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Abstract

We develop methods for performing smoothing computations in gen-
eral state-spacemodels. The methods rely on a particle representa-
tion of the �ltering distributions, and their evolution through time us-
ing sequential importance sampling and resampling ideas. In partic-
ular, novel techniques are presented for generation of sample realiza-
tions of historical state sequences. This is carried out in a forward-
�ltering backward-smoothing procedure which can be viewed as the
non-linear, non-Gaussiancounterpart of standard Kalman �lter-based
simulation smoothers in the linear Gaussiancase. Convergencein the
mean-squarederror senseof the smoothed tra jectories is proved, show-
ing the validit y of our proposedmethod. The methods are tested in a
substantial application for the processingof speech signals represented
by a time-varying autoregressionand parameterisedin terms of time-
varying partial correlation coe�cien ts, comparing the results of our al-
gorithm with those from a simple smoother based upon the �ltered
tra jectories.

Key words: Bayesianinference;non-Gaussiantime series;non-linear
time series;particle �lters; sequential Monte Carlo; state-spacemodels



1 In tro duction

In this paper we developMonte Carlo methods for smoothing in generalstate-
spacemodels. To �x notation, considerthe standard Markovian state-space
model (West & Harrison, 1997)

xt+1 � f (xt+1 jxt ) State evolution density

yt+1 � g(yt+1 jxt+1 ) Observation density

wheref xtg areunobservedstatesof the systemand f ytg areobservationsmade
over sometime interval t 2 f 1; 2; :::; Tg. f (:j:) and g(:j:) are pre-speci�ed state
evolution and observation densitieswhich may be non-Gaussianand involve
non-linearity. It is assumedthroughout that the distributions required can
be represented by density functions, and that both f (:j:) and g(:j:) can be
evaluated for any valid statesand observations x t and yt . xt and yt may both
in generalbe vectors. We assumethat the processf x tg is Markov, generated
accordingto the above state evolution, and that the observation processf ytg
is independent conditional upon the state processf x tg. Hencean expression
for the joint distribution of states and observations can be obtained directly
by the probability chain rule

p(x1:t ; y1:t ) = f (x1)

 
tY

i =2

f (x i jx i � 1)

!  
tY

i =1

g(yi jx i )

!

where f (x1) is the distribution of the initial state. Here x1:t = (x1; :::; xt )
and y1:t = (y1; :::; yt ) denotecollectionsof observations and statesfrom time 1
through t. In proving the validit y of our proposedsmoothing algorithm a more
formal de�nition of the state spacemodel will be required. This is presented
in Appendix A.

A primary concern in many state-spaceinferenceproblems is sequential
estimation of the �ltering distribution p(x t jy1:t ). Updating of the �ltering
density can be achieved in principle using the standard �ltering recursions

p(xt+1 jy1:t) =
Z

p(xt jy1:t)f (xt+1 jxt )dxt

p(xt+1 jy1:t+1 ) =
g(yt+1 jxt+1 )p(xt+1 jy1:t )

p(yt+1 jy1:t )
:

Similarly, smoothing can be performed recursively backwards in time using
the smoothing formula

p(xt jy1:T ) =
Z

p(xt+1 jy1:T )
p(xt jy1:t )f (xt+1 jxt )

p(xt+1 jy1:t)
dxt+1 :

Inference in general state-spacemodels has been revolutionized over the
past decadeby the introduction of cheapand massive computational resources,
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and the consequent development and widespreadapplication of Monte Carlo
methods. In batch-basedscenariosMarkov chain Monte Carlo (MCMC) meth-
ods have beenwidely used,and a variety of powerful tools hasbeendeveloped
and proven in application, seefor example Carlin, Polson & Sto�er (1992),
Carter & Kohn (1994), Shephard(1994), Shephard& Pitt (1997), De Jong
(1997), Aguilar, Huerta, Prado & West (1999), Aguilar & West (1998) Pitt
& Shephard(1999b) and Aguilar & West (2000). However, it is not always
straightforward to construct an e�ective MCMC sampler in models with sig-
ni�can t degreesof non-linearity and non-Gaussianity. Speci�cally, in these
casesit can be hard to construct e�ective proposal distributions, either over
collectionsof statessimultaneously or even for singlestatesconditional upon
all others. The dangerthen is that the MCMC will be slowly mixing and may
never convergeto the target distribution within realistic time scales.

Alternativ e Monte Carlo strategiesbasedupon sequential importancesam-
pling, known genericallyasparticle �lters , have beenrapidly emergingin areas
such astarget tracking for radar, communications,econometricsand computer
vision (West, 1993;Gordon, Salmond& Smith, 1993;Kitagawa, 1996;Liu &
Chen,1998;Doucet, Godsill & Andrieu, 2000;Liu & West, 2001;Pitt & Shep-
hard, 1999a;West & Harrison, 1997; Doucet, De Freitas & Gordon, 2001).
Thesemethods allow propagationof completelygeneraltarget �ltering distri-
butions through time using combinations of importancesampling, resampling
and local MCMC moves. The methods have been proven for many exam-
ples including highly non-linear modelsthat are not easily implemented using
standard MCMC.

In particle �ltering methods the �ltering density is approximated with an
empirical distribution formed from point masses,or particles,

p(xt jy1:t ) �
NX

i =1

w(i )
t �

x ( i )
t

(xt );
NX

i =1

w(i )
t = 1; w(i )

t � 0 (1)

where � is the Dirac delta function and w(i )
t is a weight attached to particle

x(i )
t . Particles at time t can be updated e�cien tly to particles at time t + 1

using importance sampling and resamplingmethods.
The theory of particle �ltering is now quite well developed. For example,

the empirical measureof equation (1) convergesalmost surely to the distribu-
tion associated to p(x t jy1:t ) for all t > 0 asN ! 1 under quite mild conditions
on the state spacemodel. Moreover, rates of convergenceto zero have been
establishedfor expectations of mean-squareerror of functionals with respect
to this �ltering density. Henceparticle �lters are rigorously validated as a
meansfor tracking the distribution of, and estimating the value of a hidden
state over time. Somerecent advancesin convergenceanalysiscanbe found in
Del Moral (1998),Crisan, Del Moral & Lyons(1999), Crisan & Lyons (1999),
Crisan & Doucet (2000) and Crisan (2001).

