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Abstract. A continuous spatial model can be constructed by convolving a very
simple, perhaps independent, process with a kernel or point spread function. This
approach for constructing a spatial process offers a number of advantages over
specification through a spatial covariogram. In particular, this process convolution
specification leads to compuational simplifications and easily extends beyond simple
stationary models. This paper uses process convolution models to build space and
space-time models that are flexible and able to accomodate large amounts of data.
Data from environmental monitoring is considered.

1 Introduction

Modeling spatial data with Gaussian processes is the common thread of all
geostatistical analyses. Some notable references in this area include Math-
eron (1963), Journel and Huijbregts (1978), Ripley (1981), Cressie (1991),
Wackernagel (1995), and Stein (1999). A common approach is to model spa-
tial dependence through the covariogram c(-), so that covariance between any
two points depends only on the distance between them. Distance is typically
Euclidean though other metrics are sometimes used.

An alternative, constructive method for creating a Gaussian process over
R% is to take i.i.d. Gaussian random variables on a lattice in R% and convolve
them with an arbitrary kernel. Figure 1 shows a trivial example using a
Gaussian kernel to convolve i.i.d. Gaussian noise. Successively increasing the
density of the lattice by a factor of 2 in each dimension while reducing the
variance of the variates by a factor of 27 leads to a continuous Gaussian white

Fig.1. A one-dimensional Gaussian process obtained from smoothed white noise.
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noise process over R?. The convolution of this process can be equivalently
defined using some covariogram in R?. Though defining a process by the
convolution of i.i.d. Gaussian lattice variables gives very similar results to
defining a process by the covariogram, the convolution construction can be
readily extended to allow for non-standard features such as non-stationarity,
edge effects, dimension reduction, non-Gaussian fields, and alternative space-
time models. This is the primary motivation for taking this approach.

2 Constructing spatial models via moving averages

One may construct a Gaussian process z(s) over a general spatial (and tem-
poral) region S, such as the real plane, by convolving a continuous white
noise process z(s), s € S with a smoothing kernel k(s) so that

z(s) = /Sk;(u — s)z(u)du, for s € S. (1)

The resulting covariance function for z(s) depends only on the displacement
vector d = s — s’ and is given by

c(d) = Cov(z(s), 2(s")) = /Sk'(u —8)k(u — s")du = / k(u — d)k(u)du. (2)

s
As a special case, if S is R™ and k(s) is isotropic, then z(s) is also isotropic,
with covariance function ¢(d) that depends only on the magnitude of d. In this
case there is a one to one relationship between the smoothing kernel k(d) and
the covariogram c(d), provided either [}, k(s)ds < oo and [p,, k*(s)ds < oo
or ¢(s) is integrable and positive definite. The relationship is based on the
convolution theorem for Fourier transforms and is shown below,

ks) T K(w) S K2(w) EF o(s)

ks) 03 w) & Cw) H e(s)
where F'T and IFT denote the Fourier transform and its inverse, and the
functions -2 and /- are applied pointwise. This gives the relationship between
the spectrum C(w) of a covariogram c(s) and its resulting kernel k(s): C(w) is
the square of the Fourier transform of k(s). Note this relationship is no longer
one to one if the process is not isotropic. In this case, multiple kernels can give
rise to the same covariance function. The duality between the moving average
process and a stationary Gaussian process determined by its variogram is
explored in more detail in Thiebaux and Pedder (1985, ch. 5) and Barry
and VerHoef (1996). Figure 2 shows kernels that give standard Gaussian,
exponential, and spherical covariograms for the process z(s). In addition, the
covariogram induced by the biwieght kernel (Cleveland, 1979) is also shown.
Like the Gaussian kernel, it results in a covariogram that is fairly flat near the
origin, and like the spherical covariogram, the dependence dies off completely
after a fixed distance. This particular kernel is used in the ozone modeling
examples later in this paper.
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Fig. 2. Various kernels and their induced covariance functions in the two-
dimensional plane.

