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Abstract— We describe methods for applying Monte Carlo
filtering and smoothing for estimation of unobserved states
in a non-linear state space model. By exploiting the statisti-
cal structure of the model, we develop a Rao-Blackwellised
Particle Smoother. Due to the lengthy nature of real sig-
nals, we suggest processing the data in blocks and a block-
based smoother algorithm is developed for this purpose. All
the algorithms suggested are tested with real speech and
audio data and the results are shown and compared with
those generated using the generic particle smoother and
the extended Kalman filter. It is found that the proposed
Rao-Blackwellised Particle Smoother improves on the stan-
dard particle smoother and the extended Kalman smoother.
In addition, the proposed Block-based smoother algorithm
enhance the efficiency of the proposed Rao-Blackwellised
smoother by significantly reduce the storage capacity re-
quired for the particle information.

I. INTRODUCTION

ANY problems in applied statistics, statistical signal
processing and time series analysis can be stated in
a state space form as follows,

State evolution density
Observation density

F(epal|ze)
9(Yt+1]Te41)

where {z,;} are unobserved states of the system and {y;}
are observations made over some time, ¢. f(.|.) and g(.|.)
are pre-specified state evolution and observation densities.

A primary concern in many state-space inference prob-
lems is sequential estimation of the filtering distribution
p(z¢|y1.+) and simulation of the entire smoothing distribu-
tion p(x1:t|yl:t)) where Yi:t £ {y17y27 s 7yt} and T1:¢ £
{z1,%2,...,2:}. Updating of the filtering distribution can
be achieved in principle using the standard filtering recur-
sions

Ti41
Y41~

(1)

P(Tiq1|y1:e) = /p($t|ylzt)f($t+1|$t)d$t

9(Ye 1 |$t+1)P($t+1 |y1:t)
p(yt+1 |y1;t)

Similarly, smoothing can be performed recursively back-
wards in time using the smoothing formula

(41 |Z/1:t+1) =

p(xt|yit) f(Teg1]2e)
p($t+1 Iyu)

p(xi|yr:r) = /p($t+1|ylzT) dTiqq.
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In practice these filtering and smoothing computations can
only be performed in closed form for linear Gaussian mod-
els using the Kalman filter / smoother [1], [2] and for finite
state-space hidden Markov models.

For non-linear non-Gaussian models, there is no gen-
eral analytic expression for the required density functions.
The extended Kalman filter [1], [2] is a popular approach
for non-linear models, which linearises the filtering distri-
butions, so that the Kalman filter can be applied. The
extended Kalman filter is computationally cheap but can
fail in situations where the density function is highly non-
Gaussian or multimodal. In addition to the extended
Kalman Filter, Kitagawa et al. [3] propose various approx-
imation strategies, which are found to work well for low
state dimension models.

Another approximation strategy is that of sequential
Monte Carlo methods, also known as Particle Filters [4],
[5], [6], [7], [8], [9]. Within the particle filter framework,
the filtering distribution is approximated with an empirical
distribution formed from point masses, or particles,

N . .
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where §(.) is the Dirac delta function and wi’) is a weight
attached to particle x,g’). Given this particle approximation
to the posterior distribution, we can easily estimate the
expected value of any function f w.r.t. this distribution,

I(f:) £ ff(xt)p($t|y1:t)d$ta using

N
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In addition to the particle filter, particle smoothers,
which are a simple and efficient method for generating re-
alisations from the entire smoothing density p(zi.7|y1.T)
using the particulate approximation have been devel-
oped [10], [11]. These smoothers generate batched realisa-
tions of p(z1.7|y1.7) based on the forward particle filtering
results.

The main objective of this article is to improve the stan-
dard particle filter / smoother with application to audio
signal enhancement. In section II, we describe the model
adopted for audio signals, which is a non-linear parameteri-
sation of the Time-Varying Autoregressive (TVAR) model.
In section III, we briefly review the generic Monte Carlo
filtering and smoothing algorithm [10], [11]. In section IV,
we develop and describe a variance reduction strategy, the
Rao-Blackwellised Particle Smoother, which takes advan-
tage of the “tractable substructure” within our model. Due



to the lengthy nature of real signals, we suggest process-
ing the data in blocks and a block-based adaptation of the
smoothing algorithm is developed and described in section
V. Finally, simulations results are presented in section VI.

II. AUDIO MODELS

The autoregressive (AR) [12], [13], [14] model is widely
used and popular for audio signals. This model exploits
the local correlation in a time series by forming the predic-
tion for the current sample as a linear combination of the
immediately preceding samples. One shortcoming of using
an AR model for audio signals is obvious: the AR coeffi-
cients associated with the signal are assumed to be fixed
throughout the analysis interval. In reality, however, the
AR coeflicients are continuously changing. Therefore, any
realistic representation should thus involve a model whose
parameters evolve over time.

One such model is the time-varying autoregressive
(TVAR) process [15], [3], [16]. Models of this class have
been applied in the context of speech modelling and en-
hancement, for example [17], [18], [19], [20]. In [21], a
TVAR model with stochastically evolving parameters has
been suggested, which is shown to outperform the standard
AR process in speech modelling.

The audio signal process {u;}, is modelled as a p** order
TVAR process, i.e.

P
U = E Qg iUt—; + €4
i=1

Here a; = [az1,.--,asp)" is the pt* order AR coefficient
vector and e; is a Gaussian excitation at time ¢ having
variance 0%,. A Gaussian random walk model is assumed
for the log-variance ¢., = log(c?,),

f(¢€t |¢Ei—1 ’ 0-(2;56) = N(l”‘(ﬁt ) 0-35&) (3)

where pg, = log(aos?,_,) and a is a coefficient just less than
1.