While particle �ltering theory and practice is now quite well established,
smoothing aspectsare lessso. Existing approachesto smoothing with particle
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�lters have been aimed at approximating the individual marginal smooth-
ing densitiesp(x t jy1:T ), either using the two-�lter formula (Kitagawa, 1996)
or forward �ltering-bac kward smoothing (Doucet et al., 2000; H•urzeler &
K•unsch, 2000). In many applications thesemarginal distributions are of lim-
ited interest, asinvestigationsof historical statesgenerallyfocuson trajectories
and hencerequire considerationof collectionsof states together.

Here we present a completion of particle �ltering methodology which al-
lows random generationof entire historical tra jectoriesfrom the joint smooth-
ing density p(x1:t jy1:t ). The method relies �rstly upon a forward �ltering pass
which generatesand storesa particle-basedapproximation to the �ltering den-
sity at each time step. Then a backwards `simulation smoothing' passis car-
ried out in order to generatesampledrealizationsfrom the smoothing density.
The method can be seenas a natural extensionto generalstate-spacemod-
elsof the forward �ltering/bac kwardssamplingalgorithms developed for linear
GaussianmodelsandhiddenMarkov models(Carter & Kohn, 1994;Fr•uhwirth-
Schnatter, 1994;De Jong & Shephard,1995).

The organization of the paper is as follows. In Section2 the basic parti-
cle �ltering and smoothing framework is described. Section3 introducesthe
proposedsimulation smoother algorithm for generalstate-spacemodels. As
a corollary, similar principles are usedto derive a method for MAP sequence
estimation in a single backwards passthrough the data. A proof of conver-
genceis given for the newsimulation smoother method in the appendices.The
method is evaluated in Section4 with an extensive application to speech data
analysis. Finally, somediscussionis given in Section5.

2 Filtering and Smoothing using Sequential
Imp ortance Sampling

In this sectionwe review the standard procedurefor �ltering and smoothing
using sequential importance sampling. In practice this is found to be highly
e�ective in the �ltering mode, but, aswill be demonstratedin our simulations,
it can give very poor results in the smoothing mode. Refer for example to
Doucet et al. (2001) and Doucet et al. (2000) for a detailed overview of these
standard methods. A more formal description of the particle �lter is given in
Appendix A, including a statement the theoremrequiredto provethe smoother
of the next section.

Suppose we have at time t weighted particles f x (i )
1:t ; w(i )

t ; i = 1; 2; :::; N g
drawn from the smoothing density p(x1:t jy1:t ). We can considerthis to be an
empirical approximation for the density madeup of point masses:

p(x1:t jy1:t ) �
NX

i =1

w(i )
t �

x ( i )
1: t

(x1:t );
NX

i =1

w(i )
t = 1; w(i )

t � 0 (2)
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In order to update the smoothing density from time t to time t + 1, factorize
it as follows:

p(x1:t+1 jy1:t+1 ) = p(x1:t jy1:t ) �
g(yt+1 jxt+1 )f (xt+1 jxt )

p(yt+1 jy1:t )

where the denominator is constant for a given dataset. In order to pro-
ceed from time t to t + 1 one selectstra jectories from the approximation
(2). In the simplest case(the `bootstrap' �lter (Gordon et al., 1993; Kita-
gawa, 1996)) N tra jectories are drawn at random with replacement from
f x(i )

1:t ; i = 1; 2; :::; N g with probabilities f w(i )
t ; i = 1; 2; :::; N g. In more sophis-

ticated schemessomepart-deterministic variance reduction selectionscheme
is applied (Kitagawa, 1996;Liu & Chen,1998;Doucet et al., 2000;Carpenter,
Cli�ord & Fearnhead,1999)A new state is then generatedrandomly from an
importance distribution q(x t+1 jx1:t ; yt+1 ) and appendedto the corresponding
tra jectory x1:t . The importance weight is updated to

wt+1 /
g(yt+1 jxt+1 )f (xt+1 jxt )

q(xt+1 jx1:t ; yt+1 )
:

Other selection schemesaim to improve performanceat future time points
by introducing a bias into the selection step. In these casesan additional
term is included into the weight expressionto allow for this bias. Examplesof
this include the most basicsequential imputations proceduresof Liu & Chen
(1995), where selection is only rarely carried out and weights are updated
incrementally throughout the �ltering pass,and the auxiliary particle �ltering
approach of Pitt & Shephard(1999a)in which a biasis intentionally introduced
with the aim of boosting the number of particles in useful regionsof the state
space.For further discussionof theseissuesseeGodsill & Clapp (2001).

The smoothing methods described in this sectionwill be referredto as the
standardtra jectory-basedsmoothing method. Filtering is obtainedasa simple
corollary of the smoothing techniqueby simply discardingthe past tra jectories
x1:t oncethe update hasbeenmadeto t + 1. It is clear that the selection(or
`resampling') procedure will lead to high levels of degeneracyin smoothed
tra jectoriesusing this method. This is demonstratedin later simulations, and
motivatesthe development of novel smoothing methodsbasedupon backwards
simulation in the next section.

