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Abstract

We develop methods for performing maximum a posteriori (MAP)
sequence estimation in non-linear non-Gaussian dynamic models. The
methods rely on a particle cloud representation of the filtering dis-
tribution which evolves through time using importance sampling and
resampling ideas. MAP sequence estimation is then performed using
a classical dynamic programming technique applied to the discretised
version of the state space. In contrast with standard approaches to
the problem which essentially compare only the trajectories generated
directly during the filtering stage, our method efficiently computes the
optimal trajectory over all combinations of the filtered states. A par-
ticular strength of the method is that MAP sequence estimation is
performed sequentially in one single forwards pass through the data
without the requirement of an additional backward sweep (as would be
the case for most smoothing methods such as the Kalman smoother).
In simulation, the methods are shown to outperform standard methods
for a given computational complexity. An application to estimation of
a non-linear time series model and to spectral estimation for time-
varying autoregressions is described.
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1 Introduction

Let t € N* be a discrete time index. Consider the standard Markovian
state-space model

xp ~ (x| xp—1) State evolution density (1)

Yyt ~ g (| 20) Observation density (2)

where z; € R"™ are unobserved states of the system and y; € R™ are
observations made over some time interval. f(.|.) and g(.|.) are pre-specified
state evolution and observation densities which may be non-Gaussian and
involve non-linearity. We assume that both f(.|.) and g(.|.) can be evaluated
pointwise up to a normalizing constant for any states and observations x;
and y;. The marginal distribution of the initial states is denoted by f (z1)
and where convenient we will adopt the notation f(z1|zo) 2 f(z1).

T1:t = (21, ...,x¢) and y1.¢ 2 (y1,...,y) denote collections of observations
and states from time 1 through t. Given w4, all inference on the states
x14 is based on the joint posterior distribution p (z1.|y1.1). The Markov
assumptions lead to the following expression for the joint distribution of
states and observations by the probability chain rule

t

p (w1l ) o [ [ £ (@ilwio1)g(vilz:) (3)

i=1

One can obtain easily a recursion for this joint distribution

9 (Y1l we1) f (2o 24) (4)

P(T1:t41 y1:t+1) =Pp(T1:t| Y1t
( | ( | ) P (Yer1lye)

In practice, computing (4) can only be performed in closed form for lin-
ear Gaussian models using the Kalman filter-smoother and for finite state-
space hidden Markov models. In other cases approximate numerical tech-
niques must be employed, such as the extended Kalman filter, Gaussian sum
methods and general numerical integration procedures (Kitagawa, 1987).
Here we focus on Monte Carlo particle filters (Doucet, De Freitas and Gor-
don, 2000a; Doucet, Godsill and Andrieu, 2000b; Gordon, Salmond and
Smith, 1993; Kitagawa, 1996; Liu and Chen, 1998). These particle filters can
be viewed as a randomized adaptive grid approximation where the particles
(values of the grid) evolve randomly in time according to a simulation-based
rule. One makes at time t the following approximation

N
p(@1:t]y1:) ~ Zwﬁz)%gf% (dz1:t) (5)
i=1 ‘



where d,,(dx) denotes the Dirac delta function located at xy and wgz) is the
weight attached to particle x@, wgi) > 0 and ZZ]\L 1 wgi) = 1. Particles at
time ¢ can be updated efficiently to particles at time t 4+ 1 using sequential
importance sampling and resampling methods, see Doucet et al. (2000b) for
a review of the current methodology.

From (5), one can in principle estimate any feature of interest such

as the filtering distribution p(z¢|y1.¢) ~ sz\il wgi)dx@) (dz¢), the minimum
t

mean square error (MMSE) state estimate B[ x| y14] ~ S, wgi)xf), the

fixed-interval smoothing distribution p(x|y14) =~ Zf\il wgl)éxg) (dzy) ete.
However, in practice the use of a resampling procedure is such that esti-
mates which involve any significant element of smoothing (that is, anything
except estimates based on the approximation of the marginal distribution
p(z¢|y1:e)) will suffer from a severe depletion of samples over time and be
unreliable, since in the approximation (5) there are only a few distinct paths
x(lziik for k < t as these paths have been resampled many times (Doucet
et al., 2000b). In the case of fixed-interval smoothing, this problem has led
researchers to develop alternative methods based either on the two-filter for-
mula (Kitagawa, 1996) or the forward filtering-backward smoothing formula
(Hiirzeler and Kiinsch, 2000; Doucet et al., 2000b).
In this paper, we focus on the estimation of the MAP sequence

2 AP (t) £ arg T{tl?i(p(ﬂﬁl:dyl:t) (6)

and the marginal fixed-lag MAP sequence

e () £ arg max p(zi-ri1alyre)- (7)
Tt—L+1:t
where the dependency upon y;. is indicated by ‘(t)’.