For the time variation in a, the simplest choice of all
is perhaps a Gaussian random walk directly on the coeffi-
cients, that is

flatlaz—1) = N(as—1,021) (4)

A model of this form is not constrained to be stable, which
is an undesirable feature for audio. For sufficiently slow pa-
rameter variation, the stability criterion of a TVAR system
is the same as for time invariant one (see, for example [22]),
that is, stability is enforced by ensuring that all the in-
stantaneous poles of the TVAR model, or the roots of the
polynomial (1 — Y% | a;;27¢) lie strictly within the unit
circle. This form of model was employed in the fixed-lag
filtering work of [23].

As an alternative to direct coefficient modeling, one can
reparameterise the model in terms of time-varying reflec-
tion coefficients (or equivalently partial correlation (PAR-
COR) coefficients) [10], [24]. The standard Levinson recur-
sion [24] (see Appendix A) is used to transform between a;

and the reflection coeflicient p,. We adopt such a TV-
PARCOR model in our simulations. This model is distinct
to that employed in [23], which applies a constrained ran-
dom walk directly in the TVAR coefficient domain, because
we believe that it provides a better physical representation
of audio signals. This arises since the TV-PARCOR model
can be regarded as a time-varying acoustical tube mecha-
nism, which is a reasonable approximation for speech and
many musical instruments (see, for example [25]).

For our suggested TV-PARCOR model, approximate
stability can be achieved by ensuring each reflection coef-
ficient, pg, is within the interval (-1,4+1). The constrained
random walk model for the time variation of p; is

Npe1,031) i max{|pul} < 1

0 otherwise
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where p; = [pg1,...,pt,p). Our TV-PARCOR model can
be contrasted with that of Kitagawa et al. [3], in which
an independent Gaussian random walk model is applied
to both the forward and backward reflection coefficients.
In our model, the backward reflection coefficients are con-
strained to equal the forward coefficients. This reflects a
belief that the shape of the human vocal tract is slowly
time-varying owing to physical constraints, and hence the
forward reflection coefficient should approximately equal
the backward reflection coefficient.

The full specification of the state space model is then
as follows. The state vector z; is partitioned as [z,6;)'
with 2; = u;—py1.+ and 0y being the signal state and the
parameter state respectively. The signal is assumed to be
submerged in white Gaussian noise (WGN) with known
variance o2, i.e.

9(yelze) = N (ye; ue, 07)

The parameter vector 8, is further partitioned as [a¢, @, ]’
Hyperparameters o2 are 022 are assumed to be pre-
specified and fixed in all the simulations. The initial state
probability is diffuse Gaussian over the stable region for

the model.

III. MONTE CARLO FILTERING AND SMOOTHING
ALGORITHMS

The earliest references to Monte Carlo filtering go back
many decades (see [26] and citations in [6]). The 1990s has
seen a dramatic resurgence of interest in these filters, owing
largely to the massive increases in available computational
power (see for example [4], [7], [27]). Refer to [5] for an up-
to-date survey of the field. In this section, we will briefly
review generic filtering and smoothing algorithms.

Consider the filtering distribution p(z¢|y1.¢), which can
be rearranged as follows,

p(zt|y1:t) o< g(ye|ze)p(2e|yr:e—1)

= /g(yt|$t)f($t|$t—1)p($1:t—1|y1:t—1)d$1:t—1
(6)



Assuming that a particle approximation to p(z1.¢—1|y1.4—1)
has already been generated,

N
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Then, assuming we can evaluate f(x¢|z;—1) and g(ye|z:)
pointwise, we generate, for each state trajectory z;,_,

a random sample from a proposal distribution, x,gi) ~

q(a:t|a:§271,y1:t). The filtering distribution (6) can then
be approximated as

$t|yl it

Zw( )(5 (¢ — xﬁ”)

with @100
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w;’ X @
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For example, in some simple scenarlos the proposal dlS—
tribution can be chosen as q(z;|z\")_|,y1.4) = (:Ut|a;t s

so the importance weight reduces to w( D g(yt|wt ). If a
resampling step [7] is performed, such that the probability
that z; 9 is selected is proportional to w , then the result-
ing samples are an unweighted approx1mate random draw
from the filtering distribution p(x¢|y;.¢)-

The generic particle filtering algorithm, with the pro-

")f (@
)
Ty:g—

posal distribution q(a:t|a:§271,y1;t) = f(:ct|w§i)
below,

1), is given

Algorithm 1: Generic particle filter with resam-
pling [5], [6], [7], [9)]

Let f(z1|zo) = f(z1) be the state prior distribution. Then
fort =1to T:

e Fori=1,...,
distribution g(z¢|z{")_,,y1.)

N, generate N samples from the proposal

= f(alz())),
oy ~ flzi)e?)

e For i = 1,...,
normalise:

N, evaluate the importance weights and

w'? o g(y,|=?),

N .
Z wgz) =1
i=1

,N} N times with replacement.

belng selected is equal to w( ).

o Resample {:cg Di=1,.
The probability of w,g

Note that the final resampling step is in practice usually
replaced with a part-deterministic selection step in order
to improve the Monte Carlo efficiency [5].