2.1 Process convolution models

Under this moving average based approach, the model for the spatial process
z(s) is determined by the model specification for the latent process z(s) and
the smoothing kernel k(s). One’s choice of the latent process and smoothing
kernel, can lead to a number of interesting modeling approaches, a few of
which are given below.

e non-parametric covariance modeling
One appeal of the moving average representation is that one can model
the smoothing kernel k(s) rather than the covariogram ¢(s) which must be
positive definite. For example, Barry and Ver Hoef (1996), Kern (2000),
and Ver Hoef, Cressie, and Barry (2000) specify flexible models for k(s)



Dave Higdon

to build non-standard covariances for Gaussian processes. Note that there
alternative approaches specifying flexible class a positive definite covari-
ance functions — see Gelfand and Ecker (1997) for example.

non-normal z(s)

A simple extension of the basic model is to modify the specification gov-
erning the latent process z(s). For example Wolpert and Ickstadt (1999)
specify z(s) to be a Lévy process and Hjort (2000) uses a Strauss process.
Hence the resulting process z(s) is not normal. A very simple example
of this is to smooth out a lattice of i.i.d. Gamma(2,1) random variables
with a smoothing kernel as shown below. This essentially yields a station-
ary non-Gaussian field. Such a modeling approach may be appropriate in

Fig. 3. One-dimensional smoothed gamma random field.

modeling rates or concentrations which do not typically follow a normal
distribution.

restricting the domain of z(s)

Instead of specifying x(s) to be a continuous white noise process, one
may choose to restrict the domain of z(s). One reason may be to better
account for dependencies in the system that is being modeled. For exam-
ple, Kern (2000) uses such a modified process to account for irregularly
shaped edges while modeling nitrogen concentrations in the Chesapeake
Bay. This modification of the latent process at the edges could also be
accompanied by a modification of the kernel in regions near the edges.

dimension reduction

One may also choose to restrict the latent model z(s) to locations s1, ... , Sy
— over a coarse lattice for example. In this case, a small number of param-
eters x(s1),... ,2(sm) effectively control the entire spatial process z(s),
even though z(s) is continuous and may be required at thousands of lo-
cations. This is the main idea that I focus on for this paper. In addition
to environmental monitoring problems, this approach has proven fruitful
in inverse problems as well, where an economical parameterization of a
spatial field can greatly facilitate computation.

nonstationary spatial covariance
The basic representation can be extended to allow the smoothing kernel
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to vary with spatial location. In this case the spatial process is given by

z(s):/sks(u)x(u)du

where k4(u) denotes a kernel which is centered at site s and whose shape
also depends on s. By allowing the family of smoothing kernels kq(u), s €
S to change slowly with spatial location, one can model a spatial process
whose dependence structure can vary with s. Examples of using such
non-stationary processes in environmental applications can be found in
Higdon (1998), Higdon et. al. (2000) and Hjort et.al. (2000).
space-time models

By augmenting the general space S with time 7 so that the latent process
and kernels are now defined over both space and time S x 7, the basic
formulation may be applied to space-time models. The latent process is
defined over space and time x(s,t) as is the smoothing kernel k(s,t).
See Higdon (1998) for an example. An intriguing alternative which is
explored in this paper is to allow the latent process z(s,t) to evolve over
time. Along with a purely spatial kernel k(s), a space time process is
constructed by spatially smoothing the latent process.

