis on the control and
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low dose (5 uM, hydrogen peroxide) groups.

4.2 Analysis and Results

We chose a multivariate median regression model of the form described in expression (1), with

xi = (1, 0)′ for control cells and xi = (1, 1)′ for exposed cells. We standardized the outcomes

so that yij ∈ [0, 1] for all i, j by dividing by the maximum value observed in the study. We

choose p = (0.1, 0.25, 0.5, 0.75, 0.9)′ to obtain a low dimensional quantile representation of

the residual distributions.

Our prior expectation was that each of the 5 outcomes would be moderately correlated

with the latent response, though we had a high degree of uncertainty about the actual values

of the correlation coefficients. We expressed this by choosing a0l = b0l = 1.25, for l = 1, . . . , 5,

in expression (10). Since little is known about the distributions of the outcomes under

the conditions used by our laboratory, we choose non-informative priors for the remaining

parameters by setting π(α) ∝ 1 and π(γj(m) |α) ∝ 1(γj(m) ∈ Ωj(α)), for j = 1, . . . , 5, where

Ωj(α) denotes the set of values satisfying

−min(αj1, αj1 + αj2) < γj1 < γj2 < 0 < γj4 < γj5 < 1 − max(αj1, αj1 + αj2),

which implies that the quantiles of the response distribution for cells in the control and

treated groups fall in the (0,1) interval.

To obtain summaries of the posterior density of the quantities of interest, we applied

the MCMC algorithm outlined in Section 3.1, with the normal approximation approach

described in Appendix B used in generating candidates in step 3. We discarded the first

2,500 iterations as a burn-in and calculated posterior summaries based on an additional

50,000 iterations. There was no evidence of lack of convergence or slow mixing based on

standard diagnostic tests and examination of trace plots.

The posterior means (standard deviations) for the elements of λ were λ̂1 = 0.51 (0.08),

λ̂2 = 0.63 (0.06), λ̂3 = 0.56 (0.08), λ̂4 = 0.79 (0.07), and λ̂5 = 0.08 (0.06). Based on

11



applying expression (5) and comparing the resulting estimates to the empirical correlation

between the multiple outcomes, the values of λ̂ were consistent with the empirical estimates.

This consistency indicates that our simple conditional independence model of the correla-

tion structure is reasonable. According to both the empirical covariance and the estimated

posterior density under our robust model, the 4th outcome (Olive tail moment) appeared

to be the best measure of the latent response. In particular, the posterior Pr(λ4 > λj) was

estimated to be > 0.99, 0.93, 0.98, and > 0.99 for j = 1, 2, 3, 5, respectively.

Posterior summaries of α are presented in Table 1, along with Huber’s M-estimates

(obtained by fitting the median regression model separately to each outcome in S-PLUS

using iteratively re-weighted least squares). The posterior means are quite close to the M-

estimates, suggesting that the latent structure and prior information induces minimal bias in

estimating the median regression parameters. Overall, there is weak evidence of an increase

in the median response in the exposed group, with

Pr{median(α12, α22, α32, α42, α52) > 0} = 0.79.

The Olive tail moment (j = 4) is the only outcome that clearly shows an increase in

the frequency of DNA strand breaks among the cells exposed to 5uM hydrogen peroxide

[ Pr(α42 > 0) = 0.95]. Given this sensitivity and the observed high correlation with the

latent response, the Olive tail moment may be a good choice as the outcome variable if one

wishes to focus on a univariate analysis.

5. Discussion

This article has proposed a robust Bayesian latent response methodology for median re-

gression on multiple outcomes having unknown distributions. By replacing the likelihood

function with a substitution likelihood based on quantiles, we avoid the need to choose an

informative prior distribution or parametric form for the response distribution. The quantile

response categories of the different outcomes for a subject are linked to a vector of underlying

12



normal variables to simplify modeling of the dependency structure without restricting the

marginal response distributions. Inferences on the dependency structure can be based on

the underlying normal variables, as is standard practice in probit modeling of categorical

data. Although we have focused on the case where there is a single latent response that

is being measured by the different outcomes, generalizations to accommodate multiple la-

tent response variables are straightforward. Such an approach could potentially be used for

robust Bayesian factor analysis in general applications.

Although median regression models are often useful, few Bayesian approaches have been

proposed previously, and to our knowledge the multivariate case has not been considered.

Kottas and Gelfand (2001) recently proposed an approach that uses flexible mixture models

for the error distribution, and Yu and Moyeed (2001) used the asymmetric Laplace distri-

bution for modeling of error residuals in order to obtain estimates minimizing a quantile

regression loss function. Our approach is more broadly applicable than these methods, since

we consider the multivariate case and are not restricted to a particular form for the error

distribution. Moreover, prior elicitation is more manageable, since we only require a prior

for specific quantiles of the distribution.
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APPENDIX A

Derivation of Marginal Substitution Likelihood

From expression (6), the substitution likelihood contribution for the jth outcome (j =

1, . . . , k) conditional on zij and ηi (i = 1, . . . , n) is

sj(αj,γj; z,η) =

(
n

ej1 · · · ej,l+1

)
n∏

i=1

l+1∑

r=1

1(τr−1,τr](zij) 1(γj,r−1,γjr](yij − x′

iαj).