In addition to the Monte Carlo filtering algorithm, Monte
Carlo smoothing methods have been developed to gen-
erate realisations from the smoothing density. Earlier
existing approaches include approximating the individual

marginal smoothing distribution p(x¢|y;.7), either using
the two-filter formula [8] or forward filtering-backward
smoothing [6], [28]. As an alternative, Tanizaki [29]
has recently proposed methods for generating random
draws from the the joint distribution p(z:,zi41|y1.7) or
P(Ti—1,Tt, Tey1|y1.T). As with the methods of [6], [28] these
techniques require the simulation of expensive normalising
constants, and the focus is on marginal state distributions
rather than joint distributions over time. In this paper, we
propose improvements to a recently developed algorithm
[10], [11] in which samples are drawn from the joint smooth-
ing density p(z1.7|y1.7). In its original form, sample reali-
sations are obtained using the following factorisation

T-1
p(xirlyiT) = p(er|yT) H p(xe|ziyrr,yir)  (7)
t=1

where, given the particle approximation to p(x¢|y;.;) and
using the Markovian assumptions of the model, we can
write,

P(@t|Te 1.1, y1.7) X p(Te|y1:e) f(Tea1|2t) (8)
N
3 o)
=1
with the modified weights
(%) (%)
i w;” f(x 1|$ )
witn = oy, - ©

Y wl? f(aele)

This revised particle distribution can now be used to gen-
erate states successively in the reverse-time direction, con-
ditioning upon future states. It should be noted that, in
contrast with [6], [28], [29] the method does not require the
simulation of any additional normalising constants, since
the modified weights are easily renormalised.

Having performed a forward sweep of particle filtering,
generating weighted particles {z\”,w(";i = 1,...,N,t =
1,...,T} the smoothing algorithm proceeds as follows,

Algorithm 2: Generic particle smoother [10], [11]

« Choose Fr = z) with probability w!" .
. Fort:T—ltpl
— Calculate wi@ "
1,....,N;

— Choose z; = a:g )

. il:T = (51,1}2, ceey
p(xlleylzT)-

x wt)f($t+1|$ ) for each ¢ =

(4)
tlt+1°
Zr) is an approximate realisation from

with probability w

Further independent realisations are obtained by repeat-
ing this procedure as many times as required.

IV. RAO-BLACKWELLISED PARTICLE FILTERING AND
SMOOTHING

One of the major drawbacks of any Monte Carlo filtering
/ smoothing strategy is that sampling in high-dimensional



spaces can be inefficient. In some cases, however, the model
has “tractable substructure” [30], which can be analytically
marginalised out, conditional on other state variables. This
applies for example to our noise reduction model in section
I1, in which the signal process {2} can be integrated out
conditional upon the values of the parameter process {6,}.
The advantage of this strategy is that it can drastically
reduce the size of the space over which we need to sample,
and the variance of the resulting estimates is then lower
than that of the standard particle filtering approach [4],
[6].

Marginalising out some of the variables is an exam-
ple of a standard statistical variance reduction strategy
known as Rao-Blackwellisation, see [31] for a general dis-
cussion on the topic. Rao-Blackwellised particle filters have
been applied in specific contexts such as mixtures of Gaus-
sians [4], [6], fixed parameter estimation [32] and Dirich-
let process models [33]. Vermaak et al. [23] have used
Rao-Blackwellisation for fixed-lag smoothing in speech sig-
nals. In their approach, a Rao-Blackwellised particle filter
is applied forwards through time, and fixed lag smooth-
ing is achieved by the use of Markov Chain Monte Carlo
(MCMC) “resample-move” steps [34] over a small time lag
of samples.

In this paper we focus on applying Rao-Blackwellisation
to fixed-interval smoothing; that is, given y;.7, we would
like to simulate from the entire state density p(z1.7|y1.1)-
The reason for this is that a greater degree of smoothing
can be important for the convincing reconstruction of au-
dio signals. In section V we describe how to make our algo-
rithm more practical for very large datasets by performing
the smoothing sequentially in sub-blocks, or frames, rather
than over the entire data set each time.

A. Rao-Blackwellised Particle Filter

First we review the standard Rao-Blackwellised particle
filter [30], [6]. Assume that the state vector zi. can be
partitioned as [z1.¢,01.¢] and z1,; can be marginalised out
analytically. For instance, if conditional on 6., z1.¢ re-
duces to a linear Gaussian state-space system, then all the
integration can be performed analytically on-line using the
Kalman filter and the prediction error decomposition (for a
general reference on the Kalman filter and prediction error
decomposition, refer to [1], [2]).

Let us consider the marginal filtering distribution,

p(6¢|y1:t) Z/p(zt70t|ylzt)dzt
. / D(el6r.t, Y1) F (B:]81) x

P(O1:4—1|y1:6—1)d01:4—1
where

P(yt|91:t,y1:t71) :/p(zt,yt|01:t,y1:t—1)dzt

Given the particle approximation to p(61.4—1|y1:t—1), new

particles Ht(i) are generated from f (0t|0§?1), and p(6¢|y1.¢)

is approximated by

— 6

p(Bt]y1:t) Z wy”5(6;
with
()

Wy~ X P(yt|‘91 Y- 1)

Under the assumption of a conditionally linear Gaussian
structure, p(y¢|01:¢,y1:t—1) can be evaluated efficiently us-
ing the Kalman filter and the prediction error decomposi-
tion, as outlined below.

