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Abstract

In comparing two populations, sometimes a model incorporating a certain probabil-
ity order is desired. In this setting, Bayesian modeling is attractive since a probability
order restriction imposed a priori on the population distributions is retained a posteri-
ori. Extending the work in Gelfand and Kottas (2000) for stochastic order specifications,
we formulate modeling for distributions ordered in variability. We work with Dirichlet
process mixtures resulting in a fully Bayesian semiparametric approach. The details for
simulation-based model fitting and prior specification are provided. An example, based on
two small subsets of time intervals between eruptions of the Old Faithful geyser, illustrates
the methodology.
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1 Introduction

Probability order restrictions are often appropriate when comparing two or more popula-
tions. Such restrictions presume strong conditions on the population probability measures.
However, if the samples are small, the probability order constraint of interest may not hold
for the empirical distributions of these samples. The Bayesian paradigm provides a con-
venient framework for the development of related modeling since any probability ordering
postulated a priori is preserved to the posterior analysis.

The most common probability order is stochastic order. We call two distribution func-
tions Fy and Fj satisfying Fy(u) > Fy(u), for all u, stochastically ordered and denote it
by Fy <4 F,. Bayesian nonparametric modeling for random stochastically ordered dis-
tribution functions has been discussed by Arjas and Gasbarra (1996) and Gelfand and
Kottas (2000). For survival models, Arjas and Gasbarra specify a random pair of piece-
wise hazard functions obeying a partial ordering which implies stochastic order for the
associated distributions. Gelfand and Kottas employ Dirichlet process mixtures to model
the distribution functions. By imposing certain restrictions on the kernel and the mixing
distributions stochastic ordering for the resulting random mixtures is ensured.

Another useful probability order concept is variability order. Roughly, two distribu-
tions, F1 and Fy, are ordered in variability if, given a fixed location, mass accumulates
more rapidly as we move away from this location, for say Fy relative to Fb, in either
direction. In fact, there is no unique definition for variability ordering. Shaked and
Shanthikumar (1994) note at least three possibilities: convex order, dispersive order and
peakedness order. We adopt a natural and flexible definition based upon a sign changes
condition. Under this definition we develop semiparametric Dirichlet process mixture
models for variability ordering, extending the ideas in Gelfand and Kottas (2000). Full
comparative inference can be implemented employing the approach in Gelfand and Kottas
(1999). Dirichlet process mixing provides a rich and computationally feasible framework
for Bayesian nonparametric inference. We use it as the stochastic mechanism under which
variability order is modeled.

The format of the paper is as follows. A brief review of Dirichlet process mixing and

inference under such specifications is given in section 2. In section 3 we summarize the



literature associated with variability ordering and discuss relations between the existing
definitions. In the process we identify a condition, based on the notion of sign changes
of a function, which can be used as a natural definition of variability order. Section 4
presents our modeling approach for variability ordered symmetric distributions. Section 5
discusses computational implementation and prior specification for the model. In section
6 we provide a data illustration. Finally, section 7 demonstrates how the methodology

can be extended to handle skewed distributions ordered in variability.

2 Dirichlet process mixing

A distribution G on © follows a Dirichlet process DP(vGy) if, given an arbitrary fi-
nite measurable partition, Bj,...,B, of ©, the joint distribution of (G(B,),...,G(B,)) is
Dirichlet(vGo(By),...,vGo(B,)) where G(B;) and Go(B;) denote the probability of set B;
under G and Gy, respectively. Here, Gq is a specified distribution on ® and v > 0 is a
precision parameter. See Ferguson (1973, 1974) for the formal development of Dirichlet
processes along with earlier references.

Let F (-;0) be a parametric family of distribution functions, indexed by 6 € ©, with

associated densities, f (-;6). If G is proper we define the mixture distribution

F(G) = /F(-;e)G(de). (2.1)

In (2.1) it is useful to think of G (df) as the conditional distribution of § given G. Differ-
entiating both sides of (2.1) with respect to (-) defines f(;G) = [ f(-;6) G(d9).

If Gisrandom say G ~ DP (vGy), then F(-; G) israndom. Letting D ={Y;,i=1,....n}
denote a sample from F (-; G) and using the bracket notation of Gelfand and Smith (1990),
we write its posterior as [F (-; G) | D]. Functionals of F' (-; G), for which we use the generic
notation H(F(-;G)), are of interest with posteriors denoted by [H (F' (-;G)) | D].

