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Abstract. Many standard statistical models used to examine population dynamics
ignore significant sources of stochasticity. Usually only process error is included, and
uncertainty due to errors in data collection is omitted or not directly specified in
the model. We show how standard time-series models for population dynamics can
be extended to include both observational and process error and how to perform
inference on parameters in these models in the Bayesian setting. Using simulated
data, we show how ignoring observation error can be misleading. We argue that the
standard Bayesian techniques used to perform inference, including freely available

software, are generally applicable to a variety of time-series models.
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els; Observation Error; State-Space; Time-Series; Uncertainty
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Introduction

Population biologists use time-series data to infer the factors that regulate natural
populations (Bjgrnstad et al. 1999, Stenseth 1995, Senseth et al. 1998) and to de-
termine when populations may be at risk. Inference on the dynamics of natural
populations is based on estimated model parameters and should incorporate the un-
certainty in these parameters. Many analyses, however, ignore the multiple sources of
stochasticity that commonly impact population time-series (Dennis and Taper 1994,
Bjgrnstad, O.N. 2001). These analyses include process error, accounting for the fact
the parameterized model does not accurately describe true process, but ignore the
contribution to parameter uncertainty due to error in the observed data. It has been
shown by deValpine and Hastings (2001) that standard population models can be
extended to include both observation error and process error. Using maximum like-
lihood techniques, they show that inference procedures that ignore observation error
can lead to inaccurate estimates of population parameters. Their approach provides a
more flexible method than classical error-in-variables models (Carpender et al. 1994).
We expand upon the work of deValpine and Hastings by describing how the Bayesian
paradigm of statistics can be used to incorporate observation error in models of pop-
ulation dynamics. We hold that the coherence of the Bayesian method provides a
straightforward way to account for multiple sources of uncertainty.

The state-space model framework provides a structure for extending time-series
models to include both observation and process error. The data is assumed to depend

on an unknown time-varying state variable which represents the “true” process. This
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underlying variable evolves over time by a process model that explicitly models process
error. The model for the relationship between the actual data and the state variable
incorporates observation error. Bayesian state-space models with linear structure
and normal error distributions allow entirely analytic results; we review the relevant
expressions. We discuss extensions and alternative approaches for models with non-
linear structure and non-normal error distributions, including Markov chain Monte
Carlo (MCMC) posterior simulation. The coherence of the Bayesian paradigm allows
inference on the state-variables to be more straightforward than maximum likelihood
methods and numerical quadrature techniques required for classical inference. In the
Bayesian setting, the state variables can be treated as parameters and full posterior
inference on them can be performed just as if they are time invariant parameters. We
describe how to derive full posterior distributions for the state variables/parameters
and time invariant parameters. Throughout, we use models for density dependent
population dynamics as illustrative examples.

Bayesian statistics and Bayesian state-space models are not new to the ecology
literature. Soudant et al. (1997) developed a Bayesian dynamic model for phytoplank-
ton time series that allows for time-varying influence of the covariates. Cottingham
and Schindler (2000) use a Bayesian dynamic linear model to model how phytoplank-
ton respond to pulsed nutrient loading. Classical state-space models have been used
frequently in the fisheries literature (e.g., see references in Millar and Meyer (2000a)).
Millar and Meyer (2000a) and Meyer and Millar (2000b) introduce a Bayesian nonlin-
ear state-space models to incorporate more realism into fish stock assessment models.

In this article, we show how all standard population models can be extended to
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the state-space framework in order to include multiple sources of error. Rather than
focusing on performing a detailed analysis of a particular time-series, we concentrate
on presenting the techniques necessary to fit Bayesian state-space models. We hope
to convince readers that the relative simplicity of the methods described here can
lead to general models with broad application and to statements of uncertainty that

take a more comprehensive accounting of variability.