Conditional on the parameter vector #; the signal z; is
linear and Gaussian, facilitating a conditionally Gaussian
state-space representation (a special case of (1)),

2 =T (0)ze—1 + H(O)wy
= Z(0¢)ze + G(O)wy

where T(6;), H(0:), Z(6;) and G(6;) are system matrices
associated with the linear state space model taking appro-
priate forms (see [23], [35] for details in the TVAR case -
the same results apply for our TV-PARCOR model once
reflection coefficients have been transformed to TVAR co-
efﬁcients via the Levinson-Durbin recursion). w; is defined
as wy = [et,vt]

Combining the Kalman filter equations described in Ap-
pendix B with the ordinary particle filtering equations pro-
duces the following Rao-Blackwellised filtering algorithm:

Algorithm 3: Rao-Blackwellised particle filter [4],

[6]

Let f(01l00) = f(61) and initialise {Cyjo,P1jo} Wwith
{Clll)Plll}‘ Fort=1toT

e For i = 1,..., N, generate N parameter samples from
the approprlate proposal distribution 0(’) ~ f (0t|6(’) ).

(10a)
(10b)

« For each realisation of 98, update the sufficient statistics
for z; using the Kalman filter:

— plug 09 into the system matrices, ’T(Ggi)), Q(G,Ei)),
2(6;"), H(6;") and 0(6;").

— compute the sufficient statistics, ( and P, for the fol-
lowing distributions,

ZN(Zt’Cﬂt 17Pt(|? )
:N(zt7<t|) P(z))

tt

p(zt|01:t; yl:t—1)
P(2¢]01:¢,Y1:¢)

where [g“(lz t) I,Pt(l? ,] are given by one-step ahead predic-

tion (16) and [Ct(r t),Pt(l?] are given by the estimation up-
date (17).
e For¢=1,..., N evaluate the importance weight w,gz) as-

sociated with 0,@ using the prediction error decomposition
as given by (18), according to [2]

th) OCN(y |yt|t 13-7(1))

o Resample {6(’), t(|z t),Pt(lzt),z =1,...,N} N times with re-

placement. The probability of {Gt'),Ct(li t),P(z)} being se-

]t
lected is equal to w!®.



B. Rao-Blackwellised Particle Smoother

As previously discussed, the state estimate can be fur-
ther improved by performing smoothing. We modify
the generic particle smoothing algorithm to incorporate
Rao-Blackwellisation to form a Rao-Blackwellised Particle
Smoother.

We want to sample from the entire state density
(1.1, 01.7|y1.7) which can be factorised as follows

p(zlzTa 91:T|91:T)
T-1

= p(zr, Orlyrr) [] plets Oel2esrr, Orsrir, yror)
=1

and

p(zt, 6, |2t+1:T, Ot y1:7, y1:T)

:/p(zt701:t|zt+1:T;0t+1:T;y1:T)d01:t71

:/p(01:t|zt+1:T70t+1:T7yl:T)p(zt|zt+1:T701:T7y1:T)d01:t—1
(11)

Using the particulate approximation for the param-
eter filtering distribution p(61.t|y1.t), given by the for-
ward sweep of the Rao-Blackwellised particle filter, the
marginal smoothing distribution p(61.¢|2¢41.7, O4+1:7, Y1.7)
is approximated by

p(01:t|zt+1:T; Oi11.7, Y1 T

zwml (61— 610 (12)

with modified weight wgrt 1 as follows:

(¥

wt\t-}-l X wt(i)p(zt-i-la 0t+1 |9§z?‘,7 yl:t) (13)

oC wy )f(6t+1|0(2)) (2e41]0s41, 997 Yi:t)

Using this particulate approximation for the parameter
smoothing distribution, the joint smoothing density (11)
can be approximated by,

(21,0t 2t41:7, G417, Y1:T)

N
~ /p(zt|zt+1:T,91:T,y1:T) Z wt(@+15(91:t —6))dh1.41
i=1

N
~ Y wi) Pz, 050, e, yrr)3(0 — 617) (14)
i=1
We now prove the correctness of the Rao-Blackwellised
approximation for the parameter smoothing distribution.
Proof: Using the Markovian assumptions of the
model, the marginal smoothing density can be rewritten
as follows

p(01:¢|2e41.7, Org1:1, Y1.7)

= p(01:t|2t41,0t41,Y1:t)

(241, 0541101:0, y1:6)P(B1:¢ [Y1:4)

[ p(2e41, 08411014, Y1:0)P(01:¢|y1:4)dO1

_ P(zt41]0r:t41,Y1:0) £ (O141160¢)p(01:¢ y1:¢)
(241101641, y1:0) f (0241162)p(61:e |y ) dB1 e

Using the particle approximation from the forward sweep
of the Rao-Blackwellised particle filter

P(O1:¢y1:¢) ng V5(61.0 — 651)

we now have,

p(91:t |Zt+1~T, Ot y1:7, y1:T)

al w,g )p(zt+1|0§i%a 0141, Y1: t) (0t+1|0t(i)) 8

i=1 Z] 1 w(])p(zt-i-l'el R 0t+1’y1 t) (6t+1|0§j))

- Z wii), 601, — 01)
=1

~

where the normalised weight is

wi\?ﬂ o wi (41|05, 041, y1:) £ (611116”)
as required. |
We now show the way to draw approximate smoothed re-
alisations {%,0;;1,...,T} from (14). Given ;1.7 and
Zt+1.7, 0y can be drawn from

N
olzt ~ Zwt(r2+15(01:t - 0?3&)
i=1

in a similar manner to the generic particle smoother (algo-
rithm 2). And say, we obtain 6;.; = 092, then the smoothed
signal realisation Z; is obtained by samphng from the con-
ditional density function p(zt|01 by Z41:T 0t+1 T Y1T)-
Under the assumption of a conditionally Gaussian struc-
ture for the signal, the modified weight (13) takes the form

wi\?ﬂ x wt (0t+1|9( )) (zt+1;Ct(_?1|t,Pt(_?1|t)

where C+1\t and Pt(+)1|t

ing the one-step ahead equation (16).

can be computed efficiently us-
In addition,
p(zt|0§f2,§t+1:T, €~t+1:T, y1.7) is a Gaussian distribution

= N(zt;fﬂTapt\T)

P(thgz yOui1.1y 1, Y1)

where C~t|T and ]3t|T can be evaluated efficiently using one

step of the Kalman smoother which in turn use the suffi-
clent statistics for p(z¢|0%7), y1.¢) (Ct’ ) and Pt(ﬂe)) stored in
the forward pass of the Rao- Blackwelhsed particle filter.