In the context of (2.1), suppose for each Y;, i = 1,....,n we introduce a latent 6; and
assume that the Y;’s are conditionally independent given the 6;’s. Assume further that the
0;’s are conditionally independent and identically distributed given G. As a result the Y;’s
are marginally independent, with joint density [, f (v;; G) = [1ie [ f (vi;60:) G (db;) .



Adding G ~ DP (vGy) completes the Bayesian model specification, apart, perhaps, from a
hyperprior on v (see Escobar and West, 1995). Such Dirichlet process mixed models were
originally studied by Antoniak (1974) and Lo (1984). In particular, Antoniak (1974) noted
that this Bayesian model can be marginalized over G to obtain [[7 f(vi;6;)[01,....0n |
Go,v]. After marginalization the #; are no longer independent but an MCMC algorithm
can be implemented (Escobar, 1994, Escobar and West, 1995 or MacEachern and Miiller,
1998) to obtain samples from the posterior [01,...,0, | D].

Gelfand and Mukhopadhyay (1995) describe how to use these samples to infer about
linear functionals associated with F'(-; G). They show how posterior expectations of linear
functionals and products of linear functionals can be computed. Restriction to posterior
moments of linear functionals severely limits inference. Gelfand and Kottas (1999) provide
a computational approach to obtain the entire posterior distribution for more general func-
tionals. Briefly, note that for a linear functional H, H(F(-;G)) = [ H(F(-;60))G(dby).
Now, instead of marginalizing over G in [0y,0,G | D] o [D | 6][0p,0 | G][G], observe
that this joint posterior is proportional to [0y | G][G | 0][0 |D]. Hence given the poste-
rior sample 0}, b = 1,...,B, for each 0} draw G} ~ [G | §;] and then 6}, ~ G}, for | =
1,...,L. Finally, Hf = L™} Zlel H(F(-;05,)) is a Monte Carlo integration for a realization
from [H (F (-;G)) | D]. To obtain an approximate realization from [G | 6}], which is an
updated Dirichlet process (Ferguson, 1973), we use the constructive definition of Sethura-
man (1994). Sampling from the posterior of the “c.d.f.-at-a-point” functional, for a grid
of points, we can invert to obtain samples from the posterior of any quantile functional.
Other functionals of interest can also be handled.

In the interest of clarifying Bayesian learning under this Dirichlet process mixing
framework we might wish to summarize prior features associated with F(-;G). The
approach of Gelfand and Mukhopadhyay (1995) can be applied to prior expectations
in the same fashion as for posterior expectations. Also the foregoing ideas of Gelfand
and Kottas (1999) can be applied a priori by approximately sampling [G] rather than
[G | D]. If we write 6 = (9(1), 0(2)), we might place a Dirichlet process prior on (1), i.e.,
0 ~ G where G ~ DP(vGy) with a parametric prior on 0| yielding F( G,G(z)) =
[ F(; 61, 6@)G(deM), a semiparametric specification.



3 A review of variability orders

Three definitions relating to the general concept of variability ordering, mentioned in the
introduction, can be found in the literature. We refer to Shaked and Shanthikumar (1994,
chapter 2) for a comprehensive review. Hereafter, let X and Y be two random variables
with distribution functions F; and F5, density functions, assuming they exist, f1 and fs,
and generalized inverses F; ! and Fy !, respectively. (Here, F; ' (u) = inf{z : F;(z) > u },
i=12.)

We say that Y is larger than X in the convex order (denoted by X <., Y, or F} <., Fb)
if [o(uw)dFi(u) < [¢(u)dF>(u), for every convex function ¢ : R — R. The definition
and the convexity of p1(u) = u, ¢a(u) = —u yield that if X <. Y then EX = EY,
provided the expectations exist. Furthermore from the convexity of ¢3(u) = u? it follows
that X <. Y implies Var(X) < Var(Y), when Var(Y) < co. See Schweder (1982) for
earlier references and a result on convex ordering of certain mixture distributions.