In this paper we do not make any general claim that MAP estimation
is preferable to MMSE or other estimators. Rather, the choice of estimator
will be determined by the demands of the application. However, we do note
that while the MMSE estimate is more popular in the statistical literature,
it will not always make good sense. In some cases, for example, the pos-
terior distribution might be multimodal and the MMSE estimate located
between the modes, possibly in a region of very low probability. This is
quite commonly the case when tracking multiple targets (Bar-Shalom and
Li, 1995) and for deconvolution of impulsive processes (Mendel, 1990). In
such cases, it is more useful to be able to estimate sequentially in time the
MAP sequence estimate AP () given by (6) or :ci\f%_ﬁlz(t) given by (7).
Moreover, in many target tracking problems, a zero-one loss function is ap-
propriate, in which case there is no choice but to perform MAP estimation.
It may be argued that marginal filtering or smoothing densities provide an
adequate analysis of the data for most purposes. We maintain, however,



that for many applications it is important to capture the sequence-specific
interactions of the states over time in order to make successful inferences.
Except in a few special cases, estimating x4 (¢) or oMM ff; (t) does not
admit any analytical solution. In Section 2, we review standard methods
to compute these estimates and then describe a method based on dynamic
programming. In Section 3, we apply this algorithm to a standard non-linear

time series and to time-varying autoregressions.

2 Maximum a Posteriori sequence estimation

We first focus on the estimation of #3447 (¢) and discuss subsequently how to

estimate z}MM ff;(t). Computing 224 (¢) requires the solution of a complex
global optimization problem. Many standard global optimization methods
such as simulated annealing or genetic algorithms are available in the litera-
ture and could be applied to this problem. However, most of these methods
cannot readily be adapted to sequential estimation of x{‘fItAP (t) as t increases.
We describe here several stochastic methods for performing this sequential

task.

2.1 Standard methods

A simple sequential optimization method consists of sampling (sequentially

in time) some paths :cgzi, i = 1,...,N according to a distribution, say

g (x1.¢). Then one can select ZE%AP(IS) = arg mgi(p (acgzi‘ y1;t>. As long as
xl:t
the support of ¢ (x71.¢) includes the support of :c(l:) 1.t ) then this esti-
pPp q PP P\ T\ Y

mate converges asymptotically (N — oo) to 2}2AP (). However, the choice

of ¢ (x1.) will have a huge influence on the performance of the algorithm.
The construction of an “optimal” distribution g (z1.) is clearly very diffi-
cult. At a given time ¢, it would consist of a distribution whose support is
concentrated on the set of the unknown global maxima of p (1.4 y1.¢).

A reasonable choice for ¢ (x1.) is the posterior distribution p(z1.¢|y1.¢)
or any distribution ¢ (z1.;) that has the same global maxima as p(x1.¢|y1.¢),
such as ¢ (z14) xp(x1.¢|y14)? (v > 0). Direct sampling from p(z1.|y1.¢) is
usually impossible but based on the particle filtering approximation (5), one

obtains the following approximation of #2247 (¢):

2 (1) = arg max p(z1:e[y1:e)- (8)
wre{z{i=1,... N}

A clear advantage of this method is that it is very easy to implement and has
computational complexity and storage requirements of order O (NT'), but a
severe drawback is that, because of the degeneracy phenomenon discussed
in the introduction, the performance of this estimate will get worse as time



t increases. Similar problems would occur while estimating = ]gffz(t) as

soon as L is large. It is possible to derive other sampling schemes focusing on
the regions of high posterior values using ideas from the genetic algorithms
literature (Higuchi, 1997) but we do not pursue this here.