By repeating the sampling process

0y ~ Z wt|t+1

Zp ~ N(Zt;Ct|T>Pt|T)

— 65

recursively backward in time, approximate samples
[21:T761:T] are drawn from p(zlzT,01:T|y1:T).

01:t - QY%)



Assume that a forward sweep of Rao-Blackwellised
particle filtering has been performed as shown in algo-
rithm 3, generating weighted particles and sufficient statis-
tics {w,gi),ﬁ('),g“tl) Pt(lzt),z =1,...,N,t =1,...,T}. Rao-
Blackwellisation is then apphed to generate state realisa-
tions:

Algorithm 4: Rao-Blackwellised Particle Smoother

e Choose 1 = 0(])

with probablhty w(J ) and set the signal
statistics [CT|T,PT|T] as [ T‘T, T|T] Zr is generated by

sampling from the following distribution
zr ~ N (Cryr, Pri7)

eFort=T-1to1
— Particle smoothing:

% given 641 and [Ct" ) Pt(‘?

(zt|01t,y1 ¢) stored in the forward pass of the Rao-

] (sufficient statistics for

Blackwellised particle filter), compute [Ct(jgllt,Pt(jr)”t]
ing the one-step ahead prediction equation (16) for ¢ =

1,...,N;

* calculate wglzt)ﬂ o wiI N (Zi41; Ct+1|t7 Pt(+)1\t)f(9t+1|0( )
fori=1,...,N;

* sample the indicator j = ¢ with probability w
set 0 = 6.

— Kalman smoothing;:

* set [5t|t7 ﬁt|ta pt+1|t] [C(|t)7 Pt(ﬁg) ) Pt(j-)l\t

(9

tlt+1 and

] and compute

Gor = G + St (5t+1|T - T(ét-i-l)gt\t)
Pt\T = Pt|t + St(Pt+1|T - Pt+1|t)8f{
with St = Pt\tT(ot—i-l) t+1|t

following distribution, Z; ~ N(Ct|T; pt\T)-
[gta et] .

Z; is then drawn from the
— set Ty =

1.7 [21.7,01.7] is an approximate realisation of
p(z1.7|y1.7). Further independent realisations are obtained
by repeating the procedure described above as many times
as required.

V. BLOCK-BASED PARTICLE SMOOTHER

The particle filter is a computationally efficient algo-
rithm due to its potential for parallel processing. In ad-
dition, particles generated at the current time step depend
on those of the previous time step only, so no particles
further back in time need to be stored in a pure filtering
application. The particle smoother, however, requires stor-
age of information from the entire particle histories. It is
thus inapplicable for lengthy datasets such as audio sig-
nals unless we compromise the number of particles used
to approximate the filtering distribution, due to the ever-
growing storage and processing capacity required.

In this section, we propose a modification to the general
smoothing algorithm in order to process a lengthy dataset
in blocks. The advantage of our proposed method is that
it significantly reduces the memory capacity required and
allows smoothing computations to be carried out ‘on-line’
in a block-by-block fashion. This is because only particle
filter information regarding the current block needs to be
stored for the smoothing operation, while the ordinary par-
ticle smoother requires particle information for the whole
time series.

A lengthy time series is divided into two R non-
overlapping blocks, with T1,Ts, ..., T, ..., Tr marking the
end of each block (the block lengths can potentially be dif-
ferent from block to block). For each block of data, a for-
ward sweep of particle filtering is performed, generating
weighted particles {argz ,w,@,z =1,...,N,t = 1,...,T}
(refer to algorithms 1 and 3 for detalls) with T being the
number of data point in the block concerned. The parti-
cle filter is initialised at the start of each new block with
the final weighted particles from the previous block. A
smoothing analysis is then performed in which M realisa-
tions are generated from the smoothing density for that
block of data. For example, after processing the first two
blocks, r = 1,2, we get smoothed realisations,

= (1)

Zyp, ~ p(Trm |yim)

575(TB+1;T2 ~ p(@r 4113 [Y1:12)

with i,j € {1,...,M}. We require, as before, realisations
from the entire smoothing density, which can be factorised
as follows

p(wlsz |y1:T2) = p(:El:Tl |$T1+1:T2 ] yl:Tz)p(le—‘,-l:Tz |y1:T2)

where, using the Markovian assumptions of the dynamical
model, we can write,

p($T1+1 |£E1;T1 Y1y )p(':Cl:Tl |y1:T1)
p(-fUT1+1|y1:T1)
& f($T1+1|$T1 )p(mllTl |y11T1)

p(rrT |2 411, Y11y) =

The smoothing density p(z1.1, |y1.7;) can be approximated
using the output from the particle smoother for M >> 1,

M
)~ Y 8w — &)
=1

p(x1 |?j1:T1

Hence, for each realisation from block 2, 53%) 11Ty We
can generate an approximate realisation from the entire
smoothing sequence by drawing zi.1, from the following
discrete distribution:

~(J7) (i) ~ (%)
p(xrm |2 1, Y1) R E “’T1\T1+1 (11 — Zyp,)

with the associated weight being

w%‘ﬁ’ﬁl x f(v’c%)+1|~73%))
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Thus particle Z;,7. is joined to x(Tl) 1.7, With probability

@) and an appr0x1mate realisation from the entire

le|T1+1
smoothing density {a:(’) [xY’Tl :?:(TJI)H nlhi=1,...,M}

is obtained. We have thus avoided the need to repeat the
backwards smoothing pass over times 1 to Ty (hence ‘on-
line’ smoothing), and significant memory storage savings
are achieved, since the particle filter output from times 1
to 77 can now be discarded.