State-Space Modeling

The standard models used to describe changes in the size of populations over time
have the form z; = G(D;_1) + w;, where x; is the size of the population at time ¢
and D, represents all of the observed population counts up until time ¢, i.e. D; =
{x1,x9,...,2¢ 1}. The function G(-) provides a deterministic relationship between the
size of the population at time ¢ and its size in the past. G(-) will typically also be a
function of unknown parameters that can be estimated from the data. The estimated
values of these parameters provide insight on the behavior of a population regulation.
For example, the estimated value of a parameter of a density-dependence model may
indicate that the growth rate depends on population size. The term w; represents
the process error and is intrinsically related to the function G(-); it accounts for the
variability in the size of the population that cannot be captured by G(-).
Population census data are typically observed with measurement error. These data
can come from trappings, observed counts, photographs, and so forth, all of which

may be inaccurate. Observed counts are rarely equal to the true size of the popula-
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tion. The model for population dynamics described in the previous paragraph does
not incorporate this type of stochasticity; it allows only process error. This model,
however, can be extended to a state-space model which allows multiple sources of
stochasticity. De Valpine and Hastings (2001) describe how inference can be per-
formed for state-space models within the classical framework. We focus on Bayesian
state-space models. The Bayesian state-space model is based on the Kalman Filter
(Kalman, 1960), which is a popular technique used in engineering and statistical qual-
ity control. While not inherently a Bayesian technique, the Kalman filter provides
a method for forecasting which is consistent with the theory of Bayesian inference.
Harrison and Stevens (1976) discuss the principles of Bayesian forecasting and its re-
lationship to the Kalman filter. Meinhold and Singpurwalla (1983), in an expository
article, present a less technical version of these issues.

The standard framework for a Bayesian state-space model is as follows:

Observation Equation: vy = F(xy) + 1y, v ~ N[0, V]
Evolution Equation: = G(x_1) + wi, we ~ N[O,W] (1)
Ty = N[mo, 00]
where

e y, is the value of the time-series at time ¢.

e 1; is an unknown underlying state variable that is propagated through time by
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the function G(-). It represents the true size of the population at time t.

e The function F(-) models the deterministic relationship between the true size
of the population and what is observed. If the data are believed to be unbiased,

F(-) can be taken to be the identity (Coulson et al. 2001).

e The variable v; represents the measurement or observation error. It is modeled
using a normal distribution with a mean of 0 and a known variance, V. This
normality assumption is not necessary; it is possible under the Bayesian frame-
work to perform inference assuming any error distribution. Generalization to

unknown V is also straightforward (West and Harrison 1997).

e The function G(-) is the same as above. It describes the relationship between

the size of the population at time ¢ to the size of the population in the past.

e The variable w; represents the model or process error. It is also usually assumed

to come from a normal distribution with mean 0 and variance W.

e In the Bayesian framework, it is necessary to specify the prior distribution of
the initial latent state variable xy. We assume that it comes from a normal

distribution with known mean, mg, and variance, Cj.

Standard state-space models further assume that the error terms are independent.
Figure 1 shows the conditional independence structure of a NDLM. Each of the z’s
given the values of the surrounding nodes is conditionally independent of the rest of

the graph.
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Normal Dynamic Linear Models

When the functions F'(-) and G(-) are linear, the Bayesian state-space model is termed
a normal dynamic linear model (NDLM). The functions F'(-) and G(-) are replaced by
the constants F' and G that premultiply x; in the observation equation and z;_; in the
evolution equation respectively. In the case when either the observation equation or
the evolution equation is linear with an intercept term, the underlying state parameter
can be written as {1, z;} and the following discussion on posterior analysis for NDLMs
is applicable.

The posterior distribution of the z;’s in an NDLM can be found in closed form
by taking advantage of the model’s conditional independence structure. As before,
Dy = {y1, 92, ---, ¥+ }. The desired posterior distributions are p(z;|Dy) fort =1,2,...,T,

but for the moment we consider finding p(x;|D;) for all . Using Bayes’ Theorem,

p(@¢|Dy) o< p(yel s, Di—1)p(x4| Dia) (2)

Given the linear structure of the evolution equation, the fact that p(x;_1|D;—_1) is
normal allows p(x;|D;_1), the second term on the right side of equation 2, to be
found in closed form. This is done simply by updating the moments of p(z; 1|D; 1)
according to the evolution equation. The distribution of x; given D;_; can be viewed
as the prior distribution for p(z;|D;). Once the next data point, y;, is processed, this
prior can be updated to the posterior distribution p(z;|D;).

In this manner, the distributions p(x;|D;) can computed sequentially given p(zo)

which we assume in an NDLM to be normal with mean equal to my and variance
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equal to Cy. This procedure, known as the Forward Filtering algorithm is Theorem
4.1 in West and Harrison (1997).