3 Smoothing using backw ards simulation.

The new method proposedhere assumesthat Bayesian �ltering has already
been performed on the entire dataset, leading to an approximate represen-
tation of p(x t jy1:t ) for each time step t 2 f 1; :::; Tg, consisting of weighted
particles f x(i )

t ; w(i )
t ; i = 1; 2; :::; N g. We note that the method is indepen-

dent of the precise�ltering algorithm and that any particle �ltering scheme,
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whether deterministic or Monte Carlo, can be used. Recall that the primary
goal here is to obtain samplerealizations from the entire smoothing density
in order to exemplify and generateinsight into the structure of the smoothing
distribution for collectionsof past states together. This can be basedon the
factorization

p(x1:T jy1:T ) = p(xT jy1:T )
T � 1Y

t=1

p(xt jxt+1: T ; y1:T ) (3)

where,using the Markovian assumptionsof the model, we can write

p(xt jxt+1: T ; y1:T ) = p(xt jxt+1 ; y1:t ) (4)

=
p(xt jy1:t )f (xt+1 jxt )

p(xt+1 jy1:t)
/ p(xt jy1:t )f (xt+1 jxt ):

Forward �ltering generatesa particulate approximation to p(x t jy1:t ). Since
we have from the above that p(x t jxt+1 ; y1:T ) / p(xt jy1:t )f (xt+1 jxt ), we obtain
immediately the following modi�ed particle approximation:

p(xt jxt+1 ; y1:T ) �
NX

i =1

w(i )
t jt+1 � x ( i )

t
(xt )

with modi�ed weights

w(i )
t jt+1 =

w(i )
t f (xt+1 jx(i )

t )
P N

j =1 w(j )
t f (xt+1 jx(j )

t )
: (5)

This revisedparticulate distribution cannow beusedto generatestatessuc-
cessively in the reverse-timedirection, conditioning upon future states. Specif-
ically, given a random sampleex t+1: T drawn approximately from p(x t+1: T jy1:T ),
take one step back in time and sample ex t from p(xt jext+1 ; y1:T ): The pair
(ext ; ext+1: T ) is then approximately a random realization from p(x t :T jy1:T ): Re-
peating this processsequentially back over time producesthe following general
\smoother-realization" algorithm:

Algorithm 1 - Sample realizations

� ChooseexT = x(i )
T with probability w(i )

T :

� For t = T � 1 to 1 :

{ Calculate w(i )
t jt+1 / w(i )

t f (ext+1 jx(i )
t ) for each i = 1; :::; N ;

{ Chooseext = x(i )
t with probability w(i )

t jt+1 :
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� ex1:T = (ex1; ex2; :::; exT ) is an approximate realization from p(x1:T jy1:T ):

Further independent realizationsare obtained by repeating this procedure
asmany times asrequired. The computational complexity for each realization
is O(N T), in contrast with O(N 2T) required for marginal smoothing proce-
dures(Kitagawa, 1996;Doucetet al., 2000;H•urzeler& K•unsch, 2000),however
it should be realisedthat the computations in our method are then repeated
for each realization drawn.

In appendix A we state more formally the particle smoothing approach,
in order to prove convergenceof the smoothed realizations in terms of mean-
squarederror for state estimation as the number of particles tends to in�nit y.

In someapplications it is of interest to couple sample realizations with
speci�c smoothed estimatesof historical states. One estimate which is useful
in certain settings is the MAP state sequence, namely

bx1:T = argmax
x1:T

p(x1:T jy1:T ):

Similar ideasto the above canbe applied for MAP sequenceestimation, based
onceagain on storageof particles from a forward �ltering pass. Details are
summarizedin AppendixB. As an alternativeto this procedure,which works in
a reversetime direction, forward time sequential MAP smoothing algorithms
have also been developed basedupon a particle �ltered representation, see
Godsill, Doucet & West (2001) for details.

4 Application to Speech signals represen ted
by TV AR models

We now present a substantial application taken from the �eld of speech pro-
cessingand analysis. Speech signals are inherently time-varying in nature,
and any realistic representation should thus involve a model whoseparam-
eters evolve over time. One such model is the time-varying autoregression
(TVAR) (Prado, West & Krystal, 1999;Kitagawa & Gersch, 1996) in which
the coe�cien ts of a standard autoregressionare allowed to vary accordingto
someprobability law. Thesemodels are of very wide utilit y and importance
in engineering,scienti�c and socio-economicapplications, but are typically
applied subject to severe restrictions on the models for time-variation in au-
toregressive coe�cien ts for analytic reasons.More realistic modelsfor patterns
of variation over time in autoregressive parameters,and hencefor the result-
ing \lo cal" correlation and spectral structures, lead to intractable modelsand
hencethe needfor simulation basedapproximations, especially in sequential
analysiscontexts.

Here we consider a non-linear parameterization of the TVAR model in
terms of partial correlations(PARCOR) coe�cien ts (Friedlander, 1982). This
is especially relevant in acousticalcontexts such asspeech processingsincethe
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PARCOR coe�cien ts can be regardedas the parametersof a linear acousti-
cal tube whosecharacteristics are time-varying. This acoustical tube model
can be regardedas an approximation to the characteristicsof the vocal tract
(Proakis, Deller & Hansen,1993). By allowing the width parametersof the
acousticaltube model, and hencethe instantaneousPARCOR coe�cien ts, to
vary over time we can allow for the physical changeswhich take place in the
vocal tract shape asthe speaker utters di�erent sounds.The non-linearmodel
implied by such a scheme is not readily estimated using standard optimal
techniques such as MCMC or approximation methods such as the extended
Kalman �lter, owing to the strongly non-linear nature of the transformation
betweenTVAR coe�cien ts and instantaneousPARCOR coe�cien ts, sowe see
sequential Monte Carlo �ltering and smoothing asthe method of choicein this
case.A related, although not identical, TVAR model has beenconsideredin
a di�erent application by Kitagawa & Gersch (1996).