Algorithm 5: Block-based smoother

o Divide the lengthy times series into non-overlapping
blocks, with 77,...,Tr marking the end of each block.

o Perform particle filtering and smoothing analysis on the
first block, and generate x(’) fori=1,...,M.

e Forr =2 to R:

— Perform particle filtering and smoothing analysis
on block 7, generate M realisations of Zr,_,4+1.1, ~
p(@T,_ 1T |yeT,)-

— For each 5:(73) +1 T, calculate the transition probability

(z\J) (4) = (i )

T3 |T, 11 x f(ZL‘Tr +1|®p_,) for each Zp) 0,5 =
— Choose &7, = ;z?’T _, with probability w%lj_ )1|Tr_1 "

and set ;c%w = [55%3 1@%) 14+1:T J-

In theory a very large value of M is likely to be required
in order for the block-based smoother to approximate well
an optimal smoother. However, for the application demon-
strated later, a rather small value of M was found to give
excellent results. This conclusion may not of course carry
through into different applications.

As stated above, once each non-overlapping block has
been processed, all information regarding the weighted fil-
ter particles can be discarded and thus the storage capacity
required is reduced significantly when M < N. If we as-
sume that any particle will take up two units of memory
space (a unit for the particle value and a unit for its weight),
the fraction of memory space saved is given by:
L(Eo )

1— (15)

R N
on condition that the time series is divided into R equal
size blocks.

VI. EXPERIMENTAL RESULTS

Extensive tests have been carried out to investi-
gate the effectiveness of the suggested algorithms us-
ing a variety of audio datasets (refer to http://www-
sigproc.eng.cam.ac.uk/~wnwf2). It is found that our pro-
posed block-based Rao-Blackwellised (TV-PARCOR) par-
ticle smoother consistently outperforms the classical ex-
tended Kalman filter / smoother and the generic particle
filter / smoother. Some representative examples of the tests
conducted are described in detail here:

e Test 1: test the effectiveness of the block-based particle
smoother using a short section of speech data.

o Test 2: compare the extended Kalman filter / smoother,
the generic particle filter / smoother and the Rao-
Blackwellised Particle Smoother, using a section of noisy
speech and a section of vocal music data.
o Test 3: verify our suggestion that TV-PARCOR model
gives improved performance for audio signals compared
with a standard TVAR parameterisation, using two dif-
ferent pieces of high quality music.
o Test 4: compare the Rao-Blackwellised particle smoother
with the extended Kalman filter / smoother using a long
section of high quality music at various input signal-to-
noise ratios (SNR).

In each case, differences in audio quality and changes in
SNR are noted and compared, for which, the input SNR
and output SNR are defined by,

Zt lut
Zt 1(yt— t)2
T .
Et 1”?

t= 1(ut —ug)?

SNR;, =10log

SNR,,; = 10log

where u;.r and y;.7 are the clean audio signal level and
audio signal corrupted with white Gaussian noise respec-
tively. w;.7 is the estimated audio signal waveform from
different algorithms. For example, in the case of the Monte
Carlo smoother, the estimated signal waveform is obtained
as the arithmetic mean of the M smoothed realisations,
which, for small M, we can think of as a rough-and-ready
approximation to the true posterior mean estimate of uy.7.

A. Test 1 — Block-based Particle Smoother

A small section of speech data representing the word
“reward” is presented in Figure 1, which is used to test
whether the block-based particle smoother will introduce
any undesirable artifacts.

Due to the practical limitations in storage capacity avail-
able, only a small section of data could be used for this
test, which involves the memory-expensive generic particle
smoother. Hence, it is seen that the proposed block-based
processing algorithm will be crucial in practice.

In this test, we use the Rao-Blackwellised particle
smoother employing the TV-PARCOR random walk model
(5) with order p = 6. The variance of the white Gaussian
noise signal is assumed to be known and chosen to make the
input SNR equals 3dB. Other ﬁxed hyperparameters used
are o2 = 0.001, a = 0.955 and a¢ = 0.01. For the particle
filter / smoother setup, different combinations of N, num-
ber of particles, and M, number of smoothing reahsatlons
generated, are tested.

For M fixed to 10, the output SNR for the ordinary Rao-
Blackwellised particle smoother and the block-based Rao-
Blackwellised particle smoother using different number of
particles, N, is presented in Figure 2. As shown in Figure 2,
the block-based Rao-Blackwellised particle smoother gives
almost the same degree of enhancement as the ordinary
Rao-Blackwellised particle smoother for N greater than 50.
It was also found that no further improvement was observed



for N greater 100. As a result, N is fixed to 100 for the
rest of simulations.