The random variable Y is said to be larger than X in the dispersive order (for which
we use the notation X <gs, Y) if F{ '(q) — Fy Hp) < Fy Hq) — F5 H(p), forall 0 < p < ¢
< 1. Again, it can be proved that X <y, Y implies Var(X) < Var(Y), provided Var(Y)
< oo. This ordering was first considered by Saunders and Moran (1978) and Bickel and
Lehmann (1979). Lewis and Thompson (1981), Oja (1981) and Shaked (1982) provide
further detail.

Finally, if X and Y have symmetric distributions about p1 and pe, respectively, Y is
larger than X in the peakedness order (denoted by X <,cqr Y) if |[Y — po| is stochasti-
cally larger than |X — pq|. Birnbaum (1948) introduced peakedness order and Bickel and
Lehmann (1976) used it to define measures of dispersion for symmetric distributions.

The notion of sign changes of a function provides a convenient framework for the
study of conditions that imply the above variability orders. Following Karlin (1968, p.
20), the number of sign changes of a function h defined in U C R, is given by S~ (h)
= sup S~ (h(uq),...,h(uy,)) where the supremum is extended over all sets u; < ... < up,
u; € U, with m arbitrary but finite and S~ (¢1,...,t,,) is the number of sign changes of the
indicated sequence, zero terms being discarded. Regarding the convex order, consider the

following conditions,



Cl) EX = EY and S™(f2 — f1) = 2, the sign sequence being +, —, + .

C3) EX = EY and ffoo(Fg(u) — Fi(u ))du > 0, for all .
C4) X <o Y.
Then we have (C1) = (C2) = (C3) & (C4) (see, e.g., Shaked, 1980, Schweder, 1982 and

(C1)

(C2) EX = EY and S~ (Fy — F}) = 1, the sign sequence being +, —.
(C3)

(

Shaked and Shanthikumar, 1994 for more details and earlier references). With regard to
dispersive ordering, Shaked (1982) proved various related conditions. In particular, for F;
and F5 which are strictly increasing and continuous on their supports, he established the
equivalence of the conditions,

(D1) S=(Fi(- —¢) — F5(+)) < 1, for any ¢ € R, the sign sequence being —, 4 in the case
of equality.

(D2) X <gisp Y.

Combining (C2), (C4) and (D1), (D2) it follows that if X and Y have finite first moment,
X <disp Y implies X — EX <., Y — EY. Moreover, Shaked (1982) notes that X <gisp ¥’
implies X <peqr Y, when X and Y have symmetric distributions about 0. Another
relation, between (C2) and the peakedness order, can also be easily obtained. If F; and
F, are symmetric about the same mean, which, without loss of generality, can be taken
to be 0, then (C2) & X <,cqr Y. We omit the straightforward proof.

The foregoing discussion reveals that dispersive order is the strongest among these
variability orders and also peakedness order implies convex order within the class of sym-
metric distributions. Although it is possible to formulate modeling for dispersive ordered
distributions, we propose adopting a condition similar to (C2), assuming equal locations
(where for us location is either the median or perhaps the mode under unimodality), as
the definition of variability order. This condition allows for skewness in the distributions,
implies convex order and peakedness order (in the special case of symmetry) and quan-
tifies the notion of variability order in a natural way. Furthermore, dispersive order has
been most sucessful in comparing distributions with support on R, while our objective
is modeling for real valued, possibly asymmetric, variability ordered random variables.
In this context it seems natural to assume equal locations for the distributions, which

can be obtained possibly after a shift as in the definition of peakedness order. We will



therefore say that Y is larger than X in variability order, and write '} <,q» Fb, if F} and
F5 have the same location and S~ (F; — F) = 1, the sign sequence being +, —. We could
equally well have defined variability order in terms of the stronger condition (C1) but the

definition above suffices for our purposes.

4 Semiparametric mixture modeling for variability order

Section 4.1 develops the methodology while section 4.2 discusses applications.

4.1 Modeling approach

We develop a modeling approach for joint distributions over the space G = {(F4,F») :
Fy <yar F>} employing mixtures of the generic form (2.1). Here we focus on symmetric
distributions, discussing one possible way to introduce skewness in section 7. The following
result forms the basis of our method.

Lemma 1 Consider a parametric family of distributions {F(-;6) : 6 € (6,0) C R}, with
F(-;0) differentiable in 0, such that for any 6; < 6o, S™(F(;62) — F(;61)) = 1, the
sign sequence being +, —, where the crossing point ug of F'(-;02) and F(-;6;) is the same
for all #; and 6. For distributions Fy and Fy on (6,60) define the mixtures F(-; F;) =
ng(-;H)Fi(dH), i =1,2. Then if I} <y Fy, ST(F(-;F2) — F(-;F1)) = 1 and the sign
sequence is +, —.