Another way to consider the problems with basic procedures such as the
above is that the trajectories compared are limited to be those which were
generated directly by the Monte Carlo filter. These by their very nature will
generally be far more random than the true MAP sequence. Hence a huge
number of trajectories is required for reasonable performance, especially for
large datasets.

2.2 Optimization via dynamic programming.

We now describe our dynamic programming approach to MAP estimation.
Assume the filtering distribution p(xg|y1.x) ~ Zf\; w,(;)dxg) (dzy) has been
computed and stored at each time k = 1,... ,t. The filtering procedure has
thus generated a finite grid approximation of the state space at each time k,
that is x3 € {xgj);i =1,...,N}. Though this grid is not optimal for MAP
estimation, it is a sensible discretization of the state-space as long as the
weights have a small variance, a basic requirement of any particle filtering
algorithm.

2.2.1 Maximization of p(x1.¢|y1.)

An approximation to z}447(t) can be obtained as
EC\%AP(t) = arg max p (-let| yl:t) .

xl:t€®}i:1{l’§j); i=1,2,...,N}

A brute-force evaluation of this MAP state sequence estimate would involve
an exhaustive search of all possible state trajectories in this discrete state
space model. However, the function to maximize is additive as, thanks to
(3), one has

t
i P (t) £ argmax Y [log g (yi| xx) + log f(wplar—1)]

T1:t k=1

This property allows us to use a standard dynamic programming (DP) tech-
nique, the Viterbi algorithm (Viterbi, 1967), so as to compute

t

— ammax Y [logg (slew) +log f(welz 1))
xl:t€®§€:1{$](;); i=1,2,...,N} k=1
(9)

~MA
21 (8)



The Viterbi algorithm is a well known technique for the estimation of
discrete state-space hidden Markov models, and has been particularly asso-
ciated with speech recognition (Levinson, Rabiner and Sondhi, 1983) and
decoding of convolutional codes in information theory (Forney, 1973). The
originality of our work lies in the observation that the Viterbi algorithm can
be employed for estimation of a continuous state-space Markov model via
a discrete approximation of the state space using particle filters. Further-
more, in contrast with standard applications of the Viterbi algorithm, the
discretization of the state-space is time-dependent and generated automat-
ically using any particle filtering method.

The algorithm proceeds as follows for computation of

2 () £ @), 2@, 7).

Viterbi Algorithm
1. Initialization. For 1 <4< N
61 (i) = log f (wgz)) +logyg (yl\fr(f))

2. Recursion. For 2<k<tand 1<j<N

o (7) = log g (el ol ) +max [8-1 () +10g f (o |2f2, )]

i (j) = arg max [51971 (1) + log f (x,(cj)‘ :);’12111)]
3. Termination.

iy = arg max ot (7)
P ) = )

4. Backtracking. Fork=t—1,t—2,...1

it = Ykt (Tht1)

AP (1) = o)

This algorithm has a computational complexity O (N 2t) and memory re-
quirements of order O (Nt) as it requires storage at each time k € {1,... ,t}
of the particle filter approximation ((w,ﬁ”,x?) i=1,... ,N). Now as-
sume a new data point ;41 is available, then one only needs to compute



di+1 (J) and Y41 (j). If one is interested in estimating only x%ﬁfQ:tJrl(t—i— 1)
and not the whole path x%ﬁf (t+1), then the memory requirements are only
of order O (Np) and the computational complexity of order O (N 2) (compu-
tation of 0,41 (j) and ¥41 (j)) +O (p) (backtracking)): one can discard the
past history of the simulated paths. In this case the storage requirements
of the algorithm do not increase over time.

An important point to note is that the general procedure here is guar-
anteed to give an estimate with at least as high posterior probability as the
standard method, when applied to the same particle set. This is as a result
of the optimality of the Viterbi algorithm which exactly solves the discrete
state problem (9). In practice we expect it to significantly out-perform the
standard methods, especially for large datasets; see examples later.