4.1 Mo del speci�cations

A signal processf ztg is generatedin the standard fashion from a Gaussian
distribution centred at the linear prediction from the previoustime step

f (zt jzt � 1:t � P ; at ; � et ) = N

 
PX

i =1

at;i zt � i ; � 2
et

!

:

Here at = (at;1; at;2; : : : ; at;P )0 is the time-varying AR(P) coe�cien t vector
and � 2

et
is the innovation varianceat time t. Note that both the AR coe�cien t

vector and the innovation varianceareassumedtime-varying, sowewill specify
evolution modelsfor thesetoo. As noted above, the changesin AR coe�cien ts
over time will model changesin the vocal tract shape as the speaker makes
di�erent utterances. Time variation in innovation variancewill model changes
in the strength of the excitation signal in the glottis. The speech signal f ztg is
assumedto bepartially observedin additive independent Gaussianbackground
noiseso that the observation processf ytg is generatedaccordingto

g(yt jzt ; � v) = N
�
zt ; � 2

v

�

where� 2
v is hereassumedto be constant and known, corresponding to a �xed

level of background noisein the environment which hasbeenmeasuredduring
a silent period. While someapplicationsconsiderthe environment to be noise-
free,wearguethat in any speech setting therewill always bea certain degreeof
noisepresent which shouldbe modelled in order to capture the true character
of the unobserved signal f ztg.

Furthermore, this framework allows us to perform noisereduction for noisy
speech signals,a task which is frequently required for applications in mobile
telephony and speech recognition, for example. Note that the extension of
our methods to the caseof time-varying and correlated observation noise is
immediate.
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For our simulations, a Gaussian�rst order autoregressionis assumedfor
the log-standarddeviation � et = log(� et ), namely

f (� et j� et � 1 ; � 2
� e

) = N
�
� � et � 1 ; � 2

� e

�

where� is a positive constant just lessthan unity and � 2
� e

is a �xed hyperpa-
rameter.

The model now requiresspeci�cation of the time variation in TVAR co-
e�cien t vector at itself. This is the main interest in our application, as we
wish to �nd a model which is physically meaningful for the application and
easily interpretable. Possibly the simplest choiceof all, and most commonin
previouswork (Prado et al., 1999;Kitagawa & Gersch, 1996), is a �rst order
Gaussianautoregressiondirectly on the coe�cien ts at :

f (at jat � 1; � 2
a) = N

�
� at � 1; � 2

aI
�

More elaborate schemesof this sort arepossible,such asa higher order autore-
gressioninvolving AR coe�cien ts from further in the past, or a non-identit y
covariancematrix, the latter being a key feature of such models for someau-
thors and applications,asin the work of (and referencesin) Prado et al. (1999)
and West & Harrison (1997). However, modelsof this form do not have a par-
ticularly strong physical interpretation for acousticalsystemssuch as speech.
Moreover, an unconstrainedtime-varying autoregressionexhibits large (`un-
stable') oscillationsinconsistent with real speech data. Improved stabilit y can
beachievedby ensuringthat the instantaneouspoles,i.e. the roots of the poly-

nomial (1�
PP

i =1
at;i L � i ), lie strictly within the unit circle. This canbe achieved

by constraining the autoregressionappropriately to have zero probability in
the unstable region for the coe�cien ts. Such a condition, however, is very
expensive to simulate using rejection sampling methods. A possiblemeansof
achieving greater stabilit y in the model would be to model the roots directly;
seeHuerta & West (1999a)and Huerta & West (1999b) for the time-invariant
case.However, there are unresolved issueshereof dealingwith complexroots
which evolve into real roots and vice versa; seePrado et al. (1999). These
issuesdo not arise if one works in the re
ection coe�cien t, or equivalently
partial correlation (PARCOR) coe�cien t domain (Friedlander, 1982). Here
the equivalent condition is that each re
ection coe�cien t must simply be con-
strained to the interval (� 1; +1). The standard Levinson recursion is used
to transform between at and the re
ection coe�cien ts � t . Many models are
possiblefor the time variation of � t , including random walks basedon beta
distributions and inverselogit transformed normal, and all would be feasible
in our sequential Monte Carlo framework. We have chosena simple truncated
normal autoregressionfor discussionhere,namely:

Random PAR COR model

f t (� t j� t � 1; � 2
a) /

�
N (� � t � 1; � 2

aI ) ; maxfj � t;i jg < 1;
0 otherwise.

(6)
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where � is a coe�cien t just lessthan 1. All of the simulations in this paper
have made useof this model. As we have already hinted, the TV-PARCOR
framework is appealing not simply becauseof the easeof checking stabilit y
and evaluating the transition density but also becausea re
ection coe�cien t
model hasa strong physical interpretation in certain systems,notably speech
and other acousticsoundswhich are generatedthrough tube-like mechanisms.

The state spacemodel is now fully speci�ed. The state vector is

xt = (zt :t � P +1 ; � t ; � et )
0:

The hyperparameters� 2
a, � , � , � 2

� e
and � 2

v are assumedpre-speci�ed and �xed
in all the simulations. The initial state probability is truncated Gaussianover
the `stable' parameter region for the model.