Multiplying by expression (7) and integrating out z,η, we have

sj(θj) =
∫
sj(αj,γj; z,η)π(z,η;λ) dz dη

=

(
n

ej1 · · · ej,l+1

)
n∏

i=1

l+1∏

r=1

[ ∫ τr

τr−1

{ ∫
∞

−∞

φ
(
zij − λjηi√

1 − λ2
j

)
φ(ηi) dηi

}
dzij

]1(γj,r−1,γjr ](yij−x
′

i
αj)

=

(
n

ej1 · · · ej,l+1

)
n∏

i=1

l+1∏

r=1

[ ∫ τr

τr−1

φ(zij) dzij

]1(γj,r−1,γjr ](yij−x
′

i
αj)

since the marginal density of zij ∼ N(λjηi, 1−λ
2
j) integrating out ηi ∼ N(0, 1) is zij ∼ N(0, 1).

From the definition of τr−1 and τr,

∫ τr

τr−1

φ(zij) dzij = pr − pr−1, for r = 1, . . . , l + 1.

It follows directly that

sj(θj) = sj(αj,γj) =

(
n

ej1 · · · ej,l+1

)
l+1∏

r=1

(pr − pr−1)
ejr .
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APPENDIX B

Normal Approximation and Metropolis Step

For simplicity, we focus on the special case where the elements of xi are indicator variables

so that subjects can be grouped into g < n strata. For s = 1, . . . , g, let ψ̂sj denote the

quantiles of the empirical distribution function of y[s]j, the subvector of (y1j, . . . , ynj)
′ for

subjects in strata s. Suppose that B resampled data sets are generated by drawing subjects

with replacement within each strata. For the bth resampled data set (b = 1, . . . , B), strata

s (s = 1, . . . , g), and outcome j (j = 1, . . . , k), let ψ̂
(b)

sj denote the quantiles of the empirical

distribution function of y
(b)
[s]j, the resampled values of yj[s]. A bootstrap estimate of the

covariance of ψ̂s[m] = (ψ̂sjm, j = 1, . . . , k)′, the vector of estimated medians, is

Σ̂s[m] =
1

B

B∑

b=1

(ψ̂s[m] − ψ̂
(b)

s[m])(ψ̂s[m] − ψ̂
(b)

s[m])
′.

Letting Xi = x′

i

⊗
Ik×k, with X[s] denoting the value of Xi for strata s, the posterior density

of α can be approximated by π̃(α |y)
d
= N(α̂, Σ̂α), where

α̂ = Σ̂α

(
Σ−1
α0
α0 +

g∑

s=1

X′

[s]Σ̂
−1

s[m]ψ̂s[m]

)
and Σ̂α =

(
Σ−1
α0

+
g∑

s=1

X′

[s]Σ̂
−1

s[m]X[s]

)
−1

.

Following a similar route, the posterior density of γj(m) can be approximated by

π̃(γj(m) |y)
d
= N

((
Σ−1
γ0j

+ Σ̂
−1

j(m)

)
−1(

Σ−1
γ0j
γ0j + Σ̂

−1

j(m)γ̂j(m)

)
,
(
Σ−1
γ0j

+ Σ̂
−1

j(m)

)
−1
)
,

where γ̂sj(m) = (ψ̂sj1, . . . , ψ̂sj,m−1, ψ̂sj,m+1, . . . , ψ̂sjl)
′−ψ̂sjm is the vector of estimated quantiles

of the residual distribution for strata s and outcome j,

Σ̂sj(m) =
1

B

B∑

b=1

(γ̂sj(m) − γ̂
(b)
sj(m))(γ̂sj(m) − γ̂

(b)
sj(m))

′

is the estimated covariance of γ̂sj(m), γ̂j(m) = Σ̂j(m)
∑g

s=1 Σ̂
−1

sj(m)γ̂sj(m) is an empirical estimate

for γj(m), and Σ̂j(m) = (
∑g

s=1 Σ̂
−1

sj(m))
−1 is the empirical covariance of γ̂j(m).

The approximations π̃(α |y) and π̃(γj(m) |y) are useful for getting quick ballpark esti-

mates of the posteriors of α and γj(m). In addition, they can be used as a basis for generating
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candidates for α and γj(m) in the Metropolis step of our MCMC algorithm. Although can-

didates could be generated directly from the approximate posteriors, lack of convergence

can result if the tails of the normal density fail to dominate the tails of the exact posterior

(c.f., Mengersen and Tweedle, 1995). Hence, we recommend using a random walk Metropolis

algorithm with normal candidate generating densities centered on values of the parameters

at the previous iteration with covariance equal to a tuning parameter multiplied by the ap-

proximate covariance. This approach has resulted in efficient sampling in applications that

we have considered.
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Table 1

Posterior summaries of the median regression parameters (α)

from the analysis of the comet assay data

Posterior Summaries
Outcome Parameter M-Estimatea Mean SD 90% Credible Interval

1 α11 0.44 0.47 0.06 (0.36, 0.57)
α12 0.12 0.06 0.11 (-0.11, 0.25)

2 α21 0.44 0.41 0.07 (0.30, 0.52)
α22 -0.03 -0.01 0.07 (-0.13, 0.11)

3 α31 0.46 0.45 0.08 (0.31, 0.58)
α32 0.05 0.03 0.06 (-0.07,0.13)

4 α41 0.36 0.38 0.05 (0.29, 0.46)
α42 0.14 0.09 0.05 (0.00, 0.18)

5 α51 0.52 0.51 0.07 (0.39, 0.62)
α52 0.02 0.02 0.10 (-0.13,0.18)

a Huber M-regression (for j = 1, . . . , 5) using iteratively reweighted least squares
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Figure 1. Comet images of typical lymphoblastoid cells following no treatment (top panel)

or following treatment with 10uM hydrogen peroxide for twenty minutes (bottom panel).
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