2(s,t) = /Sk'(u — s)x(u, t)du (3)

The final example of this paper combines this idea with dimension re-
duction so that the specified space time model can be accomodate large
amounts of data.

building dependent spatial processes

Finally, the process convolution approach gives an approach to build de-
pendent spatial processes (see Ver Hoef and Barry (1998) and Ver Hoef,
Cressie and Barry (2000) for example). The basic idea is to build processes
zj(s) that share part of a common latent process in their construction.
For example, two processes z1(s) and za(s) could be constructed as:

z1(s) = /SOUSl k1(u — s)z(u)du
za(s) = /s s ka(u — s)z(u)du

where the underlying latent process x(s) resides on the union of the dis-
joint spaces S = Sp U 81 U S2 and is independent on these separate
subspaces. The dependence of z1(s) and z3(s) arises from their shared
dependence upon z(s) for s € Sy. A schematic of this approach is given
in Figure 4 below.



6 Dave Higdon

Fig. 4. A correlation is induced between processes z1(s) and z2(s) through common
dependence upon x(s) within So. This spatial example is readily extendible to
multiple fields over space and time.

3 Basic Spatial Model

The goal here is to present methodology for constructing spatial models that
are flexible and sufficiently tractable so that inference can be carried out
with fairly large datasets. Because of this, a sparse support set for the latent
process z(s) is required. Hence this paper won’t consider models which specify
x(s) to be a continuous white noise process. For such an example see Higdon
et. al. (1999).

Here we develop the formulation of the basic model. Some modifications
are considered afterwards. Let y,...y, be data recorded over the spatial

locations s1,...,S, in S. Perhaps the simplest spatial model represents the
data as the sum of an overall mean pu, a spatial process z = (z1,...,2,)7,
and Gaussian white noise € = (e1, ... ,€,)T with variance o2,

y=ptz+e

where the elements of z are the restriction of the spatial process z(s) to the
data locations s1,... , S,.

We define z(s) to be a mean zero Gaussian process. But rather than
specify z(s) through its covariance function, it is determined by the latent
process z(s) and the smoothing kernel k(s). We restrict the latent process
x(s) to be nonzero at the spatial sites w1, ... ,wm, also in S and define z =
(x1,... ,zm)? where z; = z(w;), j = 1,...,m. Each z; is then modeled
as independent draws from a N(0,02) distribuion. The resulting continuous
Gaussian process is then

z(s) :Z%‘k(s—wy) (4)

where k(- — w;) is a kernel centered at w;. For the applications considered
in this paper the smoothing kernel k(-) will be a radially symmetric kernel,
such as a bivariate Gaussian density or any of the other kernels in Figure 2.
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This gives the linear model
y=ul, + Kz +e (5)
where 1,, is the n-vector of 1’s, the elements of K are given by

Kij = k(si — wj);,
x ~ N(0,02I,,), and
e ~ N(0,0%L,).

This is a basic mixed effects model. Inference can be carried out using a
statistical package that uses likelihood based approaches for general mixed
models such as SAS’s proc mixed (Wolfinger et. al., 1996) or lme in Splus
(Pinhero and Bates, 1999). See the appendix for Splus 5.0 code for fitting the
1-d models here.

An alternative to straight likelihood based methods is a Bayesian ap-
proach. A fully Bayesian approach requires a prior specification for the re-
maining parameters u, o2, and 2. A “default” formulation would give an
improper uniform prior to u (7(u) o< 1) and rather flat gamma priors to o 2
and o 2. No closed form solution is available under this formulation, hence
MCMC or some other approach for exploring the resulting posterior distri-
bution will be required. If one fixes the ratio o, /o, the posterior distribution
for x can be obtained in closed form (a multivariate ¢ distribution). For ap-
plications that are data rich, it may be quite reasonable to estimate o, /o,
up front and then treat it as fixed.

3.1 Simple 1-d exmaple

Consider the data pairs (y;, s;), ¢ = 1,... ,n = 30 shown in Figure 5. A pro-
cess convolution model (5) is constructed by defining k(s) to be a univariate
Gaussian density with a standard deviation of 2, and defining the latent pro-
cess support so that the w;s are m = 7 equally spaced points ranging from
—1 to 12 (as shown in the lower portion of Figure 5.