4.2 Filtering and smoothing

The �rst step in analysingthe data is to perform a completeforward sweepof
a Monte Carlo �ltering algorithm to produceweighted particles f x (i )

t ; w(i )
t gN

i =1
for t = 1; 2; :::T, drawn approximately according to P(dxt jy1:t ). Since our
smoothing method is quite general and not tied to any particular �ltering
method wedo not considerall the possibilitiesin detail. Wehaveexperimented
with varioustypesof Monte Carlo �lter, adaptedto our speci�c TVAR model,
using the standard sequential importancesampling(SIS) �lter (Doucet et al.,
2000; Gordon et al., 1993; Liu & Chen, 1998), the auxiliary particle �lter
(APF) (Pitt & Shephard,1999a)and schemeswhich incorporate local MCMC
movesto improvethe �ltering approximation (MacEachern, Clyde & Liu, 1999;
Gilks & Berzuini, 2000). We observe empirically a moderate improvement in
performancewhen the APF is usedand for somechallenging casesit is also
worthwhile to incorporate MCMC moves. The importance function employed
for the unobserved state is the state transition density, modi�ed such that
the current zt is simulated exactly from its full conditional density which is
Gaussian,i.e. we use:

q(xt jxt � 1; yt ) = p(zt jzt � 1:t � P ; at ; � et ; yt )f (� t j� t � 1; � 2
a)f (� et j� et � 1 ; � 2

� e
):

A full discussionof the relative merits of the variouspossible�ltering schemes
and importance functions applied to a related TVAR model can be found in
Godsill & Clapp (2001). Following the �ltering pass,smoothing is then carried
out using the new method.

4.3 Results

A long section of noisy speech data is presented in Figure 1, seecaption for
details. The time-varying characteristicsof the signalare clearly evident, with
data points 1-6800(approx.) representing the word `rewarded' and 6800-10000
the word `by'. A �ltering and smoothing analysisis performedfor the �rst 1000
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data points. A white Gaussiannoise signal with known standard deviation
� v = 0:02 is added to the signal. The observed noisy data are shown in
Figure 2 with known noisestandard deviation � v = 0:02. The remaining �xed
hyperparametersusedwere � a = 0:01, � = 0:99, � = 1, � � e = 0:001. These
were determined empirically by trial and error and by past experiencewith
similar audio datasets(Godsill & Rayner, 1998). The TVAR model order was
P = 4; this was chosenin accordancewith the �ndings of Vermaak,Andrieu,
Doucet & Godsill (1999) and alsogave the best results in subjective listening
tests performedon the smoothed signal estimates.

The number of particles required will depend upon the dimensionality of
the state vector, which can be quite high in a model such as this, and also
on the degreeof posterior uncertainty about thoseparameters;again, for this
model the posterior distributions of parameters such as the TV-PARCOR
coe�cien ts can be quite di�use, hencerequiring a large number of particles
for accurate representation. Filtering and smoothing were carried out using
a wide variety of particle numbers, ranging from N = 100 up to N = 20000.
Filtered estimatesof quantities such asposterior meanparametervalueswere
found to becomequite robust from one realization of the �lter to another
provided the number of particles exceeded1000.

The last 200 observed data points are shown in Figure 3. Filtered means
and 5/95 percentiles for the TV-PARCOR coe�cien ts are shown in Figure 4
for the last 200 data points, by which time it is assumedthat the e�ects of
the Gaussianinitial state prior are negligible. The estimated tra jectoriesare
quite random in nature, re
ecting the uncertainty about their value without
the aid of retrospective smoothing. Similarly, Figure 5 shows the �ltered mean
estimatefor the signalprocess.While somesmoothing hasoccurred,it is fairly
clear that the resulting estimatehasfollowed the shape of the noisy signal too
closelyas a result of �ltering without any retrospective sequenceanalysis.

By comparison,smoothing computationswerethen performed,usingeither
our proposedbackward samplingalgorithm from Section3 or the standard �l-
tered tra jectory approach outlined in Section2. Figure 6 shows 10realizations
from the smoothing density usingour proposedsmoother. Figure 7 shows four
separaterealizations plotted on top of the observed noisy data and Figure 8
shows the mean of 10 realizations plotted with the observed data. Thesere-
sults show that good diversity is achieved by the backward samplingsmoother
and that (visually) much improved sequencesare generatedwhen compared
with the �ltered meanestimatesof Figure 5.

Realizationsfrom the smoothing density for the TV-PARCOR coe�cien ts
are given in Figure 9. A plausible degreeof uncertainty is indicated by this
result, and this may be comparedwith results obtained using the standard
tra jectory-basedsmoother. In order to highlight the di�erences betweenour
proposedmethod and the standard method we smooth retrospectively back
to t = 600. Onceagain, graphsof 10 realizations from the smoothing density
are presented, this time comparing our proposedmethod and the standard
method, seeFigures10 and 11. It is clear that the standard method degener-
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ates to a single tra jectory quite rapidly, while our proposedmethod achieves
a plausible degreeof variabilit y between sampled realizations right back to
t = 600. This is typical of the results we have observed over many di�erent
sectionsof the data. The proposedmethod is always observed to improve on
the standardmethod whenequalnumbersof particlesareusedfor the �ltering
pass.Of course,our method canalsodegradeif the number of �ltered particles
is too small to contain plausible smoothed tra jectories. An exampleof this
canbe seenin Figure 12, whereit is clear from inspection that the tra jectories
generatedare too tightly clusteredaround a particular `modal' tra jectory, and
hencea misleading inferenceabout posterior uncertainty could be obtained.
Nevertheless,the result is still visually improved comparedwith the standard
method for the samenumber of particles, Figure 13.

Finally a �ltering/smo othing passwascarried out on an entire sentenceof
speech, lasting some2.5 seconds.Resultscan then be auditioned by listening
to the simulated signal tra jectories. An exampleof this can be found on the
website http://www-sigproc.eng. cam.ac.u k/~ sjg/ TV-PARCOR where noisy
speech and extracted speech can be compared. The results are satisfactory,
eliminating someof the high-frequencyframe-basedartefacts ('musical noise')
observed with standard speech enhancement algorithms, although the TVAR
model causessomesibilanceduring unvoicedconsonant soundssuch as `ss'.