2.2.2 Maximization of p (zi—rt1:4|Y1:4)
The algorithm to estimate x%AP (t) can be easily modified to estimate
oMM _fl];(t). Obtaining 7} fl];(t) requires maximization of

logp (T¢—r+1|y1:6-1) +108 g (Yi—r41| Te—141)

t
+ Z [log g (yk| zx) + log f(zk|Tk—1)]
k=t—L+2
where the initial marginal p (z;—r41|y14—1) can be computed pointwise
through the particle filtering approximation of p (z;—r| y1.4—1) via

N
P(Zi—r1| Y1—1) = wa_)Lf (xt—L-i-l‘ IL“,EZ_)L> .
i—1

The algorithm then proceeds exactly as before, but starting at time t — L+ 1
and replacing the initial state distribution with p (x¢—r+1|y1.¢+—r). This algo-
rithm has a computational complexity O (N 2(L+ 1)) and memory require-
ments of order O (N (L + 1)): it requires storage at each time k =t — L +1

to t the approximation of the filtering density ((wg), x?) ii=1,... ,N).

3 Examples

3.1 A non-linear time series

We consider here the following non-linear reference model (Doucet et al.,
2000b; Gordon et al., 1993; Kitagawa, 1996)

1 Ty
Ty = E.thl + 25@ + 8cos (12t) + vt

2

yt=2—0+wt



where 1 ~ N (0, J%), vy and wy are mutually independent white Gaussian
noise sequences with v ~ N(o,a?,) and wyg ~ N(O,O‘?U) where 0% = 5,
02 =10 and o2 = 1.

In Figure 1, we present the simulated state sequence x; and the obser-
vations y;. As illustrated in Figure 2 and Figure 3, because the observation
equation is a function of z?, the filtering distribution p (z¢|y1) is often
bimodal so that the MMSE estimate is located between two modes.

Figure 1 about here.
Figure 2 about here.

Figure 3 about here.

In Figure 4, we illustrate the differences between the MMSE and the
MAP sequence estimate obtained using the Viterbi algorithm with N = 1000
particles. At time ¢ = 14, the MMSE estimate averages the two modes
whereas the MAP value corresponds approximately to a mode of p (z¢| y1.¢),
which is closer to the true value. We do not however claim that MAP
estimation is always the point estimate to use, rather that in some settings
such as this the MAP estimate may be more relevant than other estimators
such as the MMSE estimator.

Figure 4 about here.

As the computational complexity of the standard estimate (8) described
in 2.1 and of the Viterbi algorithms described in 2.2 are significantly differ-
ent, it is of interest to compare for an approximately fixed computational
complexity the performance of the estimates. That is, when we ran the
Viterbi algorithm for N particles, we ran the standard methods with N2
particles. We present in Table 1 the average, over 10 different realizations
of the data, of the log-posterior probability values of the MAP estimate. In
Table 2 the sample variation of the procedure is tested by performing 25
particle filtering and smoothing estimations on one single realisation of the
data and measuring the mean and standard deviations of the estimated log-
posterior probability. It was impractical to perform the standard procedure
for N > 500 (that is N? > 2.5.10°) as the memory requirements O (N?T')
were too great for a standard computer, and these cases are marked with
Crosses.

Table 1 about here.



Table 2 about here.

It is clear that the Viterbi algorithm outperforms the standard method
and that the robustness in terms of sample variability improves as the num-
ber of particles increases. Because of the degeneracy phenomenon inherent
in the standard method, this improvement over the standard methods will
get larger and larger as t increases.

3.2 Time-varying autoregressive models

Our second example of MAP sequence estimation is for the time-varying
autoregressive (TVAR) model (see for example Kitagawa and Gersch (1996)
and Prado, West and Krystal (1999)), which can be used to model parametri-
cally a signal with time-varying frequency content. These models are of very
wide utility and importance in engineering, scientific and socio-economic ap-
plications. It is assumed that the TVAR signal is observed in additive white
Gaussian noise, which models any background noise present in the measure-
ment environment. This aspect of the model is important in many applica-
tions where measurements are noisy, including the field of speech and audio
processing (Godsill and Rayner, 1998a; Godsill and Rayner, 1998b; God-
sill, 1997; Vermaak, Andrieu, Doucet and Godsill, 1999). The TVAR signal
process {z;} is generated as a linear weighted sum of previous signal values:

P

zp = Z Qi t2t—i T € = a;2i—1:4—p + €.

i=1
Here a; = (a14,a2y4, ..., a pt)T is the P—dimensional AR coefficient vector at
time ¢. The innovation sequence {e;} is assumed independent and Gaussian
with time-varying variance agt. Hence we may write the conditional density
for z; as:

2 T 2
fGtlz—14-p, ar, 07,) = N (at zt—l:t—Paaet) :
The signal is assumed to be observed in independent Gaussian noise, i.e.,
Yt = 2 + Vg,

so that we may write the density for the observation y; as g(y¢|zt,00) =
N (zt, 03). For our simulations, a Gaussian random walk model is assumed
for the log-standard deviation ¢., = log(o,), i.e.,

f(¢€t|¢et—l70-3)e) = N (¢€t—1’ Uie) :

The model now requires specification of the time variation in a; itself. One
of the simplest choices of all is a first order autoregression directly on the
coefficients

flaglai—1,02) = N (aa—1,021p)



where « is a constant just less than 1.

More elaborate schemes of this sort are possible, such as a smoothed
random walk involving AR coefficients from further in the past, or a non-
diagonal covariance matrix, but none of these modifications make a signif-
icant difference to the computations required for the particle filter. In this
paper we do not consider the stability of the TVAR model; see Doucet,
Godsill and West (2000c) and Godsill, Doucet and West (2000) for models
which explicitly deal with this aspect.

The state space TVAR model is now fully specified. The unobserved
state vector is ¥y = (24— p11, s, @e,). Hyperparameters o2, o2 and Jie are
assumed pre-specified and fixed in all of the simulations. The initial state
probability is specified as Gaussian.

3.2.1 Filtering and MAP estimation

The first step in analysing the data is to perform a complete forwards
sweep of a Monte Carlo filtering algorithm to produce weighted particles
((w@,x@) ii=1,... ,N) for t = 1,2,...T, drawn approximately accord-
ing to p(x¢|y1.1). Filtering is carried out using a version of the auxiliary
particle filter (Pitt and Shephard, 1999). We do not describe all of the
details here as the aim of this paper is to develop new smoothing methodol-
ogy. However, full details of the filter used and a study of some alternatives
applied to the TVAR model can be found in Godsill and Clapp (2000).
Following the filtering pass, the MAP state sequence is estimated using
the dynamic programming method described above and compared with the
standard scheme.

3.2.2 Results

Results are presented initially for a simulated TVAR model with order
P = 3. The fixed hyperparameters are o, = 1, 0, = 0.01 and o4, = 0.01.
The initial states are assigned independent, diffuse Gaussian priors with zero
mean. T = 50 data points are generated synthetically from the TVAR model
as described above and filtered with NV = 500 particles. A typical result
showing the estimated MAP AR parameters is plotted in Figure 5, compar-
ing the proposed dynamic programming method with the true parameters
which generated the data. The log-posterior probability of this estimate was
1290, compared with 819 for the sequence estimated by the standard scheme
— a hugely significant improvement. Finally, a Monte Carlo experiment was
carried out in which 100 independent realizations of AR processes with the
same hyperparameters were estimated. In every case there was a large and
sometimes a dramatic improvement in posterior probability from using the
dynamic programming method as compared with the standard method.

10



Figure 5 about here

We now apply the methodology to estimation of the same TVAR model
in a real speech signal observed in white Gaussian background noise. The
noisy data can be seen in Figure 6. The application of these models in this
field is useful both for performing signal extraction from noise and also for
examination of the underlying time-varying spectral structure of the data,
which may then be used to aid speech recognition, speaker identification or
for more general scientific study of the speech generation process. A TVAR
model with order P = 4 is chosen, in accordance with empirical performance
evaluation using a variety of model orders (see e.g. Vermaak et al. (1999)
for more detail). The fixed hyperparameters are o, = 0.01, o, = 0.005 and
og, = 0.001, chosen to match the known background noise statistics and
expected characteristics of speech signals. T' = 800 data points are filtered
using N = 1000 particles and the final 100 states are estimated using the
fixed-lag MAP procedure outlined in section 2.2.2 (in this way we aim to
ensure that the effects of the Gaussian prior on the initial states at t = 1 are
negligible). Figure 7 shows the noisy speech data over the region for MAP
estimation. Figure 8 shows the signal sequence extracted from the estimated
MAP state sequence, demonstrating a good fit to the data and a degree of
smoothness typical of speech signals. Figure 9 shows the estimated TVAR
coefficient sequence, which is slowly varying in this region of fairly steady
signal characteristics. In order to test the robustness of the procedure once
again, 50 repetitions of the entire estimation procedure were carried out on
this same piece of data. The Viterbi-based method achieved a significant
improvement, both in terms of mean probability and variability, compared
with the standard method, see Table 3. Note that the number of particles
used for both methods here was 1000, as the memory requirements of the
standard method become prohibitive for much larger numbers, as discussed
earlier.