Note that this combination of kernel width and spacings of the w;s yields
a spatial process z(s) via (4) that is nearly stationary. If the spacings become
much larger, or if the kernel width is reduced, the covariance structure for
z(s) becomes unduly influenced by sparseness artifacts.

The resulting mixed effects model is fit using REML (Patterson and
Thompson, 1971) and the fitted values (best linear unbiased predictors) are
given by the solid line in top part of the figure. The bottom part of the fig-
ure shows the locations of the wjs (black dots) and also shows the estimated
values for each x;. From (5) the fitted values can be represented as

m
9= ZK%]-
j=1
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Fig.5. A simulated spatial dataset with the resulting fitted values using a mixed
model fit with REML (top figure). The grid locations wi,... ,wn are marked by
the solid dots below. The estimated values for the z;s are shown by the vertical
segments at each w; (reduced by a factor of 3). The kernels centered at each w;
show the “bases” k(s —w;)z; that sum to the fitted surface.

where K7 is the jth column of the matrix K of equation (5). The lines in the
bottom part of Figure 5 show the terms K’z;, j =1,...,7.

3.2 A 2-d example

As a more serious example we consider the maximum 8 hour averaged ozone
concentration over the eastern United States on a late spring day in 1999
(Figure 6). After looking at some empirical variograms of the data, I settled
on specifying k(s) to be an isotropic two dimensional tricube kernel with
a range of 9 degrees. Hence the induced covariogram dies off at about 15
degrees. More detailed approaches for choosing the smoothing kernel can be
found in Barry and VerHoef (1996), VerHoef and Barry (1998), and VerHoef,
Cressie and Barry (2000). The selected w;s are shown by the black dots in the
right hand frame of Figure 6. They are arranged on an isotropic hexagonal
grid so that each interior w; is equidistant to three other wjs. Again the
fitted surface was obtained via REML. Note that when the support of x(s)
is rather sparsely spaced as it is here, the straight least squares fit is nearly
identical to the REML fit. The second order properties of these fitted values
have not yet been compared.
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Fig.6. Measured ozone concentrations and fitted concentration surface. Left:
Daily maximum of the eight hour running average ozone concentration for a sin-
gle day. Right: Fitted concentration surface; the dots represent the support points
Wi, ... ,w27 of the latent process z(s).

4 A multiresolution model

One can formulate a multiresolution model by representing the spatial process
z(s) as a sum of component processes

z(s) = Z ze($)

(=1

where each zy(s) is represented through its own process convolution model
determined by the pair {x¢(s), ke(s)}, £ =1,... ,p. Each latent process z(s)
has support over spatial sites w1, ... ,wsm, and we use z,; as shorthand for
x(wej). Hence the separate processes are given by

me
zo(s) = Z ke(s — wej)ze;-
=1

The multiresolution is captured in the kernels which become narrower as
¢ increases. Hence each additional z¢(s) accounts for additional small scale
detail.

As with the basic formulation, the model can be represented as a mixed
model

P
y=u1+ZK£xz+e
=1
where z; is the my vector (z1, ... T¢m,)T, the elements of K¢ are given by

K = ke(si — wej)a;,
xg ~ N(O,agelme), and
€~ N(0,0%I,).
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4.1 Simple 1-d example

As an example, Figure 7 shows the n = 30 data points from the previous 1-d
example. The spatial locations s; vary between 1 and 10 and the actual data
points were created according to the formula

y(si) = sin(2m[s;/10]) 4 .2 sin(27[s;/2.5]) + e;

where the e;s are i.i.d. N(0,.12). So the first term gives large scale variation
while the second term gives a fifth of thevariation at 4 times the frequency.
The multiresolution model is constructed as follows:

scale (€) ke(s) support of x(s)

coarse (1) normal; sd=2 7 sites equally spaced between —1 and 12
medium (2) normal; sd=1 14 sites equally spaced between —1 and 12
(

fine (3) normal; sd=3 28 sites equally spaced between —1 and 12

Fig. 7. Simulated spatial dataset with the resulting fitted values under the basic
model (solid line) and the multiresolution model (dotted line). Here the multireso-
lution model finds the small scale structure in the data.