5 Discussion

Recent yearshave seena hugesurgeof interest in particle �ltering, motivated
by practical problemsof sequential analysisin dynamic models in many areas
of engineering,the natural sciencesand socio-economics(Doucet et al., 2001).
Our work here is not speci�c to any onealgorithm, and takesthe established
notion of sequentially updated particulate representations of posterior distri-
butions in state spacemodels as the starting point for smoothing. In speech
processingas in other applications, it is often critically important to \lo ok
back over time" for several or many time stepsin order to assessand evaluate
how newdata revisesthe view of the recent past. Hencesmoothing algorithms
are key, and our work heredevelopse�ective approachesthat apply whatever
�ltering method is adopted.

We have developed and presented fairly simple and e�cien t methods for
generationof samplerealizationsand MAP estimatesof joint smoothing den-
sities in a generalmodel context. Smoothing has not beenstressedby earlier
authors in the sequential simulation literature, and where it has been stud-
ied approacheshave beenlimited to approximating the time-speci�c marginal
smoothing distributions for individual states. We reiterate that this narrow
focus is limiting and potentially misleading in many applications. Investi-
gations of patterns of changesin historical states should focus on the joint
tra jectoriesof past statesand hencenecessarilyinvolve considerationof joint
smoothing densities,not simply the collectionof marginals. Generatingsample
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realizations is the most e�cien t, e�ective and intuitiv e approach to studying
complicated,multiv ariate joint distributions, henceour focuson samplingalgo-
rithms for smoothing. This conceptparallelsthat in forecasting,wherestudies
of \sampled futures" is a key and critical exercisein any seriousmodelling-for-
forecastingactivit y. The development of MAP estimatesis a nice by-product
that will be of someinterest in certain applications, though the more global
smoothing-by-sampling framework is generally far more informative and use-
ful.

Therearecurrent research challengesin many aspectsof the sequential sim-
ulation arena, including real needsfor improved particle �ltering algorithms,
and reconciliation of the several variants of sequential importance sampling,
resampling,and auxiliary particle methods. The current paper ignoresissues
of learning on �xed model parametersin addition to time-varying states, a
broaderproblem alsoignoredby most other authors in the �eld, but critical in
many applications such as the challengingmultifactor modelsof Pitt & Shep-
hard (1999b) and Aguilar & West (2000). In our current work with TVAR
models we are developing analysesfor both parametersand states using the
auxiliary particle plus methods of Liu & West (2001). It shouldbe noted that
the smoothing methods developed and illustrated here apply directly in this
context also,soproviding a comprehensive smoothing algorithm.
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A Pro of of convergence for backw ards simu-
lation smoother

Wewill specify a moreformal measure-theoreticframework asin Crisan (2001)
and Crisan & Doucet (2000) for proof of convergence. Let (
 ; F; P) be a
probability spaceon which two vector real-valued stochastic processesX =
f X t ; t 2

� � g and Y = f Yt ; t 2
� � g are de�ned; let nx and ny be the dimen-

sionsof the state spaceof X and Y, respectively. The processX is unobserved
whereasthe processY is observed.

Let X be a Markov processwith respect to the �ltration
F t

�

� (X s; Ys; s 2 f 1; : : : ; tg), having initial distribution X 1 � f (dx1) and
transition kernel

f ( dxt j xt � 1)
�

P (X t 2 dxt j X t � 1 = xt � 1) : (7)

We assumethat the observations are statistically independent given the signal
and satisfy

g( dyt j xt )
�

P ( Yt 2 dyt j X t = xt ) : (8)
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For the sake of simplicity, we assumethat f ( dxt j xt � 1) and g(dyt j xt ) ad-
mit densitieswith respect to the Lebesguemeasure;that is f ( dxt j xt � 1) =
f ( xt j xt � 1) dxt and g( dyt j xt ) = g( yt j xt ) dyt , corresponding to the densities
f () and g() in the main text.

The following standard shorthandswill be used. If � is a measure,' is a
function and K is a Markov kernel,

(�; ' )
�

Z
'd�

�K (A)
�

Z
� (dx) K ( Aj x)

K ' (x)
�

Z
K ( dzj x) ' (z) :

We will alsousethe following notation:

� t jt � 1(dxt )
�

P(dxt jY1:t � 1 = y1:t � 1)

and

� t jt (dxt )
�

P(dxt jY1:t = y1:t ) (the`�ltering'measure)

The generalparticle �ltering method described in section 2 seekssucces-
sively to approximate thesetwo measuresusingrandomly propagatedempirical
measures.

More generally, the following shorthandis usedfor smoothing distributions:

� t1 :t2 j t3 (dxt1 :t2 )
�

P(dxt1 :t2 jY1:t3= y1:t3 )

The weighted approximation to the �ltering measureis de�ned as

� N
tjt (dxt )

�

NX

i =1

w(i )
t � x ( i )

t
(dxt ) : (9)

while the unweighted measurefollowing resampling(selection) is:

� 0
t jt

N (dxt )
� 1

N

NX

i =1

� x0( i )
t

(dxt ) : (10)

Similarly, N smoothed realizations generatedusing Algorithm 1 can be
usedto form an unweighted approximation to the joint smoothing density:

� N
t:T j1:T (dxt :T )

� 1
N

NX

i =1

� x ( i )
t :T

(dxt :T ) : (11)
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We will prove in Theorem2 the convergenceof this approximating measureto
the true smoothing measure� t :T j1:T for any t 2 f 1; 2; :::; Tg.