Proof: By assumption, F(u;#) is non-decreasing in 6 for any fixed u < ugp and non-

increasing in # for u > wug. Hence for an arbitrary fixed u < wuy,

Fui ) = Fi; ) = f; F(u;0)d(F>(0) — Fi(0))
= [y (Fi(6) — F2(9)) 5520 > o,

while for any u > ug the same argument yields F'(u; F) — F'(u; Fy) < 0. Therefore F'(-; F)
and F' (-; F1) have exactly one crossing point, the sign sequence being +, —.

Lemma 1 indicates how variability order can be preserved through mixing. The as-
sumption of a common crossing point for the kernel of the mixtures will be satisfied if we

place some restriction on the location. In particular, if F(-;#) is a symmetric family, with



01/2 a scale parameter, ug will be the center of symmetry. Moreover, the assumption of
differentiability can be relaxed which implies that the kernel of the mixtures can be taken
to be any symmetric scale family {F( o1 —75) : 0 € RT}. For this choice, the distributions
F(:; F;), i = 1,2 have medians and means, provided they are finite, equal to 0. Hence from
Lemma 1 we get that (F'(-; F1), F(-; F»)) € G. Next we need some modeling specification
for the mixing distributions F; and F» belonging in the space P = {(F1,F2) : F1 <g F5 }.
Such a specification for arbitrary members of the generic space P is very difficult, if at all
possible, to obtain. As in Gelfand and Kottas (2000), we consider the easier to work with
subspace of P, P’ = {(F1,F,) : F} = Gy, F, = G1G2} where G; and G are distribution
functions. Any joint distribution over (G,G9) induces a distribution on P’. In fact, it is
helpful to think of F; as the distribution of 6 and F» as the distribution of max (6, §) where
0 ~ G1 and independently 6 ~ G5. Assuming that the pair (Fy,F5) of mixing distributions
arises from P’, Lemma 1 again implies that the resulting class Gr = {(F(-; F1), F(+; F3))
. (F1,Fy) € P'} C G, where F denotes the choice of the symmetric scale family for the
kernel. This class can be enriched by adding a location parameter p to F'( o7 7173 ), retaining
variability order. The semiparametric specification is completed by choosing a Gaussian
kernel for the mixtures. Denoting by ®(-) the standard normal distribution function, we

finally have

FlipFy) = / (- — ) /6Y/2)G1 (d6) (4.1)

while

1, ) / / 1)/ max (612, 61/2))G4 (d6) G (d6), (4.2)

with F (- p, F1) <ypar F(-; 1, Fp). Full inference with this model, assuming independent
Dirichlet process priors for G1 and G, is discussed in section 5 and illustrated in section
6. Note that under (4.1) and (4.2) both F(; u, F;) are symmetric and unimodal with g,
the common location, being their median and mode.

In view of the general characterization of symmetric unimodal distributions as scale

mixtures of symmetric uniforms (see, e.g., Feller, 1971, p. 158), one might suggest the



use of mixtures with a symmetric uniform kernel. However, for this choice Lemma 1 is no
longer applicable since the parameter space of the kernel depends on the sample space.
As an alternative, Gaussian kernels emerge as natural and convenient to work with.
Finally, we provide two additional results, similar in spirit to Lemma 1, that enable
modeling variability order through mixtures of the form F(- fg F;(do), i
1,2, where again the parameter space of the kernel is free of the sample space. Lemma
2 below generalizes Lemma 1 by considering sign changes of the densities instead of the
distribution functions.
Lemma 2 Assume that the parametric family of densities {f(;6) : 0 € (0,0) C R}
satisfies for 01 < 02, ST(f(+;602) — f(+;61)) = 2, with the sign sequence +, —, +, where the
crossing points uy and ug of f(-;62) and f(-;61) do not depend on 6; and 0. Moreover,
f(-;0) is taken to be differentiable in §. Then for the densities f(-; fe dan)
of F(-;F;), i = 1,2 we have S™(f(-; F2) — f(-; F1)) = 2, the sign sequence being +, —, + ,
provided F7 <g Fb.
Proof: Given the conditions of the lemma, f(u;6), as a function of 6, is non-decreasing
for any fixed u < uy or u > us and non-increasing when u; < u < us, where u; < ug are

points on the support of the distribution associated with f(-;6). Now

fu; Fr) = flus Fy) = fa Fi(0) — F»(0))
fg F5(0 —ﬂ(@)%d&

which implies that f(-; F») and f(-; F}) have two crossing points and the sign sequence is
+, -+