Figures 6-9 about here

Table 3 about here

11



4 Discussion

Recent years have seen a huge surge of interest in particle filtering, motivated
by practical problems of sequential analysis in dynamic models in many
areas of engineering, the natural science and socio-economics (Doucet et al.,
2000a). Our work here is not specific to any one algorithm, and takes
the established notion of sequentially updated particulate representations
of posterior distributions in state space models as the starting point for
smoothing. In speech processing as in other applications, it is often critically
important to “look back over time” for several or many time steps in order
to assess and evaluate how new data revises the view of the recent past.
Hence smoothing algorithms are key, and our work here develops effective
approaches that apply whatever filtering method is adopted.

We have developed and presented fairly simple methods for generation
of MAP estimates of joint smoothing densities in a general model context.
Smoothing has not been stressed by earlier authors in the sequential simula-
tion literature, and where it has been studied approaches have been limited
to approximating the time-specific marginal smoothing distributions for in-
dividual states. We forcefully argue that patterns of changes in historical
states should focus on the joint trajectories of past states and hence nec-
essarily involve consideration of joint smoothing densities. Here we have
presented an advance in this direction by showing how to make MAP esti-
mates of entire state trajectories. As already discussed and illustrated with
the non-linear model example, the MAP sequence estimate is likely to be
a valuable quantity in inference for models with strongly multimodal char-
acteristics. Another important challenge for many statistical contexts is in
generating sampled realizations from the joint smoothing density; this is an
area which we have also explored within a particle simulation framework
(Doucet et al., 2000c; Godsill et al., 2000).

There are current research challenges in many aspects of the sequential
simulation arena, including real needs for improved particle filtering algo-
rithms, and reconciliation of the several variants of sequential importance
sampling, resampling, and auxiliary particle methods. The current paper
ignores issues of learning on fixed model parameters in addition to time-
varying states, a broader problem also ignored by most other authors in the
field, but critical in many applications (e.g., as in the challenging multifac-
tor models of Aguilar and West (2000)). In our current work with TVAR
models we are developing analyses for both parameters and states using the
auziliary particle plus methods of Liu and West (2000). It should be noted
that the MAP smoothing method developed and illustrated here applies
directly in this context also.

12
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6 Figures and Tables
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Figure 1: Simulated signal (top) and observations (bottom).
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Particles | p (Viterbi) p (standard method)
N =100 —179.2 —84.3
N =250 —77.3 —82.1
N =500 —75.2 XXX
N = 1000 —74.9 XXX
Table 1: Mean log-posterior values of the MAP estimate over 10 data real-
izations.
Particles | p (Viterbi) pu (standard method) o (Viterbi) o (standard method)
N =100 —81.09 —85.36 1.14 3.98
N =250 —76.67 —82.24 0.58 3.09
N =500 —75.42 XXX 0.42 XXX
N = 1000 —74.92 XXX 0.23 XXX

Table 2: Sample mean log-posterior values and standard deviations over 25
simulations with the same data.

Method u o
Viterbi | 3180 11.1
Standard | 2830 26.9

Table 3: Speech data: sample mean and standard deviation of the MAP
probability over 50 simulations, N = 1000.
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Figure 2: Filtering distribution p (z¢| y1.1) at time ¢ = 14.
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Figure 4: Simulated sequence z; (solid line), MMSE estimate (dotted line),
MAP sequence estimate (dashed line).
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Figure 5: Typical results for a third order TVAR model - AR coefficients.
True values (dotted) and estimated MAP sequence (solid)
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Figure 6: Noisy speech data. TIMIT database, male speaker, sampling rate
16kHz, resolution 16-bit.
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Figure 7: Noisy speech: data points 701,...,800.
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Figure 8: Estimated signal waveform z;.
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Figure 9: Estimated TVAR coefficients
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