De�ne a (joint) measure� t (dxt � 1:t )
�

� t � 1j t � 1 (dxt � 1) q( dxt j yt ; xt � 1), cho-
sensuch that it is absolutelycontinuouswith respect to � t � 1:t j t � 1 (dxt � 1:t ) and
such that ht is the following (strictly positive) Radon Nykodym derivative:

ht (yt ; xt � 1; xt ) /
� t � 1:t j t � 1 (dxt � 1:t )

� t (dxt � 1:t )
:

We now state su�cien t conditionsfor convergenceof the particle �lter. Let
B ( �

n ) be the spaceof bounded,Borel measurablefunctions on �

n and denote
for any ' 2 B ( �

n )

k' k
�

sup
x2 �

n
' (x) :

Assumefrom now on that the observation processis �xed to a given obser-
vation recordY1:T = y1:T . All subsequent convergenceresultswill be presented
on this basis.

Considerthe following assumption:

Assumption 1 � t � 1:t jt is absolutely continuous with respect to � t . More-
over, g( yt j xt ) ht (yt ; xt � 1; xt ) is positive and bounded in argument (x t � 1; xt ) 2
( �

nx )2.

The following theorem for the particle �lter is then a direct consequence
of Crisan (2001) and Crisan & Doucet (2000).

Theorem 1 (Crisan & Doucet (2000)) Under Assumption 1, for all t > 0,
there existsct jt independentof N suchthat for any � 2 B ( �

nx )

E
h� �

� N
tjt ; �

�
�

�
� t j t ; �

� � 2
i

� ct jt
k� k2

N
:

where the expectation is over all realizations of the random particle method.

Now de�ne

f (x)
�

kf ( xj �)k

and considerthe following assumption.

Assumption 2 For any t 2 (1; : : : ; T), one has
 

� t jT ;
�

f
� t jt � 1

� 2
!

< 1 :
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Wecannow state the main theoremconcerningconvergenceof the proposed
simulation smoothing algorithm:

Theorem 2 Under Assumptions1 and 2, for all t 2 (1; : : : ; T), there exists
ct jT independentof N suchthat for any � 2 B

�
�

nx T
�

E
h��

� N
1:T jT ; �

�
�

�
� 1:T jT ; �

� � 2
i

� c1jT
k� k2

N

where c1jT can be computed using the backward recursion

ct jT =

0

@
�
ct+1 jT

� 1=2
+ 2

�
ct jt

� 1=2

 

� t+1 jT ;
�

f
� t+1 jt

� 2
! 1=2

1

A

2

: (12)

and ct jt is given by Theorem 1.

Pro of. We prove here that for any � t 2 B
�

�

nx (T � t+1)
�
, there exists ct jT

independent of N such that

E
h��

� N
t:T jT ; � t

�
�

�
� t :T jT ; � t

� � 2
i

� ct jT
k� tk

2

N

The proof proceedsby induction. Theorem1 ensuresthat the result is true
for t = T. Now, rewrite

�
� t :T jT ; � t

�
as follows:

�
� t :T jT ; � t

�
=

 

� t+1: T jT ;

�
� t jt ; � t f

�

� t j t f

!

:

Then decomposethe error term
�

� N
t:T jT ; � t

�
�

�
� t :T jT ; � t

�
as

�
� N

t:T jT ; � t
�

�
�
� t :T jT ; � t

�
(13)

=

0

@
�
� N

t+1: T jT � � t+1: T jT

�
;

�
� N

tjt ; � t f
�

� N
tjt f

1

A

+

0

@� t+1: T jT ;

�
� N

tjt ; � t f
� �

� t j t � � N
tjt ; f

�

�
� N

tjt ; f
�

� t+1 jt

1

A

+

0

@� t+1: T jT ;

�
� N

tjt � � t jt ; � t f
�

� t+1 jt

1

A :
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Then onehasby Minkowski's inequality

E
��

� N
t:T jT ; � t

�
�

�
� t :T jT ; � t

�� 1=2

� E

2

6
4

0

@
�
� N

t+1: T jT � � t+1: T jT

�
;

�
� N

tjt ; � t f
�

� N
tjt f

1

A

23

7
5

1=2

+ E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt ; � t f
� �

� t j t � � N
tjt ; f

�

�
� N

tjt ; f
�

� t+1 jt

1

A

23

7
5

1=2

+ E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt � � t jt ; � t f
�

� t+1 jt

1

A

2
3

7
5

1=2

: (14)

Considernow the three terms on the right hand side.
First term. For any x t+1: T , onehas














�
� N

tjt ; � t f
�

� N
tjt f














� k� tk ;

thus we obtain using the induction hypothesis

E

2

6
4

0

@
�
� N

t+1: T jT � � t+1: T jT

�
;

�
� N

tjt ; � t f
�

� N
tjt f

1

A

23

7
5 � ct+1 jT

k� tk
2

N
: (15)

Second term. For any x t+1: T , onehas

�
�
�
�
�
�

�
� N

tjt ; � t f
� �

� t jt � � N
tjt ; � t f

�

�
� N

tjt ; f
�

� t+1 jt

�
�
�
�
�
�

�

�
�
�
�

� t jt � � N
tjt ; f

� �
�
�

� t+1 jt
k� tk ;

thus

E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt ; � t f
� �

� t jt � � N
tjt ; f

�

�
� N

tjt ; f
�

� t+1 jt

1

A

23

7
5

� E

2

6
4

0

@� t+1: T jT ;

�
�
�
�

� t j t � � N
tjt ; f

� �
�
�

� t+1 jt

1

A

2
3

7
5 k� tk

2

=
�

� t+1: T jT ; � � 2
t+1 jtE

� �
� t j t � � N

tjt ; f
� 2

��
k� tk

2 (Jensen'sinequality)
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By Theorem1 and Assumption 2,