The final lemma handles convex ordering of the mixtures F'(-; F;), i = 1,2, providing
in this direction a different result than that of Schweder (1982, p. 166).
Lemma 3 For the parametric family of distributions {F (:0) : 6 € (0,0) C R} assume
that F(:;01) <cy F(-;02), when 6; < 05, and that ¥(0) = [ p(u)dF(u;0) is differentiable
in 6, where ¢ : R — R is convex. Then if F} <y F, F(-;Fl) <er F(+; Fy).
Proof: Consider an arbitrary convex function ¢ : R — R for which [ ¢(u)dF(u; F;) < oo
1 = 1,2, a non-restrictive assumption given the definition of convex order. By assumption,

the function () is non-decreasing in 6. Hence, using Fubini’s theorem,



[ o()dF(u; Fy) — [ p(w)dF(u: Fy) = [ (6) — F2(6))
= fg (Fy(0 —ﬂ(@)*@—é’”d@éa

4.2 Applications

Here, we present some applications of variability ordered distributions modeled as in the
previous section.

The simplest setting is the two-sample problem for variability ordered distributions
with common location. Here we have samples of size m and n from F(-;u,Fy) and
F(+; u, Fy), respectively, with F'(+; u, F;), i = 1,2 defined in (4.1) and (4.2) whence F'(-; u, F1)
<war F (+; 1, F»). Interest lies on the posterior predictive distribution functions and densi-
ties as well as on comparison of dispersion functionals. Since expectations need not exist
when working with mixtures, the interquartile range functional seems to be the appropri-
ate choice. Inference for the common location p can also be obtained. In order to fit the
model we add m + n latent variables being i.i.d. G1 and n latent i.i.d. Gs. All the details
are provided in section 5 with an illustrative data analysis appearing in section 6.

The extension to different locations for the two ordered populations is straightforward.
We consider X; = 1 + &4, %9 = 1,...,m and Y; = us + €5, j = 1,...,n and then model the
ei’s and €;’s as i.i.d. realizations from (4.1) and (4.2), respectively, taking = 0 as their
common location. More generally, we might consider two distinct datasets, both to be
modeled using the same regression model, where we anticipate that the error distributions

exhibit variability ordering. In this case we would replace py by w1, ¢ = 1,...,m and us

by K23, j = 17"'an'

5 Implementation details

Here, we provide computational details for the two-sample problem with common location.
Extensions to handle the other settings discussed in section 4.2 are then straightforward.
Assuming Xy,...,X,, i.i.d. from F(:;u, F1) in (4.1) and Y3,...,Y, i.i.d. F(+; u, F) defined in
(4.2), with independent Dirichlet process priors for the mixing distributions G1 and Ga,

the following hierarchical model emerges

10



ind. .
Y} ’N70m+j75j ~ fN( ’M,maX(0m+j,(5j)),]:1,...,71
0; | G1 szd Gi,i=1,....,m+n
ii.d. . (5.1)
5; | Go i Goj=1,..m
G, ~ DP(v,Gry) , r=1,2
f ~ N(AT2),

where fn (- | p,0) denotes the density of a N(u,6) distribution and the base distributions
Gro, 7 = 1,2 are taken to be inverse Gamma distributions, /Gamma(a,,b,) (with means
b./(a, — 1), provided a, > 1). The hyperparameters \, 72, v, a,, b,, 7 = 1,2 are
all assumed fixed. The introduction of the additional latent variables 6,,1;, 7 = 1,...,n
enables the marginalization over G, r = 1,2, noted in section 3. The resulting posterior
1, 0,0 | D], where § = (01,....0m,0m+1,---.0m+n), 0 = (01,...,0n) and D = {z;, y;, i = 1,....m
j = 1,...,n}, can be sampled employing Gibbs sampling. We next provide the associated
full conditional distributions.