The fitted process is shown with the fit from the basic coarse model. Note
that the multiscale formulation picks up the signal from the high frequency
sin term. The estimated variance components under the two models are given
below. Note that the multiresolution model picks up the high frequency sin()
term at the finest resolution (¢ = 3) for which k3(s) nearly matches a half
cycle of the sine wave.

model output for 1-d dataset

model L 6y Oy Oy, 0, remllogLik
basic -.01 .15 825 — — .38
multires .11 .08 4.01 .00 .25 9.74
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4.2 A 2-d example

Similarly, this multiresolution model can be applied to the ozone example of
the previous section. Here the multiresoltion model is specified to have p = 2
levels. The first, coarse component (£ = 1) is exactly the specification from
the original ozone model so that the pair {z1(s), k1(s)} is given in Section 3.2.
The fine component refines the coarse specification by a factor of two in both
spatial coordinates. Hence the process xa(s) is restricted to a denser set of
points wa 1, ... ,ws g7 shown in the bottom left frame of Figure 8. Along with
this, the kernel k2(s) has half the scale of k1(s) so that the kernel vanishes
4.5 degrees from its center.

coarse formulation

coarse + fine formulation

Fig. 8. Basic (coarse) and multiresolution models applied to the ozone data. Top
left: data and location of wi;s for the latent process; Top right: fit under the basic
formulation; Bottom left: data and location of the wajs corresponding to the fine
scale process — the coarse wij;s are shown in the top left figure; Bottom right: fit
under the multiresolution formulation.

The data set is fit using REML and the results are summarized below. The
predicted values are shown in the right hand frames of Figure 8. As with the
1-d example, the multiresolution fit differs from that of the basic model in the
finer scale details. Such a decomposition of the ozone field is attractive since
it is expected that the smaller scale fluctuations are fairly unpredictable.
However the larger scale variability in the ozone concentrations does show
some persistence from day to day.
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model output for ozone dataset

model  f 0y 0z, 0z, remllogLik
basic 54.33 8.04 80.35 — —1742
multires 55.10 7.37 55.88 24.12 —1721

5 Building space-time models

Perhaps the biggest attraction to these process convolution models is that
they give a framework for developing new classes of space and space-time
models that allow for more realistic space-time dependence while maintaining
some analytic tractability. Generally, one can construct a space-time process
by first defining a simple, possibly discrete, process over space and time, and
then smoothing it out with one or more kernels, giving a smooth process over
space and time.

This constructive approach is appealing since the resulting models can be
extended to allow for generalizations such as non-stationarity, non-Gaussian
models, and non-separable space-time dependence structures. See Wolpert
and Ickstadt (1998), Ickstadt and Wolpert (1999), and Higdon et.al. (1999)
for some purely spatial applications, and Higdon (1998) for a space-time
model. In addition, models can be constructed in such a way to facilitate
computation — such as restricting the underlying process to reside on a lattice
so that fast Fourier transforms can be employed.

For example, a simple but non-trivial example of a non-separable, non-
Gaussian space time process can be constructed as follows:

1. distribute random variables over space s and time t according to some
marked point process.

2. smooth out this process according to some kernel defined over space s
and time t.

This scheme for generating a realization from such a process is shown in
Figure 9. In this particular example, i.i.d. exponential random variables are
associated with each location, resulting in a strictly positive, non-Gaussian
field. Note that space is only one-dimensional here to make the figure easy
to understand — a 2- or 3-dimensional spatial component could also be con-
sidered.