E
� �

� t jt � � N
tjt ; f

� 2
�

� ct jt
f

2

N

and hence

E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt ; � t f
� �

� t j t � � N
tjt ; f

�

�
� N

tjt ; f
�

� t+1 jt

1

A

23

7
5 �

ct jt

N

 

� t+1 jT ;
f

2

� 2
t+1 jt

!

k� tk
2 :

(16)

Thir d term. One has

E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt � � t jt ; � t f
�

� t+1 jt

1

A

23

7
5

� E

2

6
4

0

B
@� t+1: T jT ;

�
� N

tjt � � t jt ; � t f
� 2

� 2
t+1 jt

1

C
A

3

7
5 (Jensen)

=
�

� t+1: T jT ; � � 2
t+1 jtE

� �
� N

tjt � � t jt ; � t f
� 2

��

and, by Theorem1 and Assumption 2, oneobtains

E
� �

� N
tjt � � t j t ; � t f

� 2
�

�
ct jt

N
f

2
k� tk

2 ;

so that

E

2

6
4

0

@� t+1: T jT ;

�
� N

tjt � � t jt ; � t f
�

� t+1 jt

1

A

23

7
5 �

ct jt

N

 

� t+1 jT ;
f

2

� 2
t+1 jt

!

k� tk : (17)

The result follows by combining Eq. (13), (15), (16) and (17).

B MAP sequence estimation

When developingalgorithms to computethe MAP sequence(and in other con-
texts) it is important to note that the factorization of the smoothing distribu-
tion (4) de�nes the transition probabilities of a Markov model in the reverse
time direction. In generalit will be impossibleto maximisethe state sequence
probability on such a generalcontinuous state space. However, the approxi-
mate �ltering procedurehas generateda sequenceof discreteapproximations
to the reverse-timeMarkov model (4). A brute-force evaluation of the MAP
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state sequencewould involve an exhaustive search of all possiblestate tra jec-
tories in this discretestate-spacemodel. The Markovian property allows one
to bypassthis combinatorial explosionby useof the classicalViterbi algorithm
(Viterbi, 1967). This requiresonly the storageand updating of the optimal
state sequenceleading to each state, sub-optimal statesbeing discardedsince
they can never achieve higher posterior probability than the current optimal
sequenceat a later time step. As a result, we generatethe following algorithm:

Algorithm 2 - MAP estimation

� Set � (i )
T = w(i )

T , bx(i )
T = x(i )

T , i = 1; 2; :::; N .

� For t = T � 1 to 1 :

{ For i = 1 to N :

� Calculate w(i;j )
t jt+1 / w(i )

t f (x(j )
t+1 jx(i )

t ) for each j = 1; 2; :::; N ;

� Find bj =arg max
j 2f 1;:::;N g

(w(i;j )
t jt+1 � (j )

t+1 );

� Set � (i )
t = w(i; �j )

t jt+1 � ( �j )
t+1 , bx(i )

t :T = [x(i )
t bx( �j )

t+1: T ]:

� Setbi =arg max
i 2f 1;:::;N g

(� (i )
1 ):

� bx(� i )
1:T is an estimate of bx1:T :

Obvious extensionsof algorithms 1 and 2 allow generation of values of
marginals from sub-intervals of f 1; 2; :::; Tg, say f t1; t1 + 1; :::; t2g. Then we
modify the factorization to p(x t1 :t2 jy1:T ) = p(xt2 jy1:T )

Q t2 � 1
t= t1

p(xt jxt+1: T ; y1:T ).
The initial marginal p(x t2 jy1:T ) can be obtained using the marginal smooth-
ing approximation of (Doucet et al., 2000), and the remainder of the al-
gorithms operate exactly as before, starting with t = t2 and completing
when t = t1. A straightforward extensionusesthe samemethods in a �xed
(varying)lag smoothing mode, generatingrealizationsof p(x t � l :t jy1:t ) by back-
tracking through the data at each time t for some�xed (or varying) time lag
l.
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Figure 1: Speech data. 0.62sof a US male speaker saying the words `...re-
warded by...'. Samplerate 16kHz, resolution 16-bit, from the TIMIT speech
database

22



0 100 200 300 400 500 600 700 800 900 1000
-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

t

S
pe

ec
h 

am
pl

itu
de

Figure 2: Noisy speech data - 1st 1000data points
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Figure 3: Noisy speech, t=801,...,1000
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Figure 4: Posterior meanand 5/95 percentiles for �ltered TV-PARCOR coef-
�cient estimates
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Figure 5: Filtered speech - estimatedposterior mean(solid), noisy data (dot-
ted)
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Figure 6: 10 realizations from the smoothed signal process

27



800 850 900 950 1000
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

t

z t

800 850 900 950 1000
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

t

z t

800 850 900 950 1000
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

t

z t

800 850 900 950 1000
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

t

z t

Figure 7: 4 realizations from the smoothing density for the signal process
(noisy data shown dotted in each case)
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Figure 8: Averageof 10 realizations from the smoothing density (noisy data
shown dotted)
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Figure 9: 10 realizations from the smoothing density for the TV-PARCOR
coe�cien ts.
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Figure 10: 10 realizations from the smoothing density for the TV-PARCOR
coe�cien ts - proposedsimulation smoothing method (N = 2000)
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Figure 11: 10 realizations from the smoothing density for the TV-PARCOR
coe�cien ts - standard tra jectory-basedmethod (N = 2000)
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Figure 12: 10 realizations from the smoothing density for the TV-PARCOR
coe�cien ts - proposedsimulation smoothing method (N = 500)
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Figure 13: 10 realizations from the smoothing density for the TV-PARCOR
coe�cien ts - standard tra jectory-basedmethod (N = 500)
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