Full conditional for u: A standard calculation yields that [u | 0,0, D] is an updated
normal with variance 72 = {772 + 37 67! + Z;L_l(max(ﬁmﬂ,éj))_l}_l and mean \
=777 + >oisy ity L+ Z] 1 Yj(max (05, 65))~ s

Full conditional for 6;, i = 1,...,m: Following Escobar and West (1995), this is a mixed
distribution placing point mass fn(z; | p, 601)/(V1A(@i, 1) + 3z [N (i | 11, 0k)) at 0; = 6,
I =1,...m+n, 1l #iand continuous mass 1A (x;, u)/ (V1 A(zi, ) + 3z [N (i | 1, 0k))
on the IGamma(a; + 3, b1 + 3(z; — p)?) distribution. Here,

b‘flr(m + %)
(2m) /2D (1) {b1 + % (@ — p)2}@ s’

A(wiv :u) =

where I'(+) is the Gamma function.

Full conditional for 6,,,;, j = 1,...,n: This is again a mixed distribution with point
masses fn (y; | p, max(0;,0;))/ (1 Bi(yj, s 05) + D p 2y SN (Y5 | g max(0y, 65))) at Oy
=6, =1,...m+n,l # m+ j and the remaining mass on the mixture distribution

(§1 (yj, i, 05) TIGamma(ay, bi; Oy < §5) + 55 (yj, 1, 05) TIGamma(a, + 2, by +

11



%(y] - /j’)zﬂ 0m+j > 5])) / (£§ (y_h//’? ) + 62 (y]7:u75])) Herea TIGammCL(aa b7 C € V)
denotes a truncated inverse Gamma distribution over the set V. The weights are given by

(1)(
(1)(

Yis1:05) = Jo <o, INWs | 1:05)Gr0(d0mas) = [N (| 145 05) FrGamma (05 | a1, b1) and
Uik 03) = Jo. s, IN(W | 18, 0ms)Gro(dOmag) = Ayss 1) (1 = Framma(0; | a1 + 3,
by + 3(y; — ,u)2)), where FrGamma(- | a,b) is the distribution function of an IGamma(a, b)
distribution. Finally, Bi(y;,u,d;) = 51 (yj,,u, i) + 52 (yj,,u,(sj).

Full conditional for §;, j = 1,...,n: Again, we have a mixed distribution that places point
mass fn(y; | g, max(Omrj, 1))/ (VeBa(Yjs bt Omts) + D ps IN(Y; | py max(Omayj, 0))) at
d; = 0 for [ = 1,..,n, | # j and the remaining mass on the mixture (5%2)(yj,u,9m+j)
TIGamma(ag, by; 0; < Omis) + 55 (y],u,0m+]) TIGamma(ay + 2, by + (y] — )%
8; > Omi)) | (€7 Wy 1. Ome) + €7 (W 112 Omsy))- Here, €7y, 11, 0msj) = Fn(ys |

ﬂ,‘gm—i-j)FIGamma( m+j | a27b2) and

bng(ag + %)(1 — Frcamma(Om+j | az + %7 ba + %(y] - :“)2))
(2m) /2T (ag) (b2 + 3 (y; — p)2}e2t2

552) (ij M, 0m+]) =

)

with B2(y]71u7 m+]) 51 (y]nua m+j) + 52 (yjnuaem-i-j)
The samples (u;,0;,0;), b = 1,...,B from the posterior of the model, obtained using

the Gibbs sampler described above, can be used to infer about functionals of F(-; u, F;), i
= 1,2 in the spirit of Gelfand and Kottas (1999). Under the model specification (5.1), for
any linear functional H we obtain H(F(-;pu, F1)) = [ H(F(-;p,00))G1(dby) and

H( /,L,FQ //H u,max(@o,50)))G1(d00)G2(d50).