This fairly simple example might be satisfactory for a pollutant concen-
tration under a constant, prevailing wind. However, it may not very well
account for a changing wind pattern. In such cases it might be preferable to
have the underlying point process evolve over time and smooth only over the
spatial component. Figure 10 shows a latent process defined over a spatial
lattice that is slowly changing in magnitude and spatial location over time.
Such a process is appealing since the spatial “shifting” of this latent process
could be linked to meteorological data for the region.



Process convolutions 13

marked point process smoothing kernel space-time field

time

" space
Fig.9. Smoothing a marked point process defined over space and time yields a
space time surface.

latent process smoothing kernel space-time field
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Fig.10. A space time process constructed by spatially smoothing a process z(s,t)
whose values and support are both evolving over time.

5.1 A space-time model for ozone concentrations

Using the ideas above, a space-time model for 30 consecutive days of ozone
concentrations is constructed. We let t € 7 = {1,...,30} index time (in
days) and define the spatial support for the latent process over W = {w1, ... ,war}
exactly as in the basic model of Section 3.2 so that x(s,t) is nonzero over
the set W x 7. Rather than define the random variables z;; = z(wj,t) to

be i.i.d., each sequence {z;; }, t =1,...,30 is specified to follow a Gaussian
random walk. By accounting for the temporal dependence within the latent
process x(s,t), the induced space-time process is obtained by smoothing out
x(s,t) spatially

z(s,t) = / k(u — s)x(u,t)

S
=) k(wj—s)zj
j

The data consist of around 500 measurements recorded each of the 30
days. The first 8 days of measurements are shown in Figure 11. With so many
stations, each day there are a small number that cannot report data. Hence
the actual number of datapoints recorded each time step n; varies. Condi-
tional on the latent process values z; = (z14,...,2274) %, t = 1,...,30, a
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Fig. 11. Daily maximum for the eight hour running average of ozone concentration
for eight consecutive days.

model for the data y; = (y1z, .- ,Yn,¢)” which is recorded at sites s, . .. , Sn,¢
can be expressed by the two evolution equations
ye =K'z + ¢ (6)

Ty =Ti—1+ 1 (7
where K is the n; x 27 matrix given by

Kfj = k(Sit — w]')l‘jt, t= 1, . ,30,

e =" N(0,02), t=1,...,30,

v "RON(0,02), t=1,...,30, and

€Ty ~ N(O, J§I27).

(8)

This model is readily amenable to the dynamic linear model (DLM) ma-
chinery of West and Harrison (1997). Other alternatives are a fully Bayesian
analysis via MCMC or a REML based approach. See Stroud et.al. (1999) for
a very similar DLM based modeling approach.

For this example flat, but proper, Gamma priors were specified for the pre-
cisions 1/02, 1/02, and 1/02. Estimation was then carried out using MCMC.
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The resulting posterior mean estimates for the fitted values are shown in Fig-
ure 12. In addition, Figure 13 shows the posterior means for z(s,t) at three
interior spatial support points as a function of time.

100

60

20

e

Fig. 12. Posterior mean surfaces of the 8 hour daily maximum ozone concentrations
for eight consecutive days.
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Fig.13. Posterior mean estimates of the latent process z(wj,t), t = 1,...,30

at three interior locations w;. The left hand plot shows estimates under a model
with i.i.d. xj;¢; the right hand plot shows the estimates under the random walk
formulation.
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6 Discussion

This paper has focused on tools for building space and space-time models,
rather than focusing on actual data analyses. The hope is to give readers an
idea of how such models may be used applications.

The approach is similar in spirit to using empirical orthogonal functions
to reduce dimensionality in spatial fields (see von Storch and Zwiers, 1999, for
example), but the process convolution approach offers some advantages. Like
wavelets, process convolutions allow local control over the spatial field. Inter-
polation is “built-in” to proces convolutions; it is less obvious how one should
interpolate an EOF representation of the data. And finally, the approach can
be understood through standard Gaussian process theory. Hence the vast
literature regarding building Gaussian process models is also applicable to
process convolution models.