The Forward Filtering algorithm defines a procedure for sequentially determining
the posterior distribution of each of the x;’s given D;. The desired posterior distri-
butions, however, are p(z;|Dr) for t = 1,2,...,T, the posterior distributions of the
latent variables given all of the data. These distributions can be found by recursively
updating the moments of p(zr|Dr). The formulas for this Backward Smoothing al-
gorithm are given in Theorem 4.4 of West and Harrison (1997). Together, these two
algorithms are know as the Forward Filtering Backward Smoothing (FFBS) algo-
rithm. It is a two step algorithm. First, the Forward Filtering algorithm is run on
the data. Then, using the final posterior distribution derived by the first algorithm,
p(zr|Dr), the Backward Smoothing algorithm is used to recursively find p(z;| Dr) for
all t. Both of these algorithms simply update the moments of normal distributions

using the structure of the state-space model (equation 1).

Forward Filtering Backward Smoothing Algorithm

1) Forward Filtering Algorithm: The posterior and one-step forecast distribution

in the NLDM can be calculated as follows:

a) Posterior at time ¢ — 1:

For some mean m;_; and variance C;_1,

xt—l‘Dt—l ~ N[mt—la Ct—1]-
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b) Prior at time t:

xt‘thl ~ N[at, Rt]7

where

ay = Gmt_l and Rt = GC’t_lG' + W.

¢) One-step forecast:

ytIDH ~ N[ft; Qt]

where

ft = Ft'at and Qt = FIRtF + V.

d) Posterior at time ¢,

.I't|Dt ~ N[mt, Ct],

with

my = Gy + Atet and Ct = Rt — AtA{tQta

where

Ay =R FQ;" and e, =y, — f.

2)Backward Smoothing Algorithm: Given that p(z;|D;) ~ N[my, C], for all k
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such that 1 < k < t, the filtering marginal distributions are

Ty | Dy ~ Nlay(—k), Ri(—k)]

where given that B, = C,G'R, /Y,

ar(—Fk) = my_p + By_g[as(—k + 1) — ay_p41]

and

Ri(—=k) = Ci—p + Bi—g[Ri(—k + 1) — Ry—g11]B;_4,

with starting values

a;(0) = my and Ry(0) = C4,

and where

a;—(1) = as_p41 and Ry (1) = Ry_p1-

Figure 2 demonstrates how the FFBS algorithm updates posterior distributions as
it processes data sequentially. For simplicity, we assume that that the data arise from
a NDLM as in equation 1 with the function F'(-) and G(-) taken to be the identity
and V = W = 1. Assume we have two data points, y; = 3 and y, = 8, and that
our prior on zg is N(5,3). The dashed line in the first graph of Figure 2 shows the
prior distribution of z; given no data, i.e. p(z1) = N(5,4). The moments of this
distribution are computed using the formulas in step b of the Forward Filtering (FF)

algorithm. This distribution can be interpreted as the prior distribution for z;. The
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point on this graph represents the first data point, y; = 3, and the solid line represents
the posterior distribution of z; given the first data point, p(x;|y;) = N(3.4,0.8). The
moments of this distribution are calculated using step d of the FF algorithm. Since
yy is less than the prior mean for z; and F(-) is the identity, y; pulls the distribution
of x1 to the left.

The dashed line in the second graph of represents the prior distribution of x5
given only the first data point, p(xs|y1) = N(3.4,1.8). Its moments are calculated by
processing the posterior distribution of x; given y; through the evolution equation
(using step b of the FF algorithm). Since G(+) is the identity, this process stretches out
the distribution represented by the solid line in the first graph but keeps it centered at
3.4. This distribution can be though of as the prior distribution of x5 given only y; and
can be updated to the posterior distribution of x5 given both y; and ys, p(x2|y1, y2)
using step d of the FF algorithm. Since y, = 8, this posterior distribution is to the
right of the prior distribution.

We have computed the posterior distribution for x5 given all the data in this
simple example, but we must use the Backward Smoothing (BS) algorithm to de-
rive the posterior distribution of x; given all of the data. Using the BS algorithm,
p(z1]y1,y2) = N(0.8,0.643). If we had more data, we would follow the same pro-
cedure adding an additional step in both the FF and BS algorithms for every data

point.
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Nonlinear Dynamic Models

Inference on the latent state variables in nonlinear dynamic models is slightly more
complicated. The posterior distributions of the x;’s cannot be found in closed form as
they are above. Instead, we rely on numerical techniques to explore their posteriors.
The standard method for performing this inference is the Markov chain Monte Carlo
(MCMQ) algorithm that approximates the desired posterior distributions. (Gilks et
al. 1996) The algorithm constructs a Markov chain with the posterior distribution as
its stationary distribution. After the chain is allowed to run for a sufficient amount
of time to approach its stationary distribution, samples are taken which can be used
to approximate the posterior distribution.

The Gibbs sampler is a version of MCMC simulation that we will use to ap-
proximate the posterior distributions of the x;’s. The algorithm works by iteratively
sampling from each of the full conditional distributions of each of the states given the
current value of the other variables. For example, if we want to sample from the joint

distribution p(A, B, C), we could construct a Gibbs sampler as follows:

sample A ~ p(A|B,C)

sample B ~ p(BJ|A, C)

sample C' ~ p(C|A, B)

repeat steps 1-3 many times

When sampling from these distributions we condition of the currently imputed values,

i.e. the most recent parameter values.
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In the nonlinear dynamic model, each of the states, given the next state and
the previous state, is independent of the other states. The conditional independence
structure shown in 1 still applies. This reduces the conditional distributions; we need
only condition on neighboring states. The Gibbs sampler for the nonlinear dynamics

models works as follows:

1. Choose initial values for each of the latent state variables and denote them as

2,20, .20,

2. For each 1 <t < T, sequentially draw a sample from

2 1—1 1—1
() Np(xt|a:0 ,a:g), . xi)l,xgﬂ ), ,x(T ),DT) (3)
X (xt|33t 17x§+1)7DT) (4)
CRWRCEY .
Pyl (el )p(a;'yy o) (5)

for each t.

3. Repeat step 2, I times.

The Gibbs sampler above requires simulation from the distribution which is propor-
tional p(yt|xt)p(xt|x§?1)p(x§i:11)|xt). This can be done using a Metropolis-Hastings
(M-H) step (Gelfand and Smith 1990, Tierney 1994). See, for example, Gilks et
al (1996) for a general review of the algorithm. Carlin, Polson, and Stoffer (1992)
develop an efficient M-H algorithm for sampling the latent state parameters in a
nonlinear dynamic model. The samples z{” for i > BURNIN, where BURNIN is the

number of iterations until the Markov chain converges, will be samples from p(x;|Dr).
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Linear Approximation

For the state-space models used here, the observation equation is linear; it simply adds
observation error to established models for population dynamics. The nonlinearity
is most likely to occur in the evolution equation; i.e., the function G(-) is nonlinear.
By taking the Taylor series expansion of G(-) about the prior mean for z;, m;_s, it is
possible to linearize the evolution equation and eliminate the need for MCMC.

Linearized Evolution Equation (using a 1st order Taylor series approximation):

(41— myq) + Wy (6)

The approximate posterior distributions of the z;’s can be found in closed form using

G*(-) in the FFBS algorithm discussed above.

Inference for Parametric State-Space Models

The posterior distribution of parameters of the model for population dynamics cap-
tured in G(-) are usually the focus of a time-series analysis. An extended Gibbs
sampler can be used to find the posterior distributions of any model parameters and
the latent state variable simultaneously. After assigning initial values to all param-
eters, we can sample from the full conditional distribution of the model parameters
given the currently imputed values of the z;’s. We then sample from the full condi-

tional distributions of the z;’s conditioning on the currently imputed values of the
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model parameters.

We can also allow both the observation and evolution error variances, V and W, to
be unknown. Their posterior distributions can be recovered by sampling from their
full conditional distributions within the Gibbs sampler. If ¢ is a parameter of the

function G(-), the Gibbs sampler iterates between the following steps.

1. Sample from p(zy|z_1,2441,a, V,W, Dy) for t = 1,2, ..., T using the M-H algo-

rithm or directly using FFBS.

2. Sample from p(a|x1, z9, ..., x7, V, W, Dr) using the M-H algorithm or directly, if

possible.

3. Sample from p(V|xq, zo, ..., z1, a, W, Dr) directly.

4. Sample from p(W|zq, xo, ..., 1, a, V, Dr) directly.

In each of the steps, the values of the variables to the right of the conditional bar
are assumed to be the currently imputed values of each of the parameters. It is also
necessary to specify prior distributions for a, V', and W if they are assumed to be
unknown. These prior distributions must be included when determining each of the
full conditional distributions. In the next section, we show the results of a simula-
tion study for a state-space model. The form of each of the necessary conditional

distributions for the Gibbs sampler are included.
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Simulation Study

We use a simulation study, similar to the one included in deValpine and Hastings
(2001), that demonstrates the importance of including observational error and addi-
tionally demonstrates how this particular model when framed as a Bayesian dynamic
model can be fit. We focus on two models, the observation error model and the no
observation error model. Both models are based on a common model for density
dependence, the Ricker Model (Dennis and Taper 1994). This model serves as the
evolution equation in both cases. The observation error model, however, incorporates

observation error while the no observation error model considers only process error.

Observation Error Model

log(y) = @ + 1y, v ~ N[0, V]
Ty = X4 + a+ be™ = + wy, wg ~ N[0, W]
xo ~ N[m0, C0]

V ~ IGay, By]

W~ IG[CYW, BW]

p(a,b) ~ No[p, 3]

IG represents the inverse gamma distribution and N, represents the bivariate

normal distribution.
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No Observation Error Model

Y =yi_y +a+ be¥i-1 4wy, wy ~ N[0, W]
xo ~ N[m0, C0]
W ~ IG[aw, Bw]

p(a,b) ~ Na[p, ¥}

and y; is defined to be log(y;).

First, we simulate data from the observation error model with the parameter a
fixed at 0.1 and the parameter b fixed at —0.01. This is the correct model for the
data. We then find the posterior distributions of model parameters a and b under
both models and compare them.

For the observation error model, we use a Gibbs sampler to iteratively sample from
the full conditional distributions of each of the parameters in the model. Each of the
x,'s are sampled using a M-H step and the parameters a, b, V', and W are sampled
directly given the current values of the x;’s using standard linear model theory. The

conditionals needed are listed below.
® p(zo|—) 6$p(—ﬁ(x0 —mg)? — ﬁ(fﬂl — 29 — a — be™)?)

o p(xe|—) o< exp(—5y(log(ye) — 0)* — gy (2 — 211 — @ — be™1)* — g5 (24py

—xp—a—0be®)?) fort=1,2,..,T -1

® p<xT‘_) (0,8 emp(—%(log(yﬂ - xT)Q - ﬁ(xt — X1 —a— bemt_l)Z)
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e p((a,b)|—) ox Ny[m, S]
where S = (X'X + X7, m=S(X'Y + 7 'm)

and X and Y are defined to be

1 e* T Ty

1 em Lo T
X = and Y = —

1 e*r T Tr_q

o p(V|-) o< IG[ay +T/2, Bv + 31 (log(ys — 71)?)]
o p(W|—) x IG[aw + T/2, Bw + %thp:l(a:t — x4 — a— be®1))?]

We can sample the posterior distributions for a, b, V', and W directly under the
no observational error model without the need for MCMC using the standard results
from linear regression discussed above. We generate samples from these posteriors of
the same size as the samples generated from the MCMC algorithm used to analyze
the observational error model.

We repeat this procedure for 50 random data sets and summarize our results with
boxplots of posterior distributions for each of the model parameters. Because we know
that the observational error model is the correct model for the data, differences in box-
plots demonstrate misleading inference that results from ignoring observational error.
The boxplots for the parameter a are shown in Figure 3. The posterior distribution
under the no observational model are much larger than the posterior distributions

under the correct model signifying that we underestimate the precision with which
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we can estimate a by ignoring observational error. The results are switched for the
parameter b, shown in Figure 4 In this case, the posterior distributions under the
no observation error model are much smaller. This means that when performing
posterior analysis on the parameter b while ignoring observational error leads to an
overestimate of the precision with which the parameter is being estimated. In some
of the trials, the boxplots for b under the no observation error model do not even
overlap the true value.

In addition to comparing posterior parameters under the two models, we also
computed Bayes factors which assess the amount of scientific evidence provided by
the data have in favor of one model as opposed to another model. (See Kass and
Raftery (1995) for an overview of the technique.) If H; represents the hypothesis
that the data are generate by model 1 and H, represents the hypothesis that the data

are generate by model 2, the Bayes factorB;, is defined as follows:

p(data|Hy)

By, = eI
27 p(data| Hy)

(7)

The Bayes factor represents the ratio of the posterior odds of hypothesis H; to its
prior odds. Kass and Raftery (1995) illustrate how to calculate Bayes factors in vari-
ous settings as well as provide guidelines for interpreting them. Also provided in this
article is a recipe for approximating Bayes factors using output from an MCMC sim-

ulation which is due to Newton and Raftery (1994). The numerator and denominator
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of the Bayes factor, equation 7, can be approximated as

m

1 )
7 H)y={=) @O H) '}
pdatalH) ={_ >  p(data|0", H)""}

=1

the harmonic mean of the likelihood of the data given the samples of the parameters
taken in the MCMC algorithm. It can be shown that p(data|H;) converges almost
surely to p(data|H;) as m — oco. Table 1 summarizes the Bayes factors commuted in
this way for 50 trials; the two models are fit and the Bayes factor comparing them is
computed for each trial. Also provided in the table are interpretations of the Bayes

factors.

Discussion

The results of the simulation study are not general; for other models the results of
ignoring observation error will be different. We simply show that it can make a
difference.

Ignoring observational error can result in misleading inference, especially in esti-
mates of posterior uncertainty of model parameters. When performing a statistical
analysis on data believed to be observed with observation error, we recommend con-
sidering a state-space model. If the desired inference is only a point estimate of model
parameters or if for some other reason capturing the uncertainty in model parameters
is not important, then perhaps the state-space model is not necessary. In these cases,

the time-series model that only includes process error with most likely will be simpler
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and less time-consuming to fit so there is no reason to complicate the analysis. Also,
if the mechanism for the observation error is poorly understood, then perhaps in cer-
tain cases it would be advisable to ignore observation error rather that misspecifing it.
However, if a more detailed understanding of the posterior or predictive uncertainty
is required, then one should explicitly include observation error using a state-space
model.

Bayesian state-space models provide a framework for incorporating observational
error into dynamic models of population size. These models and procedures used to
perform inference on them are general enough to be used on more complicated models
than the one discussed here, including those having higher embedding dimension and
thresholds. We need only to iteratively sample from the full conditional distribu-
tions of each model parameter which can also be done using the Metropolis-Hastings
algorithm. There is also freely available software that can be used to fit Bayesian
state-space models.

BUGS (Spiegelhalter et al., 1996), Bayesian inference using Gibbs sampling, takes
advantage of the acyclical graphical structure of a Bayesian model to determine the
full conditional distributions required for run a Gibbs sampler. See Meyer and Millar
(1999) for an illustration of the BUGS software in the context of fitting a nonlin-
ear Bayesian state-space model to analyze fisheries stock assessments. Also freely
available is the BATS software which fits a variety of Bayesian dynamic models as
described in West and Harrison (1997). Instructions for this package is available in
Pole et al. (1994) and the software is can be found at ftp.stat.duke.edu/pub/bats.

We propose fitting Bayesian state-space models as opposed to classical state-space
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when necessary. The coherence of Bayesian paradigm allows inference for Bayesian
state-space models to be straightforward; both the time-invariant parameters and the
underlying variables can be treated in exactly the same way. This is true no matter
how the computations required for inference are performed whether it be an MCMC
analysis programmed specifically to analyze a particular model or using a software

package such as BUGS or BATS.
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Bayes Factor

H s - model with observation error

28

H,, s - model without observation error

Evidence against H,,, ops

Number of Trials

less than 1
1to3
3 to 20
20 to 150
greater than 150

none
not worth more than a bare mention
positive
strong
very strong

10
7
17
10
6

Table 1: Summary of Bayes factors for 50 trials. The Bayes factor is computed by
taking the ratio of the p(data|Hups) to p(data|Hyeeps)- See text for details on the
calculations. The interpretations of the Bayes factors is taken from Kass and Raftery

(1995).
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voe iy % Yor 000
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Figure 1: This figure shows the conditional independence structure of a dynamic linear
model. Each of the z’s given the values of the surrounding nodes is conditionally indepen-
dent of the rest of the graph.
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Figure 2: This figure demonstrates how the FFBS algorithm updates posterior distributions
as it processes data sequentially. The details of the model and data are given in the text.
The two data points, y1 and y2, are represented by the black diamonds in graphs 1 and 2
respectively. The lines in the graphs represent the following distributions: Graph 1, dashed
line - p(x1); Graph 1, solid line - p(x1|y1); Graph 2, dashed line - p(z2|y1); Graph 2, solid
line - p(z2|y1,y2); Graph 3, solid line - p(z1[y1, y2)
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Observation Error Model
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Figure 3: Boxplots for the posterior distribution of a. The true value of a is represented

by the horizontal line at a = 0.1.
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Observation Error Model
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Figure 4: Boxplots for the posterior distribution of b. The true value of b is represented by

the horizontal line at b = —0.01.