Observing that [1,6,0,G1,G2 | D] < [Gy | §][G2 | ][, 0,6 | D], for each b we draw G, ~
G1 | 05, G5, ~ [G2 | 6;], and next 6, and 4y, from G7, and G3%,, respectively, for
= Loyl Then L7V 300, H(F (5 . 0y)) and L1500 H(F (5 g, max (65, 3y))) are
draws from the posteriors of H(F(-;u, F1)) and H(F(-;pu, F3)), respectively. If, for b =
1,...,B, we generate pu;* ~ N(\,72) and Grp ~ DP(v,Gro), r = 1,2, draw 05, ~ Gi7,
dom ~ G, L= 1,...,L and replace pj, 05, 05, With g™, 05, 0, in the summations

above we obtain realizations from the priors of H(F(-; u, F;)), i = 1,2. Sampling, for each

12



population, from the posterior (prior) of the “distribution function-at-a-point” functional
we can invert to get samples from the posterior (prior) of any quantile functional. Hence
the posteriors (priors) of the interquartile range functionals IQR(F'(:; u, F;)), i = 1,2 can
be obtained and compared.

With regard to prior choice, we need to specify the hyperparameters \, 72, vy, a,, by, r
= 1,2. The prior for the common location p can be fully specified by setting A equal to a
prior guess for the center of the populations and taking large variance 72. The parameters
of Gy, r = 1,2 can be determined using available prior information on F'(-; u, F;), i = 1,2
and solving certain integral equations following from their definition in (4.1) and (4.2). In
the absence of strong prior information and seeking a simple alternative, we suggest the
following approach that requires only a rough range for the values of each population, say
range; corresponding to F'(;u, F;), i = 1,2. Taking a; = ay = 2, which yields infinite
variances for Gio9 and Gag, Gig is specified by choosing by such that median(0 | ai,b1)
~ (rangei/4)?, where § ~ G19. Next to specify Gag, with ay, az and b; determined,
choose by that satisfies median(max(0,6) | a1,by,az,bz) ~ (ranges/4)?, where § ~ Gag

independently of #. Finally, we set 11 = v5 = 1 as is customary.

6 Example

We consider a data set from Gibbons (1976, p. 208) consisting of measurements on the time
interval between eruptions of the Old Faithful geyser in Yellowstone National Park for two
years, 1878 and 1947. As discussed in Gibbons, the geyser has been very stable in average
time interval between eruptions since it was discovered in 1870. Hence we assume that
time intervals have the same median for the two years. However, the range between the
minimum and maximum time interval between eruptions seems to have been increasing.
The measurements in minutes are 54.5, 63.1, 64.9, 67.3, 70.8, 71.5 for 1878 and 47.4, 50.1,
61.3, 65.2, 73.1, 73.6, 79.2 for the 1947 year. The sample mean, median, variance and
interquartile range for the 1878 data is 65.35, 66.1, 38.863 and 6.37, respectively, with
the associated values for the 1947 data being 64.27, 65.2, 147.166 and 17.65, respectively.

With these measurements there seems to be no justification for a log transformation to
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improve symmetry. Gibbons has used this dataset to illustrate a nonparametric test of
scale, arguing that any parametric test would be suspect with such small sample sizes.

We employ the methodology of section 4, and in particular model (5.1), for the un-
derlying populations, with F'(-; u, F7) in (4.1) corresponding to the 1878 population and
F(:;pu, F5) in (4.2) to the 1947 population. Following the approach of section 5 for prior
specification, we set v1 = v9 = 1, a1 = a9 = 2, by = 65.7 and by = 191.5. Here we have
used rough ranges 25 and 45 for the values of the 1878 and 1947 populations, respectively.
Finally, we assume that a priori u ~ N(50,(30)?). Setting 7 = 30 for the standard devi-
ation of u corresponds to a rather vague prior, as the actual range of the data suggests.
Attractively, the resulting posterior inference is essentially identical to that obtained using
smaller values, e.g., 7 = 10.

The predictive distribution functions are compared both a priori and a posteriori in
Figure 1. The crossing point becomes evident in the posterior curves. The amount of
learning, given the small sample sizes, is very encouraging for the modeling approach.
Similar patterns are observed when comparing the prior and posterior predictive densities.
(See Figure 2). Note the two crossing points that emerge for the posterior predictive
densities. This is a result of the choice of kernel for the mixtures in (4.1) and (4.2);
Gaussian kernels satisfy the conditions of Lemma 2 as well as these of Lemma 1.

We next turn to posterior inference regarding the interquartile range functionals. Their
posteriors are plotted in Figure 3. Point (posterior medians) and 95% equal-tail interval
estimates for IQR(F'(;; 1, 1)), IQR(F (s p, F»)) and IQR(F (s p, F2)) /(IQR(F (- pu, F1)))
are 8.238 (5.780,12.851), 14.757 (10.675,22.721) and 1.799 (1.114,3.031), respectively. The
last interval estimate suggests significantly greater dispersion for the 1947 data relative to
that of the 1878 data. Finally, the posterior median and a 95% interval estimate for the
common location p are 65.376 and (60.569,69.974), respectively.