Finally, I note that research in regards to modeling the ozone data is
ongoing. Some issues are of interest are:

e What is the nature of the non-stationarity in the daily ozone fields? If
dependence does vary with spatial location, is the nature of this non-
stationarity similar from day to day? Nychka et.al. (1999) give a wavelet
based approch for estimating non-stationarity from replicate observations
over time.

e In the multiresolution model, how many resolution levels are appropriate?
Presumably, the answer to this question depends on the actual inference
problem, as well as the spatial process to be modeled. Also, the data
are likely to inform only to a limited resolution. Any information about
smaller scales will have to be obtained from some other source and built
into the prior model. How can such fine scale information be obtained?

e [t may be advantageous to combine the multiresolution model with the
space-time model. It’s possible that the coarse resolution component of
the spatial model shows temporal dependence, while finer resolution com-
ponents do not. How should one determine which resolutions should be
incorporated into the temporal component of the model?

e By conditioning on a couple of estimated parameters, the posterior dis-
tribution can be obtained in closed form. Such a posterior form will be
amenable to powerful utility based design methodology (Miiler, 1999). It
will be of interest to understand how this “conditional” posterior differs
from the more appropriate marginal posterior.

We expect this line of research to play a role in furthering our understanding
the nature and variability of ozone and other pollutants.

Appendix

Below is the code that produces the reml solutions for the one-dimensional
examples. This was run using Splus 2000 for windows.
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# a fake dataset to make the bumps with
n_30 # of data points

m_7 # number of support sites for x(s)
# create sites s

s_seq(1,10,length=n)

# create the data y

el_rnorm(n,sd=.1)

e2_cos(s/10*2xpi*x4)*.2
y_sin(s/10*2*pi)+e2+el

plot(s,y)

# locations of support points
w_seq(1-2,10+2,length=m)

# width of kernel

sdkern_2

# create the matrix K
K_matrix(NA,ncol=m,nrow=n)
for(i in 1:m){

K[,i] _dnorm(s,mean=w[i],sd=sdkern)

}

# create a dataframe to hold the data
df1_data.frame(y=y,K=K, sub=1)
df1$sub_as.factor(df1$sub)

# now a fit a mixed model using lme
al_lme(fixed=y ~ 1,
random= pdIdent(“K-1),
data=df1l,na.action=na.omit)
# obtain and plot the fitted values
alp_as.vector(predict(al,df1))
lines(s,alp,lty=1)

# now a multiscale version....

ml_c(7,14,28) # number of support points at each scale
w_list(NULL) # list to hold the support locations

# make support locations w

for(i in 1:3) w[[i]l]_seq(1-2,10+2,length=m1[i])
sdkern_c(2,1,.5) # kernel width by scale

# generate K matricies for each scale
K1_matrix(NA,ncol=mi[1] ,nrow=n)

for(i in 1:m1[1]) K1[,i]_dnorm(s,mean=w[[1]] [i],sd=sdkern[1])
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K2_matrix(NA,ncol=mi[2] ,nrow=n)
for(i in 1:m1[2]) K2[,i] _dnorm(s,mean=w[[2]] [i],sd=sdkern[2])
K3_matrix(NA,ncol=mi[3],nrow=n)
for(i in 1:m1[3]) K3[,i]_dnorm(s,mean=w[[3]] [i],sd=sdkern[3])

# create dataframe df2
df2_data.frame (y=y,K1=K1,K2=K2,K3=K3, sub=1)

# fit mixed effects model
a2_lme(fixed=y ~ 1,

random= list(sub = pdIdent(“K1-1),sub=pdIdent("K2-1),
sub=pdIdent ("K3-1)),
data=df2,na.action=na.omit)

# get predictions
a2p_as.vector(predict(a2,df2))
# plot it

plot(s,y)

lines(s,alp,lty=1)
lines(s,a2p,lty=2)
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