For N fixed to 100, the effect of different M on the output
SNR is presented in Figure 3. As shown in Figure 3, the
block-based Rao-Blackwellised particle smoother gives sim-
ilar SNR improvement to the ordinary Rao-Blackwellised
particle smoother. In consideration of the sample realisa-
tions diversity and the processing time, M is chosen to be
10 for the rest of the simulation. We note that M = 10
is an extremely small sample size for general Monte Carlo
estimation. However, since the performance in terms of
SNR does not improve for larger M, we adopt M = 10 for
computational reasons.

Comparing the Rao-Blackwellised particle filter output
and the two smoother outputs, a substantial improvement
in sound quality is observed for both smoothers over the
filter. In addition, the differences between the ordinary
and block-based Rao-Blackwellised particle smoother are
hardly audible. The block-based Rao-Blackwellised parti-
cle smoother, however, requires far less memory capacity.

B. Test 2 — Rao-Blackwellised Particle Smoother

A long section of speech data representing the words
“Good service should be rewarded by big tips” (as used
in [21], [23]) is used to compare the performance of the
extended Kalman filter / smoother, the generic particle
smoother and the Rao-Blackwellised particle smoother.
Figure 4 shows a typical frame of the speech data used and
its corresponding noise corrupted version, with input SNR
of 10 dB. The time-varying characteristics of the signal are
clearly evident.

As in the previous test, the variance of the white Gaus-
sian noise signal is assumed to be known and fixed, 02 =
0.001 and the remaining fixed hyperparameters used are
02 =10"%, a = 0.995 and aze = 107%. Finally, the TVAR
model order is fixed to p = 6.

For the extended Kalman filter / smoother, a Gaussian
random walk is assumed directly on the AR coefficients as
in (4) and stability is not enforced. This model is used
because the TV-PARCOR model is not straightforward to
implement with the extended Kalman filter; indeed, this
is a major justification for adopting computer intensive
methods such as the particle filter / smoother for the TV-
PARCOR model. For the generic particle smoother and the
Rao-Blackwellised Particle Smoother, the TV-PARCOR
random walk model is used as before. In addition, due
to the number of data involved, the block-based smoothing
algorithm is adopted, with block size being 3000. N = 100
particles are used and smoothing is applied to generate M
= 10 realisations.

The input SNR of the noisy speech data is 10.2 dB and
the output SNR of the three algorithms are summarised
below:

Extended Kalman Smoother 12.1 dB
Generic Particle Smoother 10.8 dB
Rao-Blackwellised Particle Smoother 13.3 dB

Reconstructed signals using different algorithms are pre-
sented in Figure 4. For the audio quality the ordinary par-

ticle smoother gives the least audible improvement. For the
extended Kalman filter’s output, there are still some audi-
ble artifacts and sibilant sounds. The Rao-Blackwellised
Particle smoother can eliminate almost all of the white
Gaussian noise; however, it gives a slightly higher sibilant
noise than the output using the extended Kalman filter.
In terms of SNR, the Rao-Blackwellised particle smoother
gives best performance.

We re-ran the test using a section of high quality vocal
music. The experimental setup is the same as in Test 1.
The input SNR of the noisy audio clip is 10.5 dB and the
output SNR is summarised below:

Extended Kalman Smoother 13.6 dB
Generic Particle Smoother 11.5 dB
Rao-Blackwellised Particle Smoother 14.7 dB

In addition to comparing the improvement in SNR, we
compare the efficiency of the ordinary particle smoother
and the Rao-Blackwellised particle smoother using a small
section of speech data, “reward” as in Test 1. In this sim-
ulation, the number of particle, N, is set to be 1000 while
the smoothing trajectories of the reflection coeflicients are
found by repeated application of different smoothers inde-
pendently.

Figure 5 shows the smoothing trajectories of the re-
flection coefficient p;. We assess the efficiency of the
smoother by measuring the number of distinct trajectories
- a smoother which generates very few distinct trajecto-
ries is degenerate and likely to give a very poor approx-
imation to the true smoothing density. As shown in Fig-
ure 6, for the same number of filtered particles in each case,
the proposed Rao-Blackwellised particle smoother consis-
tently gives more distinct trajectories than the generic par-
ticle smoother. The Rao-Blackwellised particle smoother
is thus likely to give a better approximation to the poste-
rior distribution concerned. Of course, increasing the num-
ber of filtering particles improves the performance of both
smoothers; we have chosen a value of N = 1000 in which
the differences between the two smoothers are most clearly
seen.

As a result of this and other simulations on audio data,
we conclude that the Rao-Blackwellised particle smoother
outperforms the generic particle smoother and the Ex-
tended Kalman filter / smoother quite consistently. It con-
firms experimentally the theory that by marginalising out
some of the state variables, the estimation performance and
the efficiency will improve.

C. Test 3 — TV-PARCOR model

As the extended Kalman filter is a computationally
cheap algorithm, the Rao-Blackwellised particle smoother
has to show consistent improvement over the extended
Kalman filter / smoother, in order to justify using the
suggested algorithm in practice. Therefore we re-run the
test using two pieces of high quality music. Meanwhile, we
include the Rao-Blackwellised (TVAR) particle smoother
with random walk operating directly on the AR coefficients
(4) in the test in order to verify experimentally our sug-



gestion that the TV-PARCOR model is a better physical
representation of audio signals than the TVAR model.
The first piece of music is a section of violin playing. In
our simulations, the model order is assumed to be p = 6,
and the fixed hyperparameters used are o2 = 1074, a =
0.995 and 0 = 107°. For the Rao-Blackwellised (RB
TVAR / RB TV-PARCOR) Particle Smoother, the block
size is set to be 2000, N = 100 particles are used and
M = 10 smoothed trajectories are generated from each
block. The input SNR of the noisy data is 5.8 dB and the
output SNR of different algorithms are summarised below:

Extended Kalman Smoother 6.9 dB
RB TVAR Particle Smoother 10.0 dB
RB TV-PARCOR Particle Smoother 12.1 dB

The second piece of music used is a section of brass. The
parameter settings are the same as in the previous test.
The input SNR of the noisy data is 10.4 dB and the output
SNR of different algorithms are summarised below:

Extended Kalman Smoother 6.3 dB
RB TVAR Particle Smoother 16.8 dB
RB TV-PARCOR Particle Smoother 17.0 dB

We conclude that the Rao-Blackwellised particle
smoother outperforms the extended Kalman filter very dra-
matically in terms of SNR for these extracts, giving a sig-
nificant noise reduction when the extended Kalman filter
effectively fails. In addition, the TV-PARCOR model out-
performs the standard TVAR model, with the amount of
improvement depending on the type of input material.

D. Test 4 — Different input SNR

In our final test, we investigate the performance of the
Rao-Blackwellised particle smoother algorithm at different
input SNR levels and compare with those generated using
the extended Kalman filter / smoother. A section of piano
music is used for this purpose.

As in the previous test, the model order is assumed to be
p = 6, and the fixed hyperparameters used are o2 = 104,
o = 0.995 and ¢ = 107°. The output SNR using the
different algorithms given noisy signals at different input
SNR levels are summarised below:

SNR in Rao-Blackwellised extended Kalman
smoother smoother
0dB 8.5 dB 4.2 dB
10 dB 13.9dB 13.8 dB
20 dB 20.9 dB 20.9 dB

It is found that the Rao-blackwellised particle smoother
performs significantly better than the extended Kalman fil-
ter at low SNR, while both algorithms perform equally well
at high SNR. This is as expected: the particle smoother
takes proper account of the uncertainty in state estimates,
which is especially important at low SNRs, but much less
significant at high SNR.

VII. CONCLUSIONS

In this article, we have applied sequential Monte Carlo
smoothing methods to audio signal enhancement problems.

A TV-PARCOR model was proposed for modelling the
time variation of the AR coefficients, which had the ad-
vantage that stability could be enforced easily and has a
more reasonable physical interpretation in terms of acous-
tical tube models for voice and musical instruments.

In cases where the models concerned have some
“tractable substructure”, Rao-Blackwellisation can be
applied to reduce the estimation variance. @A Rao-
Blackwellised smoothing algorithm was developed in order
to generate more reliable state estimates than in the generic
particle smoother. In addition, owing to the lengthy na-
ture of audio signals, the generic Monte Carlo smoother
was adapted for block-based processing, so that storage
and computation were reduced and the algorithm can be
run in a pseudo-sequential, block-based mode.

Extensive tests have been carried out to investigate the
effectiveness of the suggested algorithms applied to a va-
riety of audio data. It is found that the Block-based
Rao-Blackwellised (TV-PARCOR) particle smoother out-
performs classical approaches such as the extended Kalman
filter / smoother and also the generic particle smoother.
Some representative examples of the test results are pre-
sented in this article, confirming the expected improve-
ments in performance over both the extended Kalman filter
/ smoother and the generic particle smoother.

APPENDIX
I. LEVINSON RECURSION

The Levinson recursions [24] define a non-linear invert-
ible mapping between the AR, a;, and reflection coeffi-
cients, p;. The algorithms transforming the AR coefficients
from the reflection coefficients, and vice versa are called the
the step-up and step-down recursions respectively.

We define the a;(i) as the i element of an j** order AR
parameter. The step-up and step-down recursions proceed
as follows,

Algorithm 6: Step-up Recursion
1. Initialise the recursion: ag(0) =1
2. Forj=0,...,p—1

e Fori=1,...,7, (lj_;,_l(i) = aj(z') +pj+1aj(j —i+1)
e ajp1(J+1) =pjp

Algorithm 7: Step-down Recursion
1. Set pp = ap(p)

2. Forj=p—-1,...,1
e« Fori=1,...,7,

. 1 . .
a;(i) = =2 (aj41(7) — pjrr0541(j — i+ 1))
Jj+1

o set pj = a;(j)
II. KALMAN FILTER

Given a conditional Gaussian state space model (equa-
tion 10) and assuming that the parameter 6;.; is known,
the Kalman filter equations are as follows.

Let Gji—1 = E(2¢|y1:¢-1,01:¢) denote the minimum vari-
ance estimate of z; based on observations up to and includ-
ing y¢—1, and Py = cov(zt —Gtjt—1,2t _Ct\t—lklll:tfl:al:t)
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denote the corresponding covariance matrix. From the
Kalman filter,
Gie—1 = T(Gt)Ct—l\t—l (16a)

Pyji—1 =T (01)Pi_1)e—1T (6:)' + H(6:)Q(6:)H(6:)" (16b)

with Q(6;) = cov(wg, w;). When y; is available, the update
equation will refine the estimate,
Geje = Geje—1 + Pt\tflz(et)’]:t_l(yt — Yeje—1) (17a)
Pt|t = Pt|t—1(I - Z(et)’ft_lz(et)Ptlt—l) (17b)

with Fy = cov(ys, ye|y1:t—1,01:t) and g i1 = E(Ye|y1:e—1,01:¢)

are given by the prediction error decomposition.
Yijt—1 = Z(at)Cﬂt—l (18a)
Fi = 2(00)Pyyi-12(0:)" + G(6:)Q(6:)G(6:)"  (18b)
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