7 Extension to variability ordered skewed distributions

In the literature that discusses variability order for real valued random variables most

of the attention has focused on symmetric distributions. Although variability ordering
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for distributions with different forms of skewness seems inappropriate, adding common
asymmetry to F'(-; u, F;), ¢ = 1,2, defined in (4.1) and (4.2), might be of interest in some
applications. A convenient way to accomplish this is by introducing skewness parametri-
cally in the kernel of the mixtures.

One possibility arises if we employ the approach of Ferndndez and Steel (1998) to
transform the Gaussian kernel of (4.1) and (4.2) into a skewed normal family, preserving

unimodality. For a positive scalar parameter v consider the density

6)1/2
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_ (
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For v > 1 (y < 1) (7.1) is right (left) skewed, while for v = 1 it reduces to the normal
density we begin with. The mode of (7.1) is again at p. It can be shown more formally
that v is a skewness parameter by obtaining several skewness functionals of (7.1). In
particular, from (7.2), P(X > u | v,1,0)/P(X < p |7, 1,0) = 2. It is straightforward to
verify that mixing (7.2) with respect to 6 preserves the role of v as a skewness parameter.
In particular, if Y ~ F(:;v,1,G) = [ Fsk (-, 1, 0)G(df), where G is a distribution on
R7T, applying Fubini’s theorem we obtain P(Y > u | v,u,G)/P(Y < p | v, 1, G) = ~2.
Moreover, using (7.2) we can show that for 61 < 02, S™(Fsk (-;7, 1,02) — Fsk (57, 1t,601))
= 1, with the sign sequence being +, —. Here, the common crossing point of Fsg (-; 7, i1, 602)

and Fsg (57, 1, 61) is p. Hence if we define the mixtures

imposing the restriction F} <, Fy on the mixing distributions, Lemma 1 yields that
F(7v, p, FY) <par F(57, 1y, F2). In this context, the common location of F(-;~, u, F;), i =

1,2 is their mode p. The distributions defined in (7.3) allow for skewness, which however
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must be of the same form and amount for both since it is controlled by their common
parameter 7.

Skewness is more naturally measured with respect to the median. It might therefore
be preferable to work with mixtures similar to (7.3) but with their median n as the
common location. Such a model can be developed if we use the split normal family for
the kernel of the mixtures (see Geweke, 1989, where the split normal density is employed
as an importance sampling density and Kottas and Gelfand, 1999, for an application to
semiparametric median regression modeling). The split normal distribution function is

defined by

FSP(’§77777 9) = (I)(;Ye;l/Z)l(—oo,n)(') + Q(%)l[n,m)(')v (74)

where 7 is the median, 01/2 the scale parameter and v > 0 a skewness parameter with
v < 1 (> 1) corresponding to right (left) skewness. In Kottas and Gelfand (1999) it is
shown that if we mix (7.4) with respect to 8, n and  are still the median and a skewness
parameter, respectively, for the resulting mixture. Furthermore, the conditions of Lemma
1 are satisfied by (7.4) where now the common crossing point is the median n. Therefore
defining F(+;7v,n, F;) = [ Fsp(-;v,1,0)F;(df), i = 1,2, for distributions F; and F, on Rt
with Fy <y Fb, we get F'(:;7,1, F1) <var F(:37,m, F2).
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Figure 1: Prior and posterior predictive distribution functions. The prior predictive curve
corresponding to F'(-; u, F1) and F(+; u, F5) is denoted by the dotted and the dashed-dotted
line, respectively, with the associated posteriors denoted by the dashed and the solid line,

respectively.
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Figure 2: Prior and posterior predictive densities. The dotted and the dashed line denote
the prior and posterior predictive density, respectively, for F(-;u, Fy) and the dashed-
dotted and solid line the corresponding densities for F'(-; u, Fy).
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Figure 3: Posteriors for the interquartile range functionals. The dashed line corresponds

to [IQR(F(-;u, F1))| D] and the solid line to [IQR(F'(-; u, F2))